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ABSTRACT

(2+1) dimensional Topologically Massive Gravity (TMG) and New Massive Gravity
(NMG) theories are studied. These theories have higher order derivatives of metric tensor
in their field equations which make them both renormalizable and unitary. Field equations
of TMG are derived using variational methods. A null frame is introduced in general and
TMG field equations are written in the null frame. pp-wave solutions of TMG are given.
NMG field equations in the null frame are also derived. The pp-wave and recently found

bending AdS wave solutions of NMG are given.
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OZETCE

(2+1) boyutta topolojik kiitleli gravitasyon (TMG) ve yeni kiitleli gravitasyon (NMG)
teorileri incelenmigtir. Bu teorilerin alan denklemleri metrik tensorii bilegenlerinin yiiksek
mertebeden tiirevlerini icermekte olup bu nedenle tiniterlikleri gosterilebilmekte ve renor-
malize edilebilmektedirler. TMG alan denklemleri varyasyon yontemleriyle gikarilmigtir.
Genel bir 1giksal referans cercevesi verilmis ve TMG alan denklemleri 1giksal cercevede
yazilmigtir. TMG teorisinin pp-dalga ¢oztimleri verilmistir. NMG alan denklemleri de
1s1ksal gergevede gikarilmigtir. pp-dalga ¢oziimleri ve yakinlarda bulunmus biikiilmiis AdS

¢oziimleri verilmistir.
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Chapter 1

INTRODUCTION

Einstein’s theory of General Relativity (GR) defines the gravitational behavior of matter

as a geometric property of the space-time through Einstein’s field equations.

1 81G
7-\"/ab - §gabR = CTTab (11)

In this equation, R is the Ricci tensor and R is the curvature of the space-time manifold, g
is the metric tensor and T, is the energy-momentum tensor. I will provide more information
about these tensors in the following section. In particular, as Einstein’s description of Mach’s
principle, matter tells space how to curve and space tells matter how to move. Here “matter”
is understood more generally through 7,; as a combination of matter, energy, and pressure
densities. When there is no matter present, i.e. Ty, = 0, (1.1) reduces to vacuum field
equations with zero curvature constant, R = 0.

Later, Einstein introduced a cosmological constant A to find a static universe solution.

Rab — %gabR + Agap = 87CTTGTab (1.2)
Besides giving a static, but unstable, universe, A also defines a vacuum pressure. How-
ever, when Hubble found out our universe is not static, but expanding, Einstein abandoned
the cosmological constant and called it “ the biggest blunder of his life”. Though, cosmo-
logical constant was reconsidered again when it is realized that the universe is not only
expanding,but also this expansion is accelerating. It is worth to mention the Lambda-
CDM Model, regarded as the standard model for big-bang cosmology, is led by adding the
cosmological constant to FLRW (Friedman-Lemaitre-Robertson-Walker) metric describing
a simply-connected, homogeneous, isotropic, and expanding universe. With cosmological

constant, (1.2) for vacuum gives
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in D-dimensions

Einstein’s field equations (1.1) are nonlinear differential equations unlike many famous
equations in physics, like Maxwell’s equations or Schrédinger equation. It is very hard to
find exact solutions to nonlinear equations like (1.1). Usually linearization methods are used
to find solutions to (1.1). At this point, I should say that ’finding a solution to (1.1)" means
finding the metric g that defines the space-time manifold for a given matter distribution
Ty Also note that in the weak-field approzimation (small curvature, slow motion limit),
Einstein’s field equations (1.1) give the Newtonian limit as required.

GR has passed many tests since Finstein heuristically proposed it. For example, it
calculates the perihelion precession of Mercury perfectly. Furthermore, GR showed that
calculations based on Newton’s laws gives only the half of the value for the deflection of
light by sun, which was proved in 1919 by Eddington. Another prediction of GR was
the gravitational redshift, which was precisely tested and accounted for by Pound-Rebka

experiment conducted in 1959.

Problems of GR

Although GR passed these tests, it carries its own limitations. In 1916, Schwarzschild
found an exact solution to (1.1) with a spatial singularity, namely a black hole, called
the Schwarzschild metric. GR allowed space-time singularities, producing black holes, big-
bang, or big-crunch. These singularities may damage the causal structure of space-time, and
hence the basic principles of GR. In 1969, Roger Penrose conjectured the cosmic censorship
hypothesis, which states that any singularity, except the big-bang, is hidden away from
the rest of the universe by an event horizon. This secures the causal structure, but GR
still doesn’t work near the singularity. Also this conjecture is not fully developed, having
counterexamples.

Another problem with GR arose after the formulation of quantum theory in 1920s by
Heisenberg, Schrodinger, Dirac, and others. Quantum field theory (QFT) aims to quan-
tize the fundamental interactions (electromagnetic, weak, strong, gravitational) in order
to explain how they behave at very small scales (Planck scale). QFT was very successful
with three fundamental interactions rather than gravitation. We are still lack a well-defined

theory of quantum gravity. The obscurity in defining quantum gravity is due to the fact
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that gravitation is nonrenormalizable. Compared to other quantum theories, one predicts
a mediator particle to mediate the gravitational force, like photons mediate EM, gluons
mediate strong interactions, and W and Z bosons mediate weak interaction. Elementary
particle that mediates gravitation is predicted to be a massless, spin-2 particle called gravi-
ton. QFT collapses if one tries to calculate Feynman diagrams for two or more gravitons;
ultraviolet divergences appear and they cannot be removed by renormalization since GR is

not renormalizable.

Higher Order Modifications to GR

Long before the nonrenormalizability of GR was showed (by 't Hooft, and Veltman in
1975), scientists tried to modify Einstein’s theory. Hermann Weyl, in 1919, in order to
unify gravitation and electromagnetism, introduced a Lagrangian which is a polynomial
function of the curvature and conformally invariant. Though the theory was not successful,
Weyl introduced the important concepts of gauge and gauge theory. As it turned out 4D
GR is not gauge-invariant, rendering conformal invariance unattainable for Weyl [2].

Later, the curvature? (i.e. fourth order in derivatives of the metric tensor) theories
drove attraction. In 1947, Gregory showed that a purely quadratic Lagrangian of the form
L = aR? + bRpR™ is scale invariant, but doesn’t give the Newtonian limit. [17] This
problem was solved in the same paper by adding the usual Einstein-Hilbert term <R to
the quadratic Lagrangian breaking the scale invariance. The desired Newtonian limit was
recovered up to an exponentially small term [17].

