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ABSTRACT 

This study presents a novel approach to generate optimized tool paths for free form 

surfaces that are commonly used in automotive, aerospace, biomedical, home 

appliance manufacturing and die/mold industries. The developed tool path 

optimization approach can handle various objectives under multiple constraints. Due 

to anisotropic geometry of free form surfaces, tool paths become one of the most 

critical factors for determining cutting forces. Here, firstly the concept of force-

minimal tool path generation is introduced and demonstrated for free form surfaces. 

Nowadays, process planning engineers must select the tool paths only from a set of 

ordinary tool paths available in CAM systems. These standard tool paths available in 

CAM systems are generated based on geometric computations only, not considering 

mechanics of processes, and most often these paths are away being optimum for free 

form surfaces. Here, a new methodology is introduced the first time for generating 

the tool paths based on process mechanics for globally minimizing the cutting forces 

for any given free form surface [2].  

Also, a novel solution for multi-criteria tool path optimization is presented by the 

assistance of developed mathematical solution within the physical relationship 

between the mean resultant force, production time and scallop height. In various 

CNC applications, the geometric dimensions and tolerances of designed geometry 

need to be precise to get sufficient results. Therefore the production time is basically 

spend to be removed the surface scallop height to keep designed geometries as 

requested. This spent time should be as short as possible, since fast production and 

quick delivery are most of the important things in today’s competitive world. 

Including scallop height and production time and the effective forces on the tool as 

three-criteria, this triple bounded problem is solved in this study by using the 

objective weighting based algorithm which creates tool paths according to intended 

criteria is dominating on the others. Additionally, to mention about general solution, 

the algorithm need to contain free form surfaces and the experimental validation are 

also covered in the content of this text. 
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Chapter 1                                                                                                                              

INTRODUCTION 

Free form surfaces, nowadays, are widely used in several industries for instance 

automotive, aerospace, biomedical, home appliance and die–mold industries. They 

are used in great diversity of products such as dies of automotive body panels, 

turbine blades, impellers of artificial heart pumps. There might be various reasons for 

instance aero-fluid dynamics efficiency, ergonomic or aesthetic incentives for 

designing and manufacturing free form surfaces. Recent developments in CAM 

systems allowed manufacturing of complex free form part geometries. One of the 

most critical issues in process planning with CAM is selection of an appropriate tool 

path for machining of the free form surfaces. Unfortunately, in today's tool path 

creator CAM programs are just based on geometric calculations. Therefore, created 

tool paths are far from being optimized in terms of production engineers’ 

perspective. 

Presently, production engineers choose the tool paths among conventional tool paths 

(zig, zigzag, follow periphery, radial tool paths, etc) in commercial CAM software. 

However, these conventional tool paths would not be optimum for all the free form 

geometries to be milled. It is shown that by using conventional tool paths the 

magnitude of cutting forces are varied. 

The scallop height is one of the road blocks for cycle time delays to achieve designed 

part. Generally the tool paths are used to decrease the scallop height by decreasing 

step over of the CAM settings, which increase cycle time and in these CAM 

packages. The resultant forces are not calculated, therefore, there is risk of damages 

on tool is high, deflection of tools and surface form errors on manufactured parts are 

larger with compare to optimized tool paths. To keep cutting forces, scallop height 

and cycle time is consisted always minimum in milling, because, firstly, low cutting 

forces mean longer tool life, less breakage and bending, low on surface defects on 

part; secondly low cycle times mean fast production and quick delivery in 

competitive industry and finally lower scallop mean better surface quality and 

achievement of desired part geometry.  

In this study, Lazoglu and Kaymakci’s [1] previous enhanced model of free form 

surface milling mechanics is used to simulate cutting forces. The model is developed 
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according to the previous studies of Guzel and Lazoglu [2], and Erdim [3]. For tool 

path optimization part, criteria map (or maps) is selected (e.g. force map, scallop 

height map, cycle time map) and the appropriate network optimization algorithm is 

used either the problem is single or multi-criteria.  

Chapter 2 provides necessary background and literature review on tool path 

optimization.  Tool path selection strategies in CNC operations, single & multi-

criteria network optimization prediction of cutting forces and scallop modeling are 

reviewed.  

Chapter 3 describes force-based (single-criteria) tool path optimization by studying 

Lazoglu and Kaymakci’s [1] enhanced model of free form surface milling 

mechanics, solid based engagement model of Modulworks and Lazoglu and 

Kaymakci’s mechanistic cutting force model including the determination of the 

cutting constants (calibration process). The force mapping and MCC-transformed 

(Minimum Cost Connections) tool path algorithm as single-criteria optimization 

routine [4] is introduced and described in detail. Performed validation tests are also 

presented to compare simulated and experimental cutting forces.                                                              

Chapter 4 describes multi-criteria optimization including mean cutting force, mean 

scallop height and total cycle time as selected 3-criteria to optimize. Multi-criteria 

genetic algorithm and objective weighting based algorithm are studied in this 

chapter. The 3D scallop model is represented to form the scallop height map. Force, 

scallop height and cycle time maps are optimized using objective weighting 

algorithm due to the shorter computation time. For 3-criteria optimization, all non-

dominated (pareto optimal) solutions are found as the optimal solutions which form a 

pareto surface on the boundary of the objective space which includes all possible 

solutions. Using the pareto surface, various tool paths are determined with specified 

threshold values and minimization criteria for the objectives and experimental 

validation tests are performed. 

 



Chapter 2 : Literature Review                                                                                       3                                                                                         

 

Chapter 2                                                                                                                              

LITERATURE REVIEW 

Since ball-end milling is widely used process in industry, there is lots of research 

done on this subject. However, studies in the literature on process optimizations 

consider only geometrical constraints such as distance traveled and cycle time. 

Literature review about this thesis can be divided into four main sections; modeling 

of cutting forces in ball-end milling, optimization algorithms for networks, tool path 

optimization with specified constraints and objectives, and tool path and scallop 

height analysis.  

Cutting forces occurred during machining is one of the most important parameter 

improving the productivity and part quality, because deflection, tool breakage, 

stability, surface quality and form errors are mainly influenced by cutting forces.  

Determination of chip formation is the first step in mechanistic modeling of cutting 

forces. Early study of Martelotti [5] showed that the path of the tool tooth is 

trochoidal, rather than circular because of the combined rotation and translation of 

the tool towards the workpiece. Martelotti also claimed that when the feed per tooth 

is much smaller than the tool radius, circular tool path assumption is valid and the 

error is negligible.  

There are many cutting force analyses for ball-end mills with helix angle in 

literature. Koenigsberger et al [6]. used experimentally determined cutting 

coefficients and related chip load to cutting forces. However, calibration method 

used in this study is far from the physics of the process, because empirical curve 

fitting technique was used instead of mechanistic or orthogonal calibration. 

Armarego and Deshpande [7] more accurately predicted cutting force by introducing 

cutting edge force component.  

Mechanistic approach had limitations on milling with complex tools which have 

variable geometry along the axis of tool. Therefore, Yucesan and Altintas [8] 

presented a semi-mechanistic model to predict shear and frictional load distribution 

on the rake faces of ball-end mills. As an alternative to the mechanistic approach, 

orthogonal cutting parameters were developed in order to eliminate the necessity of 

new calibration tests when the tool geometry changes. Armarego and Whitfield [9] 
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applied the orthogonal to oblique transformations on cutting force predictions.  The 

idea behind this study is to divide the tool geometry into segments of oblique cutting 

processes. Budak, Altintas and Armarego [10] identified the material properties such 

as shear flow stress and friction angle from orthogonal turning tests. This study 

presented an accurate model to transform the orthogonal cutting parameters to 

cutting force coefficients. Yang and Park [11] used a similar approach and they used 

cutting parameters of orthogonal tests and simplified the analysis by approximating 

oblique cutting on each flute by infinitesimal orthogonal processes. Lazoglu and 

Liang [12] established a closed-form model for ball-end mill process in the 

frequency domain using an angular convolution technique. 

Studies in the literature on single and multi-criteria network optimization are mostly 

offered known network solutions such as minimum spanning tree (MST) and 

minimum cost traveling salesman. Minimum spanning tree (MST) is of high 

importance in network optimization. The study of She [13] proposes minimum cost 

tree algorithms for 2D maps with different optimization constraints and objectives 

including least unit-cost first (LUF), least path-cost first (LPF), min-cost resource 

first (MCF) and most available first (MAV). Furthermore, Zhou and Gen [14] 

developed a genetic algorithm for determining multi criteria minimum spanning tree 

which is used for giving specific weights for discrete objectives and constraints in the 

optimization.  

When the previous studies about tool path optimization are considered, there are not 

many research are performed in the literature. Studies in the literature on tool path 

optimization consider only geometrical constraints such as distance traveled and 

cycle time. Weinert et al. [15] and Altan et al. [146] emphasized on the influence of 

milling directions and the importance of tool path generation for process 

optimization of die and mold manufacturing, respectively. Lauwers et al. [17] 

introduced an extended CAM system for multi-axes milling and integrating tool path 

generation. The system performs verification of each generated cutter location and 

applies a collision avoidance algorithm. Castelino et al. [18] optimized the tool path 

by minimizing the airtime during machining with the proper order of the discrete 

path segments by solving a generalized traveling salesman problem (TSP).  

Rangarajan and Dornfeld [19] demonstrated the advantages of orienting the part and 

tool path and efficient programming for face and rough end milling processes. 
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Lacalle et al. [20] aimed to increase the surface quality however their algorithm does 

not consider the problem as a whole single system and stays local in each segment of 

tool path calculation. Therefore, it does not perform a global optimization. 

Makhanov et al. [21] perform a geometrical tool path optimization for milling where 

a single closed Hamiltonian path with minimum distance traveled is obtained for a 

surface grid by using a space filling curve algorithm. Feng and Su [22] optimized the 

feed rate with the tool path based on calculation of cutting forces and machining 

errors in 3D plane surface machining. Budak et al. [23], improved cycle time in 

sculptured surface machining though force modeling. Monreal and Rodriguez [24] 

presented the influence of tool path strategy on the cycle time of high speed milling. 

They investigated the effect of tool path orientation angle on the cycle time. Kim and 

Choi [25] compared the machining efficiency of direction-parallel tool path with 

contour-parallel tool path. Other than objectives regarding to geometry or cycle time, 

Manav et. al. introduced a resultant cutting force based tool path optimization for 

three-axis free form surface ball end milling [26, 27]. 

Since complex free-form surfaces are widely used industry, surface form error, 

scallop formation, tool path generation and comparison are getting more attractive to 

scholars. Lazoglu [28] employed a Boolean approach in the model and in addition to 

predicting the cutting forces, the model determined the resulting surface topography 

and scallop height variations along the workpiece for given cutter/workpiece 

geometries and CL file. Researchers mainly focus on tool path generations, there is 

little research on tool path evaluation and comparing tool path selection strategies for 

complex sculptured surfaces. Chen et. al [29] developed a model to calculate scallop 

formation in ball-end milling process. Feng et. al. [30] offered a constant scallop 

height model and an iterative method for tool path generation for three-axis 

sculptured surface machining Lee et. al [31] presents a new approach to mesh based 

tool path generation for obtaining constant scallop heights. Agrawal et. al [32] shows 

that there is a provision for minimizing machining time while implementing 

isoscallop machining. Kim et. al [33] present a cutter location (CL) surface 

deformation approach for constant scallop height tool path generation from triangular 

mesh. Choi et. al [34] develop a tool path generation method for free-form surface 

machining using Bézier curves and surfaces where cutter location (CL) and cutter 

contact (CC) points are estimated. 
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Chapter 3                                                                                                                              

FORCE BASED (SINGLE-CRITERIA) TOOLPATH OPTIMIZATION  

3.1. Introduction 

In CNC part programs used in vertical machining center, the cutting tool needs to 

move along a prescribed path. It is typically described by a sequence of curves. 

These curves are determined by combining the predefined Cutter Location (CL) 

points. For the determination of the optimum tool path for cutting of a free form 

surface, the cutting forces are minimized and limited below a threshold. In order to 

determine a reference value for the cutting forces in each direction for all CL points 

referring a uniform Cartesian mesh, a force map is constructed showing reference 

values for all possible cutting forces from each CL point to its neighbors. This 

reference map is obtained by pre-computation combining engagement and force 

simulations of slot cutting operations in each direction. The force simulation of the 

optimized path and its experimental validation are obtained and compared. 

Since ball-end milling is widely used process in industry, tool path generation and 

optimization to increase productivity with decreasing cycle time and increasing 

surface quality in machining is a challenging subject for research. Research on this 

topic can be divided into two parts; optimization algorithms for networks and tool 

path optimization with specified constraints and objectives. 

In cutting operations with step-over percentage lower than 100% of the cutting tool 

diameter, slot cutting forces for each connection give only reference values for the 

actual cutting forces since early chip removal near a CL point affects the prospective 

engagement at that point. For this case, a dynamic optimization is needed for the 

determination of the global optimum tool path for an objective concerning 

minimization of the cutting forces. 

The problem is defined as passing over all the CL points determined on the 2D 

uniform grid of the part surface with the minimization of the cutting forces. As an 

example, for a 40x40x6 mm part surface (MATLAB’s peak function) tool path 

should be optimized for all CL points determined on a 2x2 mm mesh grid as shown 

in Figure 3.1. 
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Figure 3.1. CL points on a 2x2 mm mesh grid for a 40x40x6 mm part surface 

For the solution path to the problem, firstly CL points should be determined. A 

collision detection based algorithm is introduced to determine both the CL and cutter 

contact (CC) points with a user defined sensitivity (CC points is used for scallop 

height determination in multi-criteria optimization). Next step is the prediction of the 

slot cutting forces for each connection from CL points to its neighbors. Thanks to the 

predicted forces, force map is constructed which represents all possible movement 

with a specific reference force value. The last step is implementation of the static 

optimization algorithm to determine the optimum tool path to minimize the cutting 

forces. The solution path is demonstrated in the Figure 3.2. 
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Figure 3.2 Solution path 

3.2. Determination of the Cutter Location (CL) and Cutter Contact (CC) 

Points 

Using M. Kochenderfer’s collision detection library V-Collide, CL points and CC 

points are determined where the solid tool geometry is traveled through each 2D 

mesh grid point along the vertical axis. For demonstration, MATLAB’s peak 

function is selected to create a sample for a free-form surface as shown in Figure 3.3. 

