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Ozet

Bu tezde dogrusal olmayan parabolik, hiperbolik, Schrdinger denklemleri ile termoe-
lastik denklem sistemleri icin Cauchy problemi ve baslangc-snr degeri problemlerinin

cozumlerinin sonlu zamanda patlamas problemini inceliyoruz.
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Chapter 1

Introduction

The simple example of an initial value problem for a nonlinear ordinary differential
equation
y(t)=y°(t), >0,

y(0) =1,

has the solution .
y(t) = 1-¢

This example displays an important feature that is common to a large class of nonlinear
equations, that is the solution becomes unbounded in a finite time (in this example as
t - 17), or in other words, the solution blows up in a finite time.
This thesis is devoted to the problem of blow-up of solutions to the Cauchy problem
and the initial boundary value problems for nonlinear evolutionary partial differential
equations. The question of blow-up of solutions to nonlinear PDE’s was under the
concern of those who studided the problem of global existence of solutions to nonlinear
PDE’s. On the other side the blow-up problems appear in the study of a number of
physical processes such as wave collapse in nonlinear optics, brake down of waves in
nonlinear wave mechanics, and the blow-up of solutions of equations modelling kinetics
of chemical reactors. In the last 40 years, there has been an essential amount of activity
dealing with the question of blow-up in a finite time. This activity was inspired mainly
by the papers of H. Levine [9], [10]. In these papers H. Levine gave a simple but elegant
method of finding sufficient conditions for the blow-up of solutions to the Cauchy problem

for nonlinear differential-operator equations of the form

Puy + Au = F(u),



Chapter 1. Introduction 2

and
Putt + Au = F(U),

where P and A are symmetric, positively defined operators.

In this thesis we demonstrate the techniques used to show blowing up of solutions to
the Cauchy problem and to the initial boundary value problems for the nonlinear heat
equation, wave equation, Schrodinger equation and thermoelastic system.

In this chapter we briefly give the required background information. This includes facts
from functional analysis, some well-known inequalities, and auxiliary lemmas which will
be our main tools in proving blow-up theorems.

In the second chapter we consider several problems of parabolic type. In the first part
we give a result due to M. Jazar and R. Kiwan [6], which makes use of the method of
H. Levine. In Section 2.2 we consider the backwards heat equation, which is obtained
by reversing the time axis in the heat equation, where the blow-up follows from simple
energetic methods. The third part is a demonstration of the method of eigenfunctions,
and the fourth part makes use of the Green’s function method, which was first intro-
duced by H. Fujita [8]. In Section 2.5 we give an example of blowing up of the derivative
for a nonlinear heat equation, where only simple energetic methods are used. In the last
two sections of this chapter we illustrate the comperison technique on a nonlinear heat
equation with Neumann boundary conditions and with Dirichlet boundary conditions
[7], respectively.

Chapter 3 is devoted to the nonlinear wave equations. First, we employ the method
of eigenfunctions for an initial boundary value problem. Next, in the second part we
use direct energetic methods to obtain a blow-up result. As the tihrd example of this
chapter we give a simple application of Levine’s lemma to a wave equation [16]. Finally,
in the fourth section we consider an initial boundary value problem for a Boussinesq
type equation [17].

In Chapter 4 we consider the Cauchy problems for the nonlinear, undamped and damped
Schrodinger equations. The global nonexistence results for these problems are due to R.
T. Glassey [11], and M. Tsutsumi [12], respectively.

In the final chapter we present the nonexistence results for the one dimensional and mul-
tidimensional thermoelastic systems. The work of M. Kirane [13] derives the blowing
up of the solution to the Cauchy problem for a one dimensional, nonlinear thermoelastic
system by using the generalization of H. Levine’s idea, which is due to [4]. The last
result presented in the thesis is on the blow-up of the solution to the initial boundary
value problem for a multidimensional thermoelastic system. This result is the most
complicated out of all that are considered in this thesis, and it is due to S. A. Messaoudi
[14].

As a final remark, note that to talk about the blow-up of a solution to a problem one
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first needs to know that a solution exists for small time. The scope of this thesis is
restricted to nonexistence of solutions for large time only. Therefore, local existence
results for the problems considered are omitted, and it is always assumed that the data

and the domain are smooth enough to guarantee the existence of local solutions.

1.1 Preliminaries

In order to follow the discussions carried out in this thesis one needs to be familiar with
some basic concepts in functional analysis. These include the theory of function spaces,
and a number of inequalities. In addition to these, we also give the definitions of some
widely used terminologies in the PDE theory. First, for the sake of completeness, we

define the types of vector spaces that are important in analysis.

Definition 1.1. A Banach space is a normed vector space that is complete with respect

to its norm.

Definition 1.2. A Hilbert space is a vector space that is endowed with an inner product

and that is complete with respect to the norm induced by the inner product.

1.1.1 Function spaces

Function spaces are vector spaces which have functions as their elements. Throughout
our discussion we will restrict the solutions of the PDE’s investigated to belong to some
specified function space, and then use some properties of the space in the calculations.

Therefore, we present here a list of the function spaces that we will use later.

1. The Schwarz Space

The Schwarz space, S, is the set of all infinitely differentiable funtions defined on

R"™ such that for all multiindices o and 3,
sup |z® (D’Bf) (z)| < +o0.
zeR™

2. LP Spaces (1 <p< +o0)

Let €2 ¢ R™ be a domain and f be an arbitrary function defined on Q. If 1 < p < +oo,

we say f € LP(€2) provided that |f]z»(q) is finite, where for 1 <p < +oo

lurc = ([ 1P @lis)’



Chapter 1. Introduction 4

and for p = oo

[ £z (@) = ess sup,eol f (2)]-

All LP spaces just defined are Banach spaces, but only L? is a Hilbert space. If
f.g € L*(Q), then their inner product is defined as

<fa9>=f9f(x)g(a:)dx.

Note that this inner product induces the same norm as that we have defined

previously.