Several decades later, Utiyama and DeWitt showed that higher-order curvature terms
(i.e. higher order derivatives of metric in the field equations) in the Lagrangian are necessary
in order the theory to be one-loop renormalizable [14]. In his 1977 paper, Stelle showed that
4D fourth-order gravity is renormalizable [15]. However, the theory has massive gravitons
with negative kinetic energy (ghosts). If one redefines the theory such that massive gravitons
would have positive-definite energies, then their norm becomes negative. This negative norm
cannot be eliminated unless the unitarity of the S-matrix is destroyed [15]. Thus 4D fourth
order gravity is renormalizable but not unitary. This is not good enough for the quantum

theory of gravity.
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GR In (2+1) Dimensions

Problems of reconciling unitarity and renormalizability in gravity theories seems to be solved
in lower dimensions. It is obvious that calculations for GR will be easier in 3D. Pure GR
theory in 3D has trivial solutions and no propagating degrees of freedom. So it seems we
have nothing to gain. However, in 1982, Deser, Jackiw, and Templeton showed that when
we add a Chern-Simons term to usual Einstein-Hilbert term (with a wrong sign) in the
Lagrangian, the theory has massive spin-2 particles with helicities £2 [7]. This theory is
called Topologically Massive Gravity (TMG), and its Lagrangian is

1 1 b 2 b
L:MR*].‘F%<wab/\dwa+3wac/\wcb/\wa> (13)
Here 1 is the mass parameter. Vacuum field equations (will be derived in the next chapter)

are
1 1
—G,+-C, =0 1.4
—5Gat . (1.4)
where
. 1
C,=D <cha - 4Rea) (1.5)

is the Cotton tensor. Field equations are third order in derivatives of the metric, hence more
manageable compared to fourth order 4D gravity. There are no acausalities and ghosts in
this theory, so that it is unitary and also superrenormalizable. Topological Chern-Simons
term is gauge invariant, but parity-violating. TMG was also shown to have black hole
solutions (known as BTZ black holes) [11] which is very important to show that the theory
is non-trivial. With these properties, TMG seemed to be a good tool to understand quantum
gravity in 4D.

Recently, a new theory of massive gravity (NMG) in 3D is proposed by Bergshoeff, Hohm
and Townsend [3]. They add a particular fourth order to (wrong-sign) Einstein-Hilbert term

in the gravitational Lagrangian.
1 1 ) 4 S92
L= 27/#72 * 1 + 27”12 RZCa A\ *RZC — gR * 1 (16)

where m is a mass parameter analogous to p in TMG. Field equations (which will be derived

in the 3rd chapter) are fourth order in the derivatives of the metric. The theory is shown
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to be unitary and renormalizable. NMG addition to EH Lagrangian is gauge invariant, and
also parity-preserving. Gravitons in the theory are massive and have two polarization states
both with helicities +2.

With these two massive gravity theories at hand, 3D gravity is a useful tool to investigate
further into quantum gravity. In order to do that, we should first understand what other
properties these theories has. Though in 3D, there are very few exact solutions to TMG,

and NMG. In this thesis, I will explain some of these exact solutions of TMG and NMG.

1.1 Mathematical Preliminaries

In General Relativity, space-time is defined to be a differentiable manifold equipped with a
(pseudo)-Riemannian metric and connections found uniquely from Cartan structure equa-
tions, shown as (M, g, V). It is essential to learn the differential structure of space-time,
and the algebra defined on the space-time manifold, exterior algebra. In this section I will
give a brief introduction to the topological structure of the manifolds, and exterior algebra.
For further reading, one can consult to [1].
Definition 1 For a topological space M, a chart is a homeomorphism ¢ : U — R™ where
U C M is an open subset.The pair (U, ¢) is called a chart.

For two charts (U, ;) and (Uj, ¢;), the function ¢; o ;' : R® — R™ is called the
transition function and it defines a coordinate transformation.

The collection of charts | J,;(U;, ¢;), where M = J; U;, such that the transition functions
@j o cpl._l are continuous is called an atlas.
Definition 2 An n-dimensional manifold M is a topological space equipped with an atlas.
So that locally M resembles R".

If the first derivatives of the transition functions exist, M is called a C'-manifold or
a differentiable manifold. If all derivatives exist, M is called a C°°-manifold or a smooth
manifold. From here on, M will always represent an n- dimensional differentiable manifold
unless indicated otherwise.

Boundary of M, if it exists, is an (n-1) dimensional manifold and is shown by M. Note
that boundary of a boundary is always empty, i.e. it doesn’t exist.
Definition 3 Space of all tangent vectors at a point p € M is called the tangent space and

shown as T, M. It is an n-dimensional vector space. The collection of tangent spaces at
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each point p € M is called the tangent bundle TM = Upe/vl T, M. Tangent bundle is a
2n-dimensioanl vector space. An element X € T'M is called a vector field. Vector fields are
contravariant quantities.
Definition 4 T;M is called the cotangent space at point p € M. It is the dual vector
space to T, M. Cotangent space is also an n-dimensional vector space. Cotangent bundle
is defined similarly as T*M = Upe mIEM. T*M is a 2n-dimensional vector space. An
element w € T*M is called a covector field or a 1-form. It is a covariant quantity. By
definition w(X) € R.

Suppose {z¥},k = 1,2,...,n, is a local coordinate chart near a point p. Then {9} =

{%} is a natural basis for TM. This means that VX € TM we can write the expansion
X = &F(x)0y.

Here Einstein summation convention is understood for repeated covariant and contravariant
indices. £*’s are called the coordinate components of a vector field.

The dual basis {dz'} is a natural basis for T*M, i.e.
dz' (p) Ok (p) = &'

where §° j is defined as

e 1, ifi#jy
J e
0, ifi=y.
An expansion of a covector would be
w = m(x)dat

The choice of a basis for a vector field is not unique. We can take any set of n linearly
independent vector fields {X,},a = 1,...,n. This is is called a frame. These frame vectors
can be expanded in natural basis as X, = E¥0y. {EF} is called the inverse n-bein. Dual
basis of T*M induced by {X,} is {e®} such that e*X;, = 0%. {e®} is called the coframe.
Similarly they can be expanded as e = ezda:"‘ . {e}} is called the n-bein.

Definition 5 A tensor of type (p,q) is a multilinear map

R:T'™M®- - @T"MTM@---TM — R

p times q times




Chapter 1: INTRODUCTION 7

p is the contravariant degree and ¢ is the covariant degree of the tensor R. In particular,
(1,0) tensors are vectors, (0,1) tensors are covectors, and, by definition, (0,0) tensors are
functions. Let us define the Levi-Civita tensor for we will use it very much:
+1, if4;...4, is an even permutation
€in.iin = —1, iféq...4, is an odd permutation .
0 if there is repeated indices

Tensors are indexed according to their contravariant (upper) and covariant (lower) de-

gree.
R:(da2",... ,d2",0;,...,0;,) —R(dx",... ,dz",0;,...,0;) €R
_ pll.dp
=R ida € R
R”"'Z’;-l_njq is coordinate components of the tensor. We can raise or lower indices using a

metric tensor.