The 3D CAD model is obtained in Unigraphics NX 6 (UG NX 6). For the 

determination of the CL and CC points, the part surface obtained in UG NX6 is 

exported into MATLAB in STL format with 0.001 mm edge tolerance. 
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Figure 3.3 MATLAB peaks function 

Then the part surface is scanned for a uniform XY via a collision detection algorithm 

grid with 2 mm step size to determine the CL and CC points. Further a finer grid of 

1x1mm is also obtained for CC points in order to better represent the cut surface 

profile enclosed by four adjacent CL points. A screenshot of the scanning video in 

MATLAB are shown in the Figure 3.4 below, where the CL and CC points for a 

specific XY point is determined and represented in black and red points respectively. 
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Figure 3.4 Collision detection 

3.3. Modeling of Criteria Prediction 

3.3.1. Mechanistic Cutting Force Model 

Machining is a very complex and widely used process and large variety of milling 

tools are available and used in most of the industries, such as aerospace, automotive, 

home appliance and die-mold industries. Tool geometries are designed and optimized 

in order to maximize productivity and tool life while minimizing the cutting forces 

occurred during the operation. In the machining of free-form, non-monotonic 

sculpture surfaces, ball-end mill tools are used. Due to the complexity of cutting 

geometry of ball-end cutters, it is very difficult to model and predict the cutting 

forces. Prediction of cutting forces allows user to achieve high quality and faster 

machining without sacrificing from the tool life.  

Cutting forces occurred during machining cause deflection on the ball-end cutter and 

result in considerable amount of surface error. Currently, the practices in industry, 

for each set of machining operations, conservative cutting conditions are used to 

overcome the deflection of the cutter. Conservative cutting conditions prevent 
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excessive tool deflection, however, productivity and the feasibility of the operation 

becomes low. The importance of modeling and precisely predicting the cutting forces 

in ball-end milling for very complex sculptured surfaces is that it can be used to 

calculate the cutter deflection and surface error and it can be used to increase the 

productivity by applying feedrate scheduling strategies.  

In this section, an accurate and precise ball-end mill cutting force model with 

calibration developed by Kaymakci [35] is presented together with three modules: 

tool geometry, kinematics/chip load, and cutting force modules. The model is 

flexible so that it is valid for any kind of tool-workpiece combination, any type of 

cutting geometry, and cutting condition. This cutting force model is developed by 

Kaymakci [35] upon the previous studies of Guzel and Lazoglu [2] and Erdim et al. 

[3]; and also improved to cover the cylindrical sections of the ball-end mill and the 

calibration coefficients were determined for the cylindrical part of the tool [35]. 

End-mills can be characterized with many aspects, such as the macro geometry 

(helical-end, ball-end, bull-nose, flat-end, tapered, etc.), the micro geometry (helix, 

rake, clearance angles), the tool material (WC, PCD, HSS), the coating material 

(nanocomposite PVD, TiAlN, TiCN, etc.),  the area of usage (rough, semi-finish, 

finish, super-finish milling), and the workpiece material (steel, aluminum, titanium, 

etc.). Detailed explanation of the micro-geometric properties of the end-mills as 

follows,  

• Positive rake angle improves the shearing and cutting while decreasing the 

cutting forces. On the other hand, it weakens the cutting edge and makes it more 

vulnerable to wear and breakage.  

• High helix angle smoothens and reduces the impact force during entry cutting 

and it help to remove away the chip. 

• Clearance angle reduces the rubbing on the machined surface; therefore, it 

increases the surface quality. However, it weakens the cutting edge and more 

importantly, it increase the possibility of chatter vibrations by reducing process 

damping. A second clearance angle should be provided to reduce the amount of 

grinding during sharpening. 

Helical end-mills have constant radius and helix angle along the depth of cut. Ball-

end mills differ from flat end mills by their ball part such that their radius varies 
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along the ball-end. This varying radius r affects the cutting forces, because cutting 

speed changes with varying r. On the contrary, flat-end mills have constant cutting 

speed along the tool axis. The detailed geometry of a ball-end mill is shown in Figure 

3.5.  It can be observed that each flute lies on the surface of the hemisphere, and has 

a changing helix angle. Due to the decreasing radius towards the tip of the cutter, the 

local helix angle changes with varying cutting velocity for a discrete point along the 

cutting flute. 

The equation of the geometry of the ball part is given by, 

�� + �� + ��� − ��� = ��
�       (3.1) 

where x, y, and z are the coordinates of cutting edge ball-end mill according to the 

coordinate axes shown in Figure 3.5, and Rb is the ball radius measured from the 

center of the sphere. The cutter radius is zero at the tip and at axial location z, in 

plane x-y,  

�� = �� + ��    (3.2) 

The ball-mill cutter used in calibration and validation tests was 12 mm diameter, two 

fluted ball-end mill from CoroMill series of Sandvik. Cutting edge geometry was 

taken from Erdim [2]. The author measured the cutting edge with a Coordinate 

Measuring Machine (CMM). Obtained data points were used to obtain following 

third degree polynomial that represents the cutting edge geometry for the cutting 

force model.  

� = 0.0036 × �� − 0.0205 × �� + 0.0547 × � − 0.041 (3.3) 

r [mm] is the radius of an arbitrary point on the cutting edge perpendicular to the 

cutter axis, and β  [deg] is the lag angle between the line which connects this 

arbitrary point to the tip and the line tangent to the cutting edge at the tip. Details of 
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the cutting edge geometry can be seen in Figure 3.6. The cutting geometry can be 

represented in the cutter coordinate system as the following;  

�� = � × cos���,     �� = � × sin���,     ��
= �� − 	��

� − �� (3.4) 

As a result, it is possible to determine cutting edge profile by varying radius (r). 
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Figure 3.5 Illustration of cutting force vectors and angular relationships from 
Kaymakci [35]  
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Figure 3.6 Cutter geometry: a) Cutting edges, b) Third degree polynomial fitting for 
β (r). 

Since cutting forces are directly related to the instantaneous undeformed chip 

thickness, uncut chip thickness should be precisely calculated to improve the 

performance of the cutting force model. 

It is possible to understand the chip load of ball-end milling process by examining 

the early analysis of Martelotti [5]. Martelotti stated that due to the combined 

rotational and linear motion of the cutter towards the workpiece, the true path of the 

cutter is an arc of a trochoid, rather than a circle. However, in most practical 

conditions where feed per tooth is much smaller than the cutter radius; circular tool 

path assumption is valid, because the error is negligible. The chip formation 

geometry is shown in Figure 3.7. Chip formation on a flat-end mill is shown as;  
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� = 
� × sin���     (3.5) 

where tc is the instantaneous chip load, tx is the feed per tooth and θ is the immersion 

angle of cutting point. This equation is valid for flat-end mills which have only 

rotational and linear straight motion. However, in order to accurately model 

instantaneous chip load for ball-end mills, non-horizontal feed motion and spherical 

part of the ball-mill should be considered.  

 

Figure 3.7 Geometry of chip formation in end milling from Altintas [36]. 

 Figure 3.8 represents chip formation in non-horizontal tool motion. During non-

horizontal motion, feed (f) can be divided into two components: fh is the horizontal 

feed component and fv is the vertical feed component. When the tool moves with an 

inclination angle, feed direction is not perpendicular to the tool axis, which results in 

a different undeformed chip geometry.  

If the situation is downward ramping, in order to calculate the uncut chip thickness, 

due to the drilling effect, following term should be added to chip thickness formula. 

On the other hand, in upward ramping, this term should be subtracted.  

∆
 = 
� × cos��� × sin��   (3.6) 

Modifying the instantaneous chip thickness formulation for non-horizontal motion 

results in; 
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�
������	 = 
� × sin��� × sin��� × cos�� ± 
� × cos���
× sin�� (3.7) 

where �
������	 is the modified ball-end mill instantaneous chip load, 
� is feed per 

tooth, � is the immersion angle of cutting point, � is the cutting element position 

angle and  is the feed inclination angle. Feed inclination angle (α) should be 

between 0° and 90°.  

Following chip thickness formation determination, the infinitesimal chip load for 

each cutting disk which is in contact can be expressed as; 

��� = �
������	 × ������    (3.8) 
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Figure 3.8 a) Downward ramping, b) Upward ramping, c) Straight cutting from 

Kaymakci [35] 

Guzel and Lazoglu [2] stated that for a differential chip load (dAc) in engagement 

domain, the differential radial (dFr), differential zenith (dFψ), and differential 

tangential (dFt) cutting forces can be expressed as, 

��
 = �
� × ��� + �
� × �� (3.9) 

        

                 

    

a) 

b) 

c) 
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��� = ��� × ��� + ��� × ��  

 ��� = ��� × ��� + ��� × �� 

 

where �
�, ���, and ��� are the radial, zenith, and tangential cutting coefficients and  

�
�, ���, and ��� are the related edge coefficients respectively. These specific 

cutting coefficients depend on tool-workpiece combination. These parameters were 

determined with calibration tests. These calibration tests were performed with 12 mm 

diameter Sandvik CoroMill series ball-end mill with a helix angle of 25° and an 

Al7039 workpiece material. Erdim [3] determined cutting coefficients for the same 

tool-material combination only for spherical part of the tool, thus calibration 

coefficients for spherical part of the ball-end mill were taken from this research. In 

Erdim’s research, tool has been divided into 7 disks along the tool axis in the 

spherical part and cutting constants were evaluated for each region separately by 

performing incremental slot cutting tests with different feedrate values. Details of the 

calibration process will be explained at the end of this chapter. Once the differential 

radial (dFr), differential zenith (dFψ), and differential tangential (dFt) cutting forces 

were evaluated through the use of Equation 3.9, these cutting force components can 

be transformed into the global X-Y-Z coordinate system with the following 

equations;  

���������� nk,

= � × ���
������ � nk,

 (3.10) 

 

� = �− sin��� × sin��� − cos��� × sin��� − cos���
sin��� × cos��� cos��� cos��� − sin���

cos��� − sin��� 0

�
nk,

 
(3.11) 
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� = Ω +
�� − 1� × 2���

− ��;   �
= 1 …�� 

(3.12) 

where θ is the immersion angle for flute n, K represents the total number of discrete 

points on a cutting edge, ψ is the cutting element position angle, Ω is the cutting edge 

rotation angle, Nf is the tooth number and β is the lag angle evaluated from Equation 

3.3.  

������� = ������������
�

��� nk,

                              

��

���

 (3.13) 

Next step is to be taken after prediction of cutting forces is to validate these 

predictions by performing validation tests. Validation tests and their results are 

shown in next chapter. The proposed cutting force model is summarized in Figure 

3.9. Finally, a pseudo code of the force model is presented in Figure 3.10. 
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Figure 3.9: Summary of the proposed mechanistic approach. 
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Inputs:  

Cutting conditions   : w (spindle speed), f (feedrate) 

Tool geometry    : D (diameter), β (lag angle), Nf (number of flutes) 

Integration angle    : dθ 

Integration height    : dz 

Tool path G code    : CL (number of G codes) 

Outputs: 

Cutting force history   : Fx, Fy, Fz, Fres 

Variables: 

dz

D
K

⋅
=

2
    : Number of axial integration steps 

θ
π

d
M

2=      : Number of angular integration steps 

j= 1 to CL    : Integrate along the tool path (1st loop) 

   i=1 to M    : Angular integration loop (2nd loop) 

      p=1 to Nf    : Calculate the force contributions of all teeth (3rd 

loop) 

        
Nf

p
di

πθθ 2)1(
1

⋅−+⋅=   : Immersion angle for tooth p 

         k=1 to K     : Integrate along the axial depth of cut (4th loop) 

        dzkkz ⋅=)(    : Axial position 

         
22

)(
22








 −−






= kz
DD

r    : Cutting radius 

         )
2

sin(
D

r
a

⋅=ψ     : Cutting element position angle 

         )(12 rβθθ −=    : Updated immersion angle due helix angle 

          if  θst < θ2 < θex    : θst: entry angle of contact, θex: exit angle of contact 

(if ) 
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Figure 3.10: Pseudo code of cutting force model. 
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: Chip thickness (α: inclination angle found for CL 
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         dztcdAc kn ⋅=                 : Differential chip load 
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rercr
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  : Differential force 

       [ ]ψdFdFdFAdFzdFydFx tr ,,,, ⋅=    

: In orthogonal directions, A (transformation matrix) 

       

dFziFziFz

dFyiFyiFy

dFxiFxiFx
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)()(
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  : Sum the cutting forces 

        End (1st loop) 

      End (2nd loop) 

   End (3rd loop) 

End (4th loop) 
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3.3.1.1. Calibration Process:  

Cutting force coefficients are contributed by shearing action in radial, zenith, and 

tangential directions. They are assumed to be constant for tool-workpiece material 

pair, and can be evaluated either mechanistically or using classical oblique cutting 

transformations. Although orthogonal calibration is desired, it requires turning tests; 

therefore mechanistic calibration was used. So in this study, cutting coefficients 

determined by Kaymakci [35] are used where he was preferred used mechanistic 

calibration approach. In order to determine the cutting coefficient, Altintas’ [36] 

approach for identification of cutting coefficients in milling has been utilized with 

certain changes. 

First step in the calibration process to determine cutting coefficients is to obtain the 

cutting forces by conducting a set of milling experiments at different feedrate values. 

The spherical part of the ball-end mill has been divided into separate disks for 

detailed analysis. Erdim’s [3] study of calibration for the spherical part of the tool 

was implemented. Full immersion slot cutting tests were implemented and the 

average cutting forces can be expressed as a linear function of feedrate and an offset 

contributed by the edge forces. 

All cutting forces at different depth of cuts for 192 mm/min can be seen in Figure 

3.11. In order to determine the calibration coefficients for a certain disk following 

procedure has been applied by Kaymakci [35]: 

1. Using the inverse transformation of the transformation matrix A given in 

Equation 3.11, collected force components which are in X-Y-Z global coordinate 

system have been transformed into radial, zenith and tangential force components Fr, 

Fψ, and Ft respectively.  

2. Maximum values of each tooth for all three components (r-ψ-t) of the cutting 

force have been found, and the averages of these peak points are taken for certain 

number of the revolutions in the collected data. 

3. The differences between the average points have been obtained for each 

increment in the depth of cut (e.g., for 4-6 mm interval, cutting forces will equal the 

difference between 6 mm depth of cut and 4 mm depth of cut cutting forces). 

4. Finally, once the Fr, Fψ, and Ft values have been obtained for each depth of cut 

interval, these values have been plotted versus chip thickness in order to obtain the 

cutting coefficients. Illustration of this procedure is shown in Figure 3.12. 
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Figure 3.11: Cutting forces with different depth of cuts at f = 192 mm/min from 

Erdim [2]. 

Besides spherical part, since ball-end mills have cutter flute on the cylindrical part of 

the tool, cutting coefficients for the cylindrical part also should be determined. The 

same procedure applied for the cylindrical part, and since this part is identical along 

the tool axis, it is not necessary to divide the cylindrical part of the tool into disks. 

