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Abstract

This thesis examines asymptotic properties of the quasi maximum likelihood (QML) es-
timator in a specific nonlinear generalized autoregressive conditionally heteroskedastic
(GARCH) process. The conditional mean is set to zero. The nonlinearity is established
via smooth transition mechanism in the conditional variance, where the distribution func-
tion of a logistic distribution is used for the smooth transition function. Strong consis-
tency and asymptotic normality of the QML estimator is proved in this smooth transition
GARCH(1, 1) model. For most of the analysis, we follow the work done in Meitz and
Saikkonen (2008c), where asymptotic properties of the QML estimator are studied in

nonlinear AR-GARCH models.
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Ozet

Bu tez, dogrusal olmayan belirgin bir genellegtirilmis kendiyle baglagimlhi kogullu farkh
yayilim siirecinde sozde encok olabilirlik tahmincisinin yanasgik 6zelliklerini incelemektedir.
Kosgullu ortalama sifir olarak alinmistir. Dogrusal digilik, kosullu degisirlikteki yumusak
gecis mekanizmasiyla saglandi. Yumusak gecis islevi i¢in ise lojistik dagilimin dagilim
iglevi kullanildi. Encok olabilirlik tahmincisinin giiclii tutarliigl ve yanasik normalligi,
bahsi gecen yumusak gecisli genellestirilmis kendiyle baglagimh kogullu farkl yayilim mod-
elinde ispatlandi. Tezdeki ¢oziimlemelerin cogunda Meitz ve Saikkonen (2008c) makalesin-
dekilere benzer ¢oziimlemeler kullanildi. Adi gegen makalede, stzde encgok olabilirlik tah-
mincisinin yanagik 6zellikleri, kogullu ortalamasinda dogrusal olmayan kendiyle baglagiml,
kosullu degisirliginde ise dogrusal olmayan genellegtirilmis kendiyle baglagimli kogullu

farkl yayilim siireci olan modeller icinde incelenmistir.

Anahtar Kelimeler: Yumusak gecis, genellestirilmis kendiyle baglagimli kosullu farkh
yayilim, dogrusal olmayan finansal ekonometri, giiclii tutarlilik, yanagik normallik, sozde

encok olabilirlik tahmini
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1 Introduction and Literature Review

Risk and uncertainty in financial markets are of interest to everybody from individual
investors to hedge fund managers. They are measured in various ways, but the main
measure of risk and uncertainty is volatility, which is an essential character of financial
markets. Volatility is present not only in stock market asset prices, but also in fixed
income security returns, such as treasury bonds, due to changes in interest rates. One
important feature of volatility is it being time varying. If we take a look at the volatility
of returns of financial assets, then we get different volatilities at different points in time.
Because volatility can be inferred through variances, modelling the changing variance,
i.e. heteroskedasticity, is at the heart of financial analyses. Models used for analyzing
the time varying conditional variance have been used since Engle first introduced the
autoregressive conditionally heteroskedastic (ARCH) processes in 1982. In the past three
decades, Engle’s model became very popular and has been used in modelling financial
time series.

Suppose one is interested in modelling the univariate time series 1;, which is often
assumed to consist of the returns of a financial asset. The ARCH process allows the
conditional variance of 3; to change over time as a function of past y;’s although the
unconditional variance of y; is constant. The ARCH process proposed by Engle (1982) is
defined as

Ye| Fi1 ~ N(0,07),

where F;_; is the information set available at time ¢ — 1, and the conditional variance is

an explicit function of lagged 1;’s

02 = f(Yio1s Yio2y---s Yip; 0).

The order of the ARCH process is p, and 6 is a vector of unknown parameters. In the

simplest and typical case, the conditional variance is described as

p
2 2
oy =W+ § QY5

i=1

where w > 0 and o; > 0 for ¢« = 1,2,...,p. Additionally, the log-likelihood function for



the ARCH model is found to be

t

T
T 1 y?
lOg L(yT7 Yr—1,---5 Yi; 9) = —5 log(27r) — 5 E |:10g(0-§) —+ U_’;:| .
t=1

Engle (1982) proved the relative efficiency of the Maximum Likelihood Estimation (MLE)
to Ordinary Least Squares (OLS) in a special case. Furthermore, Pantula (1988) showed
a general result that the MLE is more efficient than OLS in ARCH models. For these
reasons, MLE is used as the estimation technique in ARCH-type models.

ARCH models have been used in financial economics, especially in modelling foreign
exchange rates, stock returns, the changing uncertainty of inflation rates and the term
structure of interest rates. One of the main features of asset returns is volatility clustering.
Volatility clustering is the phenomenon that large (small) values of returns are followed
by large (small) values of either sign. Another feature is that the asset returns have a lep-
tokurtic distribution, i.e. it has fat tails. Fat-tailedness brings about higher probabilities
for extreme values compared to a normal distribution. The generalized ARCH (GARCH)
model proposed by Bollerslev (1986) was able to successfully capture the volatility cluster-
ing and fat-tailedness of asset returns. The GARCH model is found by including lagged
conditional variances in the ARCH conditional variance equation. The GARCH(p, q)

model’s conditional variance is

q P
2 2 2
oy =w+ E QilYy ;i + E Bjatij
i=1 j=1

where w >0, ; > 0fori=1,2,...,¢q,and 8; > 0 for j =1, 2,..., p. The GARCH model
allows the conditional variance to depend on both its lags and on the lags of past squared
returns. Hence, some kind of learning mechanism is involved in the general process. Nev-
ertheless, there are some drawbacks of simple GARCH models. For instance, the model
is restricted by nonnegativity constraints, and the conditional variance is affected only by
the magnitude of the shocks, not by their signs. In order not to have a negative o2, the
parameters in the conditional variance equation are set to be nonnegative. Furthermore,
because we have lags of squared returns, it does not matter whether the innovations
are positive or negative. However, Black (1976) suggested that while “bad news” are

increasing volatility, “good news” are reducing it. Thus, the model fails to capture the
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asymmetric responses of o2, Therefore, GARCH model has been generalized and extended

in various directions in order to overcome these problems.

1.1 Linear Generalizations of ARCH/GARCH Models

The main aim of the generalizations was to increase the flexibility of the original model and
have weaker assumptions. The first generalization made was by Engle and Bollerslev in
1986. They introduced the Integrated GARCH (IGARCH) where the coefficients, except
the intercept, of the conditional variance sum up to one. For example, the GARCH model
defined above will be IGARCH model if we restrict > 7 | a;+> ¢+, 5; = 1. In IGARCH, the
forecasts of the variance for further periods do not approach the unconditional variance.
In the model, today’s information is important for forecasting the conditional variance
in every period. Hence, the conditional variance will be affected permanently by the
current shocks. IGARCH was proven not to be covariance stationary but still strictly
stationary by Nelson (1990). One of the other important and popular generalizations is

exponential GARCH (EGARCH) introduced by Nelson (1991). EGARCH(1, 1) is defined

in the following way.
yy=e0; and  logo; =w+vy1 + a[lyi—1| — E(lyi-1])] + Blogo;_;,

where ¢; is i.i.d. with zero mean and unit variance. EGARCH solves the two drawbacks.
First, it allows asymmetries and second, both the sign and the magnitude of the shocks
affect the conditional variance in EGARCH model. For "good news", i.e. where 0 < ¢; <
00, log o2 is linear in y;_; with a slope of v + «. However, for "bad news", where —oo <
g; < 0, the slope becomes v — . Thus, the conditional variance responses asymmetrically
to different news. Furthermore, the sign and magnitude effects are captured by the term
a[[y—1| = E(ly-a])] -

Another important generalization is GJR-GARCH which is proposed by Glosten et
al. (1993). The model allows for asymmetry as it was the case in EGARCH. GJR-
GARCH(1, 1) is defined as

af =w+ ozyt?_l + ’yyf_lf(ytq <0)+ Baf—p



where [ is the indicator function. When the data is collected from asset returns, then
~ generally turns out to be positive which implies that negative news affect the condi-
tional variance more than the positive news. A similar structure to GJR-GARCH model
is introduced by Zakoian (1994), the Threshold GARCH (TGARCH). But instead of the
conditional variance, the conditional standard deviation is modelled in TGARCH. An-
other linear generalization is Sentana (1995)’s quadratic GARCH (QGARCH) model. It
includes not only lagged returns but also cross-products of lagged returns which provide
asymmetric responses. The augmented ARCH (AARCH) introduced by Bera, Higgins and
Lee (1992) is a slightly more general model than QGARCH. Baillie et al. (1996) proposed
fractionally integrated GARCH (FIGARCH). In the FIGARCH model, the response of
the conditional variance to lagged residuals can decay slowly, contrary to GARCH and
IGARCH where there is either exponentially decay or permanence in effect of shocks.
Hence, the model captures slowly changing volatility where effects of shocks decay in a

long time. These are some characteristics of high-frequency data captured by FIGARCH.

1.2 Nonlinear Generalizations

There are also nonlinear extensions of ARCH and GARCH models. Higgins and Bera
(1992) introduced the nonlinear ARCH (NARCH) where the conditional standard devi-
ation raised to the power § is modelled. Another nonlinear model, that aims capturing
asymmetry, is the nonlinear asymmetric GARCH (NAGARCH) of Engle and Ng (1993)
where the response to shocks is centralized at a constant different from zero. A nonlinear
threshold model Double Threshold ARCH (DTARCH) model is presented by Li and Li
(1996). The name comes from the two threshold structure both in the autoregressive con-
ditional mean and in the conditional variance. Then, Hagerud (1996), Gonzdlez-Rivera
(1998) and Anderson et al. (1999) proposed nonlinear GARCH models by making smooth
transitions between regimes. In this paper, we are going to analyze a similar model to

that of Gonzélez-Rivera (1998) defined as the following.

0} =w+ay; |+ 0yr 1 F(yi-157) + Boi_y,



where F(y;_1;7) = (1+exp(—yy;_1))*. The choice of the transition function is important.
For instance, if we put an indicator function as a transition function, then we get GJR-
GARCH model. Thus, jumps will occur at the regime changing points. However, a choice
of a continuous function makes the transition smoother, allowing intermediate regimes to
exist. Another nonlinear model that aims to explain volatility processes with different
regimes is Markov Switching GARCH (MS-GARCH) model. Authors such as Gray (1996),
Klaassen (2002), and Haas et al. (2004) proposed this kind of model. For instance, Haas
et al. (2004)’s model has a structure where the conditional variance equation is different

for each regime.

1.3 Families of GARCH Models

In addition to all these models mentioned above, some authors defined families of GARCH
processes. These families nest most of the GARCH models. Ding et al. (1993), Hentschel
(1995), Duan (1997), and He and Teréisvirta (1999) are some examples who proposed
families of GARCH models. For instance, the HGARCH model of Hentschel (1995) is
defined as

op —1 " o) —1
: =Wt aoy y [lye-1 — bl = c(yer — 0)]" + 5%~

If we put (v,b) = (1,0) and take the limit as A\ — 0 then we get EGARCH. If (\,v,b) =
(2,2,0) then we end up with GJR-GARCH. TGARCH and NGARCH are among other
important GARCH models that are nested in HGARCH model. Of course, the literature

on the extensions of ARCH and GARCH models is vast. We tried to present the most

popular and used versions. For a more general list, see Bollerslev (2008).

1.4 Theoretical Results

Because ARCH/GARCH models were capable of capturing some important features of
financial data, they have been used widely in finance research and applications. Despite
the wide use of these models, sampling properties of the estimators were studied scarcely
in the early years after introduction of ARCH/GARCH processes. Milhgj (1985) studied

conditions for the existence of moments. The first study of the asymptotic properties



of the ARCH model is done by Weiss (1986). He proved that the MLE is consistent
and asymptotically normal under fourth order moment condition on the ARCH process.
However, this assumption is a strong assumption. Nelson (1990) provided necessary and
sufficient conditions for stationarity and ergodicity of GARCH(1,1) process.

The first theory for the asymptotic properties of GARCH models is covered by Lums-
daine (1991), her doctoral dissertation. In 1992, Bollerslev and Wooldridge used strong
assumptions and derived the large sample properties of Quasi-Maximum Likelihood Esti-
mator (QML estimator). Nevertheless, they did not confirm whether these assumptions
apply for GARCH models. Bougerol and Picard (1992a, b) provided necessary and suffi-
cient conditions for the existence of a unique stationary solution of the conditional variance
equation of GARCH(p, ¢) models. Lee and Hansen (1994) contributed to the literature
by showing the consistency and asymptotic normality of QML estimator in GARCH(1,1)
with weaker assumptions than those of Weiss (1986) and Lumsdaine (1991). Lee and
Hansen did not make the assumption of the “i.i.d.”ness of the rescaled variable - the ratio
of the returns to the conditional standard deviation. However, they exclude integrated
GARCH processes for consistency proof. Lumsdaine (1996) showed that even without
the assumption of finite fourth moments, the QML Estimators of all the parameters in
GARCH(1,1) and IGARCH(1,1) are consistent and jointly asymptotically normal. Nev-
ertheless, both Lee and Hansen (1994) and Lumsdaine (1996)’s work were unique so that
they cannot be easily generalized to GARCH (p,q) model. Ling and Li (1998) showed
that MLE of unstable ARMA with GARCH errors is consistent, yet the results were found
for local estimators.

Eventually, a more general result without very strong assumptions is found by Berkes,
Horvith and Kokoszka (2003). They proved the consistency and asymptotic normality
of QML estimator in GARCH(p, ¢) models in milder conditions. Moreover, they max-
imized the likelihood function over a general compact set, contrary to Lee and Hansen
(1994) and Lumsdaine (1996) where only the local consistency is obtained. Francq and
Zakoian (2004) proved strong consistency and asymptotic normality of QML estimator
under weaker conditions than those in the existing literature, and they extended their

results to ARMA-GARCH models. Jensen and Rahbek (2004b) established similar as-



ymptotic results for QML estimator in GARCH(1,1) model even when the parameters are
allowed to be in the region where the process is non-stationary. Straumann and Mikosch
(2006) extended the results of Berkes, Horvdath and Kokoszka (2003) to a more general
conditionally heteroskedastic time series model. They studied asymptotic properties of
QML estimator in nonlinear pure GARCH models, including GARCH(p, ¢). As exam-
ples, AGARCH and EGARCH models are examined. As an extended result, Meitz and
Saikkonen (2008c) established the consistency and asymptotic normality of the QML es-
timator in nonlinear AR-GARCH models. In their model, they allow nonlinearity in both
the conditional mean and in the conditional variance. They also provide some examples

where their results can be applied.