Definition 6 A metric g is a (0,2) type tensor with the following properties:

1. It is non-degenerate, i.e. for
Q(Xa, Xb) = YGab;

which is an nxn matrix, Det(gq) # 0

2. Tt is symmetric, i.e. VX, Y € TM, g(X,Y) = g(Y, X).

A Riemannian manifold is a smooth manifold equipped with a positive-definite metric
tensor. For a pseudo-Riemannian manifold, the metric need not to be positive-definite.
Lorentzian manifolds are an example of a pseudo-Riemannian manifold with the metric

signature (n — 1,1).

Exterior Product

Let {e'},i =1,...,n, be a basis for T* M. We know that e’’s are (0,1) type tensors called
1-forms. The wedge (exterior) product is the completely antisymmetric tensor product such

that
eNed =l Neli=e'®el —ed ®e (1.7)

A p-form w € QP(M) on M is the wedge product of p 1-forms, It is a (0,p) type tensor
field. 2P(M) is the space of all p-forms.
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Properties of wedge product

For w € QP(M), u € QUM),v € Q°(M), wedge product is
(i) associative,

WA(pAY)=(wAp)Av

(ii) bilinear,

(aw+bu) N\v=awAv+buAv for abeR

(iii) graded commutative,

wAp=(-1)Purw

By definition, Q°(M) = C*°(M) and QP(M) = () for p > n. Any p-form, 0 < p < n,

can be written as

w= ijh---ipe“ NeZA---Ne'P (1.8)

FEzxterior Derivative

Exterior derivative of a p-form on M is a linear map d : (M) — QP (M) satisfying the
following properties
(i) d(w+ p) = dw + dp for w, p € QP (M)
d(cw) = ¢ dw for c € R
(ii) Graded Leibniz rule:

dwAp) =dwA p+ (—1)Pw Adp

for w € QP(M)
(iii) Poincaré lemma: d(dw) = d*w = 0 for any p-form.
For a p-form given in (1.8), its exterior derivative is

in natural basis {dz'}.
A p-form w is called closed if dw = 0. It is called ezact if there exists a (p-1)-form «
such that w = da. It is clear that every exact form is closed, but converse is not always

true.
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Interior Product (Contraction)

Let X € TM be a vector field on M. The interior product with respect to X is the linear
map 72, : QP(M) — QP7L(M) such that for a given p-form w on M, the contraction of w
with X is
1 I , , . ,

W= — ZXlkwil,__ik._,ipdx“ Ao Ada =1 A dxt™ A - A dz'P (1.10)
k=1
Our notation will be such that, if X, is a frame vector, we write 1, instead of Uy, -

The interior product satisfies

(1) 1y (wAp) =1,wAp+ (—1)Pw A, p for a p-form w and a g-form p.

(ii) 7, (1 w) = (1)?w =0

These rules make the interior product, like the exterior product, a graded derivation,

namely an antiderivation.

Lie Derivative

Lie derivative of a p-form w € QP(M) with respect to a vector field X € T’M is a type-

preserving linear map Ly : (M) — QP(M) given by the Cartan’s formula:
Lxw=di,w+1,dw (1.11)

It can be interpreted as the rate of change of w along the flow generated by the vector field
X. It has the following properties:

(1) Lx(w+p)=Lxw+ Lxp

(ii) Lx(wAp) = (Lxw) Ap+wA (Lxp)

Hodge Star Map

The Hodge star map is an isomorphism * : QP(M) — Q" P(M). For a given p-form w, its
Hodge dual *w is defined as

1 ini
— I 4
*W 1= Wi ..y €

JUA A eI
D= )] Srojnp €T N N (1.12)

It has the following properties

(i) **w = (—=1)?("P)s w where s is the sign of the determinant of the metric.
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(ii) *1 = L€, i,€ A---Ae™n. This is called the volume element on M. The orientation
on M is fixed by this volume form.

(iii) w A *p = p A *w for two p-forms w and p.

The codifferential is a linear map & = xd* : QP(M) — QP~1(M). Through this we can

define the degree-preserving, second order, linear differential operator
A :=dé+dd (1.13)

called the Laplace-Beltrami operator.

Integration of p-forms

Let M be an n-dimensional manifold with boundary, and w be an n-form on M. Then we
have a chart ¢; : U; — R"™. Note that, we can always find a partition of unity {f;} € C*°(M)

subordinate to U; on M, such that we can write

w= Z fiw
where f;w vanishes outside of U;. So we have
fiw = hi(zt, .. ™) dat Ao A da™

where {x'} are local coordinates given by the chart ¢;, and the function h; is zero outside

of U;. Now we can write
w= hi(xt, ... x™)dat A - A da” (1.14)

Stoke’s Theorem

Let w be an (n-1)-form on M with a compact support. Then

/M dw:/aMw (1.15)

Connection V

A connection on a differentiable manifold M is a rule for parallel transport of tensor fields.
There are equivalent ways of defining a connection, like a covariant derivative operator, or

through Christoffel symbols in the case of a Levi-Civita connection, which will be defined
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in the following section. Christoffel symbols, which are affine connection coefficients, {I'..}

are defined as
Vx,Xo =15 X, (1.16)
A metric compatible connection is defined as
VxgY,Z) =X, 2))+9(VxY,Z2)+g(Y,VxZ) =0 (1.17)

where X,Y, Z € TM.
I will use connection 1-forms {w%} to define a connection, actually a Levi-Civita con-

nection, such that
w(Xe) =T, (1.18)
We can write covariant derivative D in terms of connection 1-forms as follows
De® = de® + w N e =T (1.19)
where T are called torsion 2-forms.

Levi-Civita Connection

A torsion free, metric compatible connection V is uniquely determined by g, from the 15

Cartan structure equation
de® +wi ANe’ =0 (1.20)

and called the Levi-Civita connection. A smooth manifold M, with a Riemannian metric g,
and a Levi-Civita connection V, (M, g, V), is called a Riemannian manifold. If the metric

g is Lorentzian, it is called a pseudo-Riemannian manifold.

Curvature
Curvature 2-forms, R%, can be computed from 27d Cartan structure equation
Dwab = dwab + wac AN (Ucb = Rab (121)

A space-time is called flat if R% = 0. Minkowski space-time is flat.
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We can also write
a 1 a c d
R b = 5 b,cde Ne (122)

where R% ., is the Riemann tensor of type (1,3). Ricci tensor Rgp is the contraction of the

Riemann tensor

Rye = R® (1.23)

b,ac

Further contraction of Ricci tensor gives the curvature scalar R:

R=R"

a

(1.24)

FEinstein Field Fquations

Einstein’s field equations, formulated by Albert Einstein in 1916, relates the curvature of

the space-time and the matter distribution of this space-time. The equation is
T (1.25)

where G is the Einstein tensor and T, is the energy-momentum tensor. Einstein tensor

is given in terms of Ricci tensor and curvature scalar as follows:

1
Gab = Rap — §nabR (1.26)

So that DG, = 0 identically, which gives DT,, = 0. This is the energy-momentum conser-

vation.
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Chapter 2

TOPOLOGICALLY MASSIVE GRAVITY

As discussed before, it is reasonable to think that studying 3D gravity will give important
insights about 4D quantum gravity. 3D gravity has some significant properties, such as
pure GR in 3D has no propagating degrees of freedom and no Newtonian limit. Riemann
tensor is proportional to Ricci tensor in 3D, and hence pure Einstein theory admits only
flat space as a solution. However, if a gauge-invariant, parity-violating topological Chern-
Simons term is added to the EH term in the action, (1.3), we obtain a dynamical theory
of massive gravitons with single polarization having helicities +2 [7]. The gravitons have
causal propagation, and for a special value of u, there are no ghosts. Hence the theory is
unitary as well as renormalizable.