3. Sobolev Spaces

In order to define the Sobolev spaces we first need the concept of weak derivatives.
Let © c R"™ and C§°(€2) denote the set of all infinitely differentiable functions with
compact support. Suppose u € C1(§). Then for any test function ¢ e C5(§2) the

integration by parts formula gives

/uqﬁwidm:—fuzid)dx.
Q Q

Here the boundary term vanishes since ¢ has compact support and therefore
vanishes near 2. More generally, for any positive integer k, if u ¢ C*(Q) and

a=(aq,...,a,) is a multiindex of order |a| = a1 + -+ + o, = k, then

[gzuDaqbdaz:(—l)'a'/QDaugbdx,

where o
8 «
D¢ = ——F—a- ¢ -
Oxt---0xy™

This equality follows from the divergence theorem; it is just the application of the

first one |a| = k times. This observation provides the motivation for the definition of

1

1o (§2), we say that v is the at’-weak partial derivative

weak derivatives. If u,v € L

of u, written D%u = v, provided that

fﬂuD“qﬁdwz(—l)‘“'vagbdx

holds for all test funcitons ¢ € C5°(€2). The weak derivative is unique in the sense
of almost everywhere equivalence and coincides with the normal derivative for
differentiable functions. Now we give the definition of the Sobolev spaces. Let k
be a positive integer and 1 < p < co. Then the Sobolev space, W"P(Q), is the set
of all locally summable functions, for which the o’-weak partial derivative exists
and belongs to LP(Q) for all multiindices a of order a < k. If u € WFP(Q), we
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define its norm as

1
(Z|a|§k fQ |Dau|pd$)p if1<p<oo
||U||Wk,p(§z) = .
Z‘C“Kk €88 suprQ|D0‘u| lfp = 0o,

With respect to this norm all Sobolev spaces are Banach spaces, and for p = 2 they
are Hilbert spaces.
Definition 1.3. We denote by
WoP(Q)
the closure of C§°(2) in WkP(Q).

For the detailed discussion we refer the reader to [1] or [2].

1.1.2 Some useful inequalities

Inequalities are the fundamental tools used in the analysis of differential equations. Here

we present some that will be useful in the main discussion.

1. Schwarz inequality

Let H be a Hilbert space. Then, for any x,y € H we have

() < ]yl (1.1)

2. Hoélder’s inequality

Let Q ¢ R™ be a domain in R", and suppose that f € LP(Q), g € LI(Q)) and
+00 > p,q > 1 are such that ;1) + % =1. Then, fge L'(Q), and

[ g <( [ Iflpd:v);( i |g|Qd:c)‘l? (1.2)

3. Jensen inequality

Assume that f is a differentiable, convex function defined on R and ¥ is a contin-
uous, nonnegative, nonzero function defined on the domain 2 ¢ R™. Then for any

contiuous function u defined on 2 we have

o S ()W) ( fgum)m)dl«).

Jo ¥(z)dx Jo ¥(z)dx (13)

Proof. Let K := %. By convexity of f for any x € [a,b] we have

fu(@)) - f(E) 2 f/(K) (u(z) - K).
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Multiplying the last inequality by ¥(x) and integrating over 2 we obtain
[ fu@) v (@) de-f () [ B(w)de>
Q Q

f(K) [[ﬂ w(x)¥(z)dr - K/Q \I/(af:)d:z:] =0,

where the last equality is obvious from the definition of K. Since W is continuous,
nonnegative and nonzero we have fQ U(z)dx > 0. Therefore dividing the above

inequality by [, ¥(x)dz we remain with

fo PN (@) a)ds
Jo ¥(z)dx B o (x)dr )’
O
4. Young’s inequality
Suppose that a,b >0 and p,q > 1 are such that ]% + % =1. Then,

X

P (1.4)
p q

5. LP embedding theorem

Suppose that €2 is a bounded domain in R" and 1 <p<gq. If ue L9, then u e LP,
and there exists a constant C' (depending only on €, p, ¢ and n) such that

Hu”Lp SC”uHLq. (1.5)

6. Poincaré inequality

Let 2 be a bounded domain in R”, and assume that p > 1 and u € Wol’p. Then,
there exists C depending only on €2 and p such that

f|u|pdeC[|Vu|pdm. (1.6)
Q Q

7. Gagliardo-Nirenberg inequality

Ifue H&, Q c R", the following inequality holds ture:

Jull oy < Blul 550y IV ul3aay. (L.7)
where
1 1 1 1-«
“ca(;- )+ —2,
q 2 n n
and

2n
n-—2

q< if n>3, g >1 arbitrary for n =1, 2.
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8. Sobolev embedding theorem

Suppose that 1 <p<mn, p* = n"—_’;, and uw e WHP(R™). Then, u e LP" (R"), and there
exists C > 0 such that

[ul o < ClVulze. (1.8)

1.2 Auxiliary Material

In this section we will outline the methods used to obtain blow-up results for nonlinear,
evolutionary PDE’s. The methods used to prove blow-up theorems are based on com-
parison theorems, Green’s function method, eigenfunction method, and the concavity

arguments.

1.2.1 Comparison theorems

One way of showing the blow-up of a function is to estimate it from below by a blowing
up function. The comparison theorems employ this idea, and in showing that the blowing
up function is a lower bound they benefit from the maximum principle. For parabolic
equations we have the following maximum principle, which we present without a proof

(for the proof we refer the reader to [15]).

Theorem 1.4 (Strong maximum principle). Let @ c R" be a bounded domain with
smooth boundary 09, and let Qp = Q x (0,T). Suppose u € C*1(Q7) n C(Qr) satisfies
the inequality

ug + Lu <0

in Qp, where
n

n
Lu=- Z aij(x,t)uxix]. + E bz(.’L', t)umi + c(xﬂf)u7
ij=1 i=1
with
n

> ai &> M, VEEeR, A>0.
ij=1
Define

M := sup wu(z,t).
(Qf,t)EﬁT

Then, for each of the cases

c(x,t) =0, and M is arbitrary,

c(x,t) >0, and M >0,
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and

c(x,t) is arbitrary, and M =0,

the following principle holds:

1. If u(wo,to) = M for some (z9,t0) € Qr, then u(z,t) = M for all (x,t) € Q.

2. If u(xg,tg) = M for some g € 0, but u is not constant in Qy,, then

0
a—:j(l'o,to) > 0.

Using this principle one can derive the following comparison theorem.

Theorem 1.5 (A comparison theorem). Let 2 c R™ be a bounded domain with smooth

boundary 09, and let Qp := Qx (0,T). Suppose u,v e C31(Qr) n C(Qr) satisfy
v —Av = f(v) <ur— Au- f(u), (x,t) € Qr,

v(x,0) <u(x,0), x €,

@(m,t) < @(x,t), xed, te(0,t),
ov ov

where f e CY(R). Then,

v(z,t) <u(z,t), for all (z,t) € Qp.

