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ABSTRACT

In this thesis, we analyze a single-period portfolio selection problem where the investor
maximizes the expected utility of the terminal wealth. The utility function is exponential,
but the Pratt-Arrow measure of absolute risk aversion or risk tolerance is random. This
is due to the random variations in individual’s decisions concerning stochastic choice. It is
well-known that the investor is memoryless in wealth for exponential utility functions with
a constant risk tolerance. In other words, the investment portfolio consisting of risky stocks
does not depend on the level of wealth. However, we show that this is no longer true if risk
tolerance is random. We obtain a number of interesting characterizations on the structure
of the optimal policy.

In the first part of the thesis, we analyzed the characteristics of the optimal policy when
the return of the risky asset has an arbitrary distribution. We considered the single asset
case and showed that the decision on buying or short selling the risky asset depends on the
sign of the mean excess return. We also showed that the optimal decision is bounded, and
it increases in wealth when mean excess return is positive and decreases otherwise.

In the second part of the thesis, we analyzed a specific case where the distributions of the
returns of the risky assets are normal. Normal and multivariate normal cases are discussed
separately. We proved that in this setting, the multivariate case can be reduced to the
single asset case. Moreover, the decision on buying or short selling the assets depends on
the “adjusted mean excess return”.

In the last part, we considered some of the other results that we have found during the
research. For the exponential distribution case, we used a direct approach to obtain the
similar results we found in the general distribution case. We finally extended the exponential
utility functions to arbitrary concave utility functions and obtained some characterizations

on the optimal policy.
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OZETCE

Bu tezde tekli zamanda dénem sonu servetinin beklenen degerini fayda fonksiyonunun
en biiyiikleyen bir yatirimcinin en iyi portfoy secimi problemi incelenmigtir. Fayda fonksiy-
onu tstel, fakat Prat-Arrow mutlak riskten kacinma katsayisi yada risk toleransi rassaldir.
Bu stokastik se¢cim durumunda bireyin yagadigi rassal varyasyonlardan kaynaklanmaktadir.
Yatirimcinin fayda fonksiyonu iistel ve sabit risk toleransh oldugunda yatirimcinin serveti
acisindan unutkan oldugu iyi bilinmektedir. Diger bir degisle, riskli hisse senetleri iceren bir
portfoy servet diizeyine dayanmaz. Fakat, bu tezde risk toleransi rassal oldugu zaman bunun
dogru olmadig: gosterilmistir. Ayrica en iyi politika hakkinda bir kag ilging karakterizasyon
elde edilmistir.

Tezin ilk kisminda riskli varhigin dagilimirasgele kabul edilmis ve en iyi politikanin
ozelikleri incelenmigtir. Tek varlik durumu degerlendirilmis ve riskli varligin satin alinma
veya aciga satilmasi kararimin riskli varhigin “fazla ortalama getirisine” bagh oldugu bu-
lunmustur. Ayrica en iyi politikamin sinirli, ve fazla ortalama getirisi pozitif oldugunda
varlik seviyesine bagh olarak arttigi, negatif ise azaldig: ispat edilmigtir.

Tezin ikinci kisminda daha 6zel bir durumu, riskli varhigin getirisinin normal dagilim
oldugu durumu incelenmistir. Normal ve ¢ok degigkenli normal dagilim oldugu durum-
lar ayrianaliz edilmigtir. Bu diizenlemede ¢ok degiskenli normal dagilim durumunun tek
degigskenli normal dagilima indirgenebildigi ispatlanmigtir. Dahasi, riskli varligin satin
alinmasi veya aciga satilmasi kararimin “ayarlanmig fazla ortalama getirisine” bagli oldugu
gosterilmistir.

Son kisimda ise, aragtirmamiz sirasinda edindigimiz diger sonuglari incelenmigtir. Ustel
dagilim durumunda genel dagilimdaki sonuclarin aynisinielde etmek icin dogrudan bir
yaklagim izlenmigtir. Son olarak da iistel fayda fonksiyonlari rasgele igbiikey fayda fonksiy-

onlarina genellegtirilmis ve en iyi politikanin bazi karakteristik 6zellikleri bulunmusgtur.
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Chapter 1

INTRODUCTION

Decision making under uncertainty is an important problem in a variety of applications.
Modeling the behaviors of agents in an uncertain setting is difficult, so there are many
approaches to analyze this issue. Expected Utility Theory (EUT) is the standard choice for
explaining such decision making problems. But, EUT is subject to criticism as well. Allais
[22] claims that von Neumann-Morgenstern axiomatization of expected utility is flawed by
showing a counterexample to the independence axiom. Starmer [25] reviews non-expected
utility theories and explains that violation of the independence axiom empirically is not the
only reason for their development. To mention a few, Segal [24], Wakker [30] and Mohammed
Abdellaoui [1] propose axiomatizations of rank-dependent expected utility; Kahneman and
Tversky [15] uses prospect theory. Blavatskyy [4] suggests the concept of stochastic expected
utility introducing a stochastic component as a part of the decision making process.

Moreover, the idea that the agent behaves exactly the same when he is facing the same
decision problem under uncertainty had also been subject to criticism as well. Camerer [6]
describes an experiment where 31.6% of subjects reversed their preferences in a test of the
reliability of subjects’ responses by seeing how often they expressed the same preference for
the same gamble. Starmer and Sugden [26] show that individual’s preferences reverse on
the second repetition of the decision problem 26.5% of the time. Hey and Orme [14] find
that even when the subjects are allowed to declare indifference, 25% prefer the other choice.
Wu [31] reports that in the case of repeated decision problems, 5% to 45% of the subjects
reverse their choices.

Blavatskyy [5] briefly reviews decision theories under risk and he outlines three different
approaches to the problem. The first one is called “the tremble model” introduced by Harless
and Camerer [12]. In their setting, the individuals choose an alternative choice according

to a random tremble. They suppose that individuals have a unique preference on the set of
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risky lotteries, but a “tremble” occurs and they switch preferences with some probability p.
With probability 1 — p, the individuals act according to their first preference. The second
model is called “Fechner model” of random errors proposed by Fechner [10]. It suggests that
individuals have unique preferences like in the tremble model, but there is a random error
attached to each preference having zero mean and constant deviation. In mathematical
terms, the utility U is defined on the set of risky lotteries, and a relative advantage function
d is used. This relative advantage d = U(L;) — U(L2) stands for the advantage of lottery
L1 over another lottery Lo. If there are no random errors, the individual will choose L1 over
Lo whenever d > 0. But since there is a random error involved, the individual will choose
L1 over Ly only if d + ¢ > 0 where ¢ is assumed to have a normal distribution with zero
mean and constant deviation in the classic Fechner model. Finally, in the third model called
“random preference model” proposed by Loomes and Sugden [17], the authors analyze the
role of randomness in decision theory. In their paper, they propose a new axiomatic setting
different from EUT and show this model’s consistency. In another paper by Loomes et
al. [16], they refer to the random preference model and apply it to a stochastic setting.
They claim that when facing a decision problem, the individuals go through three different
stages. In the first stage called “preference selection stage”, the individuals are assumed to
be uncertain about their preference (while they are certain about some general principles
required by EUT as core theory). Hence, they model this setting probabilistically using
random preferences in such a way that the utility function is stochastic. As a matter of
fact, it is this approach that we will follow to model stochastic choice of investors.

One of the application fields of decision theory under uncertainty is in the world of
finance. In today’s financial world, there are various methods to model the financial markets.
There are numerous approaches that try to describe this uncertainty; ranging from utility
based approach finding its roots in the book by Von Neumann and Morgenstern [29] to
portfolio optimization using dynamic programming approach as in Canakoglu and Ozekici
[8]. Among all, stochastic modeling is now a well-accepted approach within the research
community where the aim is to find an optimal portfolio among risky and risk-free assets. In
a survey done by Steinbach [27], there are 208 papers analyzing the mean-variance models
in financial portfolio analysis. On the other hand, previous research by Mossin [20], Merton

[19] and Hakansson [11] concentrates on using expected utility maximization. Moussin [20]
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examined utility functions leading to myopic policies, and Merton [19] considered special
utility functions with logarithmic and power structures. Hakansson [11] analyzes portfolio
optimization using logarithmic and power utility in discrete time and random market setting.
More recently, Dokuchaev [9] considers an optimization problem in which the expected
utility of the terminal wealth is maximized in a discrete-time market with serial correlations.

In this thesis, motivated by the idea presented by Loomes and Sugden [17], we aim to
apply the idea of random preference decision making in the portfolio selection problem. We
will use exponential utility functions which are widely used both in practice and theory.
In our setting, we assume that at the beginning of a period, the investor needs to choose
among a risk-free and risky assets.

It can be empirically observed that the states of the market varies throughout time.
Following the market trends and identifying such trends accurately can be considered to
be of the investor’s best interest. It is intuitively true that the returns of the assets in
the market vary significantly depending on the current state of the market. Starting with
Pye [23], there has been a growing interest in modeling a stochastic financial market by
a Markov chain. In the continuous-time setting, Norberg [21] proposes a Markov process
interest model with applications to insurance. On the other hand, there is growing interest
in the literature to use a stochastic market process in order to modulate various parameters
of the financial model to make it more realistic. Herndndez-Herndndez and Marcus [13],
Bielecki et al. [2], Bielecki and Pliska [3], Di Massi and Stettner [18], and Stettner [28]
provide examples on risk-sensitive portfolio optimization with observed, unobserved and
partially observed states in Markovian markets. Hence, it can be deduced that the state of
the market is uncertain for the next period. Out of this uncertainty an important question
rises: Is it logical to assume that the investor’s risk preference is the same for all states of
the market? In this thesis, we will assume that the risk preferences of the investor is not
constant, but it is random like the state of the market. To clarify this by an example, if the
market is in a “bearish” trend, the risk preference of the investor will be different than the
one in a “bullish” market trend.

The organization of this thesis be as follows: In Chapter 2, we introduce the main
problem and describe our random risk preference model. We also give some general results.

In Chapter 3, we state our results on the structure of the optimal portfolio when the returns
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of the risky asset are assumed to have an arbitrary distribution. In Chapter 4, we consider a
specific case of Chapter 3 when the returns of the risky assets have the normal distribution.
In Chapter 5, we complete our analysis by considering some further extensions. We first
suppose that the returns of the risky assets are exponentially distributed, and then consider
a general model with an arbitrary concave utility function. Finally, Chapter 6 includes our

conclusions and suggestions for future research.
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Chapter 2

PORTFOLIO SELECTION WITH EXPONENTIAL UTILITY
FUNCTIONS

We consider an investor with an initial wealth = who chooses a portfolio among n risky
and one risk-free asset. Moreover, there are m random utilities or preferences and the
investor’s preference is the ith one with some probability P; > 0 where > " P, = 1. We

assume that the investor’s utility is described by the exponential utility functions
U(i,z) = K; — Ciexp(—z/3;) (2.1)

when the risk preference of the investor is i. Here, K; and C; > 0 denotes the parameters
of the exponential utility function for risk preference i and x represents the wealth level.
Also, note that Pratt-Arrow’s measure of absolute risk aversion is —U" (i, z) /U’ (i,x) = 1/,
or 3; is the risk tolerance. The previous discussion on random risk preference gets in the
picture here. The preference dependent measure of absolute risk aversion indicates that the
investor has a random risk preference. In fact, the risk tolerance is §; with probability F;.
We suppose without loss of generality that the risk tolerances are ordered so that 0 < 8; <
By < --- < B,,. Our aim is to determine the optimal portfolio of risky and risk-free assets
where the investor has a random risk preference given by exponential utility function (2.1)
with probability P;.