Pure GR in 3D has no black hole solutions. However, in 1992, Banados, Teitelboim, and
Zanelli showed that in the presence of a negative cosmological constant, (241) dimensional
GR has black holes [11]. These black holes, named BTZ black holes, have inner and outer
horizons, and no hair. Black hole solutions are very important in the discussion of quantum
gravity, since defining the entropy of a black hole is a crucial problem in quantum gravity.
TMG has also AdS and black hole solutions [19].

Thus, TMG suggests a safe and solid ground to study quantum gravity. However, there
are very few known exact solutions of TMG. Chow, Pope, and Sezgin showed in [19] that,
almost all known solutions of TMG belong to one of the following metrics:

(i) Timelike-squashed AdSs

(ii) Spacelike-squashed AdSs

(iii) AdS pp-waves
They also found Kundt solutions of TMG in [10].
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2.1 TMG Field Equations

Let us remember TMG Lagrangian without cosmological constant. We include also La-
grange multiplier one-forms A, in order to variate the Lagrangian with the torsion-free

constraint [6].

1 1 2
L= Rap N x(e" A e’) + ™ (w“b A dwb, + SW AW A w%) + (de® + wh A e®) A g
(2.1)
L = Lgy + Lcs + (Lagrange multiplier) (2.2)

The last term in this Lagrangian is torsion wedged with Lagrange multiplier one-forms

b

M. From now on I will use the notation e® = e® A €, etc.

Einstein field equations can be derived from a minimum action principle from the action

Sle?] = / Lle®, w%] (2.3)
M
where L is the Lagrangian density 3-form, and M is a manifold. Action principle says that

65 = 0. If we take M with no boundary, we get

6S:/M5L+/6ML:/M6L (2.4)

This shows that minimizing the action with §5=0 is equivalent to L = 0.Thus we should

find the coframe variations of our Lagrangian.

1
SL = w(éRab A %€ 4+ Ry A 6 % e)

1
- @(&ﬂb A dw®, + w® A ddw®, + 20w A wy Awb,)
+ (dde® 4 6w A €® 4w A 5e®) A Nq (2.5)

Now I will look into each term separately in this variation.

ORgp = Ddwgp (2.6)

SRy A €™ = Dwgp A xe® (2.7)

= d(0wgp N *e“b) +8wap A D % e® (2.8)
—————

integrates to 0

= Swap A D % e® (2.9)

=0 (2.10)
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Last step follows from the fact that in 3D, %€ is a one-form and we have torsion free

connection. On the other hand,

% e = §(e e) = € fec (2.11)
So,
Rapy N0 % €% = €® Ry A be° (2.12)
= 0e A €gpe RY (2.13)
The next term
w A ddw®, = — d(w A dw®,) +dw® A dw?, (2.14)
= 6w’ A dw?, (2.15)
And also
Sw A dw®, + 0w, A dw® = 26w A dw®, (2.16)
Using
doe” N Ag = d(6e” N X)) + de” NdAg = 6e* Nd), (2.17)
we get
dde® A Ag 4 6w A €® A Xy 4+ wh A el A A, (2.18)
= 5% Adhg — e AWl ANy + 0wl Aeb AN, (2.19)

1
= 5e® A (dhg — WPy A Np) 0w A <2(eb AXg—€* A Ny)

DXy

(2.20)
= 5% A DAq + 6w A (;(eb Adg — e A )\b)> (2.21)

Now we have all we need to write the coframe variation of L:

_ b

oL
212

1
5e® A €qpe R + ﬂéwab A (dw®, + Wb A WS
RY

a

1
+6e® A DAy + dw% A 5(e" Adg — €A Ny) (2.22)
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a 1 C a 1 1 a
6L = e A <MeabcRb + D>\a> + 6w A <2uRba + §(eb Adg —€* A )\b)> (2.23)

In order to minimize the action, we should have 6 L = 0. This gives two equations:

1 1
2—Rba + i(eb Adg—€*AXp) =0 (2.24)
7
1
5 €abe R + DAy = 0 (2.25)

We should first solve (2.24) for A, and then insert them into (2.25). Thus, solve (2.24):

1
ia) €CAN —eb AN = —RM (2.26)
7!
1
3AY — e A (igA?) =X 4 €P A (ig\Y) = =i R™ (2.27)
N———— 1%
2\b
1
iy) AP+ eP(ig\) = —;Rica (2.28)
1
A+ 3ig A\ = — =R (2.29)
7!
1
oA = —— 2.
i 4MR (2.30)
1
=\ = o (Ric“ - 7}6“) (2.31)

In the field equations (2.25), we have covariant derivative of \,, which is

1 R
D)\a = —;D (R'L'Ca — 4€a> (232)
1 1
DX = ——DY® = _—C° (2.33)
[ [t

Y ®is called the Schouten tensor and C'* is the Cotton tensor. In (2+1)-dimensions Weyl ten-
sor vanishes identically. Cotton tensor gives the conformal properties in (2+41)-dimensions.
If it vanishes, the metric is conformally flat. Cotton tensor is (i) symmetric, (ii) traceless,
(iii) covariantly constant.

The field equations (?7?) can be written in terms of the Cotton tensor as:

1 1
ﬁﬁabcRbc - ;Ca =0 (234)

1 1
G+ —Cy=0 2.35
20t (2.35)
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where
G = —%eabcRbc (2.36)
is the Einstein tensor in (2+1)-dimensions.
2.2 Null Frame in (2+1)-dimensions
A Lorentzian metric is written as
g = Nape” ® e’ a,8=0,1,2 (2.37)

where 7,8 = diag(—1,1,1) is the diagonal metric tensor. Here we are using the mostly plus

signature, (-++). Then metric is

g=—-e @ +el®e +e?®e? (2.38)

We now change to null coordinates defined by

1 0 1_ .0
{e_e:g, n:eﬂe, e2} (2.39)

We use a null basis, because we will study wave solutions of TMG an NMG, and these

metrics admit null Killing vector fields. Thus, in the null basis calculations become easier.