Radial, zenith and tangential forces versus chip thickness plot for cylindrical part of 

the tool is shown in Figure 3.13. The numerical values of the cutting coefficients 

determined with the calibration process can be summarized in Table 1. It is observed 

that Ktc is the most dominant cutting coefficient. The edge coefficients, on the other 

hand, exhibit an almost completely random behavior; no trend can be clearly 

identified by observing their behavior with different depth of cuts. 
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Figure 3.12: Determination of calibration coefficients from calibration experiments. 

 

Figure 3.13: Cutting forces vs. chip thickness for 6-20 mm. 

 

K te * dz 

Chip thickness  

[mm/rev-tooth] 

Cutting 

force [N] 

K tc * dz 

F = (Ktc * dz) * t x + (Kte * dz) 

  Y  =       a       * X +       b First degree equation in the form of: 
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Table 3.1 Numerical values of cutting and edge coefficients for different intervals 

from tip. 

 

 

 

0 - 0.5 

[mm] 

 

0.5 -1 

[mm] 

 

1 - 1.5 

[mm] 

 

1.5 -2 

[mm] 

 

2 – 3 

[mm] 

 

3–4 

[mm] 

 

4 – 6 

[mm]  

 

 

6 – 

20 

[mm]  

 

K rc 

[N/mm2] 
2991 695 22 196 105 483 353 268 

K re 

[N/mm] 
31 10 9 2 7 15 12 3 

Kψc 

[N/mm2] 
1113 785 753 179 101 31 6 249 

Kψe 

[N/mm] 
12 13 4 19 14 9 0 3 

K tc 

[N/mm2] 
5354 2549 1182 1429 971 848 932 829 

K te 

[N/mm] 
37 17 30 3 16 17 11 12 

Coefficients 

        Interval  

         from tip 
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3.3.2. Solid Model Based Engagement Model 

Determining the tool-workpiece engagement is very critical, since it is directly 

related to the chip load and cutting forces. The aim of the tool-workpiece 

engagement domain determination model is to obtain which sections of the tool is 

engaged with the workpiece at any instant of machining process. Moreover, in order 

to produce parts with complex free-form surfaces in an optimum manner in terms of 

cycle time, cost and product quality, engagement model needs to be calculated fast 

and accurately. Therefore, for precise simulation of free-form surface machining, the 

most important parameter is the accurate determination of the instantaneous chip 

loads along the tool path.  

In this section, solid based approach used to determine the tool-workpiece 

engagement region for 3D complex sculptured free-form surfaces with ball-end 

milling. Since other engagement domain calculation approaches (analytical, 

discretization, Boolean) do not cover non-monotonic surfaces or they are 

computationally expensive and slow, solid based engagement can be used for every 

kind of surface and is comparably faster and quite accurate than any other 

approaches. The solid based engagement model used in this study is developed in 

Moduleworks GmbH in Germany. Details of the solid based engagement model are 

presented in Kaymakci et al. [1]. In the process of tool-workpiece engagement model 

along the tool path, the output (CL file) of any commercial CAM package is post 

processed by this solid based engagement algorithm. 

In the machining of free-form surfaces, axial depth of cut is not constant throughout 

the tool path. Consequently, engagement region changes at each CL point.  Figure 

3.14 shows a sample CL output of Unigraphics NX4 CAM module output.  Each line 

represents a CL point. Red sections show the position of the tip of the ball-end mill 

according to the surface’s coordinate system and blue sections show the orientation 

unit vector of the tool. For three-axis machining, orientation of the tool is constant 

and equals to (0, 0, 1).ı  
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Figure 3.14 An example of a CL-file. 

Using a tool-workpiece engagement model, the engagement between tool and 

workpiece can be calculated at any time of the machining within a controllable 

accuracy. The initial workpiece definition (stock), geometric definition of tool(s) and 

the motion of the tool in the workpiece coordinate system must be present to achieve 

this goal. Another important property of this approach is that engagement can be 

calculated for any type of tool if the geometric properties of tool (diameter, length, 

taper angle, flute length etc.) and tool holder (tool offset, diameter, length, taper 

angle, corner radius etc.) are present. Furthermore, a significant advantage of this 

model is that any arbitrary shaped model can be used as an initial stock, instead of a 

rectangular block 

An axis-aligned 3 dimensional uniform grid of points is used to describe the initial 

workpiece prior to machining (Figure 3.15). The density of the grid is controlled 

through the grid distance which is identical along X, Y, and Z directions. In this 

study, grid distance which defines the resolution the tool and workpiece was selected 

as 0.0625 mm. A solid triangulated mesh defines an arbitrary shaped initial 
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workpiece prior to machining. In order to initialize the grid points with this given 

mesh, all points inside the solid mesh are marked with collision time   t = ∞. Outside 

points are marked with the collision time of t = -1. t = -1 points are the grid points on 

the bounding box which covers the workpiece; however they are not in the mesh 

defined by the workpiece.   

 

Figure 3.15: 3D grid of points used to describe the initial workpiece. 

The motion of the tool path is presented through the tip point of tool in space and the 

orientation vector of tool axis as a function of t allowing 3, 4 or 5 axis tool paths to 

be used as input. Further a collision determination method has been implement that 

delivers the time of first contact between the moving tool which consists of 

translation and rotation both and a grid point in space (Figure 3.16). For each time 

slice ∆t, the motion of tool from t to t + ∆t is passed to the collision determination 

method together with all the points in the local region that might be hit by this sweep 

motion. Each grid point that has been hit by the tool motion is being marked by the 

time value of the collision and in the next time interval this grid point does not need 

to be re-checked for collision since it has been already hit in the past. Further, all the 

grid points that have been hit within the same time interval are referenced in a list 

dedicated to this time interval. 
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Figure 3.16: Grid cells and their collision time attribute T. 

The engagement between tool and workpiece can be calculated for each time interval 

by analyzing the list of grid points for this time interval from the perspective of a 

stationary tool. This is done by transforming the mentioned grid points to the 

coordinate system of stationary tool. Then the tool is sliced along the tool axis to 

slices with constant thickness. In this study, constant thickness (∆h) is selected as 0.1 

mm.  As the sliced tool length increases, the computation time increases, thus sliced 

tool length was determined according to the maximum depth of cut of the machining 

process. Each slice is between h and h + ∆h where h is the height of slice from the 

tool tip point. The grid points are distributed to slices and for each slice the signed 

minimum and maximum distances from the tool axis in the view defined by the tool 

motion direction is calculated using all grid points belonging to this slice. Doing this 

for each slice delivers the engagement for each slice (Figure 3.17). 

After all the time intervals are processed, the 3D grid points are marked with 

different t values. All remaining grid points with the t = ∞ describe the remaining 

stock after the machining and could be used for a coarse visualization using various 

iso-surface extraction methods at the given level where the level of extraction is the 

desired time value t. Interesting is that the visualization is also possible for any given 
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t value since each grid point “knows” when it has been hit by the tool. This opens an 

interesting perspective for rest-material determination at any stage of machining 

since the “history” of machining is stored in the 3D grid model. 

The above described solid model has been implemented and used for the following 

cutting force calculation. The run time behavior of the tool-workpiece engagement 

model is O(n³) due to three dimensional grid. Computation time of the model for 

50x50x6 mm. solid body with 0.0625 mm. grid distance resolution on Pentium 4 

2.66 GHz with 2 GB of RAM is approximately 4 hours and 20 minutes. 

The accuracy can be controlled through the grid distance, time step value ∆t and the 

tool slicing step value ∆h. The output of the solid based engagement model is shown 

in Table 3.2. In Table 3.2, the engagement is displayed as the minimum and the 

maximum distances from the tool axis for each discrete disk and that disk’s CL 

number. In force model, these distances were converted into φst and φex entrance and 

exit angles respectively. Illustrations of these angles are shown in Figure 3.18. As 

stated before, it is impossible to calculate the engagement domain for non-monotonic 

sculptured surfaces using analytical methods. In sculptured surface machining, the 

engagement between tool and the workpiece is very complex and variable. Variation 

of engagement domain for different CL points is presented in Figure 3.19 and Figure 

3.20. 
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Figure 3.17: Determination of the min. and the max. distance from tool axis for each 

slice. 
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 Table 3.2 Sample text output of the engagement model. 

CL 

# 

Start - End Distances of the Disks 

from the Tip of the Tool [mm] 

Min 

Width 

[mm] 

Max 

Width 

[mm] 

19 4 4.1 0.75 5.6875 

19 4.1 4.2 1.1875 5.6875 

19 4.2 4.3 1.3125 5.75 

19 4.3 4.4 1.625 5.75 

19 4.4 4.5 1.8125 5.75 

19 4.5 4.6 1.9375 5.8125 

19 4.6 4.7 2.125 5.8125 

19 4.7 4.8 2.25 5.875 

19 4.8 4.9 2.3125 5.875 

19 4.9 5 2.4375 5.875 

19 5 5.1 2.5625 5.8125 

19 5.1 5.2 2.625 5.75 

19 5.2 5.3 2.75 5.6875 

19 5.3 5.4 2.8125 5.625 

19 5.4 5.5 2.875 5.4375 

19 5.5 5.6 2.9375 5.3125 

19 5.6 5.7 3 5.125 

19 5.7 5.8 3.0625 4.875 

19 5.8 5.9 0 0 

19 5.9 6 0 0 
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Figure 3.18: Illustration of start and exit angles. 

 

Figure 3.19: Variation of engagement domains along the tool path. 
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Figure 3.20 Illustration of engagement regions at a), b), and c). 
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3.4. Determination of the Criteria Map on the Grid Mesh: Force Map 

Formation 

In order to determine a reference value for the cutting forces in each direction for all 

CL points referring a uniform Cartesian mesh, a force map is constructed showing 

reference values for all possible cutting forces from each CL point to its neighbors. 

This reference map is obtained by pre-computation combining engagement and force 

simulations of slot cutting operations in each direction. 

For demonstration, Sine-Cosine surface is selected. On the 3D surface shown in 

Figure 3.21, 441 CL points are determined with grid size at x = y = 2 mm for a 

uniform mesh. Force Map is obtained by total of 3280 slot cutting simulations with 

ball-end mill with diameter of 12 mm each for one connection of the CL points, and 

shows the inversely proportional weight of the force magnitudes for each CL point in 

all of the 8 directions relatively to each other where large magnitudes are depicted 

with short lines and small magnitudes with longer lines. Figure 3.21  and 3.22 depicts 

the zig path directions and formed force map. The grid size of the engagement tool is 

z = 62.5 µ, x = y = 312.5 µ, where the engagement of the cutting tool with the 

workpiece is determined during the whole cutting process. 

 

 

Figure 3.21 Solid model of the sin-cos surface 
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Figure 3.22 Force map 

3.5. Optimization of the Criteria Map: Network Optimizat ion 

For the optimization process, the objective is minimizing the mean value of cutting 

forces and limiting the force below a threshold.  The problem could be redefined as 

passing over all the vertices on the graph with minimum cost of weights for a given 

directed graph (force map) on the set of edges and vertices with weight function 

assigning a nonnegative real weight (forces) to every edge of the graph. In that sense, 

the solution for such a problem is known as network optimization. 

For a given force map with n x m nodes where each node have a particular force 

value towards its neighbors, there are possible optimization routines such as 

‘Minimum Spanning Tree’ (MST) and ‘Minimum Cost Traveling Salesman’ 

(MCTS) with their objectives as formation of a single minimum cost tree and a 

minimum cost single path respectively. In that sense, MCTS costs higher since its 

objective has less freedom of movement and causes possible inclusion of high cost 

connections to the path. On the other hand, MST’s freedom could be only increased 

by the abandonment of the objective of obtaining single tree. 
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In the first part of the optimization process, ‘Minimum Cost Connections’ (MCC) are 

obtained for the given map where minimum cost target moves from each node are 

separately collected. Since these connections are separately collected, it may cause 

disunity and may form more than one tree resulting from possible loops including 

also two node loops such as connections from i to j and j to i. Each loop creates one 

disconnection and increases number of discrete trees MCC contained. Prim’s 

algorithm for obtaining MST guarantees that a tree can be transformed to a collection 

of paths which guarantees arrival of each node from another only once. In that sense, 

a tree refers to collection of successful paths where a cut surface will not passed 

secondly. 

In the second part of optimization process, all trees obtained from MCC are 

examined; trees with starting point at the boundary are selected first and other trees 

are connected to them from their starting points. At the end, all trees have separate 

boundary starting points and transformed separately to corresponding collections of 

paths. The advantage of this MCC-transformed optimization from MST lies in the 

higher freedom of movement increased by the abandonment of the objective of 

forming a single tree. In that sense, MST has not only higher number of connections, 

but also may contain higher cost connections to accomplish formation of a single 

tree. The pseudo code of this MCC transformed algorithm is shown below.   

 

 

 

 

 

 

 

 

 

 

 

Inputs: 

Uniform mesh grid points on the surface : N (number of grid points)  
Force map    : Map (N x N matrix) 
Outputs: 

Min. Cost Connections   : MCC 

MCC transformed path     : MCCtf_path 

 

“MCC” 
 
FOR  j = 1 to N    : For each node of the mesh as destination  

  999=jF     : Set minimum cost of the node to 999 (Initialization) 

   FOR  i = 1 to N    : For each node of the mesh as source  

        IF jij FMap <  THEN 

          iMCC j =     : Set MCC of  jth node to i 

            ijj MapF =     : Set minimum cost of  jth node to ijMap  

        END IF 
    END FOR 
END FOR 



Chapter 3 : Force Based (Single-Criteria) Toolpath Optimization                             40                                                                                             

 

Pseudo code of the MCC Transformed Path Algorithm 

 “Trees & Starting Points (MCC Transformation)” 

COMPUTE loops in MCC 

FOR k = 1 to num_loops   : For each loop of the MCC 

    DELETE max. MCC of the loop  : Break up the loop by deleting the highest cost 
connection 

STORE remained MCC of the loop 

   as the kth tree in Trees_MCC : Store remained connections as the next tree 

    STORE starting point of the kth tree   

    in Starts_Tree         : Store the connection at the breakup point as starting 
point 

END FOR 

 
“Connection of Trees (MCC Transformation)” 
 
FOR k = 1 to num_Trees_MCC  : For each tree of modified MCC 
     IF 

keStarts_Tre is at the boundary THEN 

        STORE 
kTrees_MCC  in Trees_B   : Store trees with starting points at the boundary of the 

mesh 
        STORE  

keStarts_Tre
 

in Start_B    : Store starting points at the boundary 

    ELSE 
        STORE 

kTrees_MCC  in Trees_I : Store trees with starting points inside the mesh 

        STORE  
keStarts_Tre
 

in Start_I    : Store starting points inside the mesh 

END FOR 
 
REPEAT 

     FOR m = 1 to num_ Trees_B  : For each tree in Trees_B 

         FOR  n = 1 to num_ Trees_I  : For each tree in Trees_I 

             IF 
mStart_B  neighbor to 

nTrees_I  THEN 

                ADD 
mTrees_B  to 

nTrees_I   : Connect tree with inner start to tree with boundary start 

                DELETE 
mTrees_B , 

mStart_B   : Delete connected tree and corresponding start point 

                DECREMENT  num_Trees_B : Decrease in 1 the number of trees with inner start 
points   
            END IF 
        END FOR 
    END FOR 
UNTIL num_Trees_B = 0 
 
“MCC Transformed Path” 
 
INIT MCCtf_path    : Initialize MCC transformed path 
FOR n = 1 to num_Trees_I  : For each tree in Trees_I    
    COMPUTE paths of 

nTrees_I     : Compute the collection of paths in 
nTrees_I  

    ADD paths to MCCtf    : Add the collection of paths to the MCC transformed 
path 
END FOR 
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For a hypothetical map with 5x5 nodes where each node have a particular cost value 

towards its neighbors, obtained trees or paths and corresponding mean cost values 

are shown in Figure 3.23 for Minimum Cost Traveling Salesman (MCST), Minimum 

Spanning Tree (MST), M

path. For MCTS and MST Christofides heuristics and Prim’s algorithm are preferred 

respectively (See Appendix). As mentioned previously, MCST has very low freedom 

of movement since its objective is to obtain

considerably higher mean cost with a value of 36.20 compared to other optimization 

routines. Moreover, MST has a lower freedom than MCC since its objective is to 

obtain a single tree compared to MCC transformed path ob

sense, the MCC transformed path has the lowest mean cost with a value of 18.07. 