1.5 The Topic of this Thesis

The aim of this thesis is to establish strong consistency and asymptotic normality of
the QML estimator in a smooth transition GARCH(1,1) model. As mentioned above,
smooth transition models are presented by Hagerud (1996) and Gonzilez-Rivera (1998).
For the transition function, generally, either the logistic or exponential function is used.
We work on the smooth transition model with logistic function because in this case both
the sign and the magnitude of the innovations affect the conditional variance. But, when
exponential transition is used then the model cannot capture the effects of different signs
of innovations. Moreover, in a nonlinear autoregressive model, logistic function is proven
to be superior to exponential function by Terésvirta (1994).

The smooth transition model with logistic function has a similar structure to GJR-
GARCH model where indicator function is used to distinguish between the regimes. Thus,
there are breaks between two different regimes in GJR model. However, via smooth
transition functions we allow intermediary regimes to exist as the process is passing from
one regime to another. The parameters in the logistic function will determine the shape
of the transition. There can be a sharp transition so that there are low and high volatility
regimes or there can be a smoother transition where there are many intermediate regimes
depending on the parameters of the logistic function.

This thesis can be seen as a special case of Meitz and Saikkonen (2008c) where



asymptotic theory for nonlinear AR-GARCH models is analyzed. We will basically follow
their arguments, therefore for more general results see Meitz and Saikkonen (2008c).
Moreover, some assumptions, derivations and techniques used in this paper are similar
to those of Straumann and Mikosch (2006), and Francq and Zakotan (2004). Therefore,
throughout the paper we will refer to them often.

The rest of the thesis proceeds as follows. Section 2 introduces the model to be
studied. The assumptions and particular results related to strong consistency of the
QML estimator are included in this section. Section 3 contains some results, an extra
assumption and the strong consistency theorem. Section 4 is devoted to the asymptotic
normality of QML estimator. Concluding remarks are presented in Section 5. All of the
proofs and useful lemmas are left to the Appendix.

A final note on the notation used throughout this thesis. We denote (0, 00) as R .
The transpose of a vector or a matrix v is denoted as v'. For any scalar, vector, or
matrix v, the Euclidean norm' is denoted by |v|. The L,-norm of v is denoted by [[v]|, =
{E[|v]"] }'/* for a random variable (scalar, vector, or matrix) v and for p > 0. A sequence
of random elements v; is said to converge in Ly-norm to v if |lv[|, < oo for all ¢, [[v]|, < oo,
and lim; o [|v; — v[[, = 0. The sequence of random elements v; (A) is said to be L,-
dominated in A if there exists a sequence of positive random variables D; such that
[vi ()] < Dy for all A € A and || Dy||,, < oo uniformly in ¢. Finally, ‘a.s.” stands for ‘almost

surely’ and ‘iff” stands for ‘if and only if’.

'Euclidean norm for a real valued vector v is defined as |v| = (v’v)l/Q. For a real valued (m X n)

matrix A = [a;;], the norm is defined as

m n 1/2
a- (S5

i=1 j=1



2 The Model

We will focus on a specific type of smooth transition GARCH, ST-GARCH(1, 1), model
defined by, for t = 1,2, ...,

Y = O0i&

and ‘7? = g(ye-1, ‘7?713 Ao) = wo + (0‘0,1 + 040,20(%71; ’Yo))yt{l + B()O-ffl’ (1)

Note that if one would set a2 = 0, the model would reduce to the standard GARCH(1,1)
model of Bollerslev(1986). In our model, the errors are assumed to be independent and
identically distributed random variables with zero mean and unit variance, i.e., & P (0,1).
Moreover, ¢, is assumed to be independent of y, for s < t. In particular, ¢, is not only
independent of its own past, but also independent of the past of o2. Thus, 02 determines
the unobserved conditional variance of the observed process 1;, where ‘conditional’ refers
to conditional on the past of the observed series, {y;—1,¥;—2,...}. In this paper the con-
ditional mean is simply set to zero. We assume that the (6 x 1) true parameter vector
Ao = (Wo, @01, @02, B9, 7o), Where vq = (Yp1,702), belongs to a compact set A. This
permissible parameter space is a subset of Ry x [0,00)% x [0,1) x R x R,. Having a com-
pact parameter space is a common assumption in nonlinear estimation problems. We can
relax this assumption at a cost of some additional assumptions and a more complicated
analysis.

The function G is the distribution function of a logistic distribution defined by
1

1 + e~ v2(W—1—71) "

G(yi-1;7)

Although in economic applications, usually, the nonlinear function G(y;~y) is chosen to
be the cumulative distribution function of the logistic distribution, there are also other
choices for the function G. For instance, Lanne and Saikkonen (2005) used an increasing
function similar to the cumulative distribution of a positive continuous random variable
as the transition function where it depends on the lagged conditional variance instead of
the lagged series. Another choice may be exponential distribution function.

Note that the nonlinear function G takes values in [0, 1] and depends only on the

first lag of y;. The location parameter v, takes values in R, whereas 7, takes values in

9



R, being a scale parameter. Consider the case v, = 0. The transition function becomes a
constant function and thus o ; and o2 cannot be identified. Therefore, the permissible
parameter space of 7, is positive numbers. Essentially, v, determines the smoothness
of the transition. Hence, the logistic smooth transition GARCH model nests several
important GARCH models, such as GJR-GARCH introduced by Glosten et al. (1993).
For large values of <, the transition function will become steeper and behave like an
indicator function at y = ;. Thus, additionally, if we set v; = 0 then the model will

be equivalent to GJR-GARCH. These different plots of the function G are illustrated in

Figure 1 for v; = 0.

The shape of the function G for different values of 72

7
. II A v2=0.1
;‘. "A/»“’ —_——— “{2:0.3
:>} 05 /, ——— =l
o /

-40 -20 0 20 40

Figure 1

Other properties related to the function G, such as continuity and differentiability,

will be investigated in Appendix A.

2.1 Assumptions and Results for Strong Consistency

Now, we will make some assumptions from which we obtain particular results to prove

the consistency of the estimator.

10



Assumption 1:
a) €; has (Lebesgue) density which is positive and lower-semi continuous on R.
b) E [(ﬁo + (o1 + ag2) 6?)T] < 1 for some r > 0.

c) app >0 and B, > 0.

This assumption is necessary not only for satisfying identification condition but also
for using results of Meitz and Saikkonen (2008a) for ergodicity and stationarity of (v,
0?). Assumption 1 is needed to satisfy the Proposition 1 and Theorem 1 of that paper.
The number 7 is going to be used in further results, thus, throughout the paper we fix
this . The last part of the assumption ensures the existence of the ARCH and GARCH
effects, thus the identifiability of the parameters in the conditional variance. Moreover,
the positiveness of these parameters is inevitable for the asymptotic normality of the QML
estimator. Under the assumption of finite 6" moments of the innovations, Francq and
Zakotan (2007) shows that the asymptotic distribution is non-Gaussian if we let some

parameters to be equal to zero.
Assumption 2: a2 > 0.

This assumption is important for identifying the parameters. If ags = 0, then the
parameters in  cannot be identified, thus the model becomes linear GARCH(1,1) model
of Bollerslev (1986).

Now let’s discuss the results that are derived from assumptions and properties of the
function GG. They are going to be used for proving consistency of the QML estimator.
The first result is obtained from Assumption 1. The proofs of this and all the subsequent

results are in the Appendices.

Result 1: Suppose Assumption 1 holds. Then the process (y;,0?) defined above is ergodic

and stationary with E[o?"] < co.

Stationarity and ergodicity play a crucial role in the proofs of consistency and as-
ymptotic normality. They enable us to use well-known results, such as Ergodic Theorem.
’27"

Result 1 additionally provides us the finiteness of E[|y;|*"]. Similar to our Result 1, the

ergodic stationarity assumption is made in many papers, for instance see Assumption

11



C.1 of Straumann and Mikosch (2006). Although Result 1 is sufficient in the proof of
consistency of the estimator, we need stronger moment conditions for proving asymptotic
normality.

Assume 1o, y1,..., yr are observed, which are generated by ergodic and stationary
process defined by equation (1)(cf. Result 1). If €; were assumed to be Gaussian, then,
conditionally on the o —algebra generated by {e;, —oo < i <t — 1}, the ratio y;/o, would
also be Gaussian. However, we do not assume the normality of €;, but the likelihood is
constructed as if ¢, would be normal. Therefore, the estimator considered in the paper is
QML estimator. Hence, the conditional quasi-maximum log-likelihood function is defined

as
T

LV = —glog (2r) — %Z (log o2 4 g—t§> | @)

t=1

Because we cannot observe the process of the conditional variance we do not know any-
thing about its stationary distribution. But the log-likelihood function has the conditional
variance as a variable. Therefore, we define a process to approximate the conditional vari-
ance in the following way.

So t=20
h(\) =
) {g(yu,htl(k);k) t=1,2..,

where A is an (6 x 1) parameter vector with the true value A\g. We assume that the initial
value ¢ is positive and independent of . After the specification of ¢y, we can solve hy(\)
recursively for any given A. A similar approach is taken by several authors including
Lee and Hansen (1994), Lumsdaine (1996), Francq and Zakoian (2004), Straumann and
Mikosch (2006). In the derivations, we will use the notation h; for h;(A) unless the explicit
dependence to A is needed. Meitz and Saikkonen (2008b) provided sufficient conditions
for ergodicity and stationarity only for h;(A\g). We do not know anything about the
process hy(A) for A # Ag. Thus, we additionally have to use Result 2, which is a direct
consequence of properties of the function G, in order to get Result 3 where we obtain

desirable properties of h;(A) .

Result 2: The function g : R x Ry x A — R, is continuous with respect to all of its

arguments and satisfies the following.

12



1) For some 0 < o<1 and 0 < 3,0 <00, g(y,z;\) < ox+se>+w forall X € A,y € R
and x € R,.
it) For some 0 <k <1, |9(y,z1;\) — g(y,x2; \)| < K |xy — 23] for all X € Ay € R and

xr1, Ty € Ry

In the property i), we do not only bound the function g from above but also we
specify the upper bound. This specific bound is used while achieving Result 3 where
we introduce ergodic and stationary solution to the approximation of the conditional
variance. The contraction property of g with respect to its second argument is given in
ii). Here, the constant x is fixed throughout the paper. An assumption similar to this
result is made by Straumann and Mikosch (2006), see Proposition 3.12. They also bound

the function g from above and assume a contraction property.

Result 3: Suppose Assumption 1 holds. Then, for all X\ € A, there exists a stationary

and ergodic solution h;(\) to the equation
he(A) = g(e-1, he-1(A); A) = w + (a1 + oG (ye1sM))yiog + BRE (V). t=1,2,.. (3)

Moreover, hi(\) is continuous in A and is measurable with respect to the o—algebra gen-
erated by (Yi—1,Yi—2,...). The solution to the equation is unique when it is extended to all
t € Z. The solution evaluated at the true parameter is equal to the conditional variance,
i.e., hj(Xo) = of. Furthermore, E [supycy h;"(N)] < oo and ||[supyey |hf — ||, < Ck,
where C € R and k is as in Result 2. Finally, for X € A, if hy(\) is any other solution

to the above equation, then for some v > 1,

7t sup |hi(A) — he(N)| — 0 4n L, — norm as t — oo.
AeA

Result 3 is essential in proving consistency of QML estimator. Since the difference
between A} (\) and hy()) is negligible, i.e., as t — oo the difference converges uniformly to
zero sufficiently fast, we can use hj(\) in the derivations. Actually, the difference between
h¥(\) and any other solution to the recurrence equation is negligible. The advantage of
hi () is its ergodicity and stationarity which is central in inferring the stationarity of the

likelihood function and in using the Ergodic Theorem.
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3 Strong Consistency of the QML estimator

As mentioned in the previous section, we will use quasi-maximum likelihood estimation
in our analysis since ¢; is not assumed to be normal. We define QML estimator of Ay to
be

2

T
. ) . 1 Yy
Ar = argminly(\) = argmin { — ly(X) ¢, where [;(\) = log(h:(\)) + ——.
r = argminLy(\) = argn {T?f t< )} () = o) + 725

The objective function Lr()) is obviously a linear transformation of the conditional
log-likelihood function defined in (2), as the constant is ignored and the function is
rescaled by —2/T'. The ergodic and stationary counterpart of Ly () is defined as Li(\) =
T-1S (), where IF(\) = log(hi)+y2/h; and hf = hi()) is the stationary and ergodic
solution to (3). In addition to above results, we need further results about the conditional

variance function.

Result 4: The function g : R xR, x A — R, is bounded away from 0 in the sense that

inf(y » nyerxr,xa 9(y, 2;A) = g for some g > 0.

Result 5: Suppose Assumptions 1 and 2 hold. Then hi(\) = o2 a.s. only if A= \o.

Result 4 is an immediate outcome of model’s definition. However, it is important
for bounding the likelihood function from below uniformly. Moreover, since hy(A) is
constructed by the equation h;(\) = g(y;—1, hi—1(\); A), we obtain that h;(\) > g. Hence,
having the definition of being the solution of this recursive relation, h}(\) has to satisfy
the properties of the relation as well, i.e., hf(\) > g. These two inequalities provide us
the well-definedness of y?/h} and y?/h; which are components of the likelihood function.
A similar uniformly bounding assumption is made by Straumann and Mikosch (2006). In
order to obtain Result 5, which is an identification condition, we have to use properties
of the function G and other results. This condition is used in showing that the true
parameter is the unique minimizer of the expected value of the likelihood function. This
identifiability condition is assumed in the same way in Assumption C.4 of Straumann and
Mikosch (2006). In the derivations of Francq and Zakoian (2004), it is shown that this
condition holds for the linear ARMA-GARCH models.
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Assumption 3: F [sup,., 07/h}] < cc.

Assumption 3 is an extra assumption. For proving strong consistency we actually
do not need it. However, if it is assumed then the proof simplifies. The consistency
proof with Assumption 3 as an extra assumption is done in another part (Part 1) of the
proof. Similarly, Straumann and Mikosch (2006) provided 2 different proofs for strong
consistency, one proof with extra assumption similar to Assumption 3 and one without
it.

Now we are ready to state our strong consistency theorem whose proof is in Appendix

E.

Theorem 1 Suppose Assumptions 1 and 2 hold. Then, the QML estimator Ar is strongly

consistent for Ao, i.e., A\p — Ao a.s.