In the null basis, the metric in (2.37) becomes

g=L@n+nl+e® e (2.40)
Interior products become
R i1 —1
RS ,  dp = , 1@ 2.41
satisfying
il =ipn =0, ize? =1
and

in =1l =0
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Hodge duals of these null coordinates are

1
xe? = %% = egpe Al = 5(5 —n)A(l+n)=~0An (2.42a)
1 0
ket + xe L 1 20, 0 .12 L o 0 1, 2 2
= ——— = —(e 9™ +te9e )= —(e“Ne’ —e Ne“)=—L Ne 2.42b
\/§ 2( 20 12 ) \/i( ) ( )
*n:M:L(el e — & 612):L(ez/\eo—l—el/\fﬂ):n/\e2 (2.42c)
\/Q ﬂ 20 12 \/5
l— 14
x1=e"AelAe? = n/\ﬂ/\e2:€/\n/\«s’2 (2.42d)
V2 V2

In order to write structure equations in a compact form, we also redefine connection

one-forms and curvature 2-forms in the following way

0 1 0 1
0 Wy +wy i e
Wy =wry, wy=-—"——-—-= w_ =-—="= 2.43a
0 1 + \/5 \/i ( )
RY + R! R% — R!
Ry = RY, zi%::—ééf——ﬁ, R =—2%2_2 (2.43b)
V2 V2
We can also write the curvature scalar in terms of null coordinates and Ry, R4, R_:
Rx1= Ry A xe® = 2(Ro1 A %% + Roa A %€%? 4+ Ryg A *e12)
=2(R% Ane? — R Ael + RYy A eY)
1 1
=2 <R0A€2—2(R++R)/\(€+n)+2(R+—R)/\(£—’I’L)>
Rx1=2(RyAe* =R An—R_NAY) (2.44)

Without torsion, 1% Cartan structure equations in (2+1)-dimensions are as follows:

de® +uwWo Nel +wh Ane? =0 (2.45a)
de' +wigne’ +wlhne? =0 (2.45b)
de®* + Wi A e +w* Ael =0 (2.45¢)

Let us first add up (2.45b) and (2.45a)

diet + %) + W A (e +el)+ (why +wh) Ae? =0

61+60 60+61 wl +w0
dl —— ) + 0/\< >+<22>/\62:0
( V2 ) VG V2

dl+wo AN +wy Ae? =0 (2.46)
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Now subtract (2.45a) from (2.45b)
d(et —e”) + W A (e —el) + (wly —wh) Ae?2 =0
el _ o0 0 ol Wl — W0
d et (S5 )+ (P2 ae -
() o (577)+ (55
dn —wyAn—w_Ne? =0 (2.47)
We can write the last equation (2.45¢) as follows
{—n l+n
de? + 'y A () WA () 0
RNV EANRVG)
0 1 0 1
— +w
de? + (M> Al — (W22> An=0
V2 V2
de* +w_Nl—wi  An=0 (2.48)

Thus the following are the first group of Cartan structure equations (2.45) in null basis:

A4+ wy AN +wyhe2 =0
dn—woAn—w_ANeX=0

de* +w_ANl—wi An=0

(2.49a)
(2.49D)

(2.49¢)

Given a metric, these equations are solved for connection one-forms. After we find the

connection one-forms, we can use 2"d Cartan structure equations to find curvature two-

forms. These equations in (2+1)-dimensions are

R02 = dCL)OQ + wol A (JJ12

R12 = dw12 + Wlo A (.UOQ

Using the definitions in (2.43), we can write

wy two  wy —w_
Ry = dwg — =dwy —w_ Nw
0 0 NG /2 } +
Wl + wl Wl + wl
R.=d 22>+w /\(22>:dw + wy Aw
+ ( NG 0 NG + +wo Awy

01 0o _ 1

(2.50a)
(2.50b)

(2.50¢)

(2.51)
(2.52)

(2.53)
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Thus equations (2.50) become

Ry = dwo + wy Nw_
R+:dw++wo/\w+

R_=dw_ —wyN\w_

Finally we can rewrite the Einstein tensor. Using the fact that in 3D, we have

1
Gq = _§5abcRbc

we get
GO — —R12, Gl _ RO2, G2 — _R01

Using these we define the following

G1+ Gy G1—Go

=R, G+ = \/5 = R+7 G2 = —Ry

2.3 TMG Field Equations In Null Frame

(2.54a)
(2.54D)

(2.54c)

(2.55)

(2.56)

Now we will write the TMG field equations in (2.35) in the null frame. We do this because

field equations are simpler to deal with in this form.

We should write the Cotton tensor in terms of the null frame tensors. If we consider

(3.6), we have
) 1
+G, = —Ric, + iRea
And also using (2.33), Cotton tensor can be written as

Ca—D(Rica—Zea> —D<—*Ga+§ea> :—D*Ga—i—idR/\ea

Explicitly writing we have
1
Co = —D*GO—FZCZ'R/\eo
1
Ci = —D*G1+Zd7-\’,/\€1

1
CQZ—D*GQ—}—EdR/\eQ

(2.57)

(2.58)

(2.59a)
(2.59b)

(2.59¢)
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Let us define the following

Cy = Cl_ﬂco = -—DxR, + idR AL (2.60a)
1
O = 01}200 = —DxR_+dRAn (2.60D)
1
Co = D Ry + 7dR A e? (2.60c)

TMG field equations (2.35) with a negative cosmological constant are

1 1
7Ga +—-C,+A*xe, =0 (2.61)
K 2
1 1
- 72G0+ —Co+Axey=0 (2.62a)
K H
1 1
76"1 +—-Ci+Axe; =0 (2.62b)
K H
1 1
7G2 + —Co+A*xey =0 (2.62¢)
Kk H

If we follow the procedures as before we find that these equations can be written as

1 1 1
—Ri—=-DxRy+—dRAL—A(lAe’)=0 (2.63a)
K W 4u
1 1 1
—R_— -D*R_+ —dRAn+Anne*)=0 (2.63b)
K2 0 dp
1 1 1

——Ro+-D*Ry+-—dRAe*+ Al An)=0 (2.63c)
K n 4

2.4 pp-wave Solutions of TMG

The term pp-wave stands for plane-fronted waves with parallel propagation. pp-waves are
exact solutions of GR, modeling radiation (EM, gravitation, etc) moving with the speed of
light. They were first introduced by Brinkman in 1925 [16]. Actually, they are a special case
of a more general class of spacetimes called Kundt spacetimes. Kundt spacetimes are defined
as spacetimes admitting a null geodesic vector field which is expansion free, shear free and
twist free. In 3D, a null geodesic vector field is already shear free, and twist free [10]. Here
it is worth to note also Robinson-Trautman spacetimes which admits a null geodesic vector
field that is expanding, shear-free and twist-free.