Thanks to the subplots 3 & 4, the MCC transformation can be clearly explained. In 

the beginning, MCC has 5 trees with two

eliminated by deleting higher force connections in each loop, 3 trees with boundary 

starting point and 2 trees with inner starting point are obtained. In the next step, trees 

with inner starting points are connected to trees with boundary startin

last step, these trees are transformed to collection of paths.

Figure 
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pothetical map with 5x5 nodes where each node have a particular cost value 

towards its neighbors, obtained trees or paths and corresponding mean cost values 

are shown in Figure 3.23 for Minimum Cost Traveling Salesman (MCST), Minimum 

Spanning Tree (MST), Minimum Cost Connections (MCC) and MCC transformed 

path. For MCTS and MST Christofides heuristics and Prim’s algorithm are preferred 

respectively (See Appendix). As mentioned previously, MCST has very low freedom 

of movement since its objective is to obtain one single path. Therefore, it has a 

considerably higher mean cost with a value of 36.20 compared to other optimization 

routines. Moreover, MST has a lower freedom than MCC since its objective is to 

obtain a single tree compared to MCC transformed path obtained from 3 trees. In that 

sense, the MCC transformed path has the lowest mean cost with a value of 18.07. 

Thanks to the subplots 3 & 4, the MCC transformation can be clearly explained. In 

the beginning, MCC has 5 trees with two-connection loops. After 

eliminated by deleting higher force connections in each loop, 3 trees with boundary 

starting point and 2 trees with inner starting point are obtained. In the next step, trees 

with inner starting points are connected to trees with boundary startin

last step, these trees are transformed to collection of paths. 

Figure 3.23 Optimization routines for a 5 x 5 force map       
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one single path. Therefore, it has a 

considerably higher mean cost with a value of 36.20 compared to other optimization 

routines. Moreover, MST has a lower freedom than MCC since its objective is to 

tained from 3 trees. In that 

sense, the MCC transformed path has the lowest mean cost with a value of 18.07.  

Thanks to the subplots 3 & 4, the MCC transformation can be clearly explained. In 

connection loops. After loops are 

eliminated by deleting higher force connections in each loop, 3 trees with boundary 

starting point and 2 trees with inner starting point are obtained. In the next step, trees 

with inner starting points are connected to trees with boundary starting points. In the 

 

Optimization routines for a 5 x 5 force map        
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The objective of the optimization is minimization of the cutting forces; however the 

maximum cutting force value during the operation is not taken into account. 

Therefore, a correction process is used in the third part of the optimization where the 

minimum of the maximum cutting force results of standard zig direction simulations 

is selected and connections with higher than this value in MCC are separated for 

further cutting process in the corresponding zig direction of the selected minimum 

threshold. This part of the optimization guarantees the minimum threshold value of 

the standard zig operations and also decreases the mean value of the cutting forces. 

However, the addition of zig direction cutting parts to the collection of paths 

decreases the weight of the first objective of minimization of cutting forces. 

Therefore, the mean force obtained in the third part of the optimization is expected to 

be higher than mean force in the second part.  

3.6. Optimization Results & Validation Tests 

3.6.1. Experimental Setup 

The experiments for calibration and validation were performed on Mazak FJV-200 

UHS Vertical Machining Center (VMC) with 25000 rpm spindle motor, ± 2.5 micron 

sensitivity, and ± 0.7 micron repeatability. The tool was a carbide ball-end mill cutter 

from CoroMill Plura series of Sandvik with 12 mm diameter, 37 mm projection 

length and 30° helix angle. The workpiece material was aluminum blocks (Al7039) 

with dimensions of 250x170x38 mm. Kistler 3-component dynamometer (Model 

9257B) and a charge amplifier have been used to measure cutting forces. The 3-

component dynamometer has been fixed to the machine table using fixtures and the 

aluminum block was attached to the dynamometer using two M10 threaded screws as 

seen in Figure 3.24. 

The cutting forces are sensed by the piezoelectric transducer in the dynamometer and 

an electric charge output is the outcome of this process. This electric charge is sent to 

the charge amplifier and converted into voltage output. The sensitivity values for the 

three channels (X, Y, and Z) of the amplifier were 7.93, 7.90, and 3.69 pC/N 

respectively. Amplifier gain for the device was set to 300 N/V for all channels. 

Subsequently, through use of a proper data acquisition card with 200 kS/s sampling 

rate, ± 10 V analog input and software, the voltage output is displayed and recorded 

as cutting forces in [N]. Displaying and recording of the measured data was 
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performed with data acquisition software, MALDAQ module of CutPro 8.0. Figure 

5.2 shows a sample output screen of CutPro 8.0. The complete actual testing 

environment can be seen in Figure 5.3. 

 

Figure 3.24 Workpiece and 3-component dynamometer fixed to VMC table for 

cutting tests 

 

 

Figure 3.25 Sample output screen in CutPro 8.0 for cutting forces. 
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Figure 3.26 The experimental setup for measurement of cutting forces; a) Actual 

testing environment, b) Detailed illustration. 

Differential chip height and the differential rotation angle in simulations were 

selected to be 0.1 mm and 3.6° respectively which adequately resembled the actual 

cutting conditions for the mathematical force model. The applied conditions and the 

results of the performed cutting tests are described in this chapter. 

3.6.2. SAMPLE 1: Rough Cutting of Sine-Cosine Surface (170 mm x170 mm x 

6 mm) 

On the 3D surface shown in Figure 3.27-a, 121 CL points are determined with grid 

size at x = y = 17 mm for a uniform mesh. Force Map is obtained by total of 840 

cutting simulations with ball-end mill with diameter of 12 mm each for one 

connection of the CL points. Figure 3.27-b depicts the formed force map. The grid 

size of the engagement tool is z = 62.5 µ, x = y = 312.5 µ, where the engagement of 

the cutting tool with the workpiece is determined during the whole cutting process. 

In this case, the step over is higher than tool diameter and the global optimum could 

be determined with a static global optimization, since the cutting of any edge (or 

neighborhood) does not affect the possible engagement of the uncut edges. In other 

words, all cutting operations of the edges between the CL points are exactly slot 

cutting simulations. 
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(a) (b) 

Figure 3.27 a) Solid model of the sin–cos free form surface b) Global force map. 
 

The collection of the paths are obtained with MCC-transformed optimization and 

depicted in figure 3.28-a; small circles are start points and crosses are end points of 

the 2D path. The 3D representation of the tool path on the part surface is shown in 

figure 3.28-b. 

 

(a) 

 

(b) 

 Figure 3.28 Optimized path shown on the cutting surface a) in 2D & b) in 3D  
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Comparing simulated cutting forces of 8 predetermined zig paths with the optimized 

path cutting forces in Figure 3.29, the optimized forces are below 320 N which 

reaches up to 400 N in standard zig tool path cutting simulations. So, the upper limit 

for the cutting forces reduces 20% for the optimized tool path. Also the average 

force in optimized path is 185 N which is 15% lower than 217 N, the minimum of the 

other 8 paths.  

 

Figure 3.29 Cutting forces of 8 zig path simulations vs of optimized path using force 

map 

Experimental validation test are performed also to compare the simulated cutting 

force results with the experimental cutting forces with the same conditions. In Figure 

3.30 and 3.31, the experimental cutting force results and simulation cutting forces for 

optimized path are compared where the simulation forces in Figure 3.30 contain the 

whole simulation cutting forces of the operation; on the other hand Figure 3.31 

depicts the simulation forces obtained from the force map. In both figure, the 

experimental and simulated forces are very close. Also comparing Figure 3.30 and 

3.31, the validation of the force map is done. 
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Figure 3.30 Experimental cutting force results vs simulation cutting forces 

for optimized path 

 

Figure 3.31 Exp. cutting force results vs forces obtained from force map for 
optimized path 
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3.6.3. SAMPLE 2: Sine-Cosine Surface (40 mm x 40 mm x 6 mm):  

On the 3D surface shown in Figure 3.32, 441 CL points are determined with grid size 

at x = y = 2 mm for a uniform mesh. Force Map is obtained by total of 3280 slot 

cutting simulations with ball-end mill with diameter of 12 mm each for one 

connection of the CL points, and shows the inversely proportional weight of the 

force magnitudes for each CL point in all of the 8 directions relatively to each other 

where large magnitudes are depicted with short lines and small magnitudes with 

longer lines. Figure 3.33 depicts formed force map. The grid size of the engagement 

tool is z = 62.5 µ, x = y = 312.5 µ, where the engagement of the cutting tool with the 

workpiece is determined during the whole cutting process. 

 

 

 Figure 3.32 Solid model of the sin-cos surface 
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Figure 3.33  Force map and a zoomed section 

Since the step over is lower than tool diameter, the slot cutting simulation forces 

could only be reference values for the optimization, and the possible engagement and 

the cutting forces of each edge directly depends on the number and position of the 

cut edges and decreases once the edges in the neighborhood were cut. In that sense, 

the reference value for each edge obtained from slot cutting simulation determines 

the maximum threshold of the cutting force. So, it is expected that the cutting 

simulation forces of the total tool path obtained from optimization would lie under 

the cutting forces from the force map for the optimized tool path. 
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Figure 3.34  Minimum cost connection for the force map 

Minimum Cost Connections are obtained as shown in Figure 3.34. The direction of 

each connection is shown as from green to red part. Further, the collection of the 

paths are obtained from MCC-transformed optimization and depicted in Figure 3.35; 

small circles are start points and crosses are end points of the 2D path.  
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         Figure 3.35  Collection of paths from MCC-transformed optimization 

Cutting forces for standard zig tool paths obtained from the cutting simulations are 

depicted in Figure 3.36. On the other hand, cutting forces for optimized tool path 

obtained both from the force map and the cutting simulation are depicted in the 

Figure 3.37. 
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Figure 3.36 Simulated cutting forces 

 

 

Figure 3.37  Cutting forces of optimized path 
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The mean and maximum forces are tabulated both for cutting forces obtained from 

force map and simulations. As shown in the Table 3.3 below, mean forces obtained 

from force map only decreases 8% for the optimized tool path and maximum force 

can not be decreased since in CL points with highest depth of cut all slot cutting 

directions results in higher forces. As compared in simulation results, the decrease in 

mean forces reaches up to 24%, however maximum force value is nearly 50% higher 

than possible minimum of the maximum of 8 standard tool paths. The difference in 

maximum cutting force value in simulations results from early chip removal and 

dynamical change of the cutting tool engagement occurred during the operation. 

Table 3.3 Comparison of mean and maximum resultant forces between eight 

standard tool paths and optimized tool path. 

 

  Zig 1  Zig 2  Zig 3  Zig 4  Zig 5  Zig 6  Zig 7  Zig 8   Opt 

  Slot-

mean 
240 239 240 240 244 245 245 245 

222 

  -8% 

  Slot-

max 
399 399 399 399 399 399 399 399 399 

  Sim-

mean 
162 140 131 150 118 148 148 117 

 94 

 -24% 

  Sim-

max 
372 385 253 341 308 315 341 252 375 

 

For the correction part of the optimization, firstly the minimum of the maximum 

cutting force is determined. Since cutting in direction 8 offers maximum cutting 

force of 253 N, all connections in MCC higher than this value are separated for 

further cutting in direction 8 and other connections are again processed in the second 

part of the optimization. The corrected collection of tool paths in 2D is shown in 
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figure 3.38-a respectively where green paths obtained from updated MCC-

transformed optimization and red colored paths are corrected ones cut in direction 8. 

 

 

(a) 

 

(b) 

Figure 3.38  (a) Corrected tool path (b) Forces of corrected tool path 

Cutting forces for the corrected tool path obtained from the force map and cutting 

simulations are depicted in Figure 3.38-b. Furthermore, mean and maximum forces 

are tabulated both for cutting forces obtained from force map and simulations.  

As shown in Table 3.4 below, the weight of the first optimization objective is 

decreased where the reduction of mean value for the corrected tool path decreases to 

5% in the cutting forces obtained from force map and to 13% in the cutting 

simulations. However, the threshold value is lowered to 249 N. In that sense, with 

the correction part the optimization method guarantees minimum threshold value of 

standard zig operations and also decreases mean value of cutting forces up to 13% of 

the best standard zig operation selection for minimum mean cutting force.  

In other words, it is observed that with the optimized tool path can be reached to the 

minimum average resultant force magnitude along the machining. Depending on the 

directions, the optimum path can achieve from 13% to 57% less mean force without 
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violating the preset maximum force threshold (250 N). Moreover, in the optimal tool 

path the decrease on the maximum force magnitude could reach up to 54%. 

Experimental validation test is performed to compare the simulated cutting force 

results with the experimental cutting forces with the same conditions. In Figure 3.39, 

the experimental cutting force results and simulation cutting forces for optimized 

path are compared. As shown in the figure 3.39, the experimental and simulated 

forces are very close and so simulation results are reliable. 

Table 3.4  Comparison of mean and maximum resultant forces between eight 

standard tool paths and optimized tool path. 