In this thesis, unless stated otherwise, a vector z is a column vector so that its transpose,
denoted by 2/, is always a row vector. We let R = (—o00,+00) denote the set of all real
numbers. Moreover, because of the involvement of different 5 values for different states, the
value function can not be evaluated analytically while considering the next period. Hence,
only a single period will be analyzed. Let v = [uy, uga, -+ ,uy] denote the amount of wealth
that is invested in n risky assets. Since the returns of the risky assets are random let

R = [Ri, Ry, -+ , R,] denote the return vector of the risky assets. Also, let ry denote the
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return of risk-free asset. Therefore, after one period, the wealth is
W = rp(z—1u)+Ru

= rr+ (R®) u (2.2)

where 1 = (1,---,1) and R® = R — ry is the excess return. Throughout this thesis, we
let 7 = E[R] denote the mean return vector and u = E[R — r¢] = 7 — ry denote the mean
excess return vector. We suppose that R® # 0 trivially since this case implies that W = rx
independent of u and any policy is optimal. In case n = 1, there is only a single risky asset,
and both 7 and p are scalars.

Let g(x,u) denote the expected utility using the investment policy u when the amount

of money available for investment is x. Hence,

g(x,u) = ZPJE [U (j,rfx + (Re)/u)]

— ZPJE [K; — Cjexp(— (rpz 4 (R%) u) /ﬁj)]

j=1
" " T (R®) u
= ZPJKJ - ZPjCj eXp(—ﬁ—)E exp 5 )| (2.3)
j=1 j=1 J J
To find the optimum portfolio of risky assets and risk free asset, note that gradient of
g(z,u) is
Jg(x, u) [Ri ( (Re)/u>]
Vig(z,u P;Cj exp(— —“exp | —
wlm ) = = Z 35 5,
and the Hessian is
0%g(z, u) Ty Ry R} (R®) u
Hy = P;C; E =k —
kil Ou0uy Z exp(= ,8]- ) 3 P < /Bj >
For any vector z = [21, 29, - - ,zn], note that
R®)'u
ZHz=—"% P;jCjexp Tfm 2Ry | exp (—( > <0.
> e enl 58 | (L L)) <

This implies that the Hessian is negative semi-definite and g(z,u) is concave in u. Hence,
setting Vg(z,u) = [0,--- ,0] would give the optimal policy.

As a summary, the optimal policy can be found by solving the first order condition

ng)E [ ¢ exp (—(R;i/“)} =0 (2.4)

Vig(x,u) =
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for all k =1,2,--- ,n. Before conducting further analysis, define
P;C; rex (R®) u
A¥ (2, u) = =2 jexp—fE[ eexp(—
i (@,u) 5, ( 5, JE | Ry 5,

so that the optimality condition (2.4) can be rewritten as
m
AR (z,u) = ZA;“(JU,U) = 0.
j=1

Note that A?(:L’, u) and, therefore, A*(z,u) are strictly decreasing in u since

aAk(x,u) __PjC'j . T [ V2 oy <_(Re)/u>]
T exp( 5, JE | (Ry)" exp 5, <0

for all k.
Now, for a fixed point (z',u') € R*™ with A(z',u') = 0 consider the gradient of A* at
(z',u') so that

oA | 1 N~ BiG i c)2 (B) !
Tuk(x Ju') = —jz; ﬁ? eXP(—ﬁfj)E [(Rk) exXp <_53)] <0

for all k. Then, by the implicit function theorem, there exists an open set U C R containing
z!, an open set V C R”™ containing u', and a unique continuously differentiable function

g : U — V such that
{(.’L’,g(,f))} = {(x,U1,U27"’ 7un) : Ak (CU,Ul,UQ,“' 7U’VL) :0} NU x V.

The above result is true for all points satisfying A*(z,u) = 0, and we also know that the
optimal decision u(z) satisfying (2.4) is unique when it exists by the concavity analysis
of g, we conclude that the optimal policy u*(z) = [uf(x),us(z), - ,u)(x)] is a unique

continuously differentiable function in x whenever it exists.
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Chapter 3

GENERAL DISTRIBUTION MODEL

In this setting, the distributions of the risky asset returns are assumed to be arbitrary.
Our analysis in this chapter is presented in two sections. In the first section, we assume
that the risk tolerance is constant and there are n risky assets. In the second section, the
risk tolerance is random, hence there are m utilities for the investor, but there is only n = 1
risky asset. The second section is further divided into two parts. In the first part of the
single asset model, the expected excess return F [R¢] = p will be greater than zero; and in

the second part, expected excess return will be less than zero.

3.1 Constant risk tolerance with n risky assets and m utilities

If we were to assume that the risk preference of the investor is constant rather than random

so that 3; = 8 for all j, the expected utility becomes

e~ St S s ()
— ZPK exp(— ﬁ)E[exp<— “)]éPjCj.

A similar argument as in Chapter 2 implies that g(x,u) is still concave and equating the

gradient of g(x,u) to the zero vector will give the optimal decision. Therefore,

“)] inCj ~0.
j=1

But since all the terms in the summation are positive, Vig(z,u) is equal to zero if and only

Vig(ou) = 20— exp(- L) | exp (-

if B[RS exp (— (R)'u/p)] is zero. Therefore, in this setting the optimal decision u* is the
vector that satisfies

E [Riexp (— (R*) u/B)] =0 (3.1)
for all k. It can be noticed from this that u* is independent of the wealth level of the investor

as noted by Canakoglu and Ozekici [7] for exponential utility function in a generalized
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multiperiod model in a stochastic market.

3.2 Random risk tolerance with n = 1 risky asset and m utilities

For this case, since the distribution of the risky asset is general, we need to consider the
generalized optimality condition (2.4). We know that A(z, ) is decreasing in u from Chapter
2. Note that

A, 0) =3 45(,0) = 3 B ep(TEN B IR = | Y DS (T | 1 (32)
275, 27, g

j=1 j=1
where p is the mean of the excess return. Therefore, the sign of A(z,0) depends on the sign
of p. If p > 0, then A(x,0) > 0 and since A(x,u) is strictly decreasing, the optimal decision
u*(x) making A(z,u) = 0 is greater than zero for all z. Moreover, when p < 0, the optimal
decision u*(x) is less than zero for all by a similar argument. Finally, it follows from (3.2)

that u*(x) = 0 for all x when p = 0.

3.2.1 Mean excess return greater than zero (u > 0)

The assumption p > 0 implies that 7 > 7 which indicates that the expected return of the
risky asset is greater than the return of the risk-free asset. We now show that in this setting

the optimal decision is increasing with respect to x.

Theorem 1 The optimal decision u*(x) is bounded and positively increasing in x if p > 0.

Proof. If n > 0, it is clear that u*(z) > 0 since A(x,u) is decreasing in u with A(x,0) >
0. For any j, let u; > 0 be the unique solution of Aj(x,u) = 0 for all z. Observe that
Aj(z,u;) = 0 if and only if E [Re exp (—Reﬁj/ﬁj)] = 0 and it is independent of x. Then,

note that 5
J
ey . e . 67
E [Reexp (—R u]>] = F | R°exp (—R uj) a
53’—&—1 ﬂj
forany 7 =1,2,---m — 1. This can be rewritten as
fla)=FE [Reexp <—R uj) ]
B
where o = B;/B,,1 < 1. Observe that f(1) = 0 by our assumption. Now consider the
derivative )
v [, ()
da B B;
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since [3; is always positive and u; is positive when p > 0. Therefore, we can conclude that
fle) > f(1) =0 for all 0 < oo < 1. This further implies that E [R®exp (—R“4;/6;,1)] >0
by taking o = B;/B8;11 < 1. Since Ajy1(z,u) is decreasing in u one can conclude that
Uy < Uj41 because Ajyq(z,0j41) = 0.

Nezxt fir xy and let uj be the optimum decision making A(xy1,u}) = 0. Because A(xy,u)
18 strictly decreasing in u and the feasible region is always positive, there exist 1 < k < m—1
such that

U < Uy < Upy.

Moreover, Aj(xz1,u}) <0 for all j <k since uj > u; for all j < k and Aj(x,u) is strictly
decreasing in w. Similarly, Aj(z1,u}) > 0 for all j > k. Therefore, A(x1,u*) = 0 implies

that
k

ZAJ x1,ul) Z Aj(x1,uy) (3.3)

j=k+1

Consider the point x1 + Az > x1 for some Az > 0. We now have

m k
N Az Az
ZAj(xl + Az, uy) = ZA](xl,ul) exp(—rfﬁ—) + Z Aj(x1,ul) exp(—rfﬁ—)
=1 =1 7o ek ’
k Az m
> exp(— T'f ZAJ (w1, uf) + exp(—rf——) > Aj(z1,u})
Br j=1 Brnt j=k+1

Az, & N Ar & N
= —eXP(—Tfﬁfk) D Aj(ar,uf) + exp(— ) Y Aj(ar,ui)
j=k+1 j

Az
T
"Bt

= [exp(— ) — exp( rfﬁ ] Z Aj(xq,uy)

j=k+1

The first inequality follows from the fact that exp(—x) is a nonnegative decreasing function.
The second equality follows from (3.3) and the final term is positive since exp(—x) is a
decreasing function and Y0, | Aj(w1,u*) ds positive by (3.3).

Since 37701 Aj(w1 + Az, ui) > 0, and Y77, Aj(v1 + Aw,ur) decreases in u, it can be
concluded that the optimal decision ui(z1 + Ax) is greater than ui(x) indicating that u*(x)
18 1ncreasing in .

Finally to show that u*(x) is bounded, consider i; > 0. Since ﬁgs are ordered, we know
that 4y < Uj < Uy, for all j. Now, if u*(x) < 41 then, since A;j(x,u) is strictly decreasing in

u, Aj(z,u*) > Aj(x,a1) = 0 for all j. But this is a contradiction since 3 7" | Aj(x,u*) = 0.
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Similarly, if 4, < u*(x) then, by the same reason Aj(z,u*) < Aj(x,0y,) = 0. This also

leads to a contradiction. Therefore we conclude that 0 < Gy < u*(z) < Uy, for all x. =

3.2.2  Mean excess return less than zero (u < 0)

The assumption p < 0 implies that 7 < 7y which indicates that the expected return of the
risky asset is less than the return of the risk-free asset. Next, we show that in this setting

the optimal decision is decreasing with respect to x.

Theorem 2 The optimal decision u*(z) is bounded and negatively decreasing in x if pu < 0.

Proof. If n <0, it is clear that u*(x) > 0 since A(x,u) is decreasing in u with A(x,0) <
0. For any j, let u; < 0 be the unique solution of Aj(x,u) = 0 for all z. Observe that
Aj(x,u;) =0 if and only if E [Re exp (—Reﬁj/ﬂj)] =0 and it is independent of x. Using a
proof similar to that of Theorem 1, note that f(1) =0 but df (o) /da > 0 since 3; is always
positive and u; is negative when p < 0. Therefore, we can conclude that f(a) < f(1) =0
Jor all 0 < a < 1. This further implies that E [R® exp (—R%0;/8,.1)] < 0. Since Aji1(z,u)
is decreasing in u one can conclude that i; > Uj41 because Aj+1(x,ﬁ,j+1) =0.