Kundt metric in 3D is

g = 2H (u,v, p)du® + 2W (u, v, p)dudp + 2dudv + dp* (2.64)
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pp-waves are the special case of this metric, such that null Killing vector is covariantly

constant. pp-wave metric is
g = 2H (u, p)du® + 2dudv + dp* (2.65)
Changing to null coordinates we have
(=du, n=dv+Hdu, €*=dp

So the first Cartan structure equations in (2.49) becomes

wWo Al +wy Ae =0 (2.66a)
HeEN —wgAn—w_Ne2 =0 (2.66b)
w_ ANl —wi An=0 (2.66¢)

Here H' = %—JZ. Solving these equations we find the connection 1-forms as
ewy=0 ew; =0 ew =—HY (2.67)

Here we can directly see why we changed to null coordinates. Calculations are much easier
in this way.

We find the curvature 2-forms from (2.54) as follows
eRy=0 eR =0 eR =H"INE (2.68)

The curvature constant R is zero.

Components of the Cotton tensor can be found from (2.60)
e Co=0 oCy=0 oC_=H"tINE (2.69)
Field equations from (2.63) gives the following
1 1
72R_ ——DxR_=0
K 1
1 1" 2 1 " 2
—H U Ne"+ —H" U Ne” =0
K

L

1 1
— —H"+—H"=0 (2.70)
I K2



Chapter 2: TOPOLOGICALLY MASSIVE GRAVITY 23

The solution to this equation is

pe

H(u,p) = Ee*ﬁﬂ F(u) (2.71)

where f(u) is an arbitrary function of u. pp-waves in 3D progress in time with f(u), but

at any given time, their wavefronts decay exponentially.
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Chapter 3

NEW MASSIVE GRAVITY

Recently, a new theory of massive gravity in 3D is introduced by Bergshoeff, Hohm, and
Townsend [3]. They add a particular, parity preserving quadratic term to EH-term in the
Lagrangian:

1 1 , w3,
L:MR*1+W<RZC“/\*RZC —gR *1) (3.1)

where m is a mass parameter. The theory is renormalizable, and unitary for massive spin-2
particles with two polarization states of helicities +2.

NMG caught immediate attention since it is the only ghost-free, super-renormalizable
theory. Exact solutions were worked out[4], besides BTZ black holes [4] and Kundt solutions
[9]. Investigation of AdS/CFT correspondence is also in progress [20].

It is worth to note that, very recently Gullu, Sisman, and Tekin showed that NMG

action can be extracted from a Born-Infeld action [8]

- 2K2

Spr = ! 3 <\/—det <g - rr1L2G> — V—detg) (3.2)

with the small curvature expansion. (G is the matrix form the Einstein tensor). This
expansion readily extends to higher order massive theories.

One can combine Chern-Simons term in TMG and NMG Lagrangian as

1 1 2 1 3
L=55R*1+ i <w“b A dw®, + W AWy A w%) +53 <Rica A *Ric® — §R2 * 1>

(3.3)

Following Bergshoef, et al., we call this theory general massive gravity (GMG). It has two

massive (m4) spin-2 modes with helicities 2. The two masses are defined as

2 m4ym—
= _ - —- 3.4
m? = mm e (3.4)



Chapter 3: NEW MASSIVE GRAVITY 25

The limit m_ — oo for fixed m4 gives the usual TMG theory. Extension of TMG and NMG
with a cosmological constant A is straightforward. We will use the cosmological GMG action
instead of NMG action, since it is the most general case, and one can always recover NMG

limit for 4 — oo and A = 0. [3].

3.1 NMG Field Equations

Consider the NMG Lagrangian with CS-term and a negative cosmological constant A:

1

L= —
2K2

1 2
Rap A x(e® A e) + 1 <wab A dw®, + gwac A wS A wba> —Ax 14 (de® +w Ae’) A,

1
+W (Rica A *Ric® — SRQ * 1)

(3.5)

Again we will use the Lagrange multiplier one-forms for torsion-free variations. This
Lagrangian will give fourth order differential equations for metric tensor. We will find the
field equations from a variational principle.

Let us first write Ric, A *Ric® term in terms of R? and R, which we know how to vary.

Einstein tensor is
. 1
Gq = % (cha — 2Rea> (3.6)

Also in (2+1) dimensions we have

1
Ga _ieabc]:abC
So
1 . 1
—ieabcRbc = % <cha — 2Rea>
1
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1 1 1 1
Ric, A xRic® = <27€ea + 5 €abe * Rbc> A <2R *x e? — ieadf * Rdf>

1 1 1 1
= — Zeope™ x R A Ry + ZR2 eq N xe —1—1726@6 * R A xe® — ZRe“dfea A Rgp

4
*1
1 R? R R
=—— dbnfc — ndcnfb) * R A Ragp+ — %14 — % R A x (€abe”) —— R N (eadfea)
*€Epe *edf
1 R? R R?
=~ xR®ARp+—%1——= «R"ANep. —— 1
2 4 4 ~— 4
RbcAxep.=Rx*1
. - a 1 be 1 2
Ricg N %Ric® = —inc N xR — ZR * 1 (3.8)
NMG term in the Lagrangian becomes
1 1 5 1
L = — (SR A*R* - “R?x1) = — I 3.9
MG 2m2<2bc* 8 *> 2m? (39)

Variations of this Lagrangian are
, 1 be 5 o 5
0L =4 —§Rbc/\>kR —§R6*1—1R5R*1

First term in this variation is like F' A %F' term in case of electromagnetic field, so is the

variation:
J (—;Rbc A *Rbc> = —0Rqp N*R™ + %66“ A (zaRbc A *R" — Rpe A 1g * Rbc)
0Rap A *R™ = Dty A %R = way A D x R*
5 <—;Rb0 A *Rb0> — —Swa A D R+ %56“ A (taBie A <R = Rioe Mg+ B) - (3.10)

Variation of *1, 6 * 1 is
0% 1=23de" A xeq (3.11)

Last term needs more attention:

R 1= Ry A %™
S(R % 1) = 6(Rap A %)
R/ SR x14+REx1=06Ry A*e™ + Rop A8 % e

ROIR x 1+ R25e® A xeq = Déway AR x e +RRp A de€ A *eabc

Swapb ADR*e=§w,p, AdRAxeab

ROR * 1 = dwap A dR A %€ + 5e? A (RRY A xeqpe — R? x €,) (3.12)
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Combining these results we have the desired variation for L’
5L = Sy A D * R + Loet Ry AxR"™ — R R*) — 2 R2ge0 % dR A xe
= ab * +2e N | 1q Rpe N * be N\ 1q * 3 e” N xeq 4wab/\ N\ xe

—256“ A (ReabCRbC — R? x €q)

0L = Swap A (—D * R — ZdR A *eab>
a 1 be be ) 2 o be
+aet A (5 (zaRbC A*RY — Ry Mg % R ) — SR¥ sy — {ReaeR (3.13)
Now we can fully variate the Lagrangian in (3.5)
ST =Suwuy A d ZRY 4+ S(eb AN — 8 AN — S DR~ O _gR pxe® |y
U 2 2m? 8m?