 

 

 
 Zig 
1 

 Zig 2  Zig 3  Zig 4  Zig 5  Zig 6  Zig 7  Zig 8 
  
Opt 

      Opt 

corrected 

  
Slot-
mean 

240 239 240 240 244 245 245 245 

222 

  -
7% 

 227 

 -5% 

  
Slot-
max 

399 399 399 399 399 399 399 399 399 399 

  
Sim-
mean 

162 140 131 150 118 148 148 117 
 94 

 -24 

104 

 -13 

  
Sim-
max 

372 385 253 341 308 315 341 252 375 249 
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Figure 3.39  Simulation & experimental cutting forces for optimized path 

Simulated and experimentally measured resultant forces as well as their envelopes 

are also shown for the generated optimal path of the free form surface in Figure 3.40. 

In this figure, blue, black and red colors are showing for instantaneous forces, 

envelopes of experimental and simulated forces, respectively. First of all, it is seen 

that the simulated and experimental forces are matching quite well. The maximum 

force in the optimal simulation is below 250 N as preset value both in the simulation 

and in the experiment. Further in figure 3.41, simulated cutting force envelopes of 

standard tool paths are compared with the simulated optimized cutting force 

envelope. 
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Figure 3.40 Comparing simulated and experimentally measured resultant forces for 
the optimized tool path 

 

Figure 3.41  Comparison of resultant force envelopes for the eight different tool 
paths and optimized tool path 
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The simulated and machined free form surface and optimized tool path in 3D are 

shown in Figure 3.42. 

(a) 

 

 

 

(b) 

Figure 3.42  Simulated and machined free form surface and optimized tool path in 

3D. 

3.6.4. SAMPLE 3: Ataturk Portrait (30 mm × 30 mm × 6 mm) 

256 CL points are determined with grid size at x = y = 2 mm for a uniform mesh 

using collision detection based algorithm and shown in Figure 3.43 with the solid 

model together. Force Map is obtained by total of 1860 slot cutting simulations with 

ball-end mill with diameter of 12 mm each for one connection of the CL points. 

Figure 3.44 depicts formed force map. The grid size of the engagement tool is z = 

62.5 µ, x = y = 312.5 µ, where the engagement of the cutting tool with the workpiece 

is determined during the whole cutting process. 
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  Figure 3.43  3D CAD model and CL points of Ataturk portait 

 

 

Figure 3.44  Force map for Ataturk portait 

The collection of the paths are obtained from MCC-transformed optimization and 

depicted in Figure 3.45; small circles are start points and crosses are end points of the 

2D path.  
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Figure 3.45  Optimized tool path for Ataturk portrait in 2D 

 

 

Figure 3.46 Simulated resultant forces vs resultant forces from force map 

Cutting forces for the optimized tool path obtained from the force map and cutting 

simulations are depicted in Fig. 3.46.  

Mean and maximum forces are tabulated both for cutting forces obtained from force 

map and simulations. The mean and maximum force results of the optimized tool 

path are compared with the results of the cutting simulations in 8 zig directions are 

shown in Table 3.5. Depending on the directions, the optimum path achieves from 



Chapter 3 : Force Based (Single-Criteria) Toolpath Optimization                             61                                                                                             

 

15% to 30% less mean force without violating the preset maximum force threshold 

(400 N). In this case, there is no need for correction part since all the boundary of the 

free form part has the highest and same depth of cut of 6 mm. In that sense, the 

maximum cutting force does not depend on the direction of the tool path and occurs 

at the boundary cutting. 

 

Table 3.5 Comparison of mean and maximum resultant forces between eight 
standard tool paths and optimized tool path. 
 
 

  Zig 
1  Zig 2  Zig 3  Zig 4  Zig 5  Zig 6  Zig 7  Zig 8 Opt 

 Slot-
mean 

249 258 260 259 253 261 263 248 

 

222 

  -12% 

  
Slot-
max 

399 399 399 399 399 399 399 399 399 

  
Sim-
mean 

139 141 148 164 152 157 143 136 

 

115 

 -15% 

  
Sim-
max 

399 399 399 399 399 399 399 399 399 

 

The simulated and machined free form surface and optimized tool path in 3D are 

shown in figure 3.47. 
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(a) 

 

 

 

 

 

 

(b) 

Figure 3.47 (a) Simulated and (b) machined free form surface and optimized tool 

path in 3D. 

Experimental validation test is performed to compare the simulated cutting force 

results with the experimental cutting forces with the same conditions. In Figure 3.48, 

the experimental cutting force results and simulation cutting forces for optimized 

path are compared. It is seen that the simulated and experimental forces are matching 

quite well. 
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Figure 3.48 Comparing simulated and experimentally measured resultant forces for 
the optimized tool path. 

3.6.5. SAMPLE 4: Buddha Figure (30 mm x 30 mm x 6 mm) 

256 CL points are determined with grid size at x = y = 2 mm for a uniform mesh 

using collision detection based algorithm and shown in Figure 3.49 with the solid 

model together. Force Map is obtained by total of 1860 slot cutting simulations with 

ball-end mill with diameter of 12 mm each for one connection of the CL points. 

Figure 3.50 depicts formed force map. The grid size of the engagement tool is z = 

62.5 µ, x = y = 312.5 µ, where the engagement of the cutting tool with the workpiece 

is determined during the whole cutting process. 

 

Figure 3.49  3D CAD model and CL points for Buddha Figure 
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Figure 3.50  Force map for Buddha figure 

The collection of the paths are obtained from MCC-transformed optimization and 

depicted in Figure 3.51; small circles are start points and crosses are end points of the 

2D path.  

 

Figure 3.51 Optimized tool path for Buddha figure in 2D 



Chapter 3 : Force Based (Single-Criteria) Toolpath Optimization                             65                                                                                             

 

 

Figure 3.52  Simulated esultant forces vs resultant forces from force map 

Cutting forces for the optimized tool path obtained from the force map and cutting 

simulations are depicted in Figure 3.52.  

Mean and maximum forces are tabulated both for cutting forces obtained from force 

map and simulations. The mean and maximum force results of the optimized tool 

path are compared with the results of the cutting simulations in 8 zig directions are 

shown in Table 3.6. Depending on the directions, the optimum paths achieve from 

15% to 46% less mean force without violating the preset maximum force threshold 

(400 N). In the optimal tool path the decrease on the maximum force magnitude 

could reach up to 4%. 

 In this case, there is again no need for correction part since all the boundary of the 

free form part has the highest and same depth of cut of 6 mm. In that sense, the 

maximum cutting force does not depend on the direction of the tool path and occurs 

at the boundary cutting. 
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Table 3.6  Comparison of mean and maximum resultant forces between eight 
standard tool paths and optimized tool path. 
 

  Zig 
1  Zig 2  Zig 3  Zig 4  Zig 5  Zig 6  Zig 7  Zig 8 Opt 

 Slot-
mean 

219  222 222 224  210 236 212 233 

 

 197 

  -7% 

 Slot-
max 

399  399 399 399 399 399 399 399 399 

 Sim-
mean 

149 123 130 140  117 142 121 134 

 

102 

 -15% 

 Sim-
max 

399 400 399 401 399 398 403 397 384 

     

  

The simulated and machined free form surface and optimized tool path in 3D are 

shown in Figure 3.53. 

 

 

Figure 3.53  Simulated and machined free form surface and optimized tool path in 

3D. 
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Experimental validation test is performed to compare the simulated cutting force 

results with the experimental cutting forces with the same conditions. In Figure 3.54, 

the experimental cutting force results and simulation cutting forces for optimized 

path are compared. It is seen that the simulated and experimental forces are matching 

quite well. 

 

Figure 3.54 Comparing simulated and experimentally measured resultant forces for 

the optimized tool path 

3.6.6. Discussion 

Various samples are used to test and validate force-based tool path optimization 

routine. Depending on the directions, the tool path optimization process reduces 

mean value of the cutting forces from 13% to 57% compared to standard zig tool 

path cutting forces without violating the preset maximum force threshold which 

equals to the minimum of the maximum cutting forces of the standard tool paths. 

Moreover, in the optimal tool path the decrease in the maximum cutting force 

magnitude could reach up to 54% compared to standard tool paths. At the end of 

each optimized cutting simulation, experimental validation tests are performed where 

simulation and experimental results are compared and closely agreed. 
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Chapter 4                                                                                                                                 

Multi-Criteria Tool path Optimization 

4.1. Introduction 

Multi-criteria tool path optimization provides various advantages for CNC operations 

such as increased controllability of the cutting operation with the specified criteria, 

determination of all possible pareto optimal solutions, determination of all possible 

weights of each criteria, ease to observe and analyze the trade-off between each 

criteria (mostly each criteria conflicts with another), facility of limitation and 

minimization of each criteria and determination of the corresponding tool path for 

each solution 

Since the problem is now has three objectives, the problem is redefined as passing 

over all the CL points determined on the 2D uniform grid of the part surface with the 

specified criteria such as limitation or minimization of the mean cutting forces, mean 

scallop height and total cycle time.  

For the solution path to the problem, firstly CL and CC points should be determined 

using collision detection based algorithm with a user defined sensitivity (CC points is 

used for scallop height determination in multi-criteria optimization). Next step is the 

prediction of the slot cutting forces and scallop heights for each connection from CL 

points to its neighbors. Thanks to the predicted forces and scallop heights by using 

mechanistic force model and force mapping and proposed 3D scallop model, force 

map and scallop map is constructed which represents all possible movement with a 

specific reference force and scallop height value. 3D scallop model is validated by 

comparing predicted scallop distribution on the surface with the CAM output of UG 

NX6 for the same surface. The last step is implementation of the multi-criteria 

optimization algorithm with the specified criteria including threshold or 

minimization of the objectives (force, scallop height, cycle time). Since the 

objectives are conflicting in most cases, user needs to define the criteria for the 

optimization such as limiting two objectives below a threshold value and minimizing 

the third objective. The solution path is demonstrated in the Figure 4.1. 
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Figure 4.1 Solution path for multi-criteria tool path optimization 

4.2. 2D & 3D SCALLOP MODEL 

In literature, mostly 2D scallop models are discussed since mostly parallel and 

continuous tool paths are selected as in Figure 4.2, and therefore the scallop could be 

modeled in 2D via the cross-section of the part surface for two adjacent CL points 

along the tool path. 

 

  

Figure 4.2 Cut surface for a standard zig zag tool path and the zoomed view of a 

section 
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The scallop is modeled with the representation of the intersection of two circles and 

the curve of the surface cross-section at that level as shown in Figure 4.3 below [31]. 

The calculation differs if the surface section between two cutter contact (CC) points 

is flat, convex or concave. 

 

Figure 4.3 2D scallop model and illustration 
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where ∆  is the tool path interval, h is the scallop height, ρ  is the radius of 

curvature, r is the tool radius and θ  the angle between the horizontal plane and the 

part surface. 

θ  and ρ  could be calculated as follows: 
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However, for numerous path segments the case is different, since the evolved scallop 

could not be represented in two 2D always. In Figure 4.4, a piece of a part surface 

enclosed by 4 CL points is shown. Assume each CL is visited in different path 

segments and the edges of this section are not cut. 

 

Figure 4.4  Reference cut surface for scallop height map and a zoomed section 

 

So, there are six scallops in this section of the part surface where scallops 1-4 

evolved from the intersection of two sphere surfaces and could be represented with 

the 2D model described above. However, scallops 5 and 6 evolved from the 

intersection of three sphere surfaces. Three sphere surfaces could possibly intersect 

in zero, one or two points, but if the                
radius

  size step  
ratio is smaller than 2

(2mm/6mm ≈ 0.33 in our case); they intersect in two points where one of them lies 

on the top hemisphere which actually stays in the tool volume. So, a single 

intersection point should be determined which lies on the bottom hemisphere 

surfaces. Furthermore, there are four possible selections of three spheres for the 

intersection from the group of four spheres and therefore four possible intersection 

points lying on the bottom hemisphere surfaces. However, every time only two of 

them evolve since the other two stay in the volume of the fourth sphere and therefore 

do not evolve. Furthermore, for the case of equal height CL points, the scallops 5 and 

6 unite to a single point. 
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The intersection of three sphere surfaces could be calculated with the given centers 

and radii of the three spheres. A mathematical derivation for the solution can be 

found by taking the formulae for three spheres and setting them equal to each other. 

To simplify the calculations, three constraints are applied to the centers of these 

spheres; all three spheres are assumed to be centered on the z = 0 plane, one is at the 

origin, and one other is on the x-axis. It is possible to transform any set of three 

points to comply with these constraints, find the solution point, and then reverse the 

translation to find the solution point in the original coordinate system. 

It is started with the equations for the three spheres: 

2222
1 zyxr ++=  

2222
2 )( zydxr ++−=  

2222
3 )()( zjyixr +−+−=  

A point is needed to be estimated which is located at (x, y, z) that satisfies all three 

equations. First the second equation is subtracted from the first and solve for x: 
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It is assumed that the first two spheres intersect in more than one point, that is that                           

d-r1 < r2 < d+r1. In this case substituting the equation for x back into the equation 

for the first sphere produces the equation for a circle, the solution to the intersection 

of the first two spheres: 
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there results: 
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Now that the x- and y-coordinates of the solution point are estimated, so the formula 

could be easily rearranged as below for the first sphere to find the z-coordinate: 

222
1 yxrz −−±=  
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Now the solution to all three points x, y and z are determined. Because z is expressed 

as the positive or negative square root, it is possible for there to be zero, one or two 

solutions to the problem. 

After the scallop points in the section are calculated, the scallop heights for each 

have to be determined analytically. It is obtained at least two times finer CC grid of 

the surface than the CL point grid, so using the CC grid points in the section it is 

possible to represent the part surface for the section and for each scallop point it 

could be interpolated for a point on the part surface with the shortest distance to the 

scallop point. At that point, the surface gradient directs to the scallop point and 

therefore the scallop height equals to the distance between this point and the scallop 

point. An example of the modeled cut surface section including the scallops are 

depicted in the Figure 4.5 below where the curved edges are represented with straight 

lines for the ease of the geometric representation. 

 

Figure 4.5 A predicted section of reference cut surface via 3D Scallop model 

 

For the scallop optimization, a scallop map should be constructed which includes a 

scallop height representative for each neighborhood. However similar to the force 

map, any scallop modeled for the edge between two CL points is also affected from 

the tool path traveled until to this edge and that makes the scallop map dynamic. In 

other words, as in the case of the force map, the cut of further edges near an evolved 
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scallop reduce the height of the scallop. So, the modeled scallops for each 

neighborhood ignoring the cut of the edges near the CL points could be used as the 

representative scallop height for this neighborhood similar to force representatives 

obtained by slot cutting simulations. After that the static optimization could be 

performed where it is guaranteed that the actual scallops would be less than predicted 

scallops via the reducing effect of the cut edges.  