Fix the initial wealth xo and let w3 be the optimal decision for xo. By a similar argument

from the positive mean excess return case, we can conclude that there exists k such that
g1 < uy < G

Neat, Aj(xzo,u3) > 0 for all j < k since u* > 4; for all j < k and Aj(z,u) is strictly
decreasing in w. Similarly Aj(z1,u*) < 0 for all j > k. Therefore, A(xo,u3) = 0 implies
that

ZAj(.%’l,u*> = — Z Aj(ml,u*) Z 0. (3.4)
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Consider the point xo + Ax > xo for some Az > 0. We now have

m k m
. . Az . Az
Y Aj(wa+Azup) = D Aj(wa,ub) exp(—ry - 5+ D Aj(wa,uz) exp(—ry )
j=1 j=1 j=k+1 J
k m
Ax . Ax .
< exp(ory o) 3 Ajlwaud) +exp(ory o) 3 Ajlwa,ud)
kooj=1 LA S|
Az, .
= —exp(—rfﬂ ) Z Aj(za,u3) + exp( rfﬂ Z Aj(xo,u3)
ko k1 kL =k
A
= [exp(—rf x ) —exp(—ry— ] Z Aj(xo,u3)
Br1 O

The first inequality follows from the fact that exp(—z) is a nonnegative decreasing function.
The second equality follows from (3.4) and similarly the final term is negative since exp(—x)
1s a decreasing function and Z i1 Aj(z2,u3) ds negative by (3.4).

Since Y30 ) Aj(w2 + Az,uz) < 0, and Y01, Aj(v1 + Az, u) decreases in u, it can be
concluded that the optimal decision u}(xo + Ax) is less than u*(x2) indicating that u*(z) is
decreasing in x.

Finally to show that w*(z) is bounded, consider u; < 0. Since ﬂ;s are ordered, we know
that Gy, < 0; <y for all j. Now, if u*(x) > Gy then, since A;j(x,u) is strictly decreasing in
u, Aj(z,u*) < Aj(z,01) =0 for all j. But this is a contradiction since Y 1L, Aj(z,u*) = 0.
Similarly, if 4y, > u*(x) then, by the same reason Aj(z,u*) > Aj(z,0y,) = 0. This also

leads to a contradiction. Therefore we conclude that Uy, < u*(z) <41 <0 for allx. m

The characteristics obtained in this section on the structure of the optimal policy are
quite intuitive. If g > 0 and the mean return of the risky asset exceeds that of the risk-free
asset, then u*(z) > 0 indicating that some positive amount of current wealth is invested in
the risky asset. It should be noted that it is possible that u*(x) > x which implies that the
extra amount u*(x) — z is obtained by short selling the risk-free asset. A similar argument
can be made for the case when y < 0. Now, since the return of the risk-free asset exceeds
that of the risky asset u*(z) < 0 and the risky asset is sold short to invest z — u*(x) > z in

the riskless asset.
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Chapter 4

NORMAL DISTRIBUTION MODEL

This chapter is primarily divided into three sections. In the first section, the investor’s
risk preference is assumed to be constant indicating that 8; = [ for all j; and in the
second section, the investor’s risk preference is random. The third section is dedicated to
illustrations of the results found in the first two sections.

In the normal distribution model, if there is only one risky asset (n = 1) to be considered,
then the excess return of the risky asset is assumed to be normal and denoted by R¢ =
(R—rf) ~ Norm (u,0?) where i = 7 — ry. Here, 0% denotes the variance of the risky asset.
If there are n risky assets to be considered, then the excess return of the risky assets are
assumed to be multivariate normal and denoted by R® = (R — r¢) ~ Multi-Norm (y, o)
where 1 =7 — 7 = [pq, tbg, - - - , 14, is the excess return vector of the risky assets and o is
the covariance matrix. We also let ||o|| = det(o) which is positive since a covariance matrix
is always positive definite and nonsingular.

We start by observing following identities which will be useful throughout this section.

If there is only one risky asset having a normal distribution, then

2.2
E [e—aRe] _ exp(—,ua + g 206 )
so that
. 0 (exp(—pa + T
E [Ree—ocR ] - _ ( 5 2 )
a?o? 9
= exp( —ap) (p— ac?) (4.1)

and if there are n risky assets having multivariate normal distribution, then

! pe 1
E {e‘a R } = exp(—p'a + 50/004)
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so that

B[R] = o L‘Z:RD

1 n
= exp(—pa+ 50/004) (uk - Z;Ukz‘az) . (4.2)
1=
4.1 Constant risk tolerance

4.1.1  Constant risk tolerance with n = 1 risky asset and m wutilities

Suppose that the investor’s risk preference is constant so that 3; = 3 for all j. Then, (2.4)

becomes
m PjCj (_fo> |: . <_Reu>] _
j; 3 exp 3 E |Rexp 3 0
or
exp <—Tfﬁx> E [Re exp <_R;u>] Z P]ﬁCJ =0. (4.3)

j=1

Since all the terms in (4.3) are positive; by using (4.1) one would have

E {Re exp <—R;“>} —0
o (752 0) (n- ) =0

and this implies that the optimal amount of money invested in the risky asset is

or

ut = (%) 3. (4.4)

g

It can be observed from (4.4) that the optimal amount of money invested in the risky
asset depends only on the mean and variance of the excess return of the risky asset and the
risk tolerance of the investor. The decision on buying or short selling of the asset relies on
the sign of the excess return of the asset. If the mean excess return of the asset is positive,
then the investor is advised to buy the asset and short sell it otherwise. Similarly, if the
variance of the excess return of the risky asset increases, indicating that the risk level of
the risky asset increases, then the absolute value of the optimal decision decreases. This

also indicates that if the variance of the risky asset increases, then the investor is advised to
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take less risk by buying or short selling less of the risky asset. Moreover, it can be inferred
from (4.4) that the amount of money invested in the risky asset is independent of wealth
indicating that the investor is memoryless in wealth. Note that the result is consistent with

the result found in Canakoglu and Ozekici [7].

4.1.2  Constant risk tolerance with n risky assets and m utilities

In this setting, we assume that investor’s risk preference is still constant so that 3, = 8

for all j. Moreover, there are n different risky assets. The excess returns of the risky

assets are assumed to be driven by a multivariate normal distribution with a return vector
! __ . .

=gy, pg, -+, 14y) and a covariance matrix o.

Then, (2.4) is

i PjﬁCj exp <—r;f> E {R; exp <— (R;)/“ﬂ =0 (4.5)

exp [ —22) B | RS exp (R Zm:PjCj:o (4.6)
B B B

Jj=1

or

for all k. Similarly, since all the terms in (4.6) are positive; by using (4.2) one would have

fron (1) -

or

1 1 1<
exp(—B//u + 2—62u/au) (uk ~3 Z Ukl-uz) =0

i=1
for all k. This implies that the optimal amount of money invested in the risky assets is given

by the solution of the system of linear equation

ou = fBpu. (4.7)

Since o is a positive definite matrix, the system of linear equations in (4.7) has a unique
solution explicitly given by

u* = fo .
Moreover, again by (4.7), it can be concluded that the optimal decision is independent of

the wealth level of the investor. This result is harmonious with results found in Canakoglu

and Ozekici [7].
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4.2 Random risk tolerance

4.2.1  Random risk tolerance with n = 1 risky asset and m = 2 utilities

In this section, suppose that the risk preference is random with two risk tolerances §; and
B9. The investor needs to form a portfolio using one risk-free and one risky asset. This
section will be divided into two subsections with the mean excess return of the risky asset
being less or greater than zero.

As a side remark, first consider the case when mean excess return p = 0. Then, (2.4)

using (4.1) is

2. P;C, TpT u?o? (u B
Z j .3 exp(———) [exp( ) <ﬁj0 >] =0

and the equality holds only if «* = 0. This indicates that when there is only one risky asset
having a mean excess return equal to zero, the investor buys only the risk-free asset which

is quite reasonable.

Mean excess return greater than zero (u > 0).

Assume p > 0 so that ¥ > r; which indicates that the expected return of the risky asset
is greater than the return of the risk-free asset. In this situation, it is reasonable to expect
that the optimal amount of money invested in the risky asset would be greater than zero.
To show this, further assume without loss of generality that 8, < (35, then the optimality

condition in (2.4) becomes

P Cy <u202 — upfy rf$> < u 2) Py (U202 — upfy fo)
exp|l ——=——— 5| |(p—F0 = - exp 5 - =
b1 237 B4 B4 B 233 B2
.@_“g>
Bo
so that
P C1 3,

By =B\ =B B—p (- 30?)
rice o (e ) = o (w2 ) 09

Then, this equation reduces to

g9(z) = h(u) (4.9)
where
PiCy By By — B
(z) PyCs B exp <7‘fx 5.5, > (4.10)
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and ( )
1 1 11 p— g0
oo+ ) £
) ep(““(zﬁ% 7 B T E) (1—20)
P08y
g(O)_PQC2ﬂ1ZO
and
li_{n g(x) =0.

For h(u), divide it into two parts so that
h(u) = hi(u)ha(u)

where

uo? (8 + Bq) — 2Mﬁ152>

hi(u) = —exp (U (81 — Ba) 23232

and

Considering hj(u), it can be observed that hi(u) < 0 for all u. So, for (4.9) to hold, one

(n-%7")
(n=3%)

In order to have this inequality to hold, there are two possible cases:

would need ha(u) < 0 or

< 0.

1. p— 262 < 0and w— Yoo, (4.11)
B2 51
w9 w9

2. p——0° > 0and p——0“<0.
2 51

The first case implies < (¢2/85) w and p > (02/8) u, or (u/0?) By < u < (u/0?) By.
The assumption 3; < (35 therefore implies that the first case is not possible. For the second
case, 1 > (02/By) w and p < (02/By) u, or (p/o?) By < u < (u/5?) By. Denote this region
by I = (p/0?) [B1,8,] C [0,+00). Note that h(ufB,/0?) = 400 and h(p3y/0%) = 0. Then,

it can can be observed that g(x) = h(u) has a solution u € I for any x.
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For the analysis of g(z) and h(u), g(z) = h(u) implies that the optimal decision is
u*(x) = h=Y(g(x)). For that, first consider

oo (ol o (3 - ) ) (553

/ o B1
h(u) = 70
1 wlo? 1 1 1 1 52 — ﬁl
_ - S O N Bt S 4.12
N ( 2 (g ) tumlg t ﬁz)> 1By oz 12

where

k(u) = (B) + Ba) o%u® — no™ (B3 + 38,8, + B3)u® + 21°0> 31 B(B1 + Ba)u — B B3u(p’ + o)
(4.13)
so that

K (u) = 3 (81 + By) 0%u® — 2u0™ (BT + 38,8, + B5)u+ 262081 B2 (B1 + Ba).

Theorem 3 The optimal decision u*(x) = h='(g(x)) is bounded and positively increasing
inx if u> 0.

Proof. First note that u*(z) € (u/0?) [B1, 8] C [0, +00) implies that u* is bounded and
positive. Since g(x) is convexr decreasing, it suffices to show that h(u) decreases in I because
if h(u) decreases and g(x) decreases then h™1(g(z)) increases. For that, note that

1 w?’o? 11 11 By — B4
a2 (TR R G R) G

for allw in I. Then, to show that h(u) decreases in I, it suffices to prove that k(u) is negative

in I. It is clear that k(u) is a polynomial of third degree. With basic calculus, it can be
observed that a third degree polynomial can have at most two turning points. Here, turning
points indicate that the polynomial k(u) changes from increasing to decreasing or decreasing
to increasing. This follows from the fact that k'(u) is a polynomial of degree two and k'(u)

can have at most two roots. Observe the following facts:
1. k((u/0?) By) = k((n/0?) Ba) = — B B5p0% < 0.

2. K ((n/0?) B1) = Biuo®(By — By) < 0, K ((n/0?) By) = B3p*c?(By — B1) > 0 and
K (0) = 2020?31 85(6, + By) > 0.
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The intermediate value theorem indicates that if a function f is continuous on a interval
I = la,b] and f(a) < 0 and f(b) > 0, then there exits ¢ in I such that f(c) = 0. So,
considering this theorem and observation two, it can be concluded that there is a turning
point in [0, (u/0?) B1] and another one in I. Since k(u) is a third degree polynomial these
are the only possible turning points.