Proof. Let w = v —u. First, since f is differentiable, by the mean value theorem for

derivatives we have

f)=f(u) = f(d)(v-u)

for some d(z,t) between v and u. Then, it is easy to see that w satisfies
wy — Aw - f'(d)w <0, (z,t) € Qr,

w(z,0) <0, x e,
ow

—(z,t) <0, x €0, te(0,t).
%

Suppose for contradiction that there exists (zg,to) € Qp such that w(zo,t9) > 0. Since
w(x,0) <0 for z € Q, and w is continuous, there exists a smallest time ¢y > 0 (9 > 0 if

xo € Q) such that w(zg,to) =0. Then,

M= sup w(z,t)=0.
(I,t)Qﬁto
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Hence, the strong maximum principle holds for w with ¢(z,t) = —f'(d(z,t)) and M = 0.
Note that, beacuse of the initial condition for w and our assumption that w(z,%y) =0,
w can not be constant in ﬁto. But, this together with the first part of the maximum
principle implies xg ¢ 2. Also, if xg € 912, then the boundary condition for w contradicts
with the second part of the maximum principle. Hence, we conclude that there exists

no (g,tp) € Qr such that w(zg,to) >0, that is

v(x,t) <u(x,t), for all (x,t) € Qp.

1.2.2 Green’s function method

In the Green’s function method one choses as the function with which the PDE is
multiplied as the Green function of corresponding linear evolutionary problem. Here
one exploits the fact that the Green function is positive. This technique is used in

section 2.3.

1.2.3 Eigenfunction method

In the eigenfunction method one choses as the function with which the PDE is multiplied
as the first eigenfunction of the stationary linear part of the PDE. Again, as in the
Green’s function method, one benefits from the fact that the first eigenfunction of the
corresponding stationary linear problem is positive. The method is illustrated in sections
2.2 and 3.1 for problems of parabolic type, and hyperbolic type, respectively. Using this
method one arrives at an ordinary differential equation with convex nonliearity term. We
will use the followinf two lemmas to prove blow-up of solutions to nonlinear, parabolic

and hyperbolic type equations employing the eigenfunction method.

Lemma 1.6. Let ®(t) be a differentiable function which satisfies

(1) > h(®()) forallt>0

with ®(0) = a e R, and h(s) >0 for all s > «. Then

a) ®'(t) >0 whenever ®(t) exists, and

b) the inequality

o) 1
t< / ds
o h(s)
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holds.

Proof. First note that, ®'(0) > h(®(0)) = h(a) > 0 by the assumption on h. Now,
suppose a) is false. Let ¢ = ¢; be the first point such that ®'(¢1) = 0. Since ®'(t) >
0 for all ¢t € [0,t1], ®(t1) > ®(0) = a. Hence by the differential inequality and the
definition of h, ®'(t1) > h(®(t1)) > 0, which is a contradiction. This proves a). Next,
a) implies that ®(t) > « for all ¢ > 0, and therefore h(®(t)) > 0 for all ¢ > 0. Thus,
the differential ineqaulity is seperable for all time, and b) follows by rearrangement, and

then integration. O

Lemma 1.7. Let ®(t) be a twice differentiable funciton which satisfies
D"(t) > h(®(t)) for allt>0
with ®(0) = a >0, ®'(0) = 5>0. Also suppose h(s) 20 for all s> a. Then

a) ®'(t) >0 whenever ®(t) ewxists, and

tsfj(t) [ﬁ2+2f:h(§)d§] ds

b) the inequality

[SIES

holds.

Proof. Suppose a) is false. Then, let ¢t = ¢t; be the first point such that ®'(¢;) = 0.

Integrating the differential inequality we obtain

(1) > D' (0) + foth(@(s))ds.

Thus, at the point ¢ = ¢; we have

0= (t) > '(0) + fotl h(D(s))ds = 5+ fotl h(D(s))ds.

Since t; is the first point where ®'(¢t) = 8 = 0, and 8 > 0, we have ®'(¢t) > 0 for all
t €[0,t1). Hence ®(t) > ®(0) = « for all ¢ € (0,¢1). Therefore, by the assumption on h
the integral term on the right hand side of the above inequality is nonnegative. Since
B >0, we get a contradiction, and this proves a). To prove b), we use a) and multiply

the differential inequality by ®'(¢) to obtain
&(1)8" (1) > B (Hh(B(1)),

or
d|1

£[5(<1>’(t))2—fj(t) h(é)ds] > 0.
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B (t)

©(0)

|
i E ) 1
K
FIGURE 1.1: ®(¢) crosses zero.
Thus, integrating over (0,t) and remembering that ®(0) = «, we get
1 2 o(t) 1 2 2(0) 2
S@@) = [ h©de> 5 (@) - [ h©de =

Rearranging the above inequality and then taking the square root, since ®'(¢) > 0, we

arrive at .
T OE [52+2f¢(t) h(g)dgr.

This equation is seperable, and b) follows directly. ]

1.2.4 Concavity methods

Suppose ¥(t) is a twice differentiable, positive function of time and we want to show
that it blows up in finite time. If we define a new function ®(t) := V~(¢) with o > 0,
then it suffices to show that ®(¢) becomes zero in finite time. This is done by showing
that ®(t) satisfies a certain differential inequality with certain initial conditions. In both

of the concavity methods described below this is the main idea.

Concavity method:

The first idea is due to Levine [9], [10] and it is illustrated in Fig 1.1. What we require
is that ®(0) > 0, ®'(0) < 0 and ®”(¢) <0 when ¢ > 0. If ®(¢) satisfies these conditions,
then its curve will lie under the line with slope equal to ®'(0) and hence ®(t) will be

zero at a time ¢ < —%. Now, since ®(t) := U™(t), we have

B’ (t) = —aW~ ) () W/ (1),
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and
(1) = a1 +a) T (1) (¥ (1)) - a0 (1) T (1)

=W @) [(1+a) (W' ()" - w()w(1)].

Therefore, the conditions stated above in terms of ®(t) can be restated in terms of W(t)

as ¥(0) >0, U (0) >0, and W(t)P"(t) - (1 +a) (¥'(t))* > 0. Also, the blow-up occurs

v(0)

R UOR Thus, we have the following lemma.

in a time ¢t <

Lemma 1.8. Let U(t) be a twice differentiable, positive function, which satisfies, for
t >0, the inequality
V(W (t) - (1+a) (V') 20

with some o > 0. If U(0) >0 and V'(0) > 0, then there exists a time t; < % such
that U(t) - +o0 ast —t;.

Generelized concavity method:
The second concavity method is a generalization of the first one. This is achieved
by generalizing the differential inqeuality that ®(¢) satisfies, that is one works with a

differential inequality of the form
D" (t) + C1'(t) + Co®(t) <0,

and investigates under which initial conditions this inequality ensures that ®(¢) becomes
zero in finite time. Then, by a similar passage, as done above, one finds the equivalent
differential inequality and initial conditions on W(¢). The resulting conclusion was first
discovered by V. K. Kalantarov and O. A. Ladyzhenskaya [4] and we present it with the

following lemma.