The case of the cut CL points with all uncut edges (cut of CL points in z-direction 

only and remain the edges uncut as shown in Figure 4.4) represents the whole scallop 

map since all edges are uncut and scallops could be calculated exactly with the 

models described above. Further selection of the edges for the cut in the optimization 

tool would decrease the scallops predicted and modifies the scallop map, but the map 

is not updated in this study since a suitable dynamic optimization tool could not be 

determined in this study. Also the cut surface is plotted via the triangulation of the all 

obtained scallop and CL points in order to compare with the Figure 4.4 which is 

obtained with UG NX6 by subtracting the tool from the workpiece for each CL point. 

The modeled surface is shown in Figure 4.6, where all curved edges are represented 

with straight lines. 

 

 

Figure 4.6 Illustration of the predicted reference cut surface  
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In Figure 4.7, the calculated scallop points are also plotted on the cut surface 

depicted in Figure 4.4 to visually validate the pattern of the predicted scallops; 

furthermore the errors are calculated from the distance between the cut surface 

exported from UG NX6 in STL format with 0.001 mm edge tolerance and the scallop 

points calculated with scallop models in 2D and 3D discussed above. In Figure 4.8, 

the error histogram of the scallops is shown. The errors are low and reasonable. 

 

  

Figure 4.7 Illustration of predicted scallop points on the reference cut surface  
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Figure 4.8 Error histogram of predicted scallop heights 

4.3. Multi-Criteria Network Optimization 

For single objective network problems such as tool path selection with minimized 

criteria, mostly minimum spanning tree (MST) or Minimum Cost Traveling 

Salesman (MCTS) are preferred since it can be solved efficiently. In this study, an 

MCC-based path optimization is introduced and used for single objective problem. 

However, multi-criteria optimization problem is not simply extended formulations of 

the single objective problem, since it could not be possible to get an optimal solution 

because multiple objectives usually conflict with each other in practice. So, firstly 

multi-criteria decision making should be well understood to understand how 

solutions of a multi-criteria problem could be defined. 

4.3.1. Problem Description 

Suppose a connected and directed graph G = (V, E), where V = {v1, v2, …., vn} is a 

finite set of vertices representing the nodes of the part surface, and E = {e1, e2, …., 

em} is a finite set of edges representing connections between these nodes. Each edge 

has p associated real numbers representing p attributes defined on it (e.g. force, cycle 
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time, scallop height for the edge) and denoted with wi = (w1i, w2i, …., wpi) (i = 1, 2, 

…., m). In practice wki (k = 1, 2, …, p) may represent the attribute value. 

Define x = (x1,x2, …., xm) as follows: 





=
otherwise

selectedeedgeif
x i

i 0

1
 

Then a MCC of the graph G can be expressed as the vector x. Let X be the set of all 

such vectors corresponding to the spanning trees in graph G, the MCC problem can 

be formulated as follows:  
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izandXxwhere ∈  is the ith objective to be minimized for the problem. 

So, compared with the traditional problem, the problem only differs in the number of 

objectives. Because these multiple objectives usually conflict with each other, it can 

not be determined which edge have the least weight and span one b one to form 

MCC.  

4.3.2. Multiple Criteria Decision Making 

Definition 1: Given a set of feasible solution S = {x | x∈X}, solution x* is denoted as 

the dominating solution for the problem if and only if all other solutions x ∈ S, the 

following conditions hold: 

pkxzxz kk ....,,2,1),()( * =≥  

Definition 2: As to the problem, the point ))(....,),(),(()( 00
2

0
1

0 xzxzxzxz p= in 

criteria space is denoted as the ideal point, where 

....,,2,1),(min)(0 pkxzxz kXxk == ∈  
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In the MST with single objective, the ideal point is the dominating solution or 

optimal solution. But in the mc-MST problem, actually the ideal point does not exist 

mostly because mostly objectives are conflicting and each objective cost in the ideal 

point could only be achieved on the objective space at a solution point where it is 

budged from other objective costs. For the multi-criteria problem, usually the 

concept of non-dominated solution or Pareto optimal solution is adopted to define its 

solution. 

Definition 3: Given a set of feasible solutions S = {x | x∈X}, solution x’ is denoted 

as the non-dominated solution or Pareto optimal solution for the problem if and only 

if there is no other solution x ∈ S, satisfying the following conditions: 

.....,,2,1,),'()(

},....,,2,1{),'()(
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pqsomeforxzxz

kk

qq
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So, usually multi-criteria problem has a set of Pareto optimal solutions which can 

form a Pareto frontier. So, the real solutions to multi-criteria optimization problem 

are a set of Pareto optimal solutions. For a two-criterion problem the objective space 

which consists all possible solutions forms an enclosed area and pareto front is 

formed as a discrete curve on the boundary of these region near the ideal point. In the 

Figure 4.9 below, objective space, ideal point and pareto front of a two-criterion 

problem is demonstrated. Hence, for a three-criterion problem, the objective space 

should form an enclosed volume where pareto front would be a discrete surface on 

the boundary of the objective space volume close to the ideal point.  

 

 

Figure 4.9 Illustration of ideal point, pareto surface and objective space 
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4.3.3. Optimization Routine 

To solve multi-criteria optimization problem, evolutionary algorithm is suitable since 

it specialize in solving multi-objective problems, especially the problems with 

competing criteria are best solved by genetic algorithm than any other method of 

solution known. The ability of evolutionary algorithms especially genetic algorithm 

to explore many points in the search space has been a powerful tool for multi-

objective optimization problems. Another alternative method is objective weighting 

which is easier and faster to implement, however it could not provide solutions for 

objectives which could not be valued for the edges. For instance, force, time or 

scallop height for each edge move could be modeled and represented with a value, 

which could be further used in objective weighting. However, some objective, 

especially conditional ones are hard to be modeled analytically and added to each 

edge. For instance: an objective which requests to have at most 20 rapid runs, in 

other words 21 discrete tool path segments, or an objective which requests to cut at 

least 60% of the edges and guarantee to not excess a specific force value. For these 

cases, genetic algorithm is easily applicable where the objective evaluation is 

encoded to the chromosome. For this study, two multi-criteria optimization routine is 

introduced: both genetic algorithm (GA) based optimization which uses non-

domination sort to determine the pareto frontier; and the single-objective 

optimization using varying objective weighting.  

 

4.3.3.1 GA Approach with Non-Domination Sort 

Encoding & Decoding 

For the GA optimization, the solution trials which are actually different spanning 

trees should be encoded as parent chromosomes, and after each generation the 

population should be decoded back to spanning trees in order to evaluate the 

objective costs. Here, the encoding of the solution trials to form chromosomes is 

critical, since the convergence interval of the optimization depends highly to the 

heritability of the encoding. For instance, low heritability causes similar parent 

chromosomes to generate strange children which not resemble to the parents; this is 

against the nature of the evolutionary approach and increases randomness, so the 
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convergence will take more time.  There are several encoding techniques to be used 

for spanning trees. One of them is Prufer number consists of n-3 genes where n is 

number of the nodes and n-1 number of the selected edges of x = (x1, x2, …., xm). 

This is a simple encoding since it has not much genes, however it has low heritability 

as investigated as below: 

 

Another encoding technique which has high heritability is weighted coding, where a 

chromosome consists of m genes where m is number of the all possible edges of E = 

{e1, e2, …., em} and each gene takes a value between 0 and 1 to determine the weight 

of the edge for the possibility to be selected in the spanning tree solution x = (x1, x2, 

…., xm).  

For an n-noded graph, number of possible edges is 4+n 52-n 8 2 . So, this encoding 

will cause a longer generation time than Prufer number; however converges faster 

since the genes are heritable. Even though computation is longer, weighted coding is 

preferred in the GA optimization routine due to the higher heritability. 
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Crossover & Mutation 

For crossover, a random mask with length of the parent chromosomes is formed from 

0s and 1s for the selection of genes from the parents. According to this mask, the 

genes of the parents are selected for the offspring as shown in Figure 4.10 below. 

 

Figure 4.10 Illustration of crossover 

For mutation, one of the genes on the chromosome is selected and replaced with a 

random possible value. Crossover and mutation probabilities are determined by the 

decision maker in the optimization routine. 

 

Figure 4.11 Illustration of mutation 

Non-Domination Sort  

Before the selection is performed in nondominated sorting, the population is ranked 

on the basis of an individual's nondomination. The nondominated individuals present 

in the population are first identified from the current population. Then all these 

individuals are assumed to constitute the first nondominated front in the population 
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and assigned a large dummy fitness value. The same fitness value is assigned to give 

an equal reproductive potential to all these nondominated individuals. To maintain 

diversity in the population, these classified individuals are then shared [10] with their 

dummy fitness values. Sharing is achieved by performing selection operation using 

degraded fitness values that are obtained by dividing the original fitness value of an 

individual by a quantity proportional to the number of individuals around it. This 

causes multiple Pareto optimal points to co-exist in the population. 

After sharing, these nondominated individuals are ignored temporarily to process the 

rest of the population in the same way to identify individuals for the second 

nondominated front. These nondominated points are then assigned a new dummy 

fitness value that is kept smaller than the minimum shared dummy fitness of the 

previous front. This process is continued until the entire population is classified into 

several fronts. The population is then reproduced according to the dummy fitness 

values. 

Procedure:  

Step 1: Determine all nondominated individuals Pc from the current population, and 

assign a large dummy fitness value to them. 

Step 2: Calculate each individual's niche count mj: 
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and jkd  is the phenotypic distance between two individual j and k in the current 

nondominated solution set and shareσ  is the maximum phenotypic distance allowed 

between any two individuals to become members of a niche. 

Step 3: Calculate the shared fitness value of each individual by dividing its dummy 

fitness value by its niche count. 
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Step 4: Ignore all sorted nondominated individuals, go to step 1 and continue the 

process until the entire population is all sorted. 

As to the selection, only the roulette wheel selection is adopted. Because the other 

dummy fitness value for the following sorted nondominated individuals is just kept 

smaller than the minimum shared dummy fitness of the previous nondominated set, 

the individuals in the first nondominated set have more chance to be selected in the 

next generation than those in the rest of nondominated set. This is intended to search 

for the whole nondominated regions or Pareto optimal frontier. 

Validation of Multi Criteria GA Algorithm 

Hypothetical maps of 3 x 3 vertices below are created to represent the distribution of 

two objective functions between each vertex. The function value of 10000 for a 

vertex pair index ij indicates that vertex i and j are not neighbors and so it is not 

possible to select a path from i to j. 

Table 4.1 Objective map #1 

 

Table 4.2 Objective map #2 
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Using these objective maps, two-criterion optimization is performed with multi-

criteria GA approach. Obtained population of optimized solutions is plotted with 

objective points of numerous random selected paths for the 3 x 3 map as shown in 

Figure 4.12. As seen in the Figure 4.12, optimized solution points are non-

dominated solutions and determine the pareto frontier of the objective space. In two-

criterion problem, the objective space is 2D and encloses a specific area; and the 

pareto frontier becomes a curve at the boundary of the objective space. 

 

 

Figure 4.12 Predicted pareto points in the objective space 

4.3.3.2 Varying Objective Weighting Algorithm 

A common solution to the problem is to simplify multiple objectives into a single 

objective because network optimization algorithms such as MST or MCTS are only 

effective with single objective by using objective weighting method. But only one 

single-point solution in the sense Pareto optimality can be obtained. However, the 

decision maker in practice may prefer one Pareto optimal point over the others on the 
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situation. So, it is useful to calculate all possible Pareto optimal solutions, and the 

optimization routine should be repeated by changing objective weighting several 

times. 

Optimizing each objective seperately:  
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There are respectively p optimal solutionskx , each for one single objective; and p 

optimal cost values for the objectives, one of each solution minimizes a single 

objective, each of them lies on the pareto frontier. However, each of them conflicts 

with another, each cost value should be evaluated with a weighting to determine a 

total cost value, which means that how much the user desire to get close to the 

optimal cost of each objective. The total cost function could be written as below: 
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If each optimal solution in equation is put into the total cost equation: 
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So, it is concluded that weighting of single optimal cost of each objective could be 

maintained by weightingkiw , the cost values of each objective at each edge, with kλ , 

the corresponding weighting value for the objective. 

Validation of Objectıve Weigthing Algorithm 

Hypothetical maps of 3 x 3 vertices below are created to represent the distribution of 

two objective functions between each vertex. The function value of 10000 for a 

vertex pair index ij indicates that vertex i and j are not neighbors and so it is not 

possible to select a path from i to j. 
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Table 4.3 Objective map #1 

 

Table 4.4 Objective map #2 

 

 

Using these objective maps, two-criterion optimization is performed with varying 

objective weighting approach. Obtained population of optimized solutions is plotted 

with objective points of numerous random selected paths for the 3 x 3 map as shown 

in Figure 4.13. As seen in the figure, optimized solution points are non-dominated 

solutions and determine the pareto frontier of the objective space. In two-criterion 

problem, the objective space is 2D and encloses a specific area; and the pareto 

frontier becomes a curve at the boundary of the objective space.  
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Figure 4.13 Predicted pareto points in the objective space 

4.3.4 Discussion 

Both GA approach and varying objective weighting methods determines 

successfully the nondominated solutions of the optimization problems; however 

varying objective weighting method supersedes GA approach when compared the 

computation times.  Computation of GA approach directly depends on the number 

of the genes of a chromosome which is determined according to the both the 

number of vertices in the network and the encoding method used to represent the 

chromosome.   

With Prufer number encoding, number of genes in the chromosome is equal to n-2, 

where n is the number of vertices in the network; however Prüfer number encoding 

has a low heritability which also increases the convergence time for the 

optimization. On the other hand, for ….  encoding, the heritability is high and 

convergence is better where each gene in a chromosome represents the encoded 

weighting of possibility of a specific edge to occur in the tool path. In that sense, the 

number of genes equals to the number of all possible edges in the mesh. For an n x n 
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mesh, number of genes equals 8n2-12n + 4; so when the number of vertices 

increases linearly, the number of genes and therefore computation time increase 

quadratically.  

On the other hand, computation time of varying objective weighting equals to the 

multiplication of computation time of preferred single-objective optimization routine 

for a weighted objective and the number of user defined objective points on the 

pareto front obtained by changing the weightings of the objectives. In that sense, 

using a fast MST algorithm and varying the weightings of the objectives from 0% to 

100% with a reasonable incremental percentage would result much faster 

computation for the non dominated solutions. In order to increase compatibility of 

GA approach, encoding method could be changed in order to increase the heritability 

or to decrease the number of genes to represent individual solutions as chromosomes. 