Finally the first observation shows that the value of k at the end points are negative. Also,
from the above argument, there is only one turning point @ in I at which k(u) < k((u/0?)B;)
since k' ((1u/0?)B3;) < 0. This indicates that for every u in I, k(u) can not be greater than
k((1/0?) B1) = k((n/0?) By) < 0, hence k(u) is negative for all u in R. ™

By Theorem 3, k(u) is negative implies that h(u) is decreasing in the feasible region
I. Therefore, one can conclude that as x increases, u(x) must increase as well. This fact
together with the assumption p = 7 — ry > 0 basically shows that if the investor has
stochastic exponential utility then the money invested in the risky asset, which has a better
return than the risk-free asset, has a direct relationship with the wealth level of the investor.
First, u > 0 for all  implies that there is always money invested in the risky asset when
the risky asset’s return is better than the risk-free one. Second, Theorem 1 implies that as
the wealth level of the investor increases the amount of money that is invested in risky asset
increases.

This result is important because in previous work by Canakoglu and Ozekici [7], it is
known that when the investor has exponential utility, the optimal decision is independent
of the wealth level of the investor. But, if the investor has stochastic exponential utility,
then the money invested on the risky asset depends on the wealth level of the investor.

Another important thing to note is u(x) depends on the risk tolerances {3;, 35} of the
investor. Since the feasible region I depends on {3, 35}, the investor having a greater risk

tolerance would invest more money in the risky asset.

Mean excess return less than zero (u < 0).

Next assume p < 0 so that 7 < ry. Considering the optimality condition again one needs
(4.9) to hold. By a similar argument there are two possibilities like in (4.11).
Note that now only the first region is possible since . < 0. Hence, the feasible region is

I= (u/o’Q) [B2, 31] C (—00,0]. Observe that u € I is always negative indicating that when
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the mean of the asset is less than zero, the investor short sells the risky asset and invests
in the risk-free asset. According to intuition, one can conjecture that as x increases u must
decrease meaning that the investor would invest more money in the risk-free asset and short
sells more of the risky asset when the investors wealth level increases by a similar argument
above. Therefore, this time we will show that h(u) is increasing on I. Similarly, considering
(4.12), in order to show that h(u) is increasing on I, it suffices to show that k(u) in (4.13)

is positive on I.

Theorem 4 The optimal decision u*(x) = h™1(g(z)) is bounded and negatively decreasing
in x if p<O.

Proof. The theorem will be proven using a similar argument. The negativeness and
boundedness of u* follows trivially since u*(z) € I = (n/o?) [By,B1] C (—o0,0]. Observe

now that
1. k((1/0?) Ba) = k((n/0?) B1) = = F5u0% > 0.

2. K ((n/0?) By) = B3u0?(By — B1) > 0, K'((n/0?) By) = BIu?c?(By — By) < 0 and
K (0) = 2p%0?3185(61 + By) > 0.

Again by intermediate value theorem and observation two it can be concluded that there
are two turning points; one in I and the other in [(,u/UQ) B1,0]. By the first observation, k(u)
is positive at the end points of I; hence, k(u) is greater than k((p/o?) By) = k((p/0?) B1) >

0 for all w in I. Therefore, k(u) is positive in I. m

By Theorem 2, k(u) is positive implies that h(u) is increasing on the feasible region I.
Therefore one can conclude that as « increases, © must decrease. Similarly this fact together
with the assumption y = 7 — 7y < 0 shows that when the risky asset’s expected return is
lower than the risk-free asset, the investor should short sell the risky asset and invest more
in the risk-free asset. Also, the fact that as x increases u(z) must decrease shows that as
the wealth level of the investor increases, he short sells more of the risky asset and invest
more in the risk-free asset.

Moreover, note also that like in the case of ;1 > 0, the amount of money invested in risky
asset depends on the risk tolerance of investor. This indicates that an investor who is more

tolerant to risk would short sell more of the risky asset and invest on the risk-free asset.
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4.2.2  Random risk tolerance with n risky assets and m = 2 utilities

In this subsection, there are n different risky assets with a multivariate normal distribution.
The optimality condition for a market consisting of two different states is
2 I
Jg(w,u) < rfx> [ (R%) u
——— | E|Rjexp| ———— || =0 (4.14)
Ouy, ; B B;
for all k.

Using (4.2), the expectation term in (4.14) is

E [Rz exp <— (R;iluﬂ = exp(—-plu + Sogulo) <uk _ 1 (Uu)k> . (4.15)

Therefore, (4.14) becomes

Ci o p< ng) [exp(—ﬁljuu—l— ;Juau) <Mk _ 61] (Uu)k)] —0. (416

First consider the case when p = [0,0,--- ,0]. Then, (4.16) becomes

2
(ou),, Z Pjgj exp <_rfx> exp(iulau) =0 (4.17)

j=1 J
for all k. Note that (4.17) is equal to zero only when (ou), = 0. Going one step further if
p =10,0,---,0] then (ou), = 0 for all k. Therefore, since o is a positive definite matrix
the only solution of ou = 0 is w = 0. Summarizing, if 4 = [0,0,---,0] then u = 0. Hence,
suppose that u # [0,0,---,0] in the remainder of the section. This further implies that
u* # 0 because = 0 whenever u = 0 in (4.16).

Now, (4.14) implies

LS| [exp(_rf:r _ i;/u 4y o) (Mk _ (Uu)k>]

By B B 2% I
1S N S ( _M)]:
+ 3 [e p( 3 52,uu—|— ﬁQu "ou) | py 5 0.

By separating two equations, one would get

PO gy (a2 g (1= 1 2 ) (B0

PoCs By 5182 B1 Be 20361 <Mk - ﬁ% (o—u)k>
(4.18)

Note that (4.18) can be rewritten as

g(x) = ha(u)h(u) (4.19)
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where g(z) is given by (4.10) and

= (- e i) )
1\u = exXp ﬁl ﬁ2 nu Qﬂ% 25% uou

(Mk - é (Uu)k>
<Mk - g% (Uu)k>

h(u) =

fork=1,2,--- ,n.
Notice that in (4.18), left hand side of the equation does not depend on k. Hence, it can
be concluded that

(Mj - 5% (Uu)j) _ (Nk - 5% (Uu)k> (4.20)
(1= & u,) (= 3 (ow),)
for all j, k and p # [0,0,---,0].
Moreover, (4.20) implies that
(o) = 1y (o) (421)

for all j, k. Now, define
B = (Z Mt(—l)j+tht> (4.22)
t=1

where M;; denotes the (4,j) minor of the covariance matrix o for all 4,j. For technical
reasons, we assume that fi;u; # 0 for all j. We will show that this assumption is reasonable
by validating it for n = 2. The difficulty comes from the fact that it is hard to find a
relationship between fi; and u;. For the case when n = 2, assume that p;u; =0 for j = 1,2.

Then, for j =1,

2
foun =y (=) My
t=1
= H1022 — /1,2012) Ul = 0 (4.23)
and similarly
figuz = (11012 — pgo11) uz =0 (4.24)

for j = 2.
There are three possible cases to consider: either (u; = 0, ug # 0), or (u1 # 0, ug = 0),
or (u1, ug # 0). If u; = 0, then uy # 0 since the optimal decision is different than the zero

vector. This further implies that

11012 = fip011 (4.25)
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from (4.24). Now, taking k = 1 and j = 2, (4.21) reduces to

py (021Ut + o22u2) = po(o11u1 + o12u2)

or
H1022U2 = o0 12U2

since (012 = 1021 = pyo11. This finally leads to

H1022 = [2012- (4.26)

Note that (4.25) and (4.26) together imply that pq, gy # 0 since p; = 0 implies py = 0
from (4.25), and py = 0 implies py = 0 from (4.26) since 011, 022 > 0. Now, (4.25) and
(4.26) lead to 02, = 011022 which contradicts the fact that o is positive definite. A similar
argument leads to the same conclusion when uo = 0. The final case with w1, ue # 0 leads

to (4.25) and (4.26) from (4.23) and (4.24) trivially and we reach the same contradiction.
Theorem 5 The relation between the optimal investments in any asset j and k is

Py = Hju (4.27)

for all j and k.
Proof. We suppose that fi;uj # 0 for all j. Consider the following identity which will
be useful throughout the proof:

n n
> w0k (=1 M = iy |jo| (4.28)
t=1  j=1

for any k. In order to prove (4.28), first let (I, m) denote the matriz formed by first re-
moving lth column and then replacing it with mth column of the matrix o. Also, it is known
from basic linear algebra that |lo|| =327, ok (=1)IT* My, for any k.

Consider any asset k for the which iy, # 0. It clearly exists by our assumption. Rewriting

the left-hand side of (4.28) we get

n n n n n
oY oni ()M = > Y ok ()T My g, > o (= 1) My
t=1  j=1 t=1  j=1 j=1
t#k
n n ] n ]
= > ey o) My 4 g,y o (=17 M;(4.29)
j=1 j=1

t=1
t£k
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by the symmetry of o. Next, consider Z}l:l oik(—1)7T My in (4.29) when t # k. Note also
that
det a(t, k) Zaﬂ (t, k) (= 1) N (¢, k) (4.30)

for any l where Mj;(t, k) is the (j, 1) minor of 5(t, k). Forl =t # k, note that M;;(t, k) = M
and 5j(t, k) = ojx. Therefore, (4.30) is equal to 375_ 0ji(=1)7T My in (4.29). Moreover,
det a(t, k) = 0 since the kth column and tth column of 6(t,k) are the same.

Therefore the first sum on the right hand side of (4.29) vanishes and we obtain

DAV RS
Jj=
= Mk”UH- (4.31)

Now, (4.21) can be written as

n
Z (g0 je — pjoRe) ug =0 (4.32)
t=1

for all 3. We can rewrite (4.32) as the system of linear equations C(k)u = 0, where we

define the matriz C(k) for a fixed k as
Cjt(k) = pp0jt — HjOkt-

To complete the proof, we need to show that (4.27) solves the system of linear equations
C(k)u = 0. Since i, # 0 and uy, # 0, plugging (4.27) into C(k)u, together with (4.31), gives

the jth entry

n —

Chyw); = D (mwoji — 1jows) Bi
i=1 Fok
Uk _

= — > (moji — 1o i
ik =

= = Z Hy Z M (— Ht ksz‘ - NjUki)

Mktl i=1

n n
_ ?’f(ﬂkzmzaﬂ(— +tMn—qumz% T >)
t=1 =1
ok * (s 7] = s )
= 0

for all j. Hence, (4.27) is a solution to the system of linear equations C(k)u = 0.
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It was shown in Chapter 3 that the objective function g(x,u) is strictly concave in u
for any distribution. It is also known that for strictly concave function the mazimizer is
unique if it exists. Since the solution obtained from (4.27) satisfies the first order condition
(2.4), then it can be concluded that it is the unique solution to the problem because of the

uniqueness of the maximizer. m

On the other hand, left-hand side of (4.18) is always positive. Therefore, in order to
have the equality in (4.19)

(Mk - ,BLZ (U“)k) ~ 0
(Nk - g% (Uu)k)
must hold. To obtain this, either
(e = (1/B2) (ou)y) <0 and (uy, — (1/61) (ou);) >0 (4.33)
(ux — (1/B2) (ou)y) > 0 and (uy — (1/6,) (ou),) <O0. (4.34)

Considering (4.33), one would get (ou), > Bopy, and (ou), < [;uy, implying

Pty < (o), < Bipy. (4.35)

Similarly, (4.34) implies
Bipg < (ou), < Bapy,. (4.36)

Next, consider (4.27) to determine the feasible region for uy. Replacing u; with fi;uy/fi, in

(ou)k, we obtain
n
(Cwk = Y orjuy
J=1
n _
Hj
= ngjfuk
= M
n
EOILT
= — Okl
i

t
= — Mtzak J+Mt
’uktl j=1

_ el (4.37)
iy
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by (4.28). Substituting (ou) given by (4.37) in (4.35) and (4.36), we obtain the feasible

region
o
pr < H_—Huk < f
M
which implies
lh = H Hﬂl <ug < ” H =l (4.38)
when [, > 0; or
Ba < lo ”Uk <A
k
which now implies
=1 (4.39)

b\w@<W<

when [, < 0.