In the proof, we will use the Gaussian likelihood function Lr(A) and the ergodic and
stationary approximation L}()). Instead of minimizing directly the likelihood function,
we will minimize its ergodic and stationary analogue LX.()\). Then, we make use of the
negligible difference between Ly (\) and L}.(\) in large samples. Both Francq and Zakoian
(2004), and Straumann and Mikosch (2006) have a similar approach. In our proof, we
basically follow the arguments of Potscher and Prucha (1991). We introduce an extra
part, named as Part 1, where we use a uniform Strong Law of Large Numbers (SLLN).
Here, we finished the consistency proof by imposing the extra assumption, Assumption 3.
Thereby, in this part it is shown how the proof simplifies when uniform SLLN can be used.
In Part 2, we continued the arguments of Potscher and Prucha (1991) by considering the
Ergodic Theorem and the argument of Pfanzagl (1969) instead of using a uniform SLLN.
The latter argument is used also in other papers to prove the strong consistency (see

Jeantheau, 1998).
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4 Asymptotic Normality of the QML estimator

4.1 Assumptions

In order to verify the asymptotic normality of the QML estimator of the true value \q, we
need to analyze the limiting properties of the first and second derivatives of the objective
likelihood function Ly (). In particular, we will focus on the derivatives of h; and h}. In
this subsection, we state the necessary assumptions for asymptotic normality. They are
essential in proving the further results in the next subsection. These assumptions, along
with the previous ones, ensure twice continuously differentiability of the processes h; and

hy.
Assumption 4: The true parameter value \g is an interior point of A, i.e., \g € A.

This assumption is necessary for differentiation of the conditional variance. Having
the true parameter values as an interior point, we can use Taylor series expansion of the
score vector around \g. Moreover, because Ar is consistent by Theorem 1 we only need
to consider parameter values in an open neighborhood of \g. Therefore, we define Ay,
contained in the interior of A, to be a compact and convex set containing Ay as an interior
point. Assumption 4 is used in several papers that prove the asymptotic normality of the
QML estimator in a GARCH framework. Furthermore, Straumann and Mikosch (2006),
and Francq and Zakoian (2004) also make use of a set having similar properties like Ay.

Another importance of Assumption 4 is that it allows the asymptotic distribution of
QML estimator to be Gaussian. For instance, if 3, were equal to zero, then VT (BT— Bo) =
VT BT > 0 for all T', where BT is the QML estimator of 3,. However, the asymptotic dis-
tribution of an estimator which is positive for every T' cannot be standard normal distrib-
ution. Thus, as pointed out in Francq and Zakoian (2007), when the true parameter value

is on the boundary then the resulting asymptotic distribution is not Gaussian anymore.
. 2\2
Assumption 5: E |(8,+ (1 + ao2) €7) ] < 1.

In other words, we assume that Assumption 1.b holds with » = 2. Basically, this

assumption is on the distribution of ¢;, it provides us the finiteness of the fourth moments

16



of the innovations, i.e., E[e}] < oo. We need it for the finiteness of the variance of
Olf (No) /OA. Additionally, together with the other assumptions, we will be able to prove
the finiteness of F[o}] and the fourth moment of y;. The finite fourth moments of the
innovations, directly or indirectly, is assumed in many papers, including Straumann and

Mikosch (2006) (assumption N.3.i.), and Francq and Zakoian (2004)(assumption A6).

4.2 Results and the Main Theorem for Asymptotic Normality

In this section, we introduce necessary results that will be used in proving the asymptotic
normality theorem. They are about the derivatives of the function g, and the differentia-
bility properties of h; and its ergodic and stationary counterpart h;. In fact, we will show
that the derivatives of h; converge to those of h;. Again, the results in this section have
similarities in the corresponding results of Straumann and Mikosch (2006), and Francq
and Zakotan (2004).

First, we state a result on the derivatives of the function g. Let’s denote the first
and second partial derivatives of g with g,, = dg(y, h; \)/ duy and gy u, = 0*g(y, h; \)/

Ouy0ul,, where uy and up can be any of y, h and .
Result 6:

i) For some finite Cy and Cy, and all (y,z, A\)€ R xR, x Ay, the quantities |gy| and |gx|
evaluated at (y,x,\) are bounded by Cy(1 + y* + x) and Coy?, respectively.

it) For some k' < 0o and all (y,x1,22)€ R x Ry x Ry we have
19u(y, 71, A) = gu(y, 223 \)| < K|y — o] u=h, A

|guw2(yux1; )‘) - gmw(yax?; )‘)| < K |I1 - ZE2| ) Uy, U2 = h7 A

This result will be used to prove the existence of some certain moments involving the
partial derivatives of g. Note that, £’ need not be less than 1, thus, the partial derivatives
of g need not be contractions as it was the case in Result 2. The inequalities in Result

6 will trivially hold for the partial derivatives with respect to h because g, = 3. For the
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other inequalities, we will make use of the properties of partial derivatives of the function
G.

The following two results are associated with the derivatives of h¢(\). The differen-
tiation notations are kept here as well, e.g. hy; = Ohy(\)/OX and hyy; = 0%hy(N)/ONON.
By a straightforward differentiation of the function h; (\) = g(ys—1, -1 (A\);A) = w +
(a1 + aeG(ys—1;7))y2 1 + Bhi—1(\) we obtain, for t =1, 2, ...,

hai(N) = e+ gnihai—1(N)

= gat + Bhoi-1(N), (4)

haat(A) = gane + 64}1&,15,1()\) + hai—1(N)ey + Bhari—1(A), (5)

where e, is a (6 x 1) unit vector having 1 in the fourth entry and 0 otherwise, i.e., 4 =
(0,0,0,1,0, 0)'. In the following results we will use the stationary ergodic counterparts of
the derivatives of the function g. Let’s define g3, = [ga,_p: () = 99(ye—1, hi_1(A); A)/
O\ as the partial derivative of g evaluated at h = h}_;(\), where h;(\) is the stationary

ergodic solution to the equation (3) in Result 3. We define g3, , in a similar way.

Result 7: Suppose Assumptions 1, 2, 4 and 5 hold. Then, for all X € Ag, there exists a

stationary and ergodic solution hj ,(A) to the equation
hai(A) = et Bhyi-1(N), t=1, 2,.... (6)

Moreover, h}, ,(\) is measurable with respect to the o—algebra generated by (y;—1, Yi—2; ---)
and is unique when the recursive equation (6) is extended to all t € Z. The ergodic and
stationary solution hi(\) obtained from Result 1 is continuously partially differentiable on
Ao for every t € Z and Oh;(X)/OXN = I} (N). Furthermore, Elsupyc, |} ,(A)["/?] < 0o and
Isupsen [hF = Rl < C"max {t,t*"} k'~1, where C' € R and & is as it was in Result
3. Finally, for X € Ao, if h(\) and hy:(\) are any other solutions to the difference
equations (3) and (6), respectively, then for some v > 1,

7' sup |h§7t()\) - h&t()\)} — 0 in L,;qs — norm as t — oo.
AEAQ
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This result can be viewed as an analogue of Result 3 for the first derivatives. It shows
that h()), the stationary ergodic solution to (3), is continuously differentiable and that
its derivative is also a stationary ergodic process which solves (6). This result will be used
in showing that L%.()) is continuously differentiable with an ergodic stationary derivative.
Moreover, Result 7 implies that for any other solution h;()\) to the equation (3), the
difference between its derivative hy;(A) and h3 ,(A) converges to zero exponentially fast
and uniformly over Ag. Hence, by this result, we will be able to prove that the first

derivative of L% () can be served as an approximation to the first derivative of Ly (\).

Result 8: Suppose Assumptions 1, 2, 4 and 5 hold. Then, for all X € Ag, there exists a

stationary and ergodic solution h3, ,(A) to the equation
hant(A) = G + eahXe 1 (A) + 03, (Nes + Bhania(V),  t=1,2,.. (7)

Moreover, h}, ()) is measurable with respect to the o—algebra generated by (y;—1, Y2, ---)
and is unique when (7) is extended to all t € Z. The ergodic and stationary solution h}(\)
obtained from Result 1 is continuously partially differentiable on Ay for every t € Z and
O2h; (X)JONON = h3, ,(N). Furthermore, E[supycy [y (A)[7*] < 0o. Finally, for X € Aq,
if hi(N), hat(N) and hayt(N) are any other solutions to the difference equations (3), (6)
and (7), then for some v > 1,

v sup [h3, () — hare(A)| = 0 in L. — norm as t — oo.
AEAo

This result, concerning the second derivatives of h;(\) and h} (), is similar to Result
7. Regarding the moments and convergence results in the last two previous results, the
values (r/2, r/4 and r/8) are not strict if these results hold for some positive exponents.
As a matter of fact, in Result 9 we will show that r can be replaced by 2 in all of the
results (Results 1, 3, 7 and 8) having r as either moment or convergence result. Result 7

and 8 are alike to Proposition 6.1 and 6.2 in Straumann and Mikosch (2006), respectively.

Result 9: Suppose Assumptions 1, 2, / and 5 hold. Then, Result 1 holds with r = 2,

specifically, E|o}] < oco. Moreover,

W5 V)]
(A)

hae V)]
sup

—_— < Q.
AEAg h?; ()‘) 9

AEAg h’j,‘k

< oo and
4
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This result is equivalent to an assumption (N.3) in Straumann and Mikosch (2006).
One of the consequences of Result 9, together with the Assumption 5, is the finiteness of
the fourth moments of y;. The inequalities regarding the derivatives of h; will be used in

proving the finiteness of the expectation, for A € Ay,

de O?LA(\
T _fEl axg(x)}’

where A € Ag. Thus, by the help of the other results, we will be able to use the uniform
Strong Law of Large Numbers for the derivatives of L}.()\) and h;(\). The expectation
J () is important because its inverse at the true parameter value )y takes place in the
asymptotic variance of QML estimator. The properties and some convergence results

regarding J (\) will be thoroughly analyzed in Appendix E.

Result 10:
1) The distribution of &, is not concentrated at two points.

.. 0g(yt,0%; .
1) For x) € RS, JJS\W =0 a.s onlyif x)=0.

The second part of our last result implies the linear independence of the elements of
99 (ys, 02; 7o) /O with probability one, hence, it is an identification result. It is parallel
to Assumption N.4 of Straumann and Mikosch (2006). Together with the first part of
Result 10, they guarantee the positive definiteness of the asymptotic variance matrix of
the QML estimator of the true parameter \g. Hence, Result 10 assures that the asymptotic
covariance matrix is regular.

Now, we can state the main theorem of the asymptotic normality section.
Theorem 2 Suppose Assumptions 1, 2, 4 and 5 hold. Then,
VT (A =2o) =a N (0, B[ =1].7 () 7).
where J (\o) = E [0, *h}, (o) by, (No)] is positive definite.

As in the proof of Theorem 1, we will follow a similar approach like Straumann
and Mikosch (2006), and Francq and Zakoian (2004). We first establish the asymptotic

normality of an infeasible QML estimator, will be denoted as A, that minimizes the

20



likelihood function L% (\). A mean value expansion of the first derivative of L% (\) will
be used as a technical tool for the asymptotic normality of Ay. Next, the asymptotic
equivalence of the feasible and infeasible estimators will be established, so that v/T'(Ay —
S\T) — 0 a.s. Finally, in order to compute consistent estimator of the asymptotic covariance

matrix, we introduce consistent estimators for Ele} — 1] and J (A\o) . They are

T T ° 7
1 (y;* ) 1 (hu M)
— = - and —Z =1, (8)
Tt:l h% Tt:l he Dy

respectively. Here, the hat """ signifies that the variable is evaluated at the feasible QML

estimator \p. Obviously, if &, is distributed normally, thus E[e}] = 3, then the asymptotic

covariance simplifies to 2.7 (Ag) ™" .

5 Conclusion

In applied econometrics, conditionally heteroskedastic models are commonly used. In this
paper, we have studied some asymptotic properties of QML estimator in a model where
the returns are conditionally heteroskedastic. The conditional variance of the returns
is specified to have a smooth transition GARCH(1,1) model with a logistic function as
transition mechanism. This specific nonlinear model in the conditional variance allows the
asymmetric response to positive and negative shocks. It is a generalization of threshold
GARCH models since our model reduces to a threshold model for specific choices of
parameters.

In this thesis, we proved the strong consistency and the asymptotic normality of
QML estimator. In fact, these asymptotic properties of QML estimator in our nonlinear
GARCH model are proved under conditions which are as mild as in linear GARCH models
(see for instance Lee and Hansen (1994), Lumsdaine (1996), Berkes, Horvath and Kokoszka
(2003)).

This master thesis relies on the results of Meitz and Saikkonen (2008c). But, our
approach is also similar to Straumann and Mikosch (2006), and Francq and Zakoian
(2004). References to these papers are made at several steps throughout the paper.

This thesis can be generalized in various ways. An extension to nonlinear AR-GARCH
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models has already be done by Meitz and Saikkonen (2008c). It may be further extended
to nonlinear ARMA-GARCH models. Another generalization might be letting the true
parameter value \g be on the boundary. This case is handled in a pure linear GARCH(p, q)
model by Francq and Zakoian (2007). However, as discussed in section 2.1, the resulting
asymptotic distribution is a non-Gaussian one. For instance, if we let 3, to be equal to 0,
then for all T, /T (BT— Bo) =T BT > 0 cannot have a Gaussian distribution. By making
minor changes in our assumptions, a potential future work can be considered as obtaining
finite moments of any order for the terms in Result 9, i.e. [|sup,cy, [}, (A) [/hf (M) o <

oo and [[supyep, [P35 (A) [/hF (A) [ < oo for any v > 0.

Appendices

Appendix A: Properties of the Function G

In this part we will analyze the nonlinear function GG. By taking the first derivative with

respect to y, we see that the function is strictly increasing at the true parameter value .

8G . 6*7072(31*’70,1)
(¥:70) _ oo -0

(9y [1 + e*’Yo,2(y*’Yo,1)} 2

Because the exponential function always takes nonzero numbers and because the deriv-
ative of exponential function exists up to any order, we conclude that G(-;7,) is strictly
increasing and its derivative exists up to any order and is continuous. Moreover, the
function G is continuous in the parameter values, thus G(-;-) is continuous.