Lemma 1.9. Assume that a twice differentiable, positive function VU (t) satisfies for all

t >0 the inequality

W)W (1) - (1+~)(W)2(t) > -2, T (1) W' (t) - CoW2(t) (1.9)

where v >0 and Cy,Co > 0. Then,

1. if U(0) >0, U'(0) +y2y W (0) > 0, and Cy + Cy > 0, we have V(t) - +oco as

t—=>1t1 21y =

L, (2000v ) (L.10)

2T Cs  \ 722 (0) + 4 ¥(0)

[6pt] where 1 = =C1 ++/CF +7Ca, 72 = =C1 = /C] +7Cs,
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2. if ¥(0) >0, ¥ (0) >0, and C; = Cy = 0,then U(t) - +oco as

t—>t1 21y = ,Y\I\;;(I(()g) (1.11)
Proof. Set ®(t) := ¥77(t). Then we have
V(1) g
and
(1) = = g gy YOV - (L D@ (0]

Using the inequality (1.9) we obtain the differential inequality

D" () > - \Iﬂjy B [-2C, W ()W (t) - CLW(1)]

= —201@’(15) + ’YCQ(I)(t).

Hence we have for all ¢ >0

D" (t) +2C1®'(t) —yCa®(t) = f(t) > 0. (1.12)

[6pt] For the first case, where C7 + Cq > 0, the solution of (1.12) is

t
B(t) = Bre"" + Bae™ + (71 +72) [O f(r)[ent) D dr
(1.13)

> B1et + Bye? vt >0,

where 81 and 2 are defined by

B+ B2 = ©(0)
B17 + Pay2 = ©'(0).
From this we obtain
B =—(11=72) 7" [12P(0) + 4P’ (0) | w1

Ba= (1 =72) " [n¥(0) +7¥'(0)] w7
[6pt] Note that v; > 0 and 72 < 0,in particular 7; > 72 In view of this the assumption,
T'(0) +v2y 1 W(0) > 0, implies that 8; < 0 and B2 > 0. Combining these with (1.13) we
conclude that ®(t) vanishes at the time

t

_ 1 ln(%‘l’(o) +’V‘I"(0))
L9\ /70y \12%(0) W (0)
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[6pt] and becomes negative afterwards. This implies that ®(t) - +o0 as t - t; < to.

For the second case, C1 = Cy = 0 and equation (1.12) imply

"' (t) <0.

Integrating both sides over (0,t) twice we have

O(t) <P(0) + D' (0)t
and by using the definition of ®(¢) we obtain

v'(0)

U(t) <UTT(0) -y T(0)

and since W(t) > 0 for all ¢ > 0 we have

W () > W7(0) [1- 8 (0)¥(0)] "

Since ¥(0) > 0 and ¥'(0) > 0 we deduce

¥(0)

WU(t) > +ooast —>t; <tog= ——~.
(t) = +o0 as 1< 12 ~0'(0)



Chapter 2

Nonlinear parabolic equations

nonlinear parabolic equations appear on the study of many processes of natural sci-
ences. They model nonlinear processes in reaction-diffusion theory, kinetics of chemical

reactions, combustion theory and a number of other processes.

2.1 A non-local, nonlinear heat equation with Neumann

boundary conditions (Concavity method)

In this section we consider the following problem

ug (1) — Au(z,t) = [u(z, )P u(z,t) - ]{2 lu(z, t) P u(x, t)de, xeQ,t>0 (2.1)

%(m) =0, 2 edN, t>0 (2.2)

v

uo(x) = u(z,0) with ][ ug(x)dx = 0. (2.3)
Q

Here, for any function f

]gfdx:|(12—|/9fd:c

is the average of the function f over 2, Q is a bounded domain of R™ with smooth
boundary 02 and ¥ is the unit outward normal vector to the boundary of 2. For sim-
plicity we will assume that || = 1, so that f, = J,. First, note that if we integrate
equation (2.1) over €, since || = 1, we find that

futdx—[Audx:/|u|p_1uda:—/|u|p_1ud:p:0.
Q Q Q Q

15
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In view of the divergence theorem and the condition (2.2) we obtain

= — A4
dtfudx /utdm fAudm f89 8ydm 0. (2.4)

From this and the condition (2.3) we also deduce that,

/Qudajz '[QUQ(.T)d.TZO. (2.5)

Now, if we multiply the equation (2.1) by us(x,t) and integrate over €2, due to (2.4) we

see that

fufdx—fAuutdm:/|u|p71uutdx.
Q Q Q

Auuy = V(Vuuy) - ——|V 2,

Noting that

we obtain from the above equality:

f 2dx - fV(Vuut)der2dtf|vu|2dx__laf|u|p+ld$

Using the divergence theorem with equation (2.3) we arrive at

P do =~ [ ulda.
dt/[ |u| ]:U Qutac

If we define

1 1
E(t :N/[— 2o P”]d, 2.
(1) o 5Vl p+1W| x (2.6)

we can rewrite the above equality as

Ewp—fﬁm‘ 2.7)
Q
Let us denote by
1
m(t) := —fu2dx, (2.8)
2 Ja
and

h@yzﬁfm@ﬁk. (2.9)

We will show that h(t) blows up in finte time. Before that, with the following lemma,

we prepare some results needed for the blow-up theorem.

Lemma 2.1. If u is a solution of the problem (2.1)-(2.3) and E(0) < 0 then for all
t>0. We have
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B(t)=B0)- [ t [ v s)dods, (2.10)
m'(t) > (p+1) fot /g;ug(x,s)dzpds, (2.11)
m'(t) 2 A\ (p - D)m(t), (2.12)
and
]%(h’(t) _R(0))? < h(DR(E), (2.13)

where \1 s the first eigenvalue of the problem
—AV =)V, €],

u=0, xedfd.

Proof. Integrating (2.7) over (0,t) we arrive at (2.10). Also, note that (2.10) together
with the assumption E(0) <0 implies E(t) <0 for all £ > 0.

Next we calculate
m'(t) = [ uupde
Q

=fu(Au+|u|p_lu—[|u|p_1uda:)dac

Q Q

=—f|Vu|2dm+f|u|p+1dx—f|u|p_1udxfudx
Q Q Q Q

= —~(p+ 1)E®t) + —(p; D fQ|Vu|2dx.