It can be inferred from (4.38) and (4.39) that since ||o|| is always positive, the feasible
region is determined by the value of i, = Y"1, p,(—=1)¥+*My,. If i, is positive, then the
feasible region for the kth asset is given by (4.38); otherwise, it is given by (4.39). Denote
these regions as I1 = (I1,l2) C (0,400) and Iy = (I3,11) C (—00,0) respectively.

Moreover, (ou), can be replaced with (py, ||o|| /i) ux in (4.18) to get

P Cy 52e p(r xﬁl 52)
PCy 3y 8182

= —hg(ug)

where

() (1(1 1) +1<1 1>_,_2> (Mk*é(ﬂkllal\/ﬂkMk)
k(ur) = exp = — = | g — | Wopu
B B 205 20% (= Gl /) )

by using (4.27) and (4.37). Like in the case of one risky asset, consider the derivative

1 1 m 1 1 -~ u2 1 1 B ~
/ dhk(uk) (61 - 52) exp (7: ([31 - /62> :u/,u + —% (252 - ﬁ) ,u'(j,u>
) = N k(

where

el ) (3 (L D) o L) () e
v = (gt ) (75 (5, + 3, ) o o) (o = e )~ el )
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Note that the sign of hj (uj) depends on the sign of k(ug). If k(uy) is positive, then hj (uy)

is negative and it is positive otherwise. Moreover, note also that

2
g
k) = k() = —Fe17l
M
2 2

o _ Mg 1
kO0) = ZE(p—|ol) = '+ k().
27" K

The derivative of k is
, te llo | ( ( 1 1 ) _ ) (uk HUII >
k — o
(i) B2 Bo * B4 o + Nk51 i
1 /1 MkHUII > <ukIIUH )
T2 (ﬂz > ( s H

p o]l (uklloll 3 ><< 1> 1, >
R G A A uauuwruuu

/ MiHUH ( ﬁl) <<1 1)/ e - )
E(l) = - 1—=— — 4+ — — +
) BB B Ba By MUMHO'H (W'r)
/ Nk||‘7||< )((1 1>/ _ By -
E'(la) = — 4
Note that ;/ji can be rewritten as
aT— E [ifL

n n

= Z Z MthCjt

j=1t=1

and

where Cj; = (—1)7T* M, is the cofactor of the matrix o. For any positive definite matrix o,
it is known that ¢C? = ||o|| I where I is the identity matrix and C7 is the transpose of the
cofactor matrix of o. It is also known that if o is positive definite, then o~! is also positive
definite. Therefore, it can be concluded C' = ||o|| o~ is also positive definite concluding that
w' i is always positive. Moreover, since o is positive definite, ji’oji is also always positive.
Therefore, it can be concluded that k'(l1) < 0 and k’(l2) > 0. Finally, since p/'in > 0,
k(0) > k(l1) = k(l2) when f;, > 0, and k(0) < k(l1) = k(l2) when f;, < 0.

Adjusted mean excess return is greater than zero (fi, > 0).

In this case assume that adjusted mean excess return fi, is greater than zero. It should

be noted that when i, is greater than zero, p,;, is not necessarily greater than zero. From
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Section 4.2, we know that if u, is greater than zero, then the feasible region for optimal
decision for kth asset is positive. So the decision of whether buying or short selling the kth
asset relies on the sign of ji;, rather than the sign of p; In the illustrations, we will provide
examples of the cases where the mean excess return of the kth asset is positive, but in the

optimal decision, kth asset is advised to short sell because of the sign of fi,.

Theorem 6 The optimal decision uj(x) = h; '(g(x)) is bounded and positively increasing
in x if [y, > 0.

Proof. 1t is already shown by (4.38) that when [, > 0, the feasible region is Iy =
(L1, la] = [(Bx/ o) By, (/o) B2l € (0, +00) , therefore uj(x) is bounded and positive. As
in the case of single asset with m = 2 wutilities, it suffices to show that hy(uy) is decreasing
in uy. First observe that the sign of the derivative of hy(uy) depends on the sign of k(uy).
Therefore, we need to show that k(uy) is negative in the feasible region.

Since k(uy) is a third degree polynomial in uy, it can have at most two turning points.
Moreover, note that k(l1) = k(l2) < 0. As in the case of single asset, k'(l1) < 0, k'(I2) > 0
indicates that there is a turning point in Iy. Moreover, k'(l1) < 0 indicates that there is
another turning point in (—oo, 1] since limy,, o k(uy) = —00, k(uy) is continuous for all
ug and k(0) is a finite number. Since these are the only two possibilities for turning points,
k(ug) is less than k(1) = k(l2) < 0 for every uy in Iy concluding that k(uy) is less than

zero in Iy. Therefore, h) (ui) is negative on I, and uj(x) is increasing in x. ™

Adjusted mean excess return is less than zero (fu, < 0).

In this setting, since f,;, is less than zero, we know that the optimal decision for the kth
asset is negative. Like in the previous case, even if the the mean excess return p; is positive,
there might be cases where the optimal decision for the kth asset is negative because of the
adjusted mean excess return fi; being less than zero. The examples of such cases will be

illustrated in the illustration section.

Theorem 7 The optimal decision u}(z) = h;*(g(x)) is bounded and negatively decreasing
n z if iy, <O0.

Proof. 1t is already shown by (4.39) that when [, < 0, the feasible region is Iy =
Lo, l1] = [(ag/ loll) Bas (/|| ]]) B1]) C (—00,0), therefore uj(x) is bounded and negative.
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As in the case of single asset with m = 2 utilities, it suffices to show that h(uy) is increasing
in ug. First observe that the sign of the derivative of hy(uy) depends on the sign of k(uy).
Therefore, we need to show that k(uy) is positive in the feasible region.

Since k(uy) is a third degree polynomial in uy, it can have at most two turning points.
Moreover, note that k(l1) = k(l2) > 0. As in the case of single asset, k'(l2) > 0, k'(l1) < 0
indicates that there is a turning point in Iy. Also K'(l1) < 0 and limy, 4o k(ug) = 400
together implies that there must be another turning point in [l1,+00). Since these are the
only two possibilities for turning points, k (ug) is greater then k(ly) = k(l2) > 0 for every
ug in I, concluding that k(uy) is greater than zero in Iy. Therefore h) (uy) is positive on

I, and ui(x) is decreasing in x. W

4.2.8 Random risk tolerance with n = 1 risky asset and m wutilities

In this setting assume that the number of the market states are m > 2 instead of two.

Consider the optimality condition
" PO, e
Z iCi exp (_W) E [Reexp <—R u)] =0
25, 9, 3,

DG <_7"fw> (“2"2_2““51> < v 2) —0 4.40

where R® has normal distribution with mean p and variance 0. First, suppose = 0, then

(4.40) becomes
PG (_fo> o [ 2 <_“ 2) _
Zﬁj P B; ep(?ﬁ?’ /Bja !

J=1

Ui P;C; o2 < fo) u?o?
U —ex ——— Jex =0.
25 5075 ) =

J

or

or

Note that since all the terms in the summation are positive, the equality holds only if u* = 0.

Next, consider

P,C; 202 — 2uuf;
Aj(z,u) = Jﬁjj exp (—%f) exp <u 7 2ﬁ?u,u J) (M — ;02) .

The partial derivative of A; with respect to u is

dAj(r,u)  PCj ( rfx> u?o? — 2upf3; ( o2 >2 )
= — ex ——— | ex ——a — —U + 0o < 0.
du 2 P\ T ) TP T e S
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Therefore, A;(x, u) is strictly decreasing in u for all j and A;(z,u) = 0 when u = (u/0?) B;-
Next, without loss of generality, assume that {Bj} is ordered as 0 < B; < By < --- < (..
Since Aj(x,u) is strictly decreasing in u for all j, Z;”Zl Aj(z,u) also strictly decreases in w.

Denoting

Alx,u) = Zm:Aj(x,u)
j=1
the optimality condition can be written as A (z,u) = 0. Moreover, there is a unique u*(z)
that satisfies A(z,u*(x)) = 0 for any = since A(x, u) strictly decreases in v and A(x,400) =
+o00 and A(x, —00) = —00.

Also note that for any initial wealth z, the optimal decision u*(x) is always in the
region (u/0?) (81, B,,) when p > 0 and in (u/0?) (8,,,51) when p < 0. To show this,
assume that (u/0?) B; > u*(z) or (u/0?) B,, < w*(z) when p > 0 for some z. But, under
these assumptions, (4.40) will not hold due to the fact that (u— (02/8;) u*(x)) < 0 or
(;L — (02 / ﬂj) u*(x)) > 0 for all j. The case when g < 0 can be shown similarly. Therefore,

the feasible region is
[ [
0< (9) By <u< (ﬁ) 3, (4.41)
if >0, and

(%) fm < < (%) fr <0 (4.42)

if 1 < 0. To simplify the notation, we define @; = (u/02)8;.

Mean excess return greater than zero (u > 0).

Assume ;i > 0 so that # > ry which indicates that the expected return of the risky asset
is greater than the return of the risk-free asset. We have already shown that the optimal

amount of money invested in the risky asset is greater than zero.

Theorem 8 The optimal decision u*(z) is bounded and positively increasing in x if u > 0.

Proof. In this setting the feasible region is given by (4.41) and this clearly indicates
that u*(x) > 0 is bounded. Fiz the initial wealth level x1. Let uj be the optimal decision for
x1 so that A(x1,uy) = 0. Since the feasible region is given by (4.41), one can deduce that

there exist 1 < k <m — 1 such that

U < Uy < Upy.
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Moreover, Aj(x1,uy) <0 for all j < k since uj > 4; for all j < k. Similarly, Aj(xi,u}) >0
for all j > k. Therefore, A(x1,u}) =0 implies that

k

> Aj(zr,u Z Aj(zy,u*) <O0. (4.43)
j=1

j=k+1

Consider the point x1 + Ax > x1 for some Ax > 0. We now have

m k
A A
ZAj(l’lJrAﬂj,uT) ZA]'(:ULUT)GXP(— l‘ Z A xl,ul)exp( Tfﬁix)
J

j=1 3=1 j=k+1
Ax
> exp(—rfﬂ—)ZAj(ml,ul)—i-exp Tfﬁ Z Aj(z1,u})
Az, = Ax
= —exp(—rf—o-) Z Aj(z1,ul) + exp(—ry ) Aj(21,u)
Ok 155 Ore1” ;550
A
= [exp(—rf x ) —exp(—rp— ] Z Aj(zq,ul)
Br+1 O

The first inequality follows from the fact that exp(—z) is a nonnegative decreasing function.
The second equality follows from (4.43). Similarly, the final term is positive since exp(—x)
is a decreasing function and 377", | Aj(w1,u}) is positive by (4.43).

Since Y30, Aj(w1 + Az, ui) > 0, and Y01, Aj(v1 + Az, u) decreases in u, it can be
concluded that the optimal decision for x1 4+ Ax is greater than uj indicating that u*(x) is

mcereasing wn . A

Mean excess return less than zero (< 0).