We know that the function G takes values close to 1 as y;_; gets larger, and val-
ues close to 0 as y;_; gets smaller. However, in the conditional variance equation we
have the multiplication of these two functions. Therefore, let’s analyze the behavior of
G(Y1—1;7)yi—1 as y;—1 takes very large and very small values. We have the following equal-
ities for all y € R x R,

2

. 2 . B . )
yErPOO vGlyy) = yEI—noo 1 4+ e72(6=71)
2
= lim ——————— =0 by L'Hopital Rule’. (9)

Yy——00 7%6_72(?4_71)
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2

lim 2*[1 — G(y; = lim ——— =0
y=ee y [ (y 7)] ymoe e—w(ly—ﬂ) +1
. 2 -
= lim ——— =0 by a similar argument.  (10)

Y00 73672(14—71)

Hence, we see that the function G converges to its extreme values much faster than y;

does. The next analysis is done for identification. Assume that v # 7,. Then,

Y271—70,270,1 .
Yy 7& Y2—Y0,2 Zﬁ

Yoy — 1) # —’70,2(9 - 70,1) iff

1 1 .
1+e—72(—71) 7& 1_,_6*70,2(11*"70,1) Zﬁc

G(y;v) # G(y;v)- (11)

Hence, if v # 7, then we have G(y;7) # G(y; 7o) for y # (V271 — Yo2Y01) (V2 — Yo2) -

In other words, the function G takes different values for different parameters for all y’s
except for a particular choice.

Next, analyze the properties of the derivatives of the function G. We denote the
partial derivatives of G as it is denoted for the functions g and h (e.g. G, = 0G(y;7)/07).

The first partial derivatives of G are given below.

G, (y; B —~oer2(y=71)
Gl = | (1)) 0

G72 (y;7) (y — ’71)6_%(!’_71)
Gyly;y) = (726—72(11—71)) [1 _{_6_72(3/_71)}72

Now, we will prove that the partial derivative G, at the true values converge to zero

faster than the convergence of y? to +00. We apply L’Hopital Rule twice and three times,

2L’Hopital Rule: Suppose f and g are real and differentiable in (a, b), and ¢’(z) # 0 for all z € (a, b),
where —oco < a < b < co. Suppose [f'(x)/¢' (z)] > Aasz — a. If f(z) — 0 and g(z) — 0 as x — a, or
g(x) — 400 as ¢ — a then

f(x)

—2 5 A as z —a.

g(@)
The analogous statement is of course true if x — b, or g(z) — —oco. Here we take f(z) as y%, and g(x) as

14+ exp(—v5(y —71)). We apply the rule twice.
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respectively, to obtain that

lim y*G,, (y; 7o)

y—+oo

lim y*G., (y;70)

y—Foo

_72 Oy26_’72,0(y_’71,0)
lim ’ 5
y—=+o0 [1 + 6—72,0(31—71,0)]

2
lim —72,0Y
y—+oo 72,0(¥=71,0) ) e~ 72,0¥=71,0)

. -2
lim
y—Eoo 42 067270(:‘/*71,0) + 2 O€*’Y2,0(y*7170)

y2 (y — /yl 0)6_72,0(?4_71,0)
lim :

y—oo [1 + 6—72,0(9—71,0)} 2

o y> — 7109
y—+oo @72,0(9—71,0) + 2 + 6_72,0(9—71,0)

. 3
lim
y—too 7% 06’72,0(9*’71,0) _ 7% 06*’72,0@*71,0)

0. (13)

Note that after L’Hopital Rule is applied, in either case, i.e. y — +o00 and y — —o0, the

denominators diverge to 4-oo.

For the identification of the partial derivative G, (y; ;) we will prove that there exists

y such that (a,b)'G.(7;7,) # 0 for (a,b) € R*\ {(0,0)} .

—72,0¢

(aab),Gv(%%)) # 0 iff

—v2,0(¥="71,0)

<1+6772,0(y771,0))2

@ 0]

7 0 iff

(y—1 0)6_72’0@_”’0)

(1+e*"/2,0(l!*W170))2
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(—avsp + by — 1)) e 7200710)

0 )
[1 + 6*72,0@*71,0)]2 ?é Zﬁ
b(y — 71,0) - a7¥a0 iff
avs,
b2 L V1,0 # . (14)

Thus, if (a,b) # (0,0) then (a, b)'G(y; o) # 0 for all y’s except one for y = b ary, o —710-
In other words, the partial derivatives G, (y;v,) and G, (y;7,) are linearly independent
unless y = b'avy, o — 710-

Let’s prove that G(-;-) is twice continuously differentiable on R x R x R, - actually
it is infinitely many times continuously differentiable, but we only need up to the second
continuous derivatives of G in our analysis. Let fi(z) = 27! and fo(y,7,,72) = 1 +
e 20=71)  Note that, f; is twice continuously differentiable for # > 0, and f, is three
times continuously differentiable for any (y,~;,7,) € R x R x R;. The composition of
two twice continuously differentiable functions is also twice continuously differentiable.
Thus, (fi 0 f2)(y,71,72) = [1+ e 2] s twice continuously differentiable because
fo(y,71,72) > 0 for any y,~, and 7,. The second partial derivatives with respect to

parameters are found as the following.

le’yl (y? ’7) G'Yl'Yz (y7 P)/)

Gy(yiv) =
G (157)  Goy(y37)
2 1— — —92(1 — er2ly—1) -1
e~ 2(y=11) (@—vz(y—vl) _ 1) Y2 Y2 (¥ — 1) ( )
B 1+ 6*72(9*71)]3 2
Gy (U57) (y —71)

Note that G, (y;7) = G+,,(y;7) for any (y, ) because G is twice continuously differen-
tiable. Since G(-;-) is twice continuously differentiable on R x R x R, it is obviously differ-
entiable on any R x N(,) where N(v,) denotes a neighborhood of the true parameters ~,,.
Because the statement is true for any neighborhood we fix one neighborhood for the rest
of the analysis throughout the paper. For convenience, let’s take N(v,) = (7o/2, 27,) -

Note that, v, is still strictly positive uniformly in N(+,). Hence, we can prove now the
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boundedness of G.,, in absolute value uniformly over R x N(7,). Note that,

e~ V2(y=71) (e—vz(y—vl) — 1) _ 1 1

3 = 3 T 3
[1+ e 72(=)] [(3%72(3/—%) + e—évz(y—%)} [eévz(y—%) + 6_%72(y_71)i|

By using the inequality above we found limits of the second partials as the followings.

2 2

i i 72 72
lim |G, (y;7)| < lim +
y—=oo | 717 ’ y—=Eoo [eg’yz(y*’h) 4 e*%’h(y*’h)] 3 [Q%’Yz(y*’h) + e*%’h(y*’h)} 3
= 0.
2 2
lim |Gy, ()] < lim =) s+ =) .
y—-oo y—+oo [egw(y*vl) + e*%’h(y*’h)] [6%72(?/771) + e*%’h(y*’h)}
= 0.
i : L+79,(y —» 3+ 7,0y —
lim |G7172(y; ,y)’ < lim o 1) -+ o 1)

y—+oo

y—Eoo |:e§72(y771) + e*%’h(y*’h)] |:€%’Y2(y*’h) + e*%’h(y*’h)} ’

= 0.

In the last two results the divergence rate of the nominator to 400 is much slower
than that of the denominator. Hence, following the previous arguments the limits are
zero. Also notice that, none of the three limits are affected by the parameters v € N (7).
Thus, we conclude that all of the partial derivatives in Gy are bounded in absolute value

uniformly over R x N(v,). We can conclude that for A € R x N(v,) there exist constants

M; for i = 1,...,5 such that |G, | < M, |G| < My, |Gy5,| £ M3, |G,y h,| < My,
|Graa| < Ms.

Appendix B: Auxiliary Lemmas

Lemma 1 Let xq, xa,..., x; be random variables. Then, for any r > 0,

HZL i

< Ark Zf:l |2ill, where A, ), =max {1, k(l_r)/r} ,
Proof. For the case r > 1 Minkowski’s Inequality® applies, i.e.,

k k k
|Zhia| < Shiled, < A il

$Minkowski’s Inequality: | X + Y|, < || X, + [[Y]],-

A recursive generalization of Minkowski’s Inequality is found by HZle X;

k
L <EL,-
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For 0 <r <1,

IN

r1y 1/7 1/r
= {E HZL x; } } {Cr Zle E [|x,|r]} by Loéve’s c,-Inequality”,
= o (S EBlll)

, 1/r
- @re{sh e}

< ey, Zle E {(E Hxim)l/r} by Loéve’s ¢,-Inequality for 1/r,

k
HZi:l i

T

1/r

— ey, S (B )Y where ¢/" = 1 and ¢/, = k"7,

k
AT,k Z¢:1 ||5L'Z||T .

IN

The third equality holds because E [|z;|"] is a nonnegative scalar. =

Lemma 2 Suppose for some r > 0, v > 1, and nonnegative process x;, v'x; converges to
zero in Ly-norm, i.e., |Y'ay||, — 0 ast — co. Then Y 2z, < 00 a.s. and ||>,°, x4, <

0o also holds.
Proof. See Meitz and Saikkonen (2008c), p.26. =
Lemma 3 For allx >0 and all s € (0,1), we have z/(1 + x) < z°.

Proof. Let s € (0,1). We have three cases. If z = 0, then it is obvious. If z € (0,1),
then (1+2) ' <1<z Ifz>1,thenz/(14+2) <1<z’ m

Appendix C: Derivations Of Results 1-5

Result 1: Suppose Assumption 1 holds. Our main aim is to satisfy Proposition 1 and
Theorem 1 of Meitz and Saikkonen (2008a) which provides the ergodicity and stationarity
of the process (y;, 0?) such that o7 have moments of order r. Proposition 1 is satisfied by
the properties of (y;,0?). Since we do not have any conditional mean in our model, all
premises of Theorem 1 of Meitz and Saikkonen (2008a) associated with the conditional

mean are satisfied. The rest premises are ensured by Assumption 1.a and 1.b, and by the

‘Loéve’s ¢,-Inequality: E HZf:l X;

¢, = k"1 when r > 1.

} < ¢ YF  E[Xi|"] where ¢, = 1 when 0 < r < 1, and
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properties of the conditional variance function. The theorem and the proposition provide
finiteness of F [0?"] and the joint ergodicity and stationarity of the process (y;, o7).
Moreover, from Result 1 we can obtain that E[y?"] = E[¢?"|E[e?"] < oo by the

independence of ¢;’s and by Assumption 1.b.

Result 2: The function ¢(y, z; ) = w+ (a1 +a2G(y; v))y? + Bz is clearly continuous. The
parameter space being compact, hence bounded, there exist w, s and p satisfying co >

w>w>0,00>x>a;+ay>0and 1 > p > (> 0. These three properties give us
9y, 25 N) = w+ (a1 + G (y; 7))y + Br < W+ sy” + px since G € [0, 1].

Let A€ A, y € R and z1,25 € R,. Then,

9(y, 213 A) — g(y, 323 A)| = |[w+ (o1 + 2G(y; 7))y + Br] — [w+ (o1 + 2G(y; 7))y + Bas] |

= 5|I1—1’2|

< Klry — a9

where 0 < 8 < k < 1. Such a k exists because § € [0, 1).
Result 3: The derivation of this result is omitted for now (work in progress).

Result 4: We have g(y, z; \) = w+ (a1 + aoG(y;7))y* + Br > w > 0 since ay, ay € [0, 00),
G €[0,1] and 5 € [0,1). Hence, g(y, z; A) is bounded uniformly below in A.

Result 5:  Suppose Assumptions 1 and 2 hold. Assume there exists A € A satisfying
hi(\) = 0. We will show that A = A\. By Result 3, we have h},  (\o) = wo + (@01 +
202G (Yt;70))Yi + Boo? = o7,4. If we subtract hj ;(X) from h},(\) and use y; = o4, we
obtain

(w—wo)+(a1—ap1)o7ei +aaG(ower ) — 0 2G (04es; 7o) o7 +H(B—Bo)o; =0 a.s. (15)
By definition of hf and by Result 4 we have hf = g(y;—1,h;_;; ) > g > 0. In particular,

hi(Xo) = 07 > g > 0. Hence, we divide both sides of (15) by o7 and arrange to obtain

(01— aop)ef = —(B = Bo) — 07" {(w — wo) + [02G(0164:7) — aw2Glower 1)l oief}  as.
(16)
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By Result 4 and Assumption 1.a, i.e. €; has a density that is positive everywhere, the event
{Uf >g, &< g*1/2M} has positive probability for all M < 0. We have —¢; > —Q’I/QM
implying —c,0, > QI/Q(—Q_I/QM) = —M. Thus, g5, < M < 0 on this event. By (9),
V2G(ys;y) = 022G (o y) — 0 as y; = o046 — —oo. By choosing M small enough,
we can make the term [ayG(0e4;7) — ap oG (04 7,)| 072 arbitrarily close to 0, thus we
can make the term in the curly brackets of (16) arbitrarily close to (w — wg) on the event
{06, < M} . We know that o; ? is bounded since 0 < o, ? < g_l. If o4, = M, then clearly
the right-hand-side of (16) is bounded. Also, if we let 0,6y — —o0, then it is bounded
again by (9). Therefore, the right-hand-side of the equation is bounded on the event
{o1e; < M} . But the left-hand-side may take arbitrarily large values in absolute value if
ay # ap1 and M is chosen small enough. Thus, we must have oy = a1 since o6, < M
with positive probability for all M < 0. In other words, unless a; # g ; the left-hand-side
may take any value with positive probability but the right-hand-side is bounded on the
event {0, < M}.

Now we have the restriction a; = o 1. Rearranging (16) gives

(a2—002)e2 = —(B—B0)—07 2 {{w — wo) + [02(Gl0167) — 1) — 02(Glereii 7o) — V] 033} s,
(17)

Consider the event {07 > g, &, > g~/?M}. We will follow a similar argument as above.

By Result 4 and Assumption 1.a, this event has positive probability for all M > 0.

On this event, we have 0,6, > M. By (10), we have that y;, = 0,6, — oo implies that

v2(1 — G(y; 7)) = 02e?(1 — G(oes;y)) — 0 for all 4. By choosing M large enough, we

can make the term in the curly brackets of (17) arbitrarily close to (w — wy) on the event

{oe; > M}. Again, the right-hand-side becomes bounded and the left-hand-side may

take any value with positive probability unless as is equal to ags. Therefore, another

restriction is ay = oy 2.