4.4. Cutting Force-Cycle Time-Scallop Height Optimization Using Varying 

Objective Weighting Approach 

4.4.1. Investigation of the Physical Relations between cutting force, cycle time 

and scallop height  

To implement the multi-criteria tool path optimization algorithm for free form 

surface machining, varying objective weighting approach is preferred where 

objectives are mean cutting force, mean scallop height and total cycle time. In order 

to investigate the physical relations of the objectives for multi-criteria free form 

surface tool path optimization, a hypothetical force, scallop height and cycle time 

map is selected and numerous tool path solutions are optimized using varying 

objective weighting with 1% sensitivity where weights of each criterion (mean 

cutting force, mean scallop height, total cycle time) changed from 0% to 100%. After 

that, all obtained nondominated solutions are plotted to obtain the pareto surface as 

shown in Figure 4.14. On the black curve, weight of mean scallop height 

minimization (wS) is 0%. In other words, scallop height is not included into the 

optimization. Also on the arrow direction on the black curve, weight of mean cutting 

force minimization (wF) is increasing from 0% to 100% where weight of total cycle 

time minimization (wT) is decreasing from 100% to 0%. Similar explanations could 

be easily made for the red and blue curves when observing the figure. When the 

figure is observed, it could also be realized that the objectives are conflicting in most 
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regions as expected where minimizing one of the objective values, other objective 

values tend to increase. So, there could be determined several criteria by the user for 

multi-criteria tool path optimization.  

 

Figure 4.14 Pareto surface for hypothetical criteria maps 

When the pareto surface is investigated, it is recognized that there are accumulation 

of solutions on the top and the bottom regions. The top region is the solutions with 

lowest total cycle time which could be achieved by escaping from diagonal edges 

since they have longer distance to travel. Since diagonal edges have longer distance 

to travel and higher scallop heights to remove, so preferring diagonal edges increases 

both cycle time and cutting force, but decreasing the mean of the remained scallop 

height. So, the bottom region contains tool path solutions with mostly diagonal 

edges, where total cycle times are high, but mean scallop heights and mean cutting 

forces are low. 
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4.4.2. Validation Tests for Multi-Criteria Free Form Surfa ce Tool Path 

Optimization  

For validation tests, three different free form surfaces are selected and two different 

criterions are implemented for each surface. First optimization criterion is selecting 

all objective weights equal (wF = wT = wS ≈ 33%). Second optimization criterion 

includes two maximum threshold values for two objectives and one objective 

minimization (Mean Cutting Force < 260 N,  Mean Scallop Height < 100 µm, 

Minimize Cycle Time). 

So, totally 6 multi-criteria tool path optimizations are performed where estimated 

pareto surfaces, scallop model validations and experimental cutting force and cycle 

time validations are represented. All experiments were performed with spindle 

speed of 600 rpm and feedrate of 48 mm/min. 

4.4.2.1 SAMPLE 1: Free Form Surface #1 (40 mm x 40 mm x 6 mm) 

Free Form Surface #1 obtained from modified MATLAB’s peak function with 

dimensions   40 mm x 40 mm x 6 mm is illustrated in Figure 4.15 where the equation 

of the surface is also explicitly shown. 

 

Figure 4.15  3D CAD model for sample 1   
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For the first step, the CL points are determined using the Collision detection based 

algorithm. The screen-shoot of the movie for CL determination routine is shown in 

Figure 4.16. 

 

Figure 4.16 Screen shoot of CL point determination routine for sample 1 

 

Then, the force, scallop and cycle time maps are obtained using the force and scallop 

height models. Cycle time map is easily obtained by calculating cycle times for each 

edge by division of the distance traveled between the relevant CL points to the 

constant feed rate of    48 mm/min. Analytically determined scallop points used to 

calculate scallop heights are plotted in Figure 4.17-a on the cut surface exported from 

UG NX6 to visually validate the pattern of the predicted scallops; furthermore the 

errors are calculated from the distance between the cut surface exported from UG 

NX6 in STL format with 0.001 mm edge tolerance and the scallop points analytically 

determined with scallop models in 2D and 3D. In Figure 4.17-b, the error histogram 

of the scallops is shown. The errors are low and reasonable. 
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(a)  

 

(b) 

Figure 4.17 (a) Illustration of predicted scallop points on the reference cut surface  

 (b) Error histogram of predicted scallop heights  
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Optimization Criterion 1: wF = wT = wS ≈ 33% 

Varying objective weighting algorithm is used with 1% sensitivity where weights of 

each criterion (mean cutting force, mean scallop height, total cycle time) changed 

from 0% to 100%. After that, all obtained nondominated solutions are plotted to 

obtain the pareto surface as shown in Figure 4.18 where also the single point of wF = 

wT = wS is depicted with pink point. Theoretically this nondominating solution point 

is the closest point to the ideal point of the objective space. 

 

Figure 4.18  Pareto surface and solution point for optimization criterion 1 (sample 1) 

 

All tool path solutions represented in pareto surface with their objective values are 

stored once the optimization routine is completed. So, for wF = wS = wT only the 

corresponding point is picked from the solutions. The objective costs of this point 

are 245 N, 1118 s and 125 µm. 

The optimized tool path satisfying the criterion and represented with pink point in 

the pareto surface are shown in Figure 4.19 below. 
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Figure 4.19 Tool path for optimization criterion 1 (sample 1) 

As seen in the figure, there are no diagonal edges selected in the tool path, because 

the weight of total cycle time minimization is reasonably high (wT = 33%) and the 

optimization routine tends to escape from diagonal edges with a weighting of 33%. 

In order to validate mean cutting force and total cycle time, the total cutting 

operation is firstly simulated and compared with the objective costs, then compared 

with the experimental cutting forces. Since the force map is formed using slot 

cutting simulations, it is expected that forces of the simulated tool path would 

remain below the graph obtained from the force map. In that sense, the simulated 

mean cutting force needs to be below the objective cost. Also, simulated cutting 

forces needs to match quite well with experimental cutting forces. 
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Figure 4.20 Comparing simulated and experimentally measured resultant forces for 
the optimized tool path. 

 

In Figure 4.20, the experimental and simulated cutting forces and their envelopes are 

shown. They are matching quite well. Further the mean of the simulated cutting 

forces and total cycle time are 136 N and 1145 s respectively. Total cycle time is 

close to the objective cost of total cycle time on the pareto point. Mean cutting force 

is also below from the objective cost of mean cutting force as expected. 

Optimization Criterion 2: Mean Cutting Force < 260 N,   Mean Scallop Height < 

100µm,  Minimize Cycle Time 

The nondominating solutions and pareto surface obtained above is used to determine 

the point to satisfy the optimization criterion 2. In Figure 4.21, nondominated 

solutions are plotted to obtain the pareto surface where also the limiting thresholds 

are depicted with two planes, the allowable region to work with pink points and the 

cycle time minimized point with big red point.  
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Figure 4.21 Pareto surface and solution point for optimization criterion 2 (sample 1) 

All tool path solutions represented in pareto surface with their objective values are 

stored once the optimization routine is completed. So, for the specified criterion, the 

relevant point is only picked from the set of solutions. The objective costs of this 

point are 259 N and 1309 s and 99 µm. 

 

Figure 4.22 Tool path for optimization criterion 2 (sample 1) 
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The optimized tool path satisfying the criterion and represented with red point in the 

pareto surface are shown in Figure 4.22. As seen in the figure, there are diagonal 

edges selected in the tool path, since firstly the force and scallop limitations are 

determined and so the weight of total cycle time minimization is decreased to wT = 

12% where wF =46% and wS=42%. The optimized solution point is outside of the 

top region which means that diagonal edges are needed to satisfy specified criterion.  

  In order to validate mean cutting force and total cycle time, the total cutting 

operation is firstly simulated and compared with the objective costs, then compared 

with the experimental cutting forces. Since the force map is formed using slot cutting 

simulations, it is expected that forces of the simulated tool path would remain below 

the graph obtained from the force map. In that sense, the simulated mean cutting 

force needs to be below the objective cost. Also, simulated cutting forces needs to 

match quite well with experimental cutting forces. 

 

Figure 4.23 Comparing simulated and experimentally measured resultant forces for 

the optimized tool path. 

In Figure 4.23, the experimental and simulated cutting forces and their envelopes are 

shown. They are matching quite well. Further the mean of the simulated cutting 

forces and total cycle time are 142 N and 1325 s respectively. Total cycle time is 

close to the objective cost of total cycle time on the pareto point. Mean cutting force 

is also below from the objective cost of mean cutting force as expected. 
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Comparison with Standard Toolpaths 

Mean force, cycle time and mean scallop costs for 8 standard zig toolpaths are 

obtained from corresponding maps and compared with the costs of optimized 

toolpaths. Furthermore, experimental cutting operations are performed for these 

standard toolpaths and experimental mean cutting forces are plotted versus cycle 

times with their envelopes as shown in Figure 4.24 below. 

 

 

Figure 4.24 Experimental Cutting Force and Envelopes for Standard Toolpaths 

 

Cutting force envelopes are further compared in Figure 4.25, where it is clearly 

shown that cutting force envelopes for diagonal toolpaths (direction 5 to 8) remain 

under the cutting forc envelopes for vertical/horizontal toolpaths (direction 1 to 4). 

However, diagonal toolpaths have longer cycle times. 
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Figure 4.25 Comparison of Cutting Force Envelopes for Standard Toolpaths 

Map and experimental costs are compared in the Table 4.5 below. Optimized 

toolpath 1 has the lowest mean cutting force and shortest cycle time when compared 

to standard toolpaths, and a mean scallop cost about levels of vertical/horizontal 

toolpaths. On the other hand, optimized toolpath 2 has a reasonably low mean cutting 

force and scallop height about levels of diagonal toolpaths, but has approximately 

20% shorter cycle time than diagonal toolpaths. 

Table 4.5 Experimental & Map Objective Costs for Sample #1  

 Fmap Tmap Smap  Fexp Texp 
Direction 1 274 1215 138  163 1260 
Direction 2 271 1215 138  167 1253 
Direction 3 265 1231 128  165 1261 
Direction 4 266 1231 128  169 1260 
Direction 5 262 1590 87  144 1604 
Direction 6 253 1593 87  140 1610 
Direction 7 260 1595 87  149 1626 
Direction 8 257 1595 87  154 1610 

Opt 1 245 1118 125  136 1145 
Opt 2 259 1309 99  142 1325 

So, even the objectives are conflicting, there are pareto optimal solutions which 

dominate standard solutions lying in the objective space. As shown in Figure 4.26, 

objective points of standard toolpaths lie above the pareto surface, which assures that 

standard toolpaths are dominated by optimized solutions. 
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Figure 4.26 Pareto Surface with Objective Points of Standard and Optimized 

Toolpaths 

4.4.2.2 SAMPLE 2: Free Form Surface #2 (40 mm x 40 mm x 6 mm) 

Free Form Surface #2 with dimensions 40 mm x 40 mm x 6 mm is illustrated in 

Figure 4.27 where the equation of the surface is also explicitly shown below. 

 

Figure 4.27 3D CAD model for sample 2 
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For the first step, the CL points are determined using the Collision detection based 

algorithm. The screen-shoot of the movie for CL determination routine is shown in 

Figure 4.28. 

 

Figure 4.28  Screen shoot of CL point determination routine for sample 2 

Then, the force, scallop and cycle time maps are obtained using the force and scallop 

height models. Cycle time map is easily obtained by calculating cycle times for each 

edge by division of the distance traveled between the relevant CL points to the 

constant feed rate of    48 mm/min. Analytically determined scallop points used to 

calculate scallop heights are plotted in Figure 4.29-a on the cut surface exported from 

UG NX6 to visually validate the pattern of the predicted scallops; furthermore the 

errors are calculated from the distance between the cut surface exported from UG 

NX6 in STL format with 0.001 mm edge tolerance and the scallop points analytically 

determined with scallop models in 2D and 3D. In Figure 4.29-b, the error histogram 

of the scallops is shown. The errors are low and reasonable. 
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(a) 

 

(b) 

Figure 4.29 (a) Illustration of predicted scallop points on the reference cut surface  

(b) Error histogram of predicted scallop heights  
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Optimization Criterion 1: wF = wT = wS ≈ 33% 

Varying objective weighting algorithm is used with 1% sensitivity where weights of 

each criterion (mean cutting force, mean scallop height, total cycle time) changed 

from 0% to 100%. After that, all obtained nondominated solutions are plotted to 

obtain the pareto surface as shown in Figure 4.30 where also the single point of wF = 

wT = wS is depicted with pink point. Theoretically this nondominating solution point 

is the closest point to the ideal point of the objective space. 

 

Figure 4.30 Pareto surface and solution point for optimization criterion 1 (sample 2) 

 

All tool path solutions represented in pareto surface with their objective values are 

stored once the optimization routine is completed. So, for wF = wS = wT only the 

corresponding point is picked from the solutions. The objective costs of this point are 

295 N, 1120 s and 110 µm. 
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Figure 4.31 Tool path for optimization criterion 1 (sample 2) 

 

The optimized tool path satisfying the criterion and represented with pink point in the 

pareto surface are shown in Figure 4.31. As seen in the figure, there are no diagonal 

edges selected in the tool path, because the weight of total cycle time minimization is 

reasonably high (wT = 33%) and the optimization routine tends to escape from 

diagonal edges with a weighting of 33%. 

In order to validate mean cutting force and total cycle time, the total cutting 

operation is firstly simulated and compared with the objective costs, then compared 

with the experimental cutting forces. Since the force map is formed using slot cutting 

simulations, it is expected that forces of the simulated tool path would remain below 

the graph obtained from the force map. In that sense, the simulated mean cutting 

force needs to be below the objective cost. Also, simulated cutting forces needs to 

match quite well with experimental cutting forces. 
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Figure 4.32 Comparing simulated and experimentally measured resultant forces for 

the optimized tool path. 

In Figure 4.32, the experimental and simulated cutting forces and their envelopes are 

shown. They are matching quite well. Further the mean of the simulated cutting 

forces and total cycle times are 137 N and 1148 s respectively. Total cycle time is 

close to the objective cost of total cycle time on the pareto point. Mean cutting force 

is also below from the objective cost of mean cutting force as expected. 

Optimization Criterion 2: Mean Cutting Force < 260 N, Mean Scallop Height < 

100 µm,  Minimize Cycle Time 

The nondominating solutions and pareto surface obtained above is used to determine 

the point to satisfy the optimization criterion 2. In Figure 4.33, nondominated 

solutions are plotted to obtain the pareto surface where also the limiting thresholds 

are depicted with two planes, the allowable region to work with pink points and the 

cycle time minimized point with big red point.  
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Figure 4.33 Pareto surface and solution point for optimization criterion 2 (sample 2) 

All tool path solutions represented in pareto surface with their objective values are 

stored once the optimization routine is completed. So, for the specified criterion, the 

relevant point is only picked from the set of solutions. The objective costs of this 

point are 258 N, 1321 s and    100 µm.  