Assume p < 0 so that 7 < ry which indicates that the expected return of the risky asset is
less than the return of the risk-free asset. In this situation, we have already shown that the

optimal amount of money invested in the risky asset would be less than zero.

Theorem 9 The optimal decision u*(z) is bounded and positively decreasing in x if u < 0.

Proof. In this setting the feasible region is given by (4.42) and this clearly indicates
that w*(x) < 0 is bounded. Fiz the initial wealth level x1. Let uj be the optimal decision for
x1 so that A(x1,uf) = 0. Since the feasible region is given by (4.42), one can deduce that

there exist 1 < k <m — 1 such that

U1 < u] < Up.
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Moreover, Aj(x1,u}) > 0 for all j < k since uj > 4; for all j < k. Similarly Aj(x1,u}) <0

for all j > k. Therefore, A(x1,u}) =0 implies that

k m
S Aj(xup) =— Y Ay, uf) 0. (4.44)
j=1 j=k+1

Consider the point x1 + Az > x1 for some Az > 0. We now have
m b Az Az

DAyl + Arud) = 3 Ayl ud)exp(-ry ) + S Ao i) exp(— )
J J

j=1 j=1 j=k+1

k m
Az . Az .
eXP(_Tka)ZAj(l“l’ul)"‘eXP(_Tf ) > Aj(a,uf)

<
j=1 k1 ik
Az & Ax “
= —exp(—ry—) Z Aj(z1,uy) +exp(—ry ) Aj(z1,ul)
B j=k+1 Ore1” 55
Ax
= [exp(—rfﬁkﬂ)—exp —rp—— 3 ] Z Aj(z,uy) <0.

The first inequality follows from the fact that exp(—z) is a nonnegative decreasing function.
The second equality follows from (4.44). Similarly, the final term is negative since exp(—x)
is a decreasing function and 377", | Aj(w1,u}) is negative by (4.44).

Since Y30y Aj(r1 + Az, ui) < 0, and Y01, Aj(v1 + Az, u) decreases in u, it can be
concluded that the optimal decision for x1 + Ax is less than u} indicating that u*(z) is

decreasing in x. W

4.2.4  Random risk tolerance with n risky assets and m different utilities

Suppose that there are m utilities and there are n risky asset. In this setting the optimality
condition (2.4) turns out to be
C; ( r f:c) 1, ( 1

exp | ——— | |exp(———p'u + uau) pp — — (ou) =0 4.45

forall k =1,2,--- ,n. Next denote

— P:.C; Trx 1
k , J~J ( f ) [ ( S )] .
A] (z,u) = j exp ——j exp( ]u "u + 5 2u au) o j (au)k

Therefore, the optimality condition is 27:1 A? (x,u) = 0. Taking derivative with respect

to ug we get

AR (2, u) P;C; Tz 1 1 1 2
2 = I Jex < Pied >ex —— u+ —u'ou < — — (ou > + o

<0
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Hence, flg‘-’(x,u) is strictly decreasing in wu; for all j. Moreover, sum of strictly decreasing
functions is strictly decreasing, therefore Z;n:l fl;? (z,u) is also a strictly decreasing function

in ug, Rewrite (4.45) to get

" P;C; ( rfx> w'u u’au - < rf m)
W exp| ——— | exp(—— + = exp 4.46
’“; 5 5 ) o8, o) ; 5 5 ) 0
U, u'ou
-exp(— & o)

3. 2

53‘ 203

or

S, B exp <_m) exp(—g;1'u + gzu'ou)

Mo _ 97 5 o 5 (4.47)
(O'U)k Z;n . PB?J exp <—%> exp(——u U+ 25211 au)

When g, # 0, (ou), cannot be equal to zero; otherwise, (4.45) will not hold. If p;, = 0,

then (ou), = 0 from (4.45). If p;, = 0 for all k, then (4.45) holds only if (ou), = 0 for all

k. This would induce to the system of linear equations ocu = 0. Since ¢ is positive definite,
the only solution is u*(z) = [0,0, - - ,0]. Therefore, without loss of generality, assume that
py, # 0 for some k making (ou), # 0. Moreover, right-hand side of (4.47) is independent of
k; hence, it can be stated that (4.21) holds for this setting too. Therefore, there is a linear
relationship between risky assets given by equation (4.27). Therefore, in this setting, the

optimal decision satisfies

uw(z) = [u(@),uz(z), - up,(z)]
= UZ(;)[MME% 7Mn]

for any k with p;, # 0.

Moreover, in Section 4.2.2 it was shown that monotonicity of uj is also determined by
the sign of fi;.. It was also further shown that (ou), can be written in terms of uy. It is useful
to do the same substitution here in this setting because it would reduce the n risky asset
setting to a single risky asset setting. Therefore, substituting s, ||o|| /fizur with (ou), , and

also using (4.27) in (4.45), we get

- PiC; (_fa:> (') wamui( el > _
j; 5, exp 5, [exp( Borie by 2@2-[&% )| 1 i g | 0
o~ PG <_f> Wi (Fop) ( _ ol > .
Hk; 5, exp 5, lexp( B.in + Qﬂ?ﬂi )1 ﬁjﬁkuk
o~ PiCy (_f) o W (Fop) v} <1_ o] ) .
25, e (7, le o o )
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since py, # 0. By using the same argument in Section 4.2.3, one can conclude that
0 [ < < i (445)

if 71, > 0 and

oo < e < 01 <0 (4.49)

if i, < 0. Note that (4.48) and (4.49) implies that the optimal decision uy, is bounded. Here,
note that > 7, fl?(x, u) decreasing in uy, is essential for (4.48) and (4.49) to hold. Again,
for simplification let

aj = i/ lloll

for a fixed k and

= Z fl?(x, u).
j=1

Adjusted mean excess return is greater than zero (fi, > 0).

In this setting since we have reduced the n risky asset case to a single asset case, we will
perform an analysis similar to the previous ones. In the previous case, the monotonicity
of the optimal decision for kth asset (uj(z)) depended on the sign of mean excess return
whereas in this case the monotonicity of the optimal decision for kth asset depends on the

sign of the adjusted mean excess return fiy.

Theorem 10 The optimal decision uj(x) is bounded and positively increasing in x if i, >

0.

In this setting the feasible region is given by (4.48) and this clearly indicates that u} (x) >
0 is bounded. The proof will be similar to the single asset case. Fix the initial wealth level
x1. Let uj, be the optimal decision for x; so that Ak(aﬁl, uZ) = 0. Since the feasible region is

given by (4.48), one can deduce that there exist a 1 <! < m — 1 such that
B < uf < Braa-

Moreover, A;(z1,u}) < 0 for all j < since u} > 4; for all j < [. Similarly flg?(xl,uZ) >0
for all j > [. Therefore, A (z1,u]) = 0 implies that

l

Z “(z1,uf) = — Z flf(:rl,uZ) <0. (4.50)

j=1 j=l+1
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Consider the point z1 + Az > x1 for some Ax > 0. We now have

)+ Z A?(xl,uZ)exp(

j=l+1

m l
S ARar + Azup) = > Af(ay,up) exp( )
j=1

—rp—= —rp—=
j=1 ﬁj ﬂj

l m
Ax - . Az - .
> eXp(—TfF)Z Fay,up) +exp(—rp——) Y Af(a1,uf)
m m

Ax - . Ax - .
= —oxp(=rp—o) D A(wup) +exp(—rp =) > Af(zr,up)
B j=1+1 107

)= expl-ry 50| 3 Ao 20

j=l+1

Ax

< et

The first inequality follows from the fact that exp(—x) is a nonnegative decreasing function.
The second equality follows from (4.50). Similarly, the final term is positive since exp(—x)
is a decreasing function and Y 7", | Aj(z1,u7) is positive by (4.50).

Since >, /_lg?(xl + Az, uj) >0, and 377, f_lé?(:cl + Ax,uy) decreases in uy, it can be
concluded that the optimal decision for x1 + Az is greater than uj indicating that uy(z) is

increasing in x.

Adjusted mean excess return is less than zero (fi, < 0).

In this setting assume that the adjusted mean excess return fi;, is less than zero. In the pre-
vious section we showed that under this assumption the feasible region is negative therefore

the investor is advised to short sell the kth asset.

Theorem 11 The optimal decision uj(x) is bounded and negatively decreasing in  if fi, <

0.

In this setting the feasible region is given by (4.49) and this clearly indicates that u} (z) <
0 is bounded. The proof will be similar to the single asset case. Fix the initial wealth level
x1. Let u} be the optimal decision for z1 so that Az, uy) = 0. Since the feasible region is

given by (4.49), one can deduce that there exist a 1 <! < m — 1 such that

By <up < B
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Moreover, A¥ J(x1,up) > 0 for all j <1 since uy > 4y for all j <. Similarly Ak J(@1,up) <0
for all j > I. Therefore, A (z1,u}) = 0 implies that

l

Z (1,uf) = — Z Af(ml,uZ) > 0. (4.51)

j=1 j=l+1
Consider the point 1 + Ax > 21 for some Az > 0. We now have

l

L . Ax LG x Ax
ZA?(:vl—i—Az:,uk) = Z (21, u}) exp(— sz)—i— Z A?(xl,uk)exp(—rf?)
j=1 =1 J j=l+1 J
l m
A - A _
< exp(—rfi)ZAf(xl,uk)—kexp( Ty x) Z Aj (w1, up)
B3 P j=l+1
Az & Az - N
= —exp( rf?) Z Aj(x17uk)+exp( Tfﬂ ) Aj($17uk:)
S| B =1
[e p(—r Ax) exp(—r ] Z A (x1,u;,
= |exp(—ry——)—ex 1,
B N )

j=l+1

The first inequality follows from the fact that exp(—x) is a nonnegative decreasing
function. The second equality follows from (4.51) and similarly the final term is negative
since exp(—x) is a decreasing function and 377", Ak(xl, uy) is negative by (4.51).

Since >, fl;?(xl + Az, up) <0, and 377, A?(l’l + Az, uy) decreases in uy, it can be
concluded that the optimal decision for x1 + Az is less than uj indicating that wuj(x) is
decreasing in z.

So far we have shown that for the fixed kth asset, the optimal decision u} (z) is nonnega-
tively increasing when adjusted mean excess return ji;, > 0 and it is nonpositively decreasing
otherwise. For any other asset j # k, we have shown that there is a linear relationship be-
tween any two assets by (4.27). Therefore, the optimal decision for asset j # k can be
obtained from (4.27). For example, assume that fi;, is positive for an asset k. Then, for any
asset j # k, the optimal amount to be invested in jth asset is equal to ﬂjuk/ﬁk. If i is
also positive, then u; is also increasing with respect to x and it is decreasing otherwise. To

summarize,
1. If fi, > 0 so that uj(x) > 0 and it is increasing in x, then

(a) m; > 0 implies u}(x) = pjuy(z)/ iy, > 0 and it is increasing in z,

(b) f1; <0 implies u}(z) = fijup(z)/fy, < 0 and it is decreasing in z.
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J|\ P | K| CjlB;
02513 |2 |3
200302 |1 |8
310354 9
410104 |2 |17

Table 4.1: Parameters when m =4

J| B | K| Gl By
110603 |2 |3
2104012 |1 |8

Table 4.2: Parameters when m = 2

2. If iy, < 0 so that uj(z) < 0 and it is decreasing in x, then

(a) m; > 0 implies uj(x) = pjuy(z)/ i, < 0 and it is decreasing in z,

(b) fi; <0 implies uj(z) = ji;up(x)/[y, > 0 and it is increasing in z.
The consistency of the results can be observed from (4.27) and (4.47).