If we arrange (17) again under restrictions, then we obtain
(8o — 5)03 = (w —wo) + ap2[G(oser; v) — G(Utgt;%)]‘f?g? a.s. (18)

Now consider events {o? € (0,,0%), &, < o /2M} for some ¢ > 0 with ¢ < 0, < o* and

M < 0. We know that P{o? € (0.,0*)} > 0 where 0 < ¢ < 0, < ¢*. By Assumption
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1.a and by the independence of o2 and &;, these events have positive probability. Since
o? > g, on these events 0,6, < M regardless of the values o, and o*. By (9) and by similar
arguments as above, the right-hand-side of (18) can be arbitrarily close to (w — wg) with
positive probability if M is chosen small enough. However, the left-hand-side is varying
with positive probability if we consider events with different values of o, and ¢* ,unless
B = Bo.

Now we have another restriction 5 = 3. Thus, we obtain
(wo —w) = aop [Gower; ) — Glowes vo)l o7e;  as.

If we take limit of both sides as 0,6, — —o0, then the left-hand-side remains as wy — w
whereas the right-hand-side converges to 0 by (9). Thus, another restriction is w = wp.

Since ap2 > 0 by Assumption 2, we end up with
[G(oie37) — Glower; vo)lote; =0 aus. (19)

If v # 7, then by (11) there exists §¥ = 7;&; such that G(:8;;7) # G(7:8; 7). Consider
a neighborhood of 7&;. Set u, = 7,61 — & and u* = 76 + £ for some & > 0. The
event {0y € (us,u*)} has positive probability because €; has a density that is positive
everywhere and is independent of o, and additionally because ¢ is nondegenerate since
P{c? € (0.,0%)} > 0. Since G(.;.) is continuous [G(oes;7) — G(0424;7,)] is bounded
away from zero on the event {o:e; € (u4, u*)}. Therefore, we have to have v = ~y, which,

with other restrictions, leads us to conclude that A = Ay. Hence, Result 5 holds.

Appendix D: Derivations Of Results 6-10

Result 6: In this proof we need the first and second partial derivatives of the function
gy, \) = w+ [aq + @G (y;7)] y* + Bh with respect to its second and third arguments.
Let’s find the first and second partial derivatives of g with respect to the parameter value

A = (w, a1, 9, 8,7;1,7,) , where the partials are evaluated at (y,z; A\) € R x Ry x Ag. For
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short notation, G is used for G (y;~y), and similarly for the partial derivatives of G.

1 00 0 0 0 0
y? 00 0 0 0 0
y2a 00 0 0 ¢G, y°G,,
Ix = and g =
x 00 0 0 0 0
a2y2G’71 0 0 yZG’h 0 a2y2G7171 a2y2G’Y1’72
L a2y2G72 ] L 00 yQG’Yz 0 a2y2G7271 azyQG’YzVQ ]

Because G (+;-) is twice continuously differentiable, so is the function g. Now, we can
prove the first part of Result 6, i.e., the boundedness of |g\| and |gxx|. As mentioned in

the introduction, Euclidean Norm will be used as the vector and matrix norm.

9| = [1+y4+y4G2+x2+a§y4 <G31+G32)}1/2
< 1+ + G+ o+ ay® |Gy, | +[Goy))
< 14 [24 s (|Gay | +|Gu])] P + 2 since G € [0,1],
< 1424y (M + M) y* +
< Ci(14+y°+1). (20)

where the constant C; > [2 + ag (M + M,)] . The third inequality follows by the finiteness
of the first partial derivatives of GG, which is discussed in Appendix A. Regarding the second

partial derivative of g, we will use similar justifications.
oul = [v{2(e2 +62) +a3(e, +v2e, + a2 ) )]
2 V2 (|G| + 1Gaa]) + s ([Grpny | + V2G| + G| )]
2 [\/5 (My + My) + <M3 +V2M, + M5>}
Coy?. (21)

IN

Y
Y

IN

IN

Next, we prove the second part of Result 6. Let (y, 21,29, A) € R X Ry x Ry X Ay.
Note that, because g, = 3, gnn = 0, gan = 0, and g\ = 1, the required inequalities in the
second part of Result 6 are trivially satisfied for the partial derivatives of g with respect

to h. For those with respect to A,
92 (¥, 2137) — x (¥, 2237)| = |21 — 29
9 (s 2157) — 9 (Y 2257)| = 0.
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Hence the inequalities with " = 1 works for the derivatives of g with respect to the second

and third arguments.
Result 7 and Result 8: See Meitz and Saikkonen (2008c).

Result 9: First, we show that Result 1 holds for » = 2. As in the proof of Result 1, we
refer to the Theorem 1 of Meitz and Saikkonen (2008a). Assumption 1 and 5, and the
properties of o7 justifies the premises of that theorem. Then, we obtain that E[o}] < co.

Now, we will show the finiteness of || supycy, [h3 ; (M) [/h; (V) [|s. We already assumed
that Ao € Ag. Furthermore, without loss of generality, we may assume that Ag is small
enough so that A = (w, oy, a9, 8,77) € Ag satisfies 0 <w <w <W <00, 0 <y <y <
a_1<oo,0<%§a2§a_2<oo,0<§§ﬁ§3<1,and v € N (7y). In other
words, we are interested in the parameter values that do not lie on the boundary of the
general parameter set A and that are close to the true parameter value \g. We are allowed
to assume these because by the help of Results 1-5 we are able to prove that the QML
estimator \p is strongly consistent for \g.

If we consider the ergodic stationary counterpart of (4) and use recursive substitution

we obtain an infinite sum.

* _ * *
e = Gt BhY

= g;,t + (g;,t—l + Bh;,t—?)

o

_ J %

= E 69)\,16—3"
J=0

In order to prove the convergence of the sum, we need to use Lemma 2 and the upper

bound for g5, ; found in (20)

IN

*

IN

1+ yt2717j 2+ ag (M1 + Ma)] +hy

< 1+ G+ by
By using this inequality we can write that

32
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(22)



_Zﬁf

Zﬁj 1+Cyt 1— ]+ht 1— ])

g)\t —J

We have already found the finiteness of E[y!] = |ly2||>. Thus, [|y2], < co. By letting
1 < < 7! so that 8y < 1, we obtain that for j — oo

787 (1 Cugay o+ hia ), < 08 +Cr (BY [lwia sl + (BY [[hiayll, — 0 s,

by stationarity of y? and h}, and by F [sup,c, hj%(M\)] < oo given in the Result 3 with
7 = 2. Because the term (1 + Ciy7 ,_; + hj_,_;) is non-negative, by Lemma 2 we get
S (1 + Ciyi 1 + hi_,_;) < oo. Hence, we prove the finiteness of |h} [, which
implies the convergence of > B 9x+_;- By using the inequality (22) and the fact that

B € (0,1) we can write

|73l
A€Ao h* A
J

< Supzj o5 (1+Cl?jt1]+htlj)

AEAQ ht 4

1 1 RN T 3 h;
< — sup - +C supzj*o*tlj + supzj0 E L (23)

— B |lxeno M 1], Aedo hi Aeho hi A

In order to show the finiteness of || supycy, |h3, (M) |/h; (M) [la we need to show the
finiteness of the three terms in (23). The first term is clearly finite because h; > g by
Result 4. Next, let’s show that the second term is finite. Rewrite h} as

hi = wH o+ G (7)) vi + Bhi

= Z G* (w + [ + a2G (Ye—1-137)] yfflfk)

k=0
< Zﬂk (w+ (a1 + 2)yi i)
k=0
= w1-B) "+t an) > B (24)

k=0
is finite by the same arguments used in proving the finiteness of |} ,|. Hence, we find
an upper bound for %;. Although we have g as a lower bound for h; we need another

lower bound that has similar components as the upper bound (24). Because G € [0,1],
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pe(0,1), w>w>0,and oy > a; > 0 we have that

hy = Zﬂk (w + [a1 + G (Y115 7)) y?—l—k)
k=0

Y 8w+ anyi)
k=0

v

> w5ty By
k=0
> W ﬁjﬂyt{lﬂ' for any j > 0. (25)

By taking any 0 < s < 1/2 and by making use of Lemma 3, we obtain
5jyt2—1—j < Bj‘yg—l—j
hy o owt ﬁjﬂ?/t271fj
" 5jﬂyt2—1—j/ﬂ
= o ,
= 1+ Foyl/w
< oyt (Bjﬂyf—lfj/g)s

— _s sBS]yt -

By the fact that s € (0,1/2], and by using the Liapunov’s Inequality® we can write that

ol = (BB = {E B = sl

< ||yt—1—j||4s
Thus, we obtain
] o0
sup = y;;; il < supz Ly gy
j 4 4
< o lw *SZ ﬁs] H Y, ]H , by Minkowski’s Inequality,
< o w S B e
=0
= ol ‘SM”ZB where M = [y < o
—s\ 1 —s

= M (1 - B ) because 5~ € (0,1) for s € (0,1/2],
< 0. (26)

Tt r > p >0, then || X]|, > [|X]], -
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Hence, the finiteness of the second term in (23) is proved. Finally, let’s concentrate on
the third term, i.e., |[supye, 25— B 1—j/h¢]la. When we analyze the summand in the
norm, and use the same arguments as in proving the finiteness of the second term, we
end up with a similar result. We use Lemma 3, and the lower bound of i} for any j > 0

, that is found in (25), and we choose s € (0,1/2] in order to get

5”% Plij1 5 i Bk (w + a1 + @G (Yi—2—j-k; )] yt2—2fjfk)

h* — Bj—l—k—l—l 2

w + g Yo j—k

k=0

LW+ ozl—i-aQ)y .
ﬁﬂZﬁ L

IN

yt2]k

IN
Q&l
€ | €]
()¢
Sy
ol
_|_
2
+
o
S

i (0
< FE(1-p -

= ( a3 o | +%ﬁ]+k+lyt2—2—j—k/£
< _jw 1 — —1 (061 +()é2)_18 = (j+k+1)s, 2s
—6&( _5) + QS& ;ﬁ yt2jk’

— N — S0U+1)s

i W -1 (@ +a@m) ' vy

L e D

Thus, by the help of Minkowski’s Inequality and similar arguments as in (26), we obtain

that [|supyea, Yoo B7h;_1_;/hilla < 00. As a conclusion, the first norm in Result 9 is

finite, i.e.,
73]
sup ——|| < oo. (27)
A€Ag ht 4

Next, we will prove the finiteness of the second norm in Result 9, which is || supyen, [Py 4| /7] ]2-
As found in (7) in Result 8, the ergodic stationary second derivative of h; evolves according

to the equation

Wt = g>\)\t+€4h>\t 1+h)\t 164+ Bhy i1

= ZB g)\)\t j+ZB€4h)\t 1 J—’_Zﬁ h)\t 1— 364 (28)

The convergence of these sums can be proven in a similar way as it is done in the case of

35



*

A\t

|hA,\t|<25 | T j\+22/3f

Note that [eshy, ;| = |k}, 1 ]e4| = |h3,_1_;|- This time we have to use the upper

tj‘

bound for |g3,,_,| found in (21), i.e., [g5, ;| < Coy7 ;. The convergence of the infinite
sums follows by the finiteness of |1} ;| and by Lemma 2. By using (28), the norm in Result

9 can be written as

Wil ’Ej o Pori—j 20 o Bleshyl, o it oﬁjhm 1—€)
p———| = [/sup -
AEAQ h’ 2 AEAQ ht
2
[ses]
< ||sup B]—* osup 3 Aol
AEAg Z h )\EAO Z )
The inequality follows from Minkowski’s Inequality. Therefore, |[supycy, [P3y l/hi]]2 is
finite if
sup > B ‘gAA’i ]‘ <oo and |lsup Z b’] < 0. (29)
Xeho 4 hi Aeho
= 2 2
Regarding the first term above,
{th ‘ = Oyt
sup B] e I e N
A€ j=0 h; A€o T hi
2 J 2
00 .yg '
< Cyflsup » A t7—T by Liapunov’s Inequality,
AEAo 0 ht
= 4
< 00.

The last inequality has already been proven in (26). Regarding the other term in (29),

we will follow similar steps as in previous analysis.

o0 o0
sup ) 7 < lsup Do
Aedo 525 t ) XeAo “g ; A
oo
— hx .
J At—1—j
< E B || sup W
=0 A€Ag t 4

by Liapunov’s Inequality and Minkowski’s Inequality. Choose v € (1,371), because the
term || supyen, [B3,,-11/h71l4 s finite by (27), we have 775" |[ supyen, |5 -1l /Bf[ls — 0
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a.s. Thus, Lemma 2 provides the finiteness of > 7, B]H SUPen, P31 ;1/Pilla- As a

conclusion, the second norm in Result 9 || supycy, |h3y | /7]l is finite.

Result 10: Since ¢; have a density which is positive and lower semicontinuous on R by
Assumption 1, clearly Result 10 i) holds. Now, let’s verify the second condition in Result
10, which is the identification condition given as z\dg (yi, 07;7,) /OA = 0 a.s. only if
zy = 0. Let &) = (21, T, ...,76) € R® and suppose that 2,0g (y;, 0%;7,) /OA = 0 a.s. In

other words,

1

oje;

2.
, 09 (Ye, 73 70) o 2.2 .
I’/\T — fL‘)\ O-tth(o-tgtu’YO)
o}
2.2 .
a0720t€t G’y (0t€t7 PYO)

2.2 2.2 . 2 I 2.2 .
= a1+ 2207e; + 23076, G (01843 77) + Ta0] + o2 (25, 76) 076G (0464

=0 a.s.

We will follow a similar way as in the verification of Result 5. We found that for

some ¢ > 0 and for all 0 < 0, < o* we have
P{o? € (0,,0%)} > 0. (31)

Consider the events {07 € (0,,0*) and &, < ¢ /?M } with ¢ < 0, < 0* and M < 0. By

the independence of o, and ¢;, we can separate the joint probability as
P{o} € (0.,0%) and g < Qfl/ZM} = P{0? € (0,,0")}P{e, < o V2 M}.

This probability is strictly positive by (31) and Assumption 1.a. Moreover, on the events
{0} € (0.,0") and &, < ¢~ '/?M } we have oe; < M regardless of the values of o, and o*.
Thus, let 0, and ¢* be fixed. Consider (30) as M — —oo, then, y? = 0?2 — co. By the
properties of the function G, i.e. by (9), (12) and (13), the third and the fifth terms in
(30) are converging to zero as M — —oo, hence they are bounded. The fourth one is also
bounded since ¢? € (o,,0*). However, the second term can take values arbitrarily large

in absolute value unless x5 = 0. Hence, we restrict x5 to be zero.
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By rewriting z302e2G (04643 7,) as 13022 + 230262 [G (04843 7y,) — 1], we arrange (30)

under the restriction of 25 = 0 as

vy + m3078; + w3077 [G (0080 70) — 1] + 407 + 02 (5, 76) 076, G (0481579) =0 a.s.
(32)
Consider the events {07 € (0.,0%) and &, > ¢~ /2M } with M > 0. As M takes arbitrarily
large values, the third and the fifth terms in the above equation are bounded by the
properties of the interaction between y? and the function G, i.e. (10), (12) and (13).
Hence, by the same reasoning as above, x3 should be equal to zero since o?c? becomes
unbounded as M — oo.