Here we have used the equations (2.1), (2.6) and (2.5). Hence from (2.10) and the as-
sumption that E(0) <0 we deduce

m/(t) 2 -(p+ 1)E(t)
=-(p+1)E)+(p+1) /Ot fgug(x, s)dxds

t
2(p+1)v[0 '[ng(x,s)dxds,

which is (2.11). For (2.12) we use the Poincaré inequality (1.3) and the fact that F(t) <0
for all ¢t > 0.
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m'(t) = —(p+1)E(t)+@[ﬂ|vu|2d:c

> w fQ ludz = A1 (p - 1)m(2).

Finally using Hélder’s inequality (1.2), the definition of h(¢) and the equation (2.11) we

see that

h'(t) - h(0) = /Otm’(s)ds= fotfgu(x,s)us(m,s)dxds

AL e (] o)
< (p%]_)é (h(t)Z (m'(t))?

s(ﬁ%fuwwawﬁni

From this the desired inequality (2.13) follows directly, and we are done.

Now, we are ready to present the blow-up result for h(t).

Theorem 2.2. Let p> 1 and let u be a solution to the problem (2.1)-(2.8) and ug % 0.
If E(0) <0, then u does not exist for all time.

Proof. To prove this result, we will use the idea in Levine’s lemma 1.6 for the non-
negative function h(t). However, since h(0) = 0 and the inequality (2.13) found in the
preceeding lemma is not quite in the same form as the differential inequality in Levine’s
lemma, we need some modification. The idea is to choose the initial time T; > 0 so
that these assumptions hold. That is, we need to find some initial time 7; such that
h(T;) >0, h'(T;) > 0, and the differential inequality in Levine’s lemma should hold for
t > T;. Then, the result will follow. Now, by the inequality (2.11) m/(t) > 0 for all ¢ > 0.
Then, since ug £ 0, A'(t) = m(t) >m(0) > 0 for all ¢ > 0. Therefore, h(t) > 0 for any ¢ > 0.
So, there only remains to show that there exists a time 7; > 0 such that the differential
inequality in Levine’s lemma holds for h(t) whenever ¢ > T;. For this, observe that the

inequality (2.12) together with m(0) > 0 implies that

tlim h'(t) = tlim m(t) =+oo.

Therefore, for all 0 < B < p+ 1 there exists Tg > 0, such that for all t >Tg

B(1'(£))* < (p+ 1)(W' (1) - W'(0))*.
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We choose 2 < B<p+1 (p>1 by assumption), and set T; = Tp. Then, the inequality
(2.13) becomes

('(£))* < h(t)h" ().

| &

Therefore, the differential inequality in Levine’s lamma with « = % -1 > 0 is satisfied

whenever ¢t > T;. We are done.
O

Remark 2.3. In [6] the authors tried to prove a global non-existence theorem for the

problem:
ut—Au=|u|p—][|u|pda?, xeQ, t>0,
Q
9u _, 2ed, t>0,
ov

u(z,0) =up(x), with [ updz = 0.
Q

But, the energy equality

is derived incorrectly (for the nonlinear term of the form u?).

Remark 2.4. We can apply the result we obtained in the theorem 2.2 in the study of the

following control problem:

wy — Au = [ulP - K(t), e, t>0,
@:0, xedQ, t>0,
ov
u(z,t) =up(x), with [ updx =0,
Q
f udx =0, t>0.
Q

Here, ug is a given function such that

f ugdzx =0,
Q

and (u(x,t), K(t)) is the unknown pair of functions.
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2.2 A nonlinear backwards heat equation (Direct energetic

approach)

In this section we consider the initial boundary value problem for the nonlinear back-
wards heat equation under the Dirichlet boundary condition. Here, 2 ¢ R” be a bounded

domain with smooth boundary 0f2.

w(z,t) + Au(z,t) = f(u(x,t)), xeQ, t>0, (2.14)
u(z,t) =0, xedQ, t>0, (2.15)
u(z,0) = ug(x) £0, x e, (2.16)

where % is the unit outward normal derivative. We have the following blow-up theorem.

Theorem 2.5. Suppose that the nonlinearity f satisfies

sf(s) =~lsl, for all s € R, (2.17)

where p > 2 and v > 0 are given numbers. Then, the solution u to the problem (2.14)-
(2.16) does not exist for all time.

Proof. Note that if we multiply (2.14) by u and integrate over €2, using the boundary

condition (2.15) we obtain

d
Sl = Ve + [ F(wuds.

With the assumption (2.17) and the Poincaré inequality (1.6) the above inequality be-

comes

1d
——IIU(t)H%ZMHu(t)HiwfIUI”d:a (2.18)
2dt Q

. s . . . 1 1 _
Next, by Holder’s inequality (1.2) with o2t s T 1 we have

2
—2 =
| |u|2dxs|sz|”7( A |u|pda:)p,
Q Q

which implies

2-p
| e 2% ()15

Hence, the inequality (2.18) implies

1d

@B > M) 3+ slu(t) 1
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2—
where & = 4|07 . If we define Z(t) := |u(t)|2, the above inequality can be rewritten as

7' >oMZ + K75,

Thus, since p > 2, |u(t)|3 blows up at a finite time

) dS
T< f — < oo,
2 P
luollz A\is + Kks2
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2.3 A nonlinear heat equation with Dirichlet boundary

conditions (Method of eigenfunctions)

Let ©Q be a bounded domain of R™ with smooth boundary. We consider the following

initial-boundary value problem

ug(x,t) — Au(z,t) = f(u(x,t)), xeQ, t>0, (2.19)
u(z,t) =0, x €09, (2.20)
u(z,0) = ug(x) £0, x €. (2.21)

We will look for a classical solution to this problem. We assume that f is bounded below
by a differentiable, convex function g. The conditions on the initial data and ¢ are to
be stated later. Suppose ¥(x) is the first eigenfunction of the Laplace operator under

the homogeneous Dirichlet condition, that is ¥(z) is the solution of the problem

AV(z)+\¥(z) =0, x €, (2.22)
U(z) =0, x € 09, (2.23)

where A1 is the first eigenvalue of the Laplace operator. Without loss of generality we
take W(z) > 0 so that [, ¥(x)dx = 1. Now, let us multiply (2.19) by ¥(x) and then

integrate over §2:

fQ wWdz = fQ Auldz + fﬂ F(u)Vda. (2.24)

Note that

Au¥ =V - (Vul) - Vu- V¥
(2.25)
=V (Vul) -V (uVV¥) + uAWU.