4.3 Illustrations

In this section, numerical illustrations of the previous results will be presented. We will first
start with the illustrations on the case with constant risk tolerance discussed in Section 3.1.
We will discuss both single and multiple risky assets cases. Then, the next subsection will
be divided into two main parts. The first part will be on one risky asset model and the
other one will be on multiple risky assets model.

The numerical examples in this section uses generated data. Throughout the section,
suppose that ry = 1.10 and the initial wealth level = of the investor varies between —100 and
100 with five increments. Moreover, if there are more than two utilities, then we arbitrarily
take m = 4. Assume also that utilities have the following probabilities and parameters: If

the number of the utilities is two, then we use the following parameters:
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Moreover, if there is only one risky asset to be considered, then it has a normal distri-
bution with variance o = 0.004. If the mean excess return of the asset is positive, then we
take p = 0.08; otherwise, it is u = —0.04. Finally, if there are n risky assets to be considered,

then we consider n = 3 and asset returns have a multivariate normal distribution with

4.000 0.664 3.492
p=1[008 —0.04 0.01], o=1] 0664 4.000 1.258 (4.52)
3.492 1.258 25.136

so that the correlation matrix becomes

1.000 0.166 0.348
p= 0166 1.000 0.126
0.348 0.126 1.000

Note that in the covariance matrix the values are obtained by multiplying the actual values

by 1,000 to simplify the values.

4.8.1 Constant risk tolerance

Throughout this section 5; = 8 = 0.03 for all j.

Example 12 One risky asset and four utilities (n = 1, m = 4). Using the results
from Section 3.1, the optimal solution is

e N, (008 B
wt(z) = (;) 8= (().()04) 0.03 = 0.6

when p = 0.08 > 0, and

wt(z) = (%) g = (ﬁ) 0.03 = —0.3
when p = —0.04 < 0.

When p = 0.08, u*(x) = 0.6 implies that the investor is advised to invest 0.60 in the
risky asset and his remaining wealth x — 0.40 in the risk-free asset. Note that in case if
x < 0.6, then the investor borrows (or short sells the risk-free asset) 0.60 — x at the risk-free
rate. Similarly, when p = —0.04, the investor is advised to short sell the risky asset by an

amount of 0.30, and invest the proceeds as well as the initial wealth in the risk-free asset.

Moreover, observe that u* is independent of the values of x.
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Example 13 Three risky assets and four utilities (n = 3, m = 4). Using parameters
from Table 1 and (4.52), the optimal amount of money invested in the three assets are found

by solving the system of linear equations in (4.7). Hence, the optimal decision is
u(z) =Po 'p=1073 —040 —0.07

for all x. In this scenario, the investor is advised to short sell the second and third risky
assets by amounts of 0.40 and 0.07 respectively. On the other hand, the investor is advised
to buy the first asset for an amount of 0.73. The remaining sum x + 0.40 + 0.07 — 0.73 =
x — 0.26 is compensated by borrowing money at the risk-free rate. To summarize, in this

setting the investor is advised to

Buy 1% asset 0.73
Shortsell 2% qsset 0.40
Shortsell 37 asset 0.07

Borrow/Lend money = — 0.26

Moreover, observe similarly that u* is independent of the values of x. It can also be noted that
although the mean excess return of the third asset is positive (0.01), the investor is advised to
short sell it. This is due to the reason that the variance of the third asset (25.136 X 10*3) ]
high and the third asset is positively correlated with the other two assets. Therefore, instead
of taking risk with the third asset, which also has low mean excess return, the investor is
advised to invest his money in the first asset. The second asset is also sold short because of

high negative mean excess return and positive correlation with the other assets.

4.3.2  Random risk tolerance

In this section, we will use the parameters from Table 2. Similarly, this section will be
divided into parts depending on the number of assets to be considered. We used MATLAB
to find the optimal policy u* for the single asset cases and we used GAMS for multiple asset

cases.

Example 14 One risky asset with positive mean excess return and two utilities
(n=1,m=2, u>0). If u = 0.08 > 0, then the optimal policy is found by using (4.8) and

it 1s given in Figure 4.1.
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Example 15 One risky asset with negative mean excess return and two utilities
(mn=1,m=2, u<0). If u = —0.04 < 0, then the optimal policy is found by using (4.8)
and it is given in Figure 4.2.

Comparing Fxamples 14 and 15, it can be deduced that the optimal decisions are both
bounded from above and below. FEspecially a closer look shows that in both cases the optimal
decision is bounded below by (11/0?)3; = 60 and above by (1/0?)By = 160 when pu = 0.08 >
0, and similarly bounded below by (u/o?)By = —80 and above by (u/0*)3; = —30 when
uw=—0.04 < 0.

We can interpret the optimal policies as follows. For p > 0, if the initial wealth of the
investor is say x = 20, then the investor should invest u*(z) = 125.05 in the risky asset.
The remaining 125.05 — 20 = 105. 05 is acquired by borrowing money at the risk-free rate.
For p < 0, if the investor has an initial wealth of x = 20, then the investor is advised to
short sell the risky asset by an amount of |u*(x)| = 68.42 and invest the money acquired
together with the initial amount in the risk-free asset. The total money invested in the

risk-free asset will be 68.42 + 20 = 88. 42.

Example 16 One risky asset with positive mean excess return and four utilities
(n=1,m =4, u > 0). In this example we want to extend the results that we found in

Ezample 14. The optimal policy is found by using (4.40) and it is given in Figure 4.3.

Example 17 One risky asset with negative mean excess return and four utilities
(n=1,m=2, u<0). If u = —0.04 < 0, then the optimal policy is again found by using
(4.40) and it is given in Figure 4.4.

Comparing Examples 16 and 17, one can observe that the optimal policy is similar to
the previous evamples. They are both bounded below and above by (u/o?)3, = 60 and
(n/0?)Bs = 160 respectively, but as we change the number of utilities the range of the
optimal decision varies significantly. Contrary to two the utilities case, the region —100 to
100 for the wealth level x is not sufficient to show proper boundaries of the optimal policy
i both Examples 16 and 17. To generalize these results we foresee that as the number of
different utilities increases, the region for which the optimal decision vary will extend as
well. For the analysis of the investor’s policy, the same line of reasoning can used as in

Examples 14 and 15.
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Figure 4.3: Optimal Policy for Example 16

Example 18 Three risky assets and two utilities (n = 3, m = 2). In this example,
we will use the parameters from (4.52) together with Table 2. The optimal policy is found
by using (4.16) and given in Figures 4.5, 4.6 and 4.7 for assets 1,2 and 3 respectively.

Example 19 Three risky assets and four wutilities (n = 3, m = 4). We will use the
parameters from (4.52) together with Table 2. This time, the optimal policy can be found by
using (4.45) and it is given in Figure 4.8, 4.9, and 4.10 for assets 1,2 and 3 respectively.

For both Examples 18 and 19, we can calculate the adjusted mean excess returns as
i=108277 —0.4545 —0.0786 ] x 107> using (4.22). This indicates that, as expected,
the first asset is advised to buy while the other two are advised to short sell irrespective of
the wealth level.

Comparing Examples 18 and 19, it can be observed that same kind of characteristics
occur. In the single asset case of Examples 16 and 17, we observed from Figures 4.3 and
4.4 that as the number of preferences increase, the region [—100,100] for the initial wealth
x 15 not sufficient to show the proper boundaries of the optimal decision for the asset. The

same observation is true here.

To illustrate how this policy is advised, consider Figues 4.5, 4.6 and 4.7. Suppose that

the initial wealth of the investor is x = 20. Then, the investor is advised to buy the first
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Figure 4.4: Optimal Policy for Example 17

asset for an amount of 144.88, and short sell the second and the third assets for an amount
of 79.55 and 13.76 respectively. The remaining sum 144.88 — (79.55 + 13.76) — 20 = 31.57

is compensated by borrowing money at the risk-free rate.
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Chapter 5

EXTENSIONS

In this chapter, we will present some of the other results that we have found during this
research. The exponential distribution model is a special case of general distribution model
where there is only a single asset with exponentially distributed return. Although all of the
results found in Chapter 3 are valid, here we will use a different, more direct approach. With
this approach we will be able to identify the feasible region of the optimal policy explicitly.
In the second section, we will generalize the utility function. Instead of using exponential
utility functions, we will consider any concave utility functions and obtain some preliminary

results.

5.1 Exponential Distribution Model

In this setting, all the assumptions in the normal model at Chapter 4 are the same except for
the distribution of the risky asset. It is now exponential instead of normal so that R® = R—ry
where R ~ Exp(A) with A > 0. Similarly, this model will also have two subsections. In the
first subsection, the risk preference of the investor is constant. In the second subsection,
the investor has m = 2 risk preferences. This subsection is further divided into two parts.
In the first part, the expected excess return E [R°] = u = (1/X) —ry > 0 indicating that
Ary < 1, and, in the second part, expected excess return will be less than zero so that

Ary > 1. Throughout this section, we denote

Ele™] = —— (5.1)
—aR A
L (a+ \)?

for e > 0.
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5.1.1 Constant risk tolerance

The optimality condition is

Z Pjﬁcj exp <—Tfﬁx> FE [Re exp (— R;uﬂ =0.

JEE

If 5; = p for all j, then it is sufficient and necessary that

B o (-] o

since all the coefficients are positive. This can be rewritten as

exp (;) E [<R 1) exp <_ (ﬂ) R)} 0
B|m-rpen (- (4)r)] -0
[ (-(3) )] e o - (3) )

—+00 —+00

0/ Az exp(—z ()\ + Z))dm 0y 0/ Nexp(—z (A + g))dm. (5.2)

The integrals in (5.2) exists only if (A + (u/5)) > 0. Hence, for v > —\f, it can be

so that

which implies

or

concluded that the above integral would reduce to

(DRSO
OEra

which is the same as

and the optimal solution is
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We can also observe that

u*:—)\ﬁ+i>—)\ﬁ

and the integrals in (5.2) exist. Here note that if Ary <1 or > 0 then u* is positive. For

Ary > 1, since 3/ry is always greater than zero, optimal decision exists and it is negative.

5.1.2  Random risk tolerance with n = 1 risky asset and m = 2 wutilities

Next, assume that the risk preference is not constant and the investor has two different risk
preferences. Hence, the new optimality condition is

2
e () plmee ()] 5
>, exp 5, E | R¢exp 5, 0 (5.3)

J

which equals

3 PJ’?J’ exp (rf(u - x)> [E [Rexp(—gR)] —rE [exp(—ﬁ@” =0 (5.4)

J J

or

2

“+oo
P;iC; <(u—$)7“f> <_ AB; + )
Z 5, exp 5, 0/ Arexp | —x 5, dx

J=1

“+o00

AB; +
J

0

Here note that both of the integrals exists only if (/\ + u/ﬂj) > 0 for j = 1,2. Therefore,
u > —AB; for j = 1 and 2. By the assumption 8; < [, it can be concluded that the
integrals exist for

u > —AG. (5.5)

For any u > —A3, (5.4) together with (5.1) would reduce to

P;C; A ATy

5, exp@;(u—x)) ((;?)“)2 = W

2

J

which equals

P Cy &exp (—r xﬂQ - ﬂl) _
PCs 34 77518,
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so that

B 2 T8y
BCy @exp <—7" :L‘ﬂQ - ﬂl) = —exp (—7“ uﬁQ — 61) <u+)\ﬂ2) _ <qu/\’62>
PCs B34 UG 75,5,

and the optimality condition is

Py @exp (—7“ xﬁQ — ﬁ1> — _exp (—r uBQ - ﬁ1> (U + /\ﬁ1>2 <(1 — Ary)Bs — rf“)
P05 34 d B152 d b1, u+ A3y (L=Arp)By —ryu)’

Like in the normal model, divide the above equation into two parts so that

9(x) = h(u) (5.6)
where
_ P101/82 . 52_51
9 = 565, p( ESCNN )
_ By — B\ (u+ A0\ [ (1= \rp)By — 7pu
h(u) = —exp <—rfu 3154 )(u+>\52> ((1—)\rf)ﬂ1—rfu)

First note that g(x) is always positive and, in order for (5.6) to hold,

(1= Arp)By —ryu
<(1 = Arp)By — Tfu> =0

and for that to happen, there are two cases:

L. (1=Arg)By —rpu > 0Oand (1 —Ary)B; —rpu <0, (5.7)

2. (L=Arg)By—rpu < Oand (1 —Arg)By —rpu > 0.