Under the additional restriction 3 = 0, the above equation can be written as
Ty + 1407 + o2 (75, 76) 0761 G (04E479) =0 a.s.

Now, consider the events {af € (0,,0") and g, > ¢ /2 M } with M > 0 and with different
values for o, and ¢*. The third term in the last equation converges to zero as M — oo.
However, in order to have z; + x40? = 0 a.s., we either have to have r; = x4 = 0 or
0? = —x1/z4. But, by taking o, and o* accordingly, we can exclude the possibility of o2
being equal to —x;/x4. Thus, we have z; = x4 = 0.

Since ag» > 0 by Assumption 2, we are left with the equation (x5, z5)' G-, (0464 7) 0262 =
0 a.s. Note that, in (14) we found that (zs,26) G, (04c4;7,) is zero if and only if
081 = T5V90/T6 — V1, for nonzero (w5 x¢). Hence, again by taking o, and o* properly,
we reach the conclusion that (x5, x¢) = (0,0).

As a result, z) should be zero if ¥\ (y;, 0%;7,) /OX = 0 a.s., thus, the identification
condition in Result 10 holds.

Appendix E: The Proofs of the Main Theorems
The Proof of Theorem 1

For strong consistency of ;\T, it suffices to show that, for all § > 0

hTHLgf,\eglg\E,a)c<LT(/\) — Lr(Xo)) >0 a.s.,
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where Ly(\) = T71 Zt ) =T Zt og 442 /hy, and BN, 0) = {A € A | |\ — | < &}
is the open ball with the center \g and radius 6. Moreover, B(\g, )¢ is the complement

of this set in A, which will be denoted as B¢ (see Pétscher and Prucha (1991, p.145))°.

The interpretation of this inequality is as follows. Even in the best case, i.e., even if

the infimum of the distance is taken, the likelihood function Ly ()) is greater than the
likelihood function with the true parameter, Ly (o), outside all open balls centered at Ag

with radii ¢, uniformly for large 7. Hence, equivalently, the inequality implies that \q is

the unique minimizer of Ly(\) in A.

Note that,

liminf inf (Ly(A) — Lyr(XAg)) = liminf 1nf (Lr(A) = Lr(Ao) £ L7(A) £ Lip(Ao) £ ElF(Mo)])

T—oo AeBC© T—o0

> liminf inf {(Lr(A) = Lr(Xo)) = (L7(A) = L2 (X))} (33)
Himinf inf {2{l;(Ao)] — Lr(do)} (34)
Himinf inf {L7(A) — Bl (Ao)]}

Let’s analyze the first expression on the right hand side, which is denoted by (33).

liminf inf {(L7(A) — Lr(Ao)) — (L7 (A) — L7(Ao)) }

T—oo AeB

= —limsup —inf {(Ly(X) — Lr(Xo)) — (L7(A) — L3 (X)) }T

T—oo AEBC

—limsupsup — {(L7(A) — L7 (X)) — (L7(A) — L7(Xo)) }

T—oo AeB¢
> —limsupsup [(L7(A) = L7 (Xo)) — (Lr(A) = L1 (Xo))]
—00 AeB¢
> —limsup sup|(L5(A) — L5 (Xo)) — (Lr(X) — Lr(Xo))| since B¢ C A.
T—oo XEA

If we consider the term denoted by (34), we see that E[lf(\g)] — L¥(A\o) does not depend
on A. Thus,

lim inf inf {E[1; (\)] — (%)} = lim inf (B} (Ao)] — L3(Ao)}.

T—oo AeBC©

SA basic sufficient condition for p, (B,,B,) — 0 as. as n — oo is that for each ¢ > 0,
liminf, inpr (8,B.)>e [R.(B) — Ryu(B,)] >0 a.s.

To familiarize the notation: R,, is the likelihood function, ,, is the likelihood estimator, 3,, is the
minimizer of R,,, B is the space of parameters of interest, p_ is the metric defined on B, and 8 € B. In

the proof we simply replace 3,, with the true parameter.
"Let {a,} be a sequence in [-00, 0c], then liminf a,, = — lim sup(—ay,).
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Hence, we obtain

lim inf inf (Lr(A) = Lr(A))

> ——h?gigp}igyl( 7(A) = L7 (X)) = (Lr(A) = Lz (M) (35)
Hlim inf{E[I; (Ao)] — L(Ao)} (36)
+liminf inf {L5(A) — E[F(X)]} (37)

T—oo AeBc
Throughout the proof, we shall show that the first two terms, that is (35) and (36), are
equal to zero a.s. whereas the third term (37) is strictly positive. We will proceed term
by term.
First, we will show that the first term is equal to zero a.s. To deduce it, we begin by

showing that sup,cs |L5(A) — Lr(A)| — 0 a.s. as T'— oo. Notice that,

) =L = | oAz + %) — (tog hy + %)

h he
<H0M—bhw%2i—i
—= g t g t yt h/;«/k ht
]' * 2 1 *
< J=(hi = h)| +y; 75 (hi = ht)
t ht

1 2
h

t

y2
< |h* ht|+—t|h*_ht‘
< (1 +47) 5 — Il for some m > max{g ™, g~}

The second inequality is satisfied by Mean Value Theorem® for some h; and hy lying
between h; and h;. The third inequality is satisfied because both h; > g and h; > g by

Result 4. Hence, we have

sup [l (A) — l:(N)] < |lsup{m(1 + ;) |h; — hel}
AEA r/2 A€A r/2
= Hm(l%—yf)sup]hj — Ry
AEA r/2

8Mean Value Theorem: If f is a real continuous function on [a, b] which is differentiable in (a,b), then
there is a point z € (a,b) at which

df(z)

1) = fla) = (- ) 22
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IN

lm(1+ )],

sup |hy — hy
A€A

T

IN

Aam (1+ ||yt2||r) by Lemma 1.

sup |hy — hy
AEA

T

The second inequality is justified by Cauchy-Schwarz Inequality”. The finiteness of the last
term is given by the proof of Result 1, i.e., E[y?"] < oo implies ||yZ|, = M < occ. Result 3
gives that ||supyey |hf — |, < Ck', where C' € R and x € (0,1). Let 1 <y < 1/k and
Arom(1+ [ly]l,) = m'. Then,

t
Sm’C’lt—>0 a.s. ast— oo.
K

vrsup |17 (A) — Li(N)]
AEA

r/2

Thus, by Lemma 2, Y72, sup,ca |l5(A) — I:(A\)| < 0o a.s. We can write that

T T
1 1
S L%\ — Lr(N)| = s — F(N) — = L ()
sup (L3 () — Lr(M) ;euA)TEjm 72k
< su E TN = 1(
o Aelzz | t
< sup |I;(A) — 1
< E:AEIA)\ 16

The last term converges a.s. as T — oo, since ., supye, [15(A) — (V)] is finite as
T — oo. We showed that supyc, |(L5(X) — Lp(A)] — 0 a.s. as T — oo. In particular,
since A\g € A, we have |(L%(\g) — Lr(Xo)| — 0 a.s. as T'— oco. Hence,

limsup sup |(L7(A) — L3(Xo)) — (Lr(A) — Lr(Xo))|

T—oo AEA

< limsup sup {|L5(A) — Lyr(A)| + | L5 (Xo) — Lz (Xo)| }

T—oo AEA

— limsup {|L*T(>\0) — Ly(\o)| + sup |Lp(A) — LT(MI}

T—o0

< limsup [L7(Ao) — Lz (Ao)| + limsup sup [L7(A) — Lr(A)|
T—o00 T—oo MEA

=0 a.s.

Thus, the term (35) equal to zero a.s.
To handle with the remaining two terms (36) and (37), first consider the term L% .(\),

thus the term [}(\). By Result 1 and Result 3, h} and y? are ergodic and stationary

9Cauchy-Schwarz Inequality: For random variables X and Y, (E[XY])? < E[X?]E[Y?] with equality

attained when Y = cX, ¢ a constant.
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implying that I;(\) = loghy + y7/h; is ergodic and stationary. Because hy > g and y;
is independent of A, [;(\) is bounded below uniformly in A. Therefore, the expectation
of negative part of [7()\) is not infinite. Hence, E [If()\)] is well-defined and belongs to
R U {oo}. In particular, E [infycp [f(A)] < oo. By Result 3, E [sup,cp 2" (A\)] < oo for
some r > 0. Therefore, we can write that

oo > E{suphfr()\)}
AEA

> logk {suphf{r()\)]
AEA

v

E log{suph:r( }
I Ael

w

= F _log {rileagch;”()\)H since A is a compact set,
)]
(

= L |max{logh;"(A\)}

= rE {Iilgi({bght A}

= rE [sup {log h} ()\)}} since A is a compact set.
AEA

The second inequality is satisfied since = > z—1 > logx for all z € R;. The tangent line
of the curve log x passing through the point x = 1 is the line y = x — 1. Hence, the curve
log z is under this tangent line for all z Y. The third inequality is justified by Jensen’s
Inequality!'! since log is a concave function. The first equality is justified because log is

a strictly increasing transformation, thus, the maximizer of h;"(\) and the maximizer of

10The function y = log u is a concave function. The tangent line at the point v = 1is y = —1 + w.

Because a concave function plots below any tangent line, the inequality logu < —1 + u is obtained.
1 Jensen’s Inequality: If a Borel function ¢ is convex on an interval I containing the support of an

integrable random variable X, where ¢(X) is also integrable, then

P(E(X)) < E(¢(X)).

For a concave function the reverse inequality holds.
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log h;"(A) is the same. Hence E [sup,., log h; ()] < co. Notice that,
2

E[ii(M)] = E{bghf(AO)*hz‘itho)}

2 | O(E} . * 2
= E|logo; + = since hj(Ag) = o7 by Result 3,
= Ellogo}] +1 since E[e?] = 1.

Since log is a concave function, we have, rE[logo?] = E[logo?"] < log F[0?"] < E[o}] <
oo by Jensen’s inequality and by Result 1. Hence, we have E [} ()] = E[logo?]+1 < oo.
However, for A # Ao, we may have E[y?/h}()\)] = co. Thus, we may not bound F [I}()\)]

from above as well.

Part 1: Note that if Assumption 3 is assumed as an extra assumption, then the proof
is simplified. We, now, can bound E [/} ()] from above, actually uniformly, because by As-

sumption 3 we have E[sup,., 07/h}] < oo. We showed above that E [sup,¢, log hf(\)] <

0o. Thus,
o? o7
E {sup l;‘()\)l =F {sup {log hy(\) + —iH <E {sup log hf()\)] +F {sup —i} < 00
AeA AeA hi AeA rea Ry

Since [f(\) is ergodic and stationary with E [sup,c, I (A)] < 0o, a Uniform Strong Law
of Large Numbers'? provides sup,., |L5(A) — E[l;(A)]| — 0 as. as T — oo. In par-
ticular, |L%(Xo) — E[l}(No)]| — 0 as. as T — oo. Therefore, the second term (36),
liminfr o {E [[; (\o)] — L%(Xo)}, is equal to zero.

Next, we will prove that F [[¥(\)] is uniquely minimized at A = \g. Equivalently, we

will show that E [If(\)] — E [If(Xo)] > 0 for all A € A\{\o}.

2 2
B - BlEOw] = B [loghi + 2| B [logh; () + -2
t t 0)
22 22
= F [logh,}k + Ut—ft] - F [logaf + Utit]
hi gt

0'282
= FE[logh; —logo;] + E {%} ~1
t

2 2
= F [— log % + %1 —1 since g, is independent of o7 and h}.
t t

12Let (v¢) be a stationary ergodic sequence random elements with values in the space of continuous
R¢-valued functions equipped with the sup norm |[v||, = sup,cx [v(s)]. Then the Uniform Strong

Law of Large Numbers (SLLN) is implied by E |jvg]lx < co. The uniform SLLN is said to hold if
[1/n > v — E(vo)|l,x — 0 a.s.
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By using the inequality  — logx > 1 for all x € R, with equality if and only if x = 1,
and by using the identification in Result 5, i.e., 07/h} # 1 if A # Ay, we conclude that
Ely(N)] — E[lf(Ao)] > 0 for A # Ag. Let’s consider the third term (37).

lim inf inf‘{L?}(}\) — Elf(Mo)]}

= timinf inf {L500) = B I 00)] + B O] - B[O}
> ot { inf (L50) ~ EEOOD + jnf (EIEON] - BT 0D}

> {lim inf inf (L7(\) — F [ZZ‘(A)])} + {lim inf inf (E[l;(N\)] — E [l;"()\o)])}

T—oo AeBC© T—oo AeB¢

— {lim inf inf (L5(\) — E [l;f(/\)])} + {<mmE [z;(x)]) "y [z;@o)]} (38)

T—oo AeBC AEBe°

The last equality is satisfied because E [If()\g)] does not depend on A and T, B¢ is com-
pact being a closed set of a compact set A, and E [[(\)] does not depend on 7. As a
consequence, the result is positive because the first term in (38) is zero but the last term
is positive by the analysis above. Thus, liminfy_ . infyege{ L% () — E [l (Ao)]} > 0 which
completes the proof.

In this part, the uniform SLLN, via the help of Assumption 3, facilitated the proof
by letting us to conclude that the first term in the last equality is equal to zero. But,
without Assumption 3 we cannot bound F [I} ()] from above, thus we cannot use uniform
SLLN to obtain a nonnegative number from the first term in (38). Next, we move one

the second part of the proof where we use different arguments other then SLLN.