We observe that in view of equations (2.20) and (2.23), respectively, the divergence the-

orem implies

f V- (uv¥)dr = f uVV-vdx =0,
Q o0
and

f V- (Vul)da = f UVu - vdz = 0,
Q o0

where v is the outward normal derivative at the boundary of 2. Therefore, integtating
(2.25) we have

fAu\I’dx:qu\I'daz.
Q Q
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Using this in the equation (2.24) we find

fut\I/dx:[uA\Ildx+/f(u)\I'dw.
Q Q Q

Next, because ¥(z) >0, and f is bounded below by the convex function g, we have

/ut‘llde/uA\Ilder/g(u)‘lld:c.
Q Q Q

Since g is convex for the second term on the right hand side of the above inequality we
can invoke the Jensen’s inequality (1.3). Also, for the first term on the right hand side
we use (2.22). Remembering that [, ¥(z)dz = 1 we obtain

/utllldazzg(f u\lldx)—Alfu‘lld:c. (2.26)
Q Q Q

O(1) = fﬂu(x,t)\y(x)dx.

Then, since ¥(x) is independent of time, the above inequality can be rewritten in the

Let

following form:

O(t) 2 g(2(t)) - M 2(2).

Now, in order to invoke lemma 1.6 with h(s) = g(s) — A\1s, we only require that
g(s) = A1s>0 for all s> ®(0) = f uo(2)V(z)dz = a.
Q

Finally, in order to have a blow-up result we need the integral | a°° ﬁds to converge.

Thus, we have proved the following theorem.
Theorem 2.6. Suppose that u is a classical solution to the problem (2.19)-(2.21). More-

over, assume that f is bounded below by a differentiable, convexr function g satisfying

g(s) = A18>0 for all s > /(;uo(x)\lf(m)dx,

where A1 and ¥ (x) are, respectively, the first eigenvalue and eigenfunction to the problem
(2.22)-(2.23) with [, W(x)dx = 1, and ¥(x) > 0 for all x € Q. Then, if the integral

faoo Wl_)\lsds converges, u blows up at a finite time less than or equal to

oo 1
T LI
a g(s)-M\is
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2.4 Cauchy problem for a nonlinear heat equation (Green

function method)

Let u be a classical solution to the Cauchy problem for the heat equation
ug(x,t) — Au(z,t) = uP(x,t), xeR" te(0,T), (2.27)

u(x,0) = ug(x), x eR", (2.28)
where ug is a given function and p is a given number.

Theorem 2.7. If ug € C’g(R”) 18 a nonnegative and not identically zero function, and

p satisfies the inequality

2
1ep< 2 (2.29)
n

then the problem (2.27),(2.28) has not a positive classical solution existing for all T > 0.

Proof. We know that the function

is a fundamental solution of the heat equation evaluated at a time s >0 (we’ll choose it

later). It is not difficult to see that

o dx =1
.[]Rn (z,s)dx

and
AD(x,s) + 2£<I>(:U, s) > 0. (2.30)
s

We consider the function
U(t):= /Rn u(z, t)®(x, s)dx.
By using the equation (2.27) we obtain
U(t) = fR wi(z, 1)z, s)dx = fRn[Au(x,t)+up(x,t)]<1>(x,s)dm
= [R” u(z, t)AD(z, s)dx + [Rn uP (x,t)®(z, s)dx.
By the maximum principle u is positive, so employing the inequality (2.30) we obtain:

V(1) 2—2%\11(75) +/Rn WP (2, 8)®(x, 5)dz. (2.31)
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Due to the Jensen inequality (1.3) we have
q/p(t)sz P (2, 8)®(x, 5)da.

Thus (2.31) implies:
(1) > —23\11(15) L UP().
s

Multiplying (2.32) by e4* with q = 5 we get
Z'(t) > e 1PV ZP (1),

where Z(t) = e?*W(t). Integrating the last inequality we obtain

ZP1(0)q

ZP7L(t) > .
02 201 - e

This inequality implies that
Z(t) — 00

in a finite time if

w(0) = 2(0) > g1,

or -

4rt

JzI? N n__1_
[ uo(m)e’%dx > s”/2(£)p71 = cps? P,
R 2s

(2.32)

(2.33)

where cg > 0. According to the condition (2.29) 5 - 1% < 0. Thus for any initial function

up we can choose s > 0 so large that (2.33) holds.

O]
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2.5 Heat equation with a nonlocal nonlinearity (An exam-

ple of blow-up of derivative)

Consider the following nonlinear initial boundary value problem for the nonlocal heat

equation
up(x,t) = uge(x,t) + u(x, t) (fol ui(x,t)dx)p, x€(0,1),t>0, (2.34)
u(x,O) = f(.%'), e (07 1)7 (235)
uz(0,t) = ugy(1,¢) =0, t>0, (2.36)

where p > 0 is a given number and f is a given function.

Theorem 2.8. Suppose that u is a classical solution to the problem (2.34)-(2.36), and

f e C?[0,1] with
1 p+1 1
p11( JA (f’)zdm) > [y (2.37)

p+1
57 -
202 715"

Then, uy blows up in L*-norm at a time T <

Proof. Multiplication of (2.34) by u,, and integration of the resulting equation over

(0,1) gives

1 L, 1 L, P
[ utumd:vzf umdac+f uumdx(f uxdx) . (2.38)
0 0 0 0

Using integration by parts together with (2.36) we obtain

1d

2p+2
577 14Oz = =laa (O3 + [ (057, (2.39)

Next, differentiating (2.34) with respect to = we get

Upt = Uggy + Uy Hux(t)ng

Multiplying this equality by u,; and then integrating over (0,1) we arrive at

1 1
ust I = [ tazatianda + fuaOIF [ urtirda.

Again, using integration by parts with (2.36) we find

d

1 1
i = 5|5 (13

2(p+1)

2 1
! 0], .40

Let us define

E(t) = —||Um;(t)||% + (p 1 1) Hux(t)ug(ml)
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Then, (2.40) implies that
E(t) > E(0), for all ¢ > 0.

Employing this fact we deduce from (2.39) that

1
(p+1)

d 2(p+1 2p 2(p+1
01 =2[ e OB+ s B |+ 2]

2p 2(p+1)
_2F(t (t
0+ a0

> 2B(0) + —— [y (1) |37V,

2p
p+1
Note that

2 1 712(p+1)
BO) = -7+ s 1718,

Hence, by the assumption (2.37) E(0) > 0. Therefore, the differential inequality above

reduces to

d 2. 2p 2(p+1)
— g (T > ——||ug(? .
dtHu ()13 p+1Hu 5

Integrating we deduce

1
Huﬂ?(t)Hg 2 9 o2 19
(b5 - 225¢)”
which implies u, blows up in L?-norm at a time 7' < —2 S O

2
2p° £7115"
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2.6 A nonlinear heat equation with nonhomogeneous Neu-

mann boundary conditions (Comparison technique)

Suppose u is a classical solution to the following nonlinear initial boundary value problem

for the heat equation

ug(x,t) — Au(z,t) = uP(x,t), xeQ, t>0, (2.41)
u(z,0) = up(x) > do, x €, (2.42)
@(x,t) =0, xed, t>0, (2.43)
ov

where p > 1, dy > 0 are numbers and 7 is the unit outward normal vector on 0f2. Let

v(x,t) = v(t) be the solution to the problem
v'(t) = 0P (z,t), t>0,

v(0) = adp, O<a<l.