 

Figure 4.34 Tool path for optimization criterion 2 (sample 2) 
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The optimized tool path satisfying the criterion and represented with red point in the 

pareto surface are shown in Figure 4.34. As seen in the figure, there are diagonal 

edges selected in the tool path, since firstly the force and scallop limitations are 

determined and so the weight of total cycle time minimization is decreased to wT = 

4% where wF is 85% and wS is 11%. The optimized solution point is outside of the 

top region which means that diagonal edges are needed to satisfy specified criterion.  

In order to validate mean cutting force and total cycle time, the total cutting 

operation is firstly simulated and compared with the objective costs, then compared 

with the experimental cutting forces. Since the force map is formed using slot cutting 

simulations, it is expected that forces of the simulated tool path would remain below 

the graph obtained from the force map. In that sense, the simulated mean cutting 

force needs to be below the objective cost. Also, simulated cutting forces needs to 

match quite well with experimental cutting forces. 

 

 

Figure 4.35  Comparing simulated and experimentally measured resultant forces for 

the optimized tool path. 

In Figure 4.35, the experimental and simulated cutting forces and their envelopes are 

shown. They are matching quite well. Further the mean of the simulated cutting 

forces and total cycle times are 130 N and 1352 s respectively. Total cycle time is 
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close to the objective cost of total cycle time on the pareto point. Mean cutting force 

is also below from the objective cost of mean cutting force as expected. 

 

Comparison with Standard Toolpaths 

Mean force, cycle time and mean scallop costs for 8 standard zig toolpaths are 

obtained from corresponding maps and compared with the costs of optimized 

toolpaths. Furthermore, experimental cutting operations are performed for these 

standard toolpaths and experimental mean cutting forces are plotted versus cycle 

times with their envelopes as shown in                Figure 4.36 below. 

 

Figure 4.36  Experimental Cutting Force and Envelopes for Standard Toolpaths 

 

Cutting force envelopes are further compared in Figure 4.37, where it is clearly 

shown that cutting force envelopes for diagonal toolpaths (direction 5 to 8) remain 

under the cutting force envelopes for vertical/horizontal toolpaths (direction 1 to 4). 

However, diagonal toolpaths have longer cycle times. 
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Figure 4.37  Comparison of Cutting Force Envelopes for Standard Toolpaths 

Map and experimental costs are compared in Table 4.6 as below. Optimized toolpath 

1 has the shortest cycle time when compared to standard toolpaths, and a mean 

cutting force about levels of vertical/horizontal toolpaths and a mean scallop cost 

below levels of vertical/horizontal toolpaths. On the other hand, optimized toolpath 2 

has lowest mean cutting force and a scallop height about levels of diagonal toolpaths, 

but has approximately 20% shorter cycle time than diagonal toolpaths. 

Table 4.6 Experimental & Map Objective Costs for Sample #2  

 Fmap Tmap Smap  Fexp Texp 
Zig 1 294 1229 127  183 1253 
Zig 2 284 1229 127  179 1265 
Zig 3 286 1228 128  192 1255 
Zig 4 289 1228 128  198 1248 
Zig 5 266 1600 86  132 1631 
Zig 6 269 1600 86  134 1638 
Zig 7 272 1595 88  149 1628 
Zig 8 275 1595 88  157 1611 
Opt 1 295 1120 110  176 1148 
Opt 2 258 1321 100  130 1352 

So, even the objectives are conflicting, there are pareto optimal solutions which 

dominate standard solutions lying in the objective space. As shown in Figure 4.38, 

objective points of standard toolpaths lie above the pareto surface, which assures that 

standard toolpaths are dominated by optimized solutions. 
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Figure 4.38  Pareto Surface with Objective Points of Standard and Optimized 

Toolpaths 

4.4.2.3 SAMPLE 3: Free Form Surface #3 (40 mm x 40 mm x 6 mm) 

Free Form Surface #3 with dimensions 40 mm x 40 mm x 6 mm is illustrated in 

Figure 4.39 where the equation of the surface is also explicitly shown below. 
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Figure 4.39  3D CAD model for sample 2 

For the first step, the CL points are determined using the Collision detection based 

algorithm. The screen-shoot of the movie for CL determination routine is shown in 

Figure 4.40. 

 

Figure 4.40  Screen shoot of CL point determination routine for sample 3 
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 Then, the force, scallop and cycle time maps are obtained using the force and scallop 

height models. Cycle time map is easily obtained by calculating cycle times for each 

edge by division of the distance traveled between the relevant CL points to the 

constant feed rate of    48 mm/min. Analytically determined scallop points used to 

calculate scallop heights are plotted in Figure 4.41-a on the cut surface exported from 

UG NX6 to visually validate the pattern of the predicted scallops; furthermore the 

errors are calculated from the distance between the cut surface exported from UG 

NX6 in STL format with 0.001 mm edge tolerance and the scallop points analytically 

determined with scallop models in 2D and 3D. In Figure 4.41-b, the error histogram 

of the scallops is shown. The errors are low and reasonable. 

 

 

 

(a) 
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(b) 

Figure 4.41  (a) Illustration of predicted scallop points on the reference cut surface  

(b) Error histogram of predicted scallop heights  

 

Optimization Criterion 1: wF = wT = wS ≈ 33% 

Varying objective weighting algorithm is used with 1% sensitivity where weights of 

each criterion (mean cutting force, mean scallop height, total cycle time) changed 

from 0% to 100%. After that, all obtained nondominated solutions are plotted to 

obtain the pareto surface as shown in Figure 4.42 where also the single point of wF = 

wT = wS is depicted with pink point. Theoretically this nondominating solution point 

is the closest point to the ideal point of the objective space. 
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Figure 4.42  Pareto surface and solution point for optimization criterion 1 (sample 3) 

 

All tool path solutions represented in pareto surface with their objective values are 

stored once the optimization routine is completed. So, for wF = wS = wT only the 

corresponding point is picked from the solutions. The objective costs of this point are 

273 N, 1116 s and 120 µm. 

 

Figure 4.43 Tool path for optimization criterion 1 (sample 3) 
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The optimized tool path satisfying the criterion and represented with pink point in the 

pareto surface are shown in Figure 4.43. As seen in the figure, there are no diagonal 

edges selected in the tool path, because the weight of total cycle time minimization is 

reasonably high (wT = 33%) and the optimization routine tends to escape from 

diagonal edges with a weighting of 33%. 

In order to validate mean cutting force and total cycle time, the total cutting 

operation is firstly simulated and compared with the objective costs, then compared 

with the experimental cutting forces. Since the force map is formed using slot cutting 

simulations, it is expected that forces of the simulated tool path would remain below 

the graph obtained from the force map. In that sense, the simulated mean cutting 

force needs to be below the objective cost. Also, simulated cutting forces needs to 

match quite well with experimental cutting forces. 

 

Figure 4.44  Comparing simulated and experimentally measured resultant forces for 

the optimized tool path. 

In Figure 4.44, the experimental and simulated cutting forces and their envelopes are 

shown. They are matching quite well. Further the mean of the simulated cutting 

forces and total cycle times are 147 N and 1130 s respectively. Total cycle time is 
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close to the objective cost of total cycle time on the pareto point. Mean cutting force 

is also below from the objective cost of mean cutting force as expected. 

Optimization Criterion 2: Mean Cutting Force < 260 N, Mean Scallop Height < 

100 µm, Minimize Cycle Time 

The nondominating solutions and pareto surface obtained above is used to determine 

the point to satisfy the optimization criterion 2. In Figure 4.45, nondominated 

solutions are plotted to obtain the pareto surface where also the limiting thresholds 

are depicted with two planes, the allowable region to work with pink points and the 

cycle time minimized point with big red point.  

 

Figure 4.45  Pareto surface and solution point for optimization criterion 2 (sample 3) 

All tool path solutions represented in pareto surface with their objective values are 

stored once the optimization routine is completed. So, for the specified criterion, the 

relevant point is only picked from the set of solutions. The objective costs of this 

point are 258 N, 1334 s and 97 µm. 
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Figure 4.46  Tool path for optimization criterion 2 (sample 3) 

The optimized tool path satisfying the criterion and represented with red point in the 

pareto surface are shown in Figure 4.46. As seen in the figure, there are diagonal 

edges selected in the tool path, since firstly the force and scallop limitations are 

determined and so the weight of total cycle time minimization is decreased to wT = 

5% where wF = 75% and wS = 20%. The optimized solution point is outside of the 

top region which means that diagonal edges are needed to satisfy specified criterion.  

In order to validate mean cutting force and total cycle time, the total cutting 

operation is firstly simulated and compared with the objective costs, then compared 

with the experimental cutting forces. Since the force map is formed using slot cutting 

simulations, it is expected that forces of the simulated tool path would remain below 

the graph obtained from the force map. In that sense, the simulated mean cutting 

force needs to be below the objective cost. Also, simulated cutting forces needs to 

match quite well with experimental cutting forces. 
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Figure 4.47  Comparing simulated and experimentally measured resultant forces for 

the optimized tool path. 

In Figure 4.47, the experimental and simulated cutting forces and their envelopes are 

shown. They are matching quite well. Further the mean of the simulated cutting 

forces and total cycle times are 136 N and 1346 s respectively. Total cycle time is 

close to the objective cost of total cycle time on the pareto point. Mean cutting force 

is also below from the objective cost of mean cutting force as expected. 

 

Comparison with Standard Toolpaths 

Mean force, cycle time and mean scallop costs for 8 standard zig toolpaths are 

obtained from corresponding maps and compared with the costs of optimized 

toolpaths. Furthermore, experimental cutting operations are performed for these 

standard toolpaths and experimental mean cutting forces are plotted versus cycle 

times with their envelopes as shown in Figure 4.48 below. 
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Figure 4.48  Experimental Cutting Force and Envelopes for Standard Toolpaths 

 

Cutting force envelopes are further compared in Figure 4.49, where it is clearly 

shown that cutting force envelopes for diagonal toolpaths (direction 5 to 8) remain 

under the cutting forc envelopes for vertical/horizontal toolpaths (direction 1 to 4). 

However, diagonal toolpaths have longer cycle times. 
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Figure 4.49  Comparison of Cutting Force Envelopes for Standard Toolpaths 

 

Map and experimental costs are compared in Table 4.7 as below. Optimized toolpath 

1 has the shortest cycle time when compared to standard toolpaths, and a mean 

cutting force about levels of diagonal toolpaths and below levels of 

vertical/horizontal toolpaths, and a mean scallop cost about levels of 

vertical/horizontal toolpaths. On the other hand, optimized toolpath 2 has lowest 

mean cutting force and a scallop height about levels of diagonal toolpaths, but has 

approximately 20% shorter cycle time than diagonal toolpaths. 

 

Table 4.7 Experimental & Map Objective Costs for Sample #3 

 Fmap Tmap Smap  Fexp Texp 
Zig 1 285 1234 128  184 1256 
Zig 2 284 1234 128  186 1258 
Zig 3 285 1217 133  186 1255 
Zig 4 284 1216 133  182 1265 
Zig 5 264 1595 87  140 1621 
Zig 6 265 1595 87  139 1627 
Zig 7 277 1595 88  143 1614 
Zig 8 276 1595 88  147 1625 
Opt 1 273 1116 120  147 1130 
Opt 2 258 1334 97  136 1346 
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So, even the objectives are conflicting, there are pareto optimal solutions which 

dominate standard solutions lying in the objective space. As shown in Figure 4.50, 

objective points of standard toolpaths lie above the pareto surface, which assures that 

standard toolpaths are dominated by optimized solutions. 

 

 

Figure 4.50  Pareto Surface with Objective Points of Standard and Optimized 

Toolpaths 
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Chapter 5                                                                                                                   

Conclusions 

The aim of this study has been to develop an accurate tool path optimization method 

based on cutting operation and part surface parameters such as cutting forces, scallop 

height and cycle time to improve the productivity and part quality. Free-form 

sculptured surfaces are very popular in many industries and in machining of dies, 

molds, automobile and aerospace parts. Therefore, tool path optimization via 

accurate prediction of cutting forces, scallop heights and cycle times during 

machining allows improving productivity by minimizing cutting forces, scallop 

heights and cycle time according to the applied user defined objectives regarding to 

the demanded and desired tool life, operation time and surface quality. As a result, 

knowledge gained from this thesis can be used to select appropriate tool paths and 

cutting conditions which result in better part quality in a shorter cycle time. 

The geometry of the ball-end mill used in this study was defined according to the 

previous studies of Guzel and Lazoglu [1], and Erdim [2]. Solid based approach to 

the tool-workpiece engagement region and mechanistic cutting force model was 

defined according to the previous studies of Kaymakci [35] and used for 3D complex 

sculptured free-form surfaces with ball-end milling for simulating and validating 

force predictions. Measured forces, force patterns and simulations for these parts 

showed very good agreement. 

As stated before, as the demand for free-form surfaces in industry increases, 

CAD/CAM software companies develop different tool path strategies for machining 

of complex sculptured surfaces. However, since there are different tool paths 

available to carry out the same process, a question arises that which tool path strategy 

is the best choice for a specific free-form surface. As it can be predicted, each tool 

path strategy offers different cutting time, cutting force magnitude and surface 

quality. 

In this study, a new methodology is introduced to determine the optimum tool paths 

for free form surfaces. Unlike only geometric computational analysis of commercial 

CAM systems, the newly developed optimization process includes the mechanics of 

milling process for the tool path generations. The tool path optimization algorithm 

presented is a force-scallop height-cycle time-minimal approach. In other words, the 
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objective of the optimization process is to find the tool path for minimizing the 

average cutting forces, scallop heights and cycle time with the user defined preset 

maximum values or objective weightings.  

A 3D scallop model is introduced where initial reference scallop points and scallop 

heights are estimated to use for scallop height mapping. Reference scallop points are 

validated with the comparison of the reference cut surface obtained from CAD/CAM 

software. Cutting force, scallop height and cycle time maps are formed and used 

further in tool path optimization algorithms. Two multi-criteria tool path 

optimization routines are offered in this study: firstly a GA based multi-criteria tool 

path optimization routine is developed upon the previous studies of Zhou and Gen et 

al. [14] on multi-criteria GA network optimization; secondly a varying objective 

weighting algorithm based on single-criteria network optimization is offered. For the 

single-criteria network optimization, MCC-transformed path is developed and 

compared with known network optimization algorithms such as minimum cost 

traveling salesman (MCTS) and minimum spanning tree (MST).  

In the demonstrated free form surfaces, with the simulation and experimental results, 

it is shown that optimal paths can be achieved for free form surfaces with the novel 

approach. Results showed that tool path selection could be optimized depending on 

the aim of the user, since there is a trade-off criterion between cutting forces, scallop 

heights and cycle times; for example, lower cutting forces result in longer cycle 

times. 
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