Part 2: Let’s continue the proof without having Assumption 3 as an extra assump-
tion. Since [f()g) is ergodic and stationary with E [If(A\g)] < oo, we can use Ergodic
Theorem'® and conclude that Li(Xo) = 1/T 3.1, I#(Ao) — E[I#(\)] a.s. Thus, the sec-
ond term (36), iminfr_{E [} (\o)] — L%(Xo)}, is equal to zero. Now, consider the third
term (37), liminfz .o, infyepe{L%(A\) — E[l}(A\o)]}. By Lemma 3.11 of Pfanzagl (1969)'*,

13Ergodic Theorem: Let {z;} be a stationary and ergodic process with E(z;) = u. Then

1 n
En:fg Zi — K a.s.
n-
i=1

HMet (T,U) be a o-compact metrizable space and f; : X — [—00, +00], t € T, a family of A-measurable
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we obtain that F [I7(\)] is a lower semi—continuous function!'® on A and

lim inf inf L3(\) > /\ian E[l;(N)] a.s. (39)
G c

T—oo AeBC©

If we can show that E [If(\)] — E'[If(Xo)] > 0 with equality if and only if A = )¢, then the

positivity of the third term (37) will be proven because

T—oo AeBC¢ T—oo AeB°

liminf inf {L7.(\) — E'[l;(N\o)]} = {lim inf inf Li_‘p()\)} — E[l;(No)]

> { e BN} - B

AeBe

will be strictly greater than zero by the lower semicontinuity of F [I¥(\)]. The inequality
is satisfied by (39). We know that E [If(\g)] < oco. Thus, if E [If(\)] = oo then we are
done. Therefore, we assume that F [} (\)] < co. The rest follows as it was shown in the
part with the extra assumption, i.e. Part 1.

As a conclusion, we showed that the following inequality holds

liminf inf (Ly(X) — Lp(Xo)) >0 a.s.

T—o00 AeB(MNp,d)¢

by showing (35) and (36) are zero a.s., and (37) is strictly positive a.s. Therefore, by
following Pétscher and Prucha (1991)’s argument we conclude that the QML estimator

Ar is strongly consistent for \g, that is, Ay — Ao a.s.

function such that: (1) ¢t — fi(x) is Ls.c., (2) inf f, € A for any compact set C' C T. Let furthermore
P|A is a p-measure such that (3) Plinf f,] > —oo. Then, (a) t — P[fi] is ls.c., (b) infiec P[fi] <
lim,  infrec1/nY 0 fi(z;) PN — a.e. for any compact set C.

l.s.c. stands for lower semicontinuous and lim is a notation for liminf. In our proof we take X = R,
A as the Borel Algebra, P as the expectation, T' = A. Thus, t = A\, z; = t, and fi(z;) = [ (A). (1) is
satisfied because is [J(\) continuous, (2) and (3) are satisfied because [f()) is bounded below uniformly
in A. Therefore we obtain the results (a) F [I¥ ()] is Ll.s.c. and (b) for C' = B¢ (since B¢ is a compact set)

infyepe E[IF(N)] <liminfr_ . infyepe 1/T Zthl F(A) = liminfr o infyepe L5 ()
5Let f be a real (or extended-real) function on a topological space. If {z : f(x) > a} is open for every

real «, then, f is said to be lower semicontinuous.
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The Proof of Theorem 2

We denote the first and the second derivatives of I; () as I :(\) and Iy (A). Thus, those

of Ly (X) is given as

OLr (\) azt
Lar(N) = == Zlu
oA T —
PLr(\) 10 () 1
Lor(y) = 22 _ 1 ) —le (\)
DN~ T4 DN~ T4

Similar notation is used for the ergodic stationary counterparts, i.e., the first and the
second derivatives are denoted as I3 ,()), I3, (), and L} (A\), L}, 7 (A). In order to

prove Theorem 2, we need some intermediate steps, named as Lemma D1-D6.

Lemma D1. Under the assumptions of Theorem 2,
VTL; 7 (M) —a N (0, (\))

where T (M) = E[l;,(Xo)ly,(Xo)] = Elef — 1| Elo; b} ,(Ao) Ry (No)] is finite.
Proof. Taking the first derivative of [}(\) = log h} + y2/h} yields

h§t<y2 )
I,=——t(2_1).
Mok \hy

Evaluating it at Ao yields 15, (Ao) = —0; h}, (Ao) (67 — 1). Hence,

* * 2 — * *
E [, 0050 00)] = B[(F = 1) 075, (o) B3, ()]
= El[ef —2¢] +1] E [0,*h}, (Xo) by (Ao)] by the independence of &,

= F [6;1 — 1} E [a;‘lhf\’t (Mo) hf\it (/\0)] since E[s?] =1.

An implication of Assumption 5 is the finiteness of E[e}]. By Result 9 and Liapunov’s
Inequality, we have || supyen, [} ,(A)]/h; (A)|l2 < 0o. In particular, E[|h},(Xo)[*/0}] < oco.
Thus, E[a;‘lhit (o) By, (Mo)] is finite which implies that T (\o) = EII3,(Ao)lY,(Ao)] is
finite.

The ergodic stationarity of y; and o7, by Result 1, imply the ergodic stationar-
ity of 7. Furthermore, h},(Xo) is ergodic stationary by Result 7. Thus, I3, (Xo) =
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0 2y, (M) (67 — 1) is ergodic and stationary. In addition, I}, (Xo) is a martingale

difference sequence.

E 15, o) 151 (M), B (Mo)] = E o7 %hs, (o) (1—€7) 15,21 (Xo) 55 151 (Mo)]
B[R [ 00 B () By )

= 0.

The second equality follows from the independence of ;. The last one follows from the
finiteness of o, and hy, (A), and from the fact that E[e7] = 1. Hence, I}, (Ao) being an
ergodic stationary martingale difference sequence with finite 7 (Xo) = E[I3 ;,(Xo)1Y;(Ao)],

we can use Billingsley’s Central Limit Theorem to conclude

\/_L)\T )\0 = /\0 —d (071()‘0))

IIMﬂ

Lemma D2. Under the assumptions of Theorem 2, I3, ,(\) is L1—dominated in Ny and
SUPxen, [Lanr (A) =T (A)| — 0 a.s. where J (\) = E[l},(\)] is continuous at A, and
T (Xo) = Eloy *h3, (M) hiy (Mo)].

Proof. By taking the second derivative of [} (\), we have

PO SV SR WL VI OO O
R\ i b \"hi )

A sufficient condition for I5, ;(A) being L; —dominated in Ay is the finiteness of E[supycy, [135:(A)]]-

Via the help of Holder’s Inequality'® we obtain

E [fuf |l§\)\,t<)‘)’:| = su/P
€Mo
o | e (2 (02 )
xedo | hi \ g hi hi \ hy

M (9
n \hi

E[XYI < [1X1, Y1,

1

hit h;/t < ?Jt2 )
sup |+ | 25— 1
AEA ht ht ht

IN

+
1

sup
AEAQ

1

SFor any p > 1,

where g =p/(p—1)ifp>1,and g=oc0 if p=1.
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. M v P hy, 2
< ||sup " sup | — + ||sup |73 sup |4 sup |25 —
xeho | Pi Iy [Iaeno | Bf o laedo | PE 114 lIaero | RE T4 HIxeno | A )
2
< h/\A,t‘ —11,,2 1 hA,t 201 |42 1
< |fsup || (g ol + 1) + [[sup = (2 el + 1)
Aeho M|, Aeho Nt ],
< 0oQ.

The finiteness at the last step is justified by Result 9. Thus, I5, ,(A) is L;—dominated in
Ao.

For showing sup,cn, [Liy 7 (A) —J (M) | — 0 a.s. we will make use of uniform SLLN.
The ergodic stationarity of the variables y7, hy, b}, and h}, , are satisfied by Result 1, 3,
7 and 8, respectively. Moreover, because 1}, , is continuous by Result 8, so are h; and
h} ; since they are differentiable. Thus, 3, ,(A) forms an ergodic stationary sequence with

finite E[supyes, |(x,,(A)]]. Hence, by the uniform SLLN
T
* 1 * * .
Lir(A) = T ZZA/\JO‘) — E[l5,,(N)] a.s. uniformly on A,.
t=1

Hence, sup,cp, [Lirxr (A) = T (A)| — 0 as. where J (\) = E[l3,,(\)]. The uniform
almost sure convergence implies the uniform continuity of J () in Ay, in particular,

J () is continuous at Ag. At the true parameter value, J (\) takes the following form

j()\o) = E[l;k,t(AO)}
P (Ao) Ry (M) 1Yy (o)
- E ——M;% (e7—1) + “0% A;? (2¢7 — 1)
= Elef — 1 E[=0°h}y, (No)] + E [26] — 1] E [0 'R}, (M) By, (Mo)]
= E oy h}, (M) k3 (Mo)] -

In the third equality, the term E[e} — 1] E[—0; *h},, (Ao)] vanishes because E[e}] = 1 and
El=0,%h}, (M)] < g 2E[h},, (Mo)] is finite since h3,, (A) is continuous, thus finite, at
Ao by Result 8. m

Lemma D3. Under the assumptions of Theorem 2, T (o) and J (X\o) are positive def-
wmate.
Proof. Let x € R% {0} . We want to show that 2'Z (A\g) z > 0 for all z € R®\ {0} . For a

contradiction, suppose that z'Z (A\g) z = 0. Also note that we can express 'Z (A\g) z = 0
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as
I (No)a = 2B [I5,(Mo)l{(No)] @
= B2, (M)z]

E | (@/15,4(0))°]
= 0.

But this implies that 2/I3,(A) = (7 — 1)o; *2'h} (M) = 0 a.s. By Result 10 i) & is not
concentrated at two points, thus €7 # 1 a.s. Moreover, o7 is bounded g < 07 < co by
Result 4 and Result 2. Therefore, we are left with 2'h} (Ao) = 0 a.s. Because hj, is

stationary by Result 7, it is also true that 2'h}; ;(\¢) = 0 a.s. Hence,

Wy (M) = @' [gae (No) + Bh,_1(N)]

= :Ug,\t()\o)+537hu 1(Ao)

37, ag (yt7 Ut ) 70)
o))

= 0 a.s.

Yet, by the identification condition in Result 10 we have to have x = 0. We conclude that
7 (X\o) is a (6 x 6) positive definite matrix.

In a similar way, the positive definiteness of J (\g) can be proven. Actually, after
the step 2/ J (\g) x = E[O’;4xlh§7t()\0)] = 0 a.s., the same steps as above should be taken.

Lemma D.4  Under the assumptions of Theorem 2, \/T(XT—)\O) —q N (0,Ele} — 1] ()\0)_1)
where Ay = arg minyes L () .

Proof. First note that Ay — Ao a.s., which can be seen by the first few steps of the
proof of Theorem 1. The only difference is that we do not have the term in (35), which

converges to zero a.s.

liminf inf (L7(A) — L7(Xo)) > Uminf{E[l;(Ao)] — L7(Xo)} + hm inf inf {L7.(N) — E'[I} (No)]}

T—oo \eB°¢ T—o0 oo AeB¢

> 0 a.s. by the proof of Theorem 1.

Hence, for strong consistency of XT, it sufficed to show the positiveness of lim inf7_, o, inf e ge (L5 (A)—

L%()\o)), which is done in the proofs of (36) and (37).
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The mean value expansion'” of L% ()\) around )\ gives us
Ly r(Ar) = Ly 7(Xo) + L:A,T<)‘T — o)

where L;/\’T signifies the (6 x 6) L}, 1 (\) matrix with each row evaluated at an interme-

diate point A, 1, for i =1,2,...,6, lying between XT and \g. More explicitly,

921:(\) R
T Ow? | A=A 1 OwOyy |A=X1,T
Bar=73
ANT T ~
=11 92,0\ 0N
0790w [A=Xg T o2 |A=Xe,T (66)

Because \; 1 lies between XT and )¢ for each 7 and because XT is strongly consistent for
Ao, so are each \; 7. Hence, \; 7 — ¢ a.s. for i =1,2,...,6. Moreover, the convexity of
Ay assures that each \; r is contained in the interior of A, for large 7'

Next, we will show that I'/X)HT — J (X\o) a.s. as T — o0o. By Lemma D.2 we have
SUPen, [ Lanr (M) — T (A)| — 0 a.s. Hence, each row of L3, ;- (\) converges to the cor-
responding row of J (\). Thus, i"" row of L, ;- (A) evaluated at ;7 converges almost
surely to the i*" row of 7 ()\) evaluated at A;r, for each i. As a result, we can write that
';/\,T — J as. where J signifies the matrix J (\) with i* row evaluated at \;p for
i=1,2,...,6. Because J () is continuous at Ay by Lemma D.2 and because A\;7 — Ao

a.s. for each i, we have J — J (\o) a.s.
L;/\,T —J as. and J — J(X\) a.s. imply I'/;/\’T — J (M) a.s.
Because J ()\o) is invertible being positive definite by Lemma D.3, L A7 18 also invertible
for large T'. Thus, we can write
L;;lT — T (M) " as. asT — oco. (40)

Let’s multiply the mean value expansion with v/7 and with the Moore-Penrose Inverse'®

of L’;A’T, which exists for all 7" and denoted by L;JKT Then,

VTL p Ly Or) = VTL 7Ly (M) + VT L Ly (O — o).