Then,

1 X
v(t) = ady pom .
1-(p-1)ar-tdy ¢

This holds for all 0 < a < 1. Thereore, we have

1

v(t)—>ooast—>TS—_1
(p-1)dg

Moreover, it is easy to see that u and v satisfy the assumptions of Theorem 1.5. Hence,

we conclude that
1

u(xz,t) > oo ast > T'< ————.
(p-1)dg

Thus, we have proved the following theorem.

Theorem 2.9. Suppose u is a classical solution to the problem (2.41)-(2.43). Then,

1
S
(p-1)dj

u(z,t) > o0 ast—-T <
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2.7 A nonlinear heat equation with nonhomogeneous Dirich-

let boundary conditions (Comparison technique)

Suppose that the problem

wp(2,1) = Ugg (, 1) = U (2, 1), (2.44)
uw(0,t) = Wo(t), u(l,t)=Uq(t), (2.45)
u(z,0) = ug(x), (2.46)

has a classical solution in
Qr={0<2<1, 0<t<T},

where W1 (t), W2(t) are bounded from below by a positive constant ¢ = LIt is easy to

check that the function
C1

v(@t) = co—tx(l-1x)

satisfies the inequality vy — vy, — v? <0 for t < 4dey if ¢1 > % + 8co and v satisfies the

boundary conditions
0(0,t) = v(1,t) = 2.
C2
The function

w=(v-u)e™M

is negative on the boundary, and satisfies
Wy — Wy + (A= (v+u)w) <0.

Thus, for A > 0 big enough w can not attain a positive maximum in €y4.,/T'4.,. Hence,

the function w is nonpositive in Qy4.,, so

u2v in Qyc,.

But, v > o at = = % as t - 4cy. So, the problem has no classical solution in Qp for
T > 4cy. Note, that we may chose ¢y as small as we want and still satisfy ¢ = i—; for any

¢> 0. Thus, we have proved the following theorem.

Theorem 2.10. If ¥(t), and ¥1(t) are bounded below by a positive constant, then the
problem (2.44)-(2.45) has no classical solution in Qp for any T > 4cs.
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Nonlinear hyperbolic equations

This chapter is devoted to the study of solutions to the Cauchy problem and initial

boundary value problems for the nonlinear wave equation of the form
ug — Au = f(u), (3.1)

and to a one dimensional initial boundary value problem for a nonlinear Boussinesq type

equation. The linear case of the wave equation with
f(u) =-m?u, meR

corresponds to the Klein-Gordon equation in relativistic particle physics. In the 1950’s

equations of this type with the nonlinear term like
f(u) = —mu + bu®

were proposed as models in relativistic quantum mechanics. Equations of the form (3.1)

appear also in modelling various processes of elasticity.

3.1 Initial boundary value problem for a nonlinear wave

equation (Method of eigenfunctions)

Let Q be a bounded domain of R™ with smooth boundary. In this chapter we consider

the problem
u(,t) = Au(z,t) = f(u(z,1)), xeQ, t>0, (3.2)

u(z,t) =0, €N, t>0, (3.3)

30
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u(z,0) = up(x), ut(z,0) = u1(z), x €. (3.4)

Here f is assumed to be bounded from below by a differentiable, convex function g, and
we look for a classical solution to this problem. The conditions on the initial data, the
funciton g, and the nonlinearity f are to be stated later. As done in Section 2.2, we
denote the first eigenfuntion of the Laplace operator under the homogeneous Dirichlet
condition by W(x), and the corresponding eigenvalue by A;. Again without loss of
generality we take [, U(z)dz =1, and ¥(z) > 0 for all z € Q. If we multiply equation

(3.2) by ¥(x), by a very similar argumentation to the one done in Section 2.2, we find

f wUdz + Ay f u\IldmZg( f u\I/d:n).
Q Q Q

If we let ®(t) := [ u(z,t)¥(x)dz, the above ineqaulity becomes
O (t) + M@ () 2 g(P(t)).

Now, in order to invoke lemma 1.7 for this defined ®(t), we require that
a=o(0) = fﬂuollldx >0,

and

8= /ul\I/da;>0.
Q

Since W(z) > 0 when z € Q, this is achieved if we assume ug(xz) > 0, ui(z) > 0 for
all x € Q, and u; is not everywhere zero. We also assume that h(s) := g(s) — A\1s is

nonnegative for s > a. Finally, the lemma provides a blow-up result if the integral

/aoo[’ya2+ﬂ2—752+2/:g(§)d§]_§ds

converges. We observe that this is achieved if g(s) grows fast enough as s — oo.

Thus, with this final assumption ®(¢) blows up in a time less than or equal to T =
_1

.= [7042 +B2-vst+2 Of g(& )d{] 2 ds. Therefore, we have established the following the-

orem.

Theorem 3.1. Suppose that u is a classical solution to the problem (3.2)-(3.4). As
for the initial conditions assume that ug(x) >0, ui(x) >0 for all x € Q, and u; is not
everywhere zero. Moreover, assume that f is bounded below by a differentiable, convex
function g satisfying g(s) = A5 20 for all s > [ uo(x)¥(x)dx, where \; and ¥(zx) are,
respectively, the first eigenvalue and eigenfunction to the problem (2.22)-(2.23) with
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Jo ¥(z)dx =1, and W(x) >0 for all x € Q. Then, if the integral

N

Lm[702+ﬁ2—782+2fasg(£)d£]_ ds

converges, u blows up at a finite time

1
2

T*ST=Lm[7a2+52—752+2f:g(§)d§] ds.
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3.2 An initial boundary value problem for a nonlinear wave

equation (direct energetic method)

Let © c R™ be a domain, and consider the following initial boundary value problem:

ug(x,t) — Au(z,t) = F(u(x,t)), xeQ, t>0, (3.5)
u(z,t) =0, xedQ, t>0, (3.6)
u(z,0) = ug(x), ut(x,0) = uy(z), x €. (3.7)

Here, F' is a nonlinear potential operator, that is there exists another functional G such

that

d
LG = (Fw).u). (33)

where for two functions v,w

(v,w)z/ﬁvwdm

is their inner product. Moreover, we assume that F'(0) = 0, and for some p >0

(F(u),u) - 2G(w) > (u,u)"*?, (3.9)

is satisfied. We want to show that for some class of initial data ug and u; the solution
of the problem (3.5), (3.7) blows up in finite time. For this purpose let us take the inner

product of the equation (3.5) with u;. Since A is a symmetric operator

d
% (Au,u) = (Aug,u) + (Au,ur) = 2 (Au,ug) ,

and therefore we obtain the following equality:

% [% (s 1) % (Au,u) - G(u)] ~ 0.