1 5R 5R? 1
(56“ A {2 26abcRbc+DA — A x eq — WﬁabcRbc—i_ 16m2 * e, + 21)127—“} (314)

where we will call
1
Ta=3 (zaRbc A *RY — Ry A 1g + Rb"’) (3.15)

the stress tensor.

Minimum action principle says we have L = 0, so we have two equations

1 1 5
AN — P AN = ZRY — D% R — " dR A xe® (3.16)
1 2 4m?2
1 5R 5R? 1
<2;<;2 — 8m2> eabe R + ( A+ Tom 2) *€at 5 3Tat DX, =0 (3.17)

We should first solve (3.16) for A,, then insert it into the field equation (3.17).

1a) X AN — P AN =29 = ;Rb“ - #D * R — %deR/\ s
BAP — AP — AP 4 €l A = 4 2
w/ A elig N =, 0%
D\ = 151, 2%
=\ = 2 — %e“zbzcﬁd’ (3.18)

1 1
A= ——Ric" + —uD * R _
1 m

5 , R 1
im —wdR A *e™” + e <4 2

——apteD * RCb>

1 1 1 e
A\ = —; (Rica — 4736“) + =) <sz * R + *lbdR A xe® 4+ Zzbzc * RCb> (3.19)
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Covariant derivative of A% is

1 1 5 i
DA* = —=C" + — | DyyD % R + > DyydR A %™ +—duy. D « R
—D12xdR
1 1 5 ‘
DX* = —=C%+ — <Dsz «R® — D"« dR + %dzch * Rd’) (3.20)
Hu m

where C is the Cotton tensor defined in (2.33).

Now we can write the field equations in (3.17) as follows

1 1 1
72Ga+*ca+A*ea+72Ka =0 (321)
K 1 m

where

5 5
K, = geabcRRbc — 1—6732 * €q — % — DD % Ry, + 1 Dta dR — %dlszD * R (3.22)

3.2 NMG Field Equations in Null Coordinates

In this part we will write (3.21) in terms of null coordinates and null frame tensors. First

let us look at the stress tensor
1
Ta= 5 (zaRbC A*RY — Ry A 1g % Rbc) (3.23)
Explicitly we have

70 = 10R01 A o Ro1 N ig * R™ + igRo2 A *R02 — Roo N ig * RY? + 19 R12 A *R'? — Ria N ig * R'?
(3.24&)

1 =11 Rop1 A xR — Ro1 Niq % R + 11 Rgo A o Roa N 11 % R"? + i1 R12 A *R2 — Rig ANiq * R'?
(3.24b)

To = 19 Rg1 A xR — Ro1 Nio % R + 19 Rgo A o Roa N 19 % R"? + igR12 A *R2 — Ria Ao * R'?
(3.24¢)

Following same procedures as in Chapter 2, we have the following

T+ = —inRoAN*Ro+ RoNin* Ry —tn Ry AxR_+ Ry NipxR_ — 1, R_ ANxRy + R_ Nip*x Ry
(3.25a)

T_ = —yyRo AN*Ro+ RoNigx Rgp —iyRy N*xR_+ Ry Niyx R_ —yR_N+«Ry +R_Nipg*x Ry
(3.25b)

Ty = —igRg A*xRy+ Ry ANigx Ry —1oRy AN*xR_+ Ry Nigx R_ —19R_A*xRy +R_Nigx Ry
(3.25¢)
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where

_7'1—7'0 - _T1+T0 (326)

Now let us look (3.22). First, define
1 cb
B=guwD*R (3.27)
= 11700 * RO 4+ 19100 * R% + 1901 D * R?
1w+ i 1w — 1y, 0 — R+—|—R_> . <ig+in> <R+—R_>
= D xRy +1 Dx | —— |+ Dx | ——

1
= ,uyD * Ry + %2 (uD* Ry +yD+xR_—1,D*xRy —1,DxR_)

1
+ %2 (uD*xRy —yD+xR_+1,D*xRy —1,DxR_)
B = 11D x Ry + 191D * Ry — 191, D x R_ (3.28)

So we can write the components of this K, tensor:

2
1
Ky = @ng— R *eo—E+D11D*ROI+D12D*R02+§Dzo*d73—feo/\dﬁ
4 16 2 4 2
(3.29a)
2
1
K = —@ROQ— SR *ep — E + DD * RY, —ngD*R12+§D11*dR— —e1 ANdp
4 16 2 4 2
(3.29b)
2
1
Ky = @Rol —@*eg—B—i—DzoD*ROQ—l—Dle*RlQ—i-§Dz2*d72—feg/\d,8
4 16 2 4 2
(3.29¢)

Let us apply the same tricks: first subtract (3.29a) from (3.29b):

K — K :_@ <R02—|-R12> _5R2 . <€1—60> _1(7’1—7‘0) —i—D(ZO_Zl)D*ROl

V2 4 V2 16 V2 2\ V2 V2
R! +RO) 5} 11 — 10 1 /e —eg
— DD | —2——2 —I—D( >*dR—( )/\d
’ ( V2 17\ V2 2\ V2 ’
2
1
K+:—%RJ’_—%*E—%—DZnD*Ro—DZQD*R++ZDZn*dR_§£Adﬁ

(3.30)

Then add (3.29a) and (3.29b):

K|+ Ky :_@ (ROQ—R12> _5R2 . <61+60> _1<Tl+7'0) +D<ZO+21)D*R01
5
4

V2 4 V2 16

RU_Rl
+ D1yD % 22)+
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2 _ _
K2:¥R0175R *627'2+D(Zg Z")D*<R++R>+D(Z£+Z”>D*<R+ R_

1
+ ZDZQ x* dR — 562 Adf

5R 5R? 5 1
Ky =2 Ro— i xes - %+DuD*R+ — DD R+ 7Dy« dR — Ses \dB (3.32)

After these calculations, field equations in (3.21) simply turns into the following forms

1 1 1

K 1 m

1 1 1

—G_+—-C_+—=K_+Axn=0 (3.33b)
K2 1 m?

1 1 1

72G2 + *02 + 72K2 + A x €9 = 0 (333C)
K 1 m

3.3 pp-wave Solutions of NMG
We already calculated the curvatures and the Cotton tensor for a pp-wave metric
g = 2H (u, p)du® + 2dudv + dp*
Let us remember the results:
eRy=0 eR,. =0 eR_=H'"UNE

e (=0 eC,=0 oC_=H"INE

The stress tensor 7, curvature constant R, and the cosmological constant A are zero for this

metric. After an easy calculation, we find the K-tensor as
e Ko=0 oK, =0 o K_=—H®WiAE
So that (3.33b) gives the following fourth order differential equation for H (u, p)

S S (3.34)
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Solution of this equation is
H(u, p) = {Clem<mn—\/m2n2+4lﬁz> + 028%(7””—"_ m2f$2+4ﬂ2) } f(u) (3.35)

where f(u) is an arbitrary function, and C7, Cy are constants depending on initial conditions.