"Let h : R? — R? be continuously differentiable. Then, h (x) admits the mean value expansion
Oh (%)
ox'

h(x) =h(xo) + (x —xq),

where X is a mean value lying between x and x.
8The (n x m) matrix A" is the Moore-Penrose Inverse of the (n x m) matrix A if it satisfies
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By adding and subtracting ﬁ(XT — Xp) to the right-hand-side, we arrange the above

equation to obtain
VT (Ar—=Xo) = Tse= L3 7 Lin ) VT O =20)+VT L 1 L O) VT L3, 1 L3 (M) (41)

where Ig is the (6 x 6) identity matrix. Now, we will show that the first two terms on the
right-hand-side of (41) converge to zero a.s. Actually, these terms will be exactly equal to
zero for sufficiently large T, in other words, for each event w on a set with probability one
there exists T, such that for all T' > T,, the first two terms are exactly zero. Regarding
the first term, for sufficiently large 7', the inverse of LK,\,T exists as shown in (40). Hence,
LKT = L;;}T, which gives us L;K,TLT\)\,T = Ig. For the second term, because XT minimizes
the function L7 (A) on A and because ) is an interior point of Ag, we have L} r (Ar) =0
for all sufficiently large T. Note that, being a minimizer is not enough to have a zero
derivative at that point. First of all, the derivative is taken in the vicinity of g, i.e. on
Ay. Moreover, Ar may be on the boundary of Ay for some T, which may result in a non-
zero derivative. Therefore, we need Ar to be an interior point of Ag, and to ensure this,
given that Ar is consistent for Mo, T' should be sufficiently large. As a result first two
terms in (41) are not only converging to zero a.s. but also they are exactly equal to zero
a.s. after a threshold for 7' Furthermore, the Moore-Penrose inverse L}t\rT converges to

T (M) " as. since L’;\J)fT = LXKIT for sufficiently large 7. Thus, (41) can be written as
VT (A = Xo) = 01 (1) + [ (Ao) " + 02 (1)] VT L3 1 (M),

where 07 (1) and 0, (1) are vector- and matrix-valued processes, respectively, and converge
to zero a.s. at rate T. Thus, as T — oo, the right-hand-side becomes 7 (Xo) " \/TL’/‘\’T()\O).
But, by Lemma D.1, we have that \/TLKT()\U) —a N (0,7 (\o)) yielding the desired re-
sult 7 (Ao) ™' VT'LE 7+(Xo) —a N(0,T (Ao) " Z (Ao) T (Ao) ). Here, note that the matrix
T (Xo) = Elo;*h}, (o) by, (Ao)] is symmetric, so is its inverse, and moreover J (M) Z (No) =

i) AATA = A,

i) ATAAY = A+,
iii) (AAT)" = A4+,
) (ATA)T = A*A,

where A is the conjugate transpose of the matrix A.

o1



E[e} — 1]. To conclude the proof,

VIO = M) =a N (0, B [ef = 1] {E [o7'h3, o) 15, ()]} )

Lemma D.5 Under the assumptions of Theorem 2, there exists a constant v > 1 such
that

v sup |15, (A) = Lue(A)| = 0 in Lyjs — norm as t — oo.
AEAo

Proof. In this proof and in some further analysis, we will use the inequality

* ok

'y —wy| = |2y —rytay| =y (@ —2) - (" —2) (¥ —y) F2" (Y —y)

< |y (" = o)+ 2" — 2| |y" —y| + 27| [y" — vl (42)

for any conformable vectors.

Now, let’s consider the difference hy _1hf\7t — h;tho

*
hi:  hay

e h

* * *
h)\,t hA,t hA,t h)\,t

hi e he e

1 1 1
W, (=——=)—=(h,—h
)\,t (h; ht) ht ( )\715 Avt)

1 1
< i,t h_f_h_t‘_l_}ht_l‘ hi,t_h&t‘
< Q_Q hi,t ‘h;t - h)\,t‘ + 2_1 |hf\’t - hA,tl )

where the last inequality follows by the Mean Value Theorem and Result 4. Thus, we can

write
sup hi’t — @
AEAQ hz( ht 1/2
< |[sup {2_2 hael [hae — hM‘ + 2_1 ‘hit - hkvt‘}
AeAg 1/2

IN

A1/2,2 9_2 sup ‘h;t‘ |h§\,t - hA,t| + g_l sup |h§7t - hA,t| ]
AEAQ 1/2

- AEAg 1/2
1/2]

+ g_l
2

sup |h§\,t| Sup |h§,t - h/\,t| Sup }hj\t - h/\,t}
AEAQ AEAQ AEAg

1
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where, in the second inequality, we make use of Lemma 1, and for the last step we use
Cauchy-Schwarz Inequality and Liapunov’s Inequality. In order to get a more proper
upper bound for |[supyca, b Ay, — by thagl|l1/2, recall that || supyea, [h — hel||» and
|| suprea, [P — haclll/a are bounded by Ck' and C’ max{t,t*/"}x~! by Result 3 and 7,
respectively. Moreover, by Result 7, we also have that E[sup,e,, [h},|"/?] < oo, thus,
|| supyen, [P 4lllr/2 = D < co. Finally, in Result 9, we showed that we can replace r with

2 in our analysis. Therefore,

E3
hi:  hay

ek

< 2Q72DC/3 + QQ’lC’ max {t, t2} K1
1/2
< max {2g’2DC’, 2Q’IC’/1’1} (1 + t2) Kt

sup
AEAQ

< O"t*R (43)

Next, let’s consider the difference I3, (A\) — I, (\) and use the inequality (42)

|15, (N) = L (V)]

— _% y_?_l _i_@ y_t2_1
e \n e \

B L P Ay B L SR A N A ) DR LU A s
= A T || ne e ||k R | R R
< |- (gD | = (g% Ny = )+ |R] (97%E 1y — hul)

]’L%k ht h;fk ht

where the last inequality follows by the Mean Value Theorem and Result 4. Hence, we

now are able to find a proper upper bound of the norm || sup,cy, [3 ;(A) = It (A)][]1/3-

sup |15 ,(A) = L (V)]

AEAy 1/3
e hal, _ e hagl, _ . . 1 .

< lsup (|5 = S (g 1) | ] (7 I = ) o [RR] (g 70 B — )

AEAQ t t t 13 1/3

_ h h
< Ayzgs {H(g P + 1) sup % — h—t
AEAQ t t 1/3
— hﬁ\ h)\ * - * *
+ HQ 2%2 sup hf - h_t |ht - ht| + HQ Syf sup hA,t |ht - ht|
AEAg t t 1/3 A€Ag 1/3
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K, h he, h
< 3l 'y +1 AL AL 2]y A A hi—h
< {Hg v2+ 1, Sup | = 1/2+g [ | sup |1 — 2
—I—g_SHny1 sup‘h;t‘ sup |h; — hy }
Ae€Ao 1 11AeAo 1
W, h
< o il oup [ - 2]
.,
) 2 At TRAL B — h
g il | sup 5 = y sup [hi — el |
+g_3||yt2||2 sup‘h;t’ sup |h; — hy }
AEAp 1 [IA€A0 2

where Lemma 1 is used in the second inequality, Holder’s Inequality is used in the third
inequality, and Liapunov’s Inequality is used in the last step. Moreover, by Result 9, we
know that E[y}] < oo which provides the finiteness of the norm |[|y?|, = M < oco. In
addition, by using the upper bound for || supyca, |hi~'h3, — by "hagll1/2 found in (43), we

can bound [|supyep, |13 ;(A) = Ix¢(A)]|[1/3 from above in the following way

sup |15, (A) = Lie(N)] < 3{(¢7'M +1) C"Pk" + g PMC"K'CK' + g *MDCr'}
AEAg 1/3 - - -
< 3max { (g_lM + 1) C'/,g_2MC”C, g_3MDC'} kit? (1 + Iit)
< Bt*! (1 + /<;t)
< 2Btk

for some constant B. Now, let v € (1,x7") so that [[7*supycy, [15,(A) — (M) [|1ys <
2Bt2 (k)" — 0 a.s. ast — oo. In other words, the almost sure convergence of ' sup, 4, 115 (A)—

[5+()\)| to zero in L;/3—norm is proven as t — co. ™

Lemma D.6 Under the assumptions of Theorem 2, \/T(S\T — XT) — 0 a.s. as T — oo.
Proof. We know that \g € 10\0, and both 5\T and XT are strongly consistent for A\g by
Theorem 1 and by the proof of Lemma D.4. Thus, for sufficiently large T" we can say that
;\T and XT belong to /O\O with probability one. Since ;\T and XT are minimizers of Ly (\)
and L% (\) on A, respectively, we can write Ly r(Ar) = L’;’T(XT) = 0 for sufficiently large

T. By applying the mean value theorem we obtain

L;,T()‘T) - L;,T(S‘T) = Lf\,\,T()\T - 5\T)a

o4



where f/j/\j signifies the matrix L, r (A) with each row evaluated at an intermediate
point S\i,T, fort=1,2,...,6, lying between A and Ag. By using the above equation and

the equality Lyz(A\r) = L;T(XT) = 0, we can write that
VT(Lyr(r) = Lip(Ar)) = VI(L3 p(Or) = L3 r(Ar)) = L3, o VT O = Ag).

Let’s concentrate on the difference in the left-hand-side.
T

T
A Lo 1 S N
VI |Earln) = s On)| = VT |53 0atn) = £ 3B Gn)

T
1 ) .
> (1eOr) = zA,t<AT>)|
1| A .
< — sup (L (M) — 15, ()
< = ;Aei(m ) = B ﬂ)‘
1 T
< sup |1 () = 15 (\ ‘
S i sup a(Ar) = 13 (Ar)

By Lemma D.5 and Lemma 2, 3% | sup,¢,, |l>\7t(5\T)—lj‘\’t(;\T)| < 00. Therefore, VT|Ly 1 (Ar)—

L*/{’T(S\T)] — 0 a.s. as T"— oo. Hence,
Z':Jﬁ\/\T\/T(XT —Ar) =0 as. as T — oo.

Now, we will show that f&/\,T is invertible, thus nonsingular, so that we can conclude that
VT (XT — S\T) — 0 a.s. Note that, for each 1, AzT is strongly consistent for \y because
Ai.r lies between Ar and Ar. By Lemma D.2 we had SUPep, [ Laar (A) =T (M) | — 0 as.,
thus EhT — J where J denotes the matrix J (\) with 7" row evaluated at A; 7. Since
J (\) is continuous at A and \; 7 is strongly consistent for Ao, we have J — J (\) a.s.,
which implies L% a1 — J (M) a.s. Moreover, for sufficiently large T, Lf\xlT exists because

J (M) " exists by Lemma D.3. Hence, Z'iﬁv\’T being a nonsingular matrix, we can conclude

that vVT(Ar — A7) > O as. as T — co. m
Proof of (8) Under the assumptions of Theorem 2,

T
1 i
T2 (h 1)

t=1

Ir=




Proof. We will prove the strong consistency of the estimators in fT, i.e., we will prove

<?{_?_) S E[-1]  as, (44)

= \hi

1 A iy B By (o) B, (A

TZ A)\,t A/\,t _ E{ )\,t(2 0) )\,t(2 0)1 as. (45)
=1 ht ht Ut Ut

We will use uniform SLLN and the strong consistency of the QML estimator Ar. First,

we prove two results on uniform strong consistency.

! ET Y _p {yf ] 0 T (46)
su — — a.s. as T — oo,
Ny | T 2= 12 hi?
T / /
g P |:h>\th)\t:|
sup E e hr — P — 0 as asT — oo. 47
AEAQ — h; hy h; ( )

In order to use uniform SLLN, we need to prove the finiteness of E[supycy, |h; y¢|] and

E[SUP/\GAO |h:72h>\,th/>\,tu-

4 1
E [sup yf2 } = F {yf sup |5 ] <FE [yfg’ﬂ =g ’F [yﬂ < oo by Result 4 and 9,
AEA) ht AEAg h - -
ha B Bt Py ol |I? sl |12
E [sup ’\f A*’t } = s p ’\* * M < [P < oo by Result 9.
AEAg ht ht h ht A€Ao ht 2 A€ ht 4

Hence, uniform SLLN applies, thus (46) and (47) hold.

Now, let’s concentrate on the convergence of the first estimator, and try to show that

—0 a.s asT — oo.

1/szt (hi=2 = h?)

t=1

sup
AEAQ

We first analyze the difference in the summand.

y; y; a1 1

R R VN
<yt (=200 (B — )
= 2yf‘h§3‘|h2‘—htl
S 4 —3|h* |

where the first inequality follows from the Mean Value Theorem for A, lying between hf

and h;. Thus, by Result 4 hy > g, which justifies the last inequality. By Holder’s Inequality

26



we get

yf yf 4
SUp |25 = 7 < ||sup 2ytg*3 |hy — hy
A€Ag t t 2/3 AEAg 2/3
< 27 o] | sup 1 — o
A€Ao 2
< MK,

where M' = 2¢73 ||y#||; C' < oo by Result 3and 9. Let 1 < v < x7!, then || supyc, |y (hy >~

ht_2)|||2/3 < M’ (yk)" — 0 a.s. By Lemma 2, pa Hsup/\eAO |y (h;’f_2 — ht_2) |H2/3 < 0.
Therefore, we conclude that
T
1 Yi y?)
sup |= = — "5 ]| —0 as. asT — oo. 48
A€A T; (ht2 h? ( )

The first desired result in (44) will be derived from the uniform convergence results in

(46) and (48). They, respectively, imply that

QA . QA R
7 Z h; — E {h’;] a.s. uniformly and Z - Z L a.s. uniformly.
t=1 "t t t

Thus, we can infer that 1/7 Zthl h; 2yt — E[h; %y!] a.s. uniformly on Ay. Because the
convergence is uniformly, it will also hold for a particular choice of A € Ay, for instance

for Ap. Therefore, we can write that

1~ o yi
— Z 5 LEENY ) 5 L a.s.
T t=1 ht ()‘T) h? ()‘T)

Since Ay is strongly consistent for Ay and A} is continuous we have h;2(Ar) — hi2(Ao) =

of. Then, we can easily obtain that
T

1 (3/1;1 ) {yf } 4

— =—-1)—=FE|=-1|=EFE|g -1 as

r2 e ot s

Next, let’s find similar results for the second estimator in Zr. We have already found

the uniform convergence result in (47). What we need is to find the analogous result
of (48) that contains the first derivatives of the processes h; and hf. We again use the

inequality (42) with z* = hf_lhjyt and y* = x¥,

PAa i _ T o Pl |Paa _ Poa| | M| (PR Phe| P B | |5 P
A T e N T R P T B N R
Wl el | |Pos haul”

ol ke R h
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Thus, we can write

sup hi’t hﬂ;\/’t — %@
AEAo hr h;ﬁk ht ht 1/4
< ||sup {2 ’\f Af _ DAt A*’t _ DAt
AE€AQ hi hi hy h; hy 1/4
< Ay 2||sup % ’\: — A + || sup % — AL
AEAo ht ht ht 1/4 A€o ht ht 1
/4
< 8<2|sup /\f sup #—ﬂ + || sup )‘f—ﬁ
A€Ap h‘t ]_/2 AEAQ h’t ht 1/2 AEAQ h’t h‘t 1/2
h*
< 8{2 sup ’\f C"t?kt + (C"t2/<at)2}
AEAQ h/t 4
< D't*!,

where the second inequality follows from Lemma 1, the third one follows from Cauchy-
Schwarz Inequality, the fourth one is justified by Liapunov’s Inequality and by (43), the

fifth one is satisfied by Result 9. Again by using similar arguments and making use of

Lemma 2,
T * * T * *
A€Ag T —1 h; h? ht ht - T —1 A€Ag h? h? ht ht

Hence, by a very similar reasoning done for the first estimator in Z;, we can conclude

that oo
1 hy . s By (o) P, (A
_Z A)\,t A)\t E{ ,\,t(Zo) )\,t( 0)] a.s
T =1 ht ht O_t Ut

||
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