Each case has different outcomes depending on (1 — Ary) being negative or positive. Also,
note that (1 — Ary) determines whether the expected excess return is greater than or less

than zero. Both cases will be considered separately.

FExcess return greater than zero (Ary < 1).

Returning to (5.6), in order for this equality to hold, (5.7) must be negative and this can
be achieved only if (1 — Ary)By —rpu > 0 and (1 — Arg)B; —rpu <0 or (1 — Arp)By/ry <
u < (1—=Ary)By/r¢. Denote this region by I = ((1 — Ary)/r¢) [y, Bo). Therefore, (5.6) holds

only on I. Note also that u is always positive hence (5.5) is also satisfied.
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For the analysis of g(z) and h(u), g(z) = h(u) implies that the optimal decision is
u*(x) = h=Y(g(x)). For that, first consider

Ooh(u 1 1 Aut*+ Bud3 —Cu?+ Du—FE

)—ex rru(— — —))(u —
= oxplryulg = g AR B = 0 g 3Bl — (1= Ar) By

(5.8)

3
_Tf

= 7"]20(52 +B1)(2rpA = 1)
PIN(1 = Arp) (83 + 4518y + B3) + B152)
= 2\ryB102(B1 + B2)(1 — )\Tf)2

= BIBAA = Arp)((1 = Arp)® +1).

¥ O Q W =
I

Theorem 20 The optimal decision u*(x) = h~'(g(z)) is bounded and positively increasing
m T.

Proof. Since the feasible region is I = ((1— Ary) /r¢) (61, B2] C [0,400), u*(x) > 0
is bounded. For proving u*(z) is increasing in x, it is sufficient to show that (5.8) is less
than zero. First observe that every term in (5.8) is always positive except P(u) = Au* +
Bu? — Cu? + Du — E. So, in order to show that h(u) is decreasing on I, one needs to

show that P(u) is negative on I. Denote the end points of I as Iy = ((1 — Ary)/r¢) B1and
Iy = ((1 = Arg)/ry) By. Then

BBy (L = Arg) (L= Ary)By + AryBy)
ry

_B1B3(1 = M) (L= Arg) By + M) _
ry

P() = 0

P(Iy) = 0

In this proof a method similar to the one in the normal case will be used. A polynomial

of fourth degree can have at most three turning points since
P'(u) = 4Au® + 3Bu® — 2Cu + D

s a polynomial of order three.

Next, observe the following:
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1. limy—,_ oo P'(u) = —00 and P'(0) = D > 0 implies that there exists at least one turning

point in (—oo, 0].

2. PI(I1) = —B3(1 = Arp) (1= Mrp)(By — B1) +2B5) < 0 and P'(0) = D > 0 implies that

there exists at least one turning point in [0, I1].

3. Observe that P'(Is) = B3(1 — Ary) (1 — Arg) (By — B1) — 283;) . Moreover, P'(Iy) < 0
when (1 — Ar¢)(By — 1) — 261 < 0 and P'(I2) > 0 otherwise.

o If (1 —Arg)(By—By) —2061) <0 then, P'(u) < 0 and limy— 4o P'(u) = +o0

implies that there exists at least one turning point in Iz, +00)

o If (1—=Arg)(By—PB1)—26y) > 0 then, P'(u) > 0. This fact together with

P'(I) < 0 implies that there exists at least one turning point in [I1, Is).

Since P'(u) is a third degree polynomial by the above observations, it can be concluded
that P(u) has three turning points either in (—oo, 0], [0, I1] and [I2,+00) or (—o0,0], [0, I1]
and [I1, Is]. In the first case since P(I1) < 0 and there is no turning point in I, it can be
concluded that for every w in I, P(u) is negative. In the second case, there is a turning
point in I but P'(u) is decreasing at Iy and it starts increasing at some point in I but it
increases up to P(I3) which is negative. This means for all w in I, P(u) is negative also
in this case. Hence, in any case, it is shown that P(u) is negative. Therefore the optimal

decision u*(z) = h=(g(x)) is increasing in x. =

As a result it can be concluded that h(u) is decreasing on the feasible region. This
result also indicates that as z increases, u(x) also increases. This follows from the fact that
x = g~ (h(u)). Notice that this result is exactly the same as the one obtained in the normal
model. Therefore, all of the results in the normal distribution model of Chapter 4 are also

true for the exponential distribution as well.

Excess return less than zero (Ary >1).

Motivated by the normal model, we tried to prove that the optimal decision u*(x) is de-
creasing when Ary > 1. It can be easily shown that u*(z) is negative when Ary > 1

but when we tried to prove that it is decreasing, we were supposed to show that P(u)
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= Au* + Bu? + Cu? + Du + E with the same parameters from the previous section, is
positive on the feasible region. Since P(u) is a polynomial of fourth degree we tried to find
its roots and tried to order them. We used various methods from abstract algebra, but we
couldn’t prove the desired result using this line of analysis. However, since the optimal de-
cision is negatively decreasing when the mean excess return is negative for any distribution,

the following theorem follows trivially from Theorem 3.2.2.

Theorem 21 The optimal decision u*(z) = h=(g(z)) is bounded and negatively decreasing

mn T.

5.2 General Distribution with Concave Utility Functions

In this section we want to generalize the concepts we introduced so far. Instead of using
exponential utility functions, we will generalize the model to any concave utility function.
Concave utility functions are widely used in the literature and they are mostly used to
explain the behaviors of risk averse investors. We assume that the investor will have m
different utilities each of which will stand for a different risk preference. In mathematical
terms, the jth utility of the investor with the given wealth level x will be represented as

U(j, ). The expected utility for m different risk preferences is
u) = ZPjE U (j,rrz+ (R u)] .
=1

But, U(j, x) is now any concave function, twice differentiable in z for utility j. For technical
reasons, assume that U(j, x) is positive for all j. If the chosen class of utility functions are

exponential utility functions, then
U(j,z) = Kj — Cjexp(—z/B;)

where —U"(j,x)/U'(j,z) = 1/3; denotes the risk preference for the market state j.

For concavity analysis, consider the gradient

0g(x,u)
Viglu) = 2L ZPE R{U'(Gyrp + (R w)]

so that the Hessian is

?g(z,u) e peryi; ey’
i = Ty = SR [RERGU" e+ (Y )]
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For any vector z = [21, 22, - , 2], note that

m
YHz=) PjE (szRe> U"(j,rpz+ (R w)| <0

j=1
since we assumed that U(j, x) is a concave function in x for all j. Therefore, the optimality

condition is given by

dg(x,u) & i B
~oun ZA (x,u) = A%(x,u) =0

for all k¥ where

Al (x,u) = P;E [R{U'(j,ryz + (R°) u)] .

By a similar argument in Chapter 3, one can show that he optimal decision u*(x) =
[uf(x),ud(x), - ,u’(x)] is a unique continuously differentiable function in z whenever it
exists.

For the single asset case (n = 1), observe that
A(z,0) = > Ay, ZP E [RU'(j,rsx)]

m
= E[R]DY _U'(jrx)P;
j=1

since the utility is deterministic as a function of z. The sign of A(z,0) depends on the sign
of EF[R¢] = p due to the fact that U(j,z) is decreasing in z. Consider the derivative of
A(z,u) with respect to u. It satisfies

0A(z,u)

ou inE [(RG)Q U//(j7rf33+Reu)] <0

j=1
since U(j,x) is concave. Therefore, A(z,u) is decreasing in u. Hence, if g > 0, then the
optimal decision u*(x) is positive for all x since A(x,u) is decreasing and A(z,0) is positive.
With a similar reasoning we can deduce that if u < 0, then the optimal decision u*(z) is
negative for all = since A(x,u) is decreasing and A(z,0) is negative.
For the monotonicity structure of the optimal decision u*(x), we tried to obtain similar
results with the exponential utility functions case. But since we lacked the characteristic

attributes of exponential utility functions, we could not obtain a similar characterization.
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Chapter 6

CONCLUSIONS

Decision making under uncertainty has always been important line of research. Although
Expected Utility Theory (EUT) is widely used in the research community, there is growing
interest in non-Expected Utility Theories due to shortcomings of certain assumptions of
EUT. The idea that the investors behave exactly the same under uncertainty was criticized
with empirical evidence. Therefore, for modeling the behaviors of the investors in such
setting, it is reasonable to add a random component to the structure of the model.

There have been a number of suggestions to model stochastic choice and in this thesis
we use the so called “random preference approach”. Loomes and Sugden [17] claim that
when facing a decision problem, individuals are often uncertain about their preference. It
basically means that the decision makers do not have a unique preference for their utilities,
but there is a randomness involved about their preferences. Motivated with this idea, we
used the random preference approach in portfolio optimization. Utility based portfolio
selection is a popular approach used in the research community and we followed this line
of research in this thesis. We basically combined the random preference approach with
expected utility maximization. We mainly used exponential utility functions to represent
the behavior of investors facing investment decisions. It is widely used both in theory and
practice. Although the utility of the investor is always exponential, the risk preference
parameter or the risk tolerance is random. If this parameter is not random, Canakoglu and
Ozekici [7] showed that the optimal decision of the investor is independent of the initial
wealth. But, we proved that this is no longer true if the risk preference of the investor is
random.

We obtained cthe haracterization of the optimal policy and the expected utility. We
showed that the expected utility function is a concave function of the decision variables
and, therefore, the optimal decision is acquired by setting the gradient equal to zero. We

also showed that the optimal policy is unique and continuous. In Chapter 3, we assumed
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that the return of the risky assets have an arbitrary distribution, and we showed that the
optimal decision is positively increasing in the wealth level if the mean excess return is
positive, and it is negatively decreasing otherwise. In Chapter 4, we analyzed the case
where the returns of the risky assets are described by a multivariate normal distribution.
The results we found in Chapter 3 are still valid and the structure of the optimal policy
depends on the “adjusted mean excess return”. We showed that if the adjusted mean excess
return is positive, then the optimal decision is positively increasing in the wealth level, and
it is negatively decreasing otherwise. We also illustrated our results by some examples.

In Chapter 5, we analyzed some extensions including a risky asset with exponential
return distribution and showed its consistency with the results found in Chapter 3. We
also analyzed a generalization where the utility of the investor is described by any concave
utility function rather than the exponential utility function. For the single asset setting, we
showed that the optimal decision is positive if the mean excess return is positive, and it is
negative otherwise.

Finally, for future research, one can extend the idea we presented in this thesis in several
directions. Here, we assumed that the behavior of the investor is random but the returns
of the risky assets are independent of states of the market. This idea can be extended by
assuming that the returns of the risky assets are dependent on the market state as well as the
risk preferences. Another idea might be extending this problem to the multiperiod setting.
Although we already showed that the value function can not be evaluated analytically while
considering the next period, a numerical analysis of multiperiod case can be performed.
Most of our research concentrated on the normal distribution model, considering cases with
other important distributions may also end up with useful characterizations on the structure

of the optimal policy.
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