If we take g — oo limit, i.e. without the Chern-Simons term, the solution becomes

H(u,p) = cosh (%p) f(u) (3.36)

again, f(u) being an arbitrary function. Cosmological constant A is zero for pp-wave solu-

tions of NMG, like TMG.

3.4 Bending AdS Wave Solutions of NMG

AdS waves are gravitational waves in the presence of a negative cosmological constant.
They are generalizations of gravitational wave solutions, i.e. Kundt or Robinson-Trautman
solutions, for a cosmological constant. Siklos in 1985, defined the metric in D-dimensions

o?
w2

g = — (F(u,y,z")du® — 2dudv + dy* + dx;dz") (3.37)
Y

This metric is a conformal transformation of the pp-wave metric. Kundt and Robinson-
Trautman spacetimes has a multiple principle null direction corresponding to their Weyl
tensor. If, for a negative cosmological constant, this null direction is also a Killing vector,
then they are diffeomorphic to Siklos spacetimes [21]. If F' = 0, (3.37) reduces to AdS
metric, where in 4D R = 6A = —6/a?. So that « is the radius of AdS spacetime.

Now let us consider the AdS wave metric in 3D as in [5]

[\

g= a—(ZF(u, y)du® 4 2dudv + dy?) (3.38)

<

Null coordinates are

0= %du n:g(dv—f—qu) 62:gdy
Y Y Y

Now let us calculate exact derivatives of coordinate 1-forms in order to use them in structure
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equations:
- __ (Y2 ALY
Al =~y N du =~ (Ze2) A (26) = ~tne (3.39a)
dn = d (Z‘m) +d <2‘qu> - —%dy Adv+ (—;F + —ZF’) dy A du
__ 2 (Y2 Yo —FY0\ — Yy (Y2 Y
2 (ae ) 4 (an Fo/) y? (F=yF) (ae ) 4 (o/)
1 F 1
=——AAn+ =N+ —(yF — F)e? A!L
(6 (6% (6
1
= nAne2—ZLFne? (3.39b)
a o
de? =0 (3.39¢)

Here ’ means derivations with respect to y.

With these, structure equations in (2.49) can be written as follows

1
— AN wo AN Fwi N2 =0 (3.40a)
a
1
—62/\n+gF/62/\€—w0/\n—w_/\e2:0 (3.40b)
« «
WAl —wp An=0 (3.40c¢)

Solving these equations we find Levi-Civita connection 1-forms as

1 1
ewy=0 owy =——/ ew_=-2Ft+-n (3.41)
a a a

Now let us calculate derivatives of w’s since we will use them to find curvature 2-forms.
dwy =0 (3.42a)
dwp =——dl=——lNe (3.42D)

« o
1 1 1
dw_ =d (—yF’O‘du> + Zdn=—F"dy Adu+ — (—e2 An+ LA z)
a oy « « «o «

2
1
= Lpent— S an+ LFE Nt
« (67 (6

1 1
dw_ = —an Ae* + g(yQF” —yF) A €e? (3.42¢)

Thus with the Cartan equations in (2.54), we have the curvature 2-forms:

1
1 2

1
R_=—nne*+ = °F —yF)Ae (3.43c¢)
a o
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Using (2.44) we can find the curvature constant:

6

so that dR = 0. And from (3.25) we can find the stress tensor as follows:

1
Ty = gﬁ An (345&)
1
T+ = —gg A 62 (345b)
1 4
T = gn Ae? — g(yQF” —yF N €2 (3.45¢)

Cotton tensor follows from (2.60)
L 5
Co=DxRy=D —e =0
o
1
C+:—D*R+:D ?é =0
1 1 2 / 1 2 /
C_.=-DxR_=D oan - D g(y F" —yF")¢ :fﬁd(y F"—yFyN{
1
— _72(2yF// +y2F”/ _ F/ _yF//)dy/\g
e
1
— E(y3F/// +y2F” —yF/)e/\€2

Now calculate the K-tensor from (3.22):

15 1 45 1
Ky = <—mn> D bAn——lAn
«

202\ o2 402
17
15 1 45 1
17
= ol An (3.47)
_ 15 1 2 1 2 / 2 45 2 1 2 2 2 / 2
+ DD x R_
17 2 19 2 ! / 2 1 3 om 2 1 !
:—@n/\e —&—ﬁ(yF —yF ) Nne +$d(yF +y F" —yF' )AL
17 1 4 17
=3 Ae? — 9y4F(4)€ Ae?— gy?’F’”K Ae®+ @(QQF” —yF YA €? (3.48)

With these, we calculated everything we need to write the field equations. Following the

convention of [5], we take m? — —m? in the NMG Lagrangian, and concequencely in the
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field equations.The equations (3.33a) and (3.33c) reduce to the same equation, and give the
fixed value of cosmological constant:
1 1 17
AL (L 4
a? (52 + 4m2a2> (349)

1

The limit m? — +oo gives the usual GR AdS vacuum case A = ——53

Equation (3.33b) results a single fourth order equation for F(u,y) to solve:

2 2.2 17 2
ytF@ 4 (4 + mj) Y F" 4 (mﬂ; -5t mf) (P’ F" —yF') =0 (3.50)

We can see that u dependence of F' is arbitrary. Solutions for this equation are of type

F o« y". So we get the following equation

2 2 2
m o 19 mca
—2)(r? - =0 3.51
r(r —2) (r + . r— + s ) (3.51)
Hence the wave function is
7m2a m4a2+gim2a2 7m2a7 m4a2+Qim2a2
Fluyy)=Fp(uy > Vo 2 2 pp(uy > Vw2 (3.52)

Here F (u) and F_(u) are arbitrary functions of u [5].

If we eliminate the topological Chern-Simons term taking p — oo, we get

22 )
Flu,y) = Fy(uyV 2 5 4 Fo(u)y V253 (3.53)

which is NMG solution.
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Chapter 4

CONCLUSION

In this thesis, I investigated (2+1) dimensional massive gravity theories, TMG and
NMG. Higher order theories are important because pure 4D gravity is not renormalizable,
and pure 3D gravity is not dynamic. Higher order 4D gravity is renormalizable, but not
unitary. 3D gravity gained interest when it was shown that TMG, which is third order, is
renormalizable and unitary. However it is parity-violating. Recently suggested NMG, which
is fourth order, is renormalizable, unitary, as well as parity preserving. Both theories have
massive spin-2 gravitons, unlike massless gravitons of pure 4D. 3D higher order theories
are good toy models for studying quantum gravity. Thus, finding exact solutions of TMG
and NMG are very important. Both theories have BTZ black holes. Kundt solutions of
TMG and NMG were shown in [10] and [9], respectively. In this thesis, I have studied
pp-wave solutions, which are a special case of Kundt solutions, of TMG and NMG. I also
studied bending AdS-wave solutions of NMG. AdS solutions are important for the study of
AdS/CFT correspondence on the AdS boundary.
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