If we define
1 1
E(t) = 3 (ug,ur) + 5 (Au,u) - G(u)

the above equality implies
E(t) = E(0), for all ¢ > 0.

Now, the function W(t) = (u,u) satisfies the relation

U7(t) =2 (ug, ur) + 2 (w,ue) = 2 (ug, ug) + 2 (Au,u) + 2 (F(u),u).
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Using the definition of E(t) we rewrite the above equality in the following form:
U () = 4 (ug,u) + 2 (F(u),u) - 4G(u) - 4E(0).
Whenever E(0) <0, by the assumption (3.9) this equality implies that

U(t) 2 2 (F(u),u) - 4G(u) > 2 (u,u)™P = 2[ ¥ ()] (3.10)
Since ¥(t) is nonnegative, ¥ (¢) is nonnegative. Therofore, if we assume that ¥'(0) =
2 (up,u1) 20, then ¥'(¢) > 0 for all ¢ > 0, and hence the inequality (3.10) implies

()W () 2 20 (¢) [0 ()],

or
d|1 2 U(t)
S (vt —2f L2gr| >0,
HHUO S

with a = (ug,up). Integrating this inequality, since W'(#) is nonnegative, we arrive at

W (t)

1
3
U'(t) > [(uo,u1)2 + 4/ 7'1+pd7']

Finally, from the last inequality we deduce that the solution of the problem (3.5), (3.7)

blows up in finite time

+oo s
tstlzf [(uo,u1)2+4f Tl+pd7'] ds.

We summarize what we have proved in the following theorem.

(SIS

Theorem 3.2. Suppose u is a solution of the problem (3.5), (3.7), and the assumptions
(3.8), (3.9) hold. If (ug,u1) >0, and

E(0) = 5 (u1,u1) + % (Aug,up) - G(uo) <0,

1
2
then u blows up at a finite time

+oo S
tétlzf [(uo,u1)2+4f Tl+pdr] ds.

=
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3.3 Cauchy problem for a nonlinear wave equation (Con-

cavity method)

In this section we will apply the the concavity method to the following nonlinear Cauchy

problem for the wave equation

ug(x,t) — Au(z,t) = uP(x,t), xeR" t>0, (3.11)
u(z,0) =ug(x) £0, ue(x,0) = uy(z), xeR", (3.12)

where p > 2 is an integer. On this problem we demonstrate the concavity method. We

have the following theorem.

Theorem 3.3. Let u be a solution to the problem (3.11), (3.12). Suppose that the initial

functions ug, uy satisfy the following condition

B0 =5 [ @)+ vu@Pie-— [t @arso (313)

f wo(x)uq (z)dx > 0. (3.14)
R"

Then, there erists T < Jwo] , where o = p—, such that
a(ug,u1) 4

lim u?(x,t)dx - oo.
t—->T JR™

Proof. First, let us multiply (3.11) by u; and integrate over R"™. We find E’(t) = 0, where

B(0) =5 [[ @30+ 9uanfyis - —— [ (@04

Hence, by assumption
E(t) = E(0) <0 for all ¢ >0. (3.15)

Next, to use Levine’s Lemma 1.8 we define the function
U(t) := -[]R” u?(z,t)dx.
Now, we are going to show that
G(t) =V )V (t) - (1+a) (\I/'(t))2 >0, for each t >0,

¥(0) >0, and ¥'(0) > 0.
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It is easy to see that the last two conditions are satisfied by the assumptions of the

theorem. Next, using the definition of E(t) with (3.15) we see that
U(t) =2 /R" ul(z,t)dx +2 /R" u(z, t)ug(x, t)de
=2 fRn ul(z,t)de +2 fRn u(z, t)(Au(z,t) + uP(x,t))dx
-9 f w2 (z,t)da - 2 f Ve, )2 de + 2 f WP (2, ) do
R" R™ R"

[ uP (z, t)dm]
+1 Jrn

=2(p+1) [—%/ ul(x, t)dm——/ \Vu(z, t) dm+
+(p+3)[ 2(z,t)dx + (p - 1)/ IVu(z, )| do
= 2(p+ 1)E(0) + (p+3) [R u?(m,t)dac+(p—1)[Rn|Vu(x,t)|2d:L“.

Since E(0) <0, we find
(1) > (p+3) f w2(z,t)dz. (3.16)
Rn

Taking into account (3.16) we obtain

v () - 3 (w(1))’

>(p+3) [R" ul(z,t)dx fR" w?(x, t)dx - b :lr 5 [2 fR" u(x,t)ut(:c,t)dxr

=(p+3) [(fugn uQ(x,t)dx) (/Rn u?(m,t)dw) - (]H-W u(z, t)ug(x, t)d:r)2:| )

By the Schwarz inequality (1.1) the right hand side of the last inequality is nonnegative.

Hence, we have

w ()W (1) - (1+ 2= 1 )(\I’ 1) >

So, the function W(t) satisfies the main inequality of Levine’s lemma with o = I%l. Thus,

the statement of the theorem follows. O

Remark 3.4. Similar result is true for the initial boundary value problem

up(z,t) — Au(z,t) = |u(w,t)|p_1u(x,t), xeQ, te[0,T),
u(zx,t) =0, xedQ, te[0,T),
u(x70) :u0($)7 ’U,t(JZ',O):ul(l'), [L’EQ,

where 2 c R" is a (not necessarily bounded) domain with sufficiently smooth boundary
0N.
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Remark 3.5. Following the way of the Theorem 3.3 we can prove blow-up of solutions

to the initial boundary value problem for the nonlinear plate equation

ug(z,t) + A%u(x,t) — alu(z,t) = f(u), zeQ,te[0,T), (3.17)
u(x,0) =ug(x), w(z,0)=ui(z), v, (3.18)
u(z,t) = Au(z,t) =0, x € Q,t€0,). (3.19)

Here a > 0 is a given number , Q@ c R" is a domain with smooth boundary 02, f(-) €

C*(R™) is a given function which satisfies:

J(0) =0, [(s)s=22a+1)F(s)>0, F(s)= [ f(r)ar,
where « is some positive number. We have the following theorem.

Theorem 3.6. Suppose u is a classical solution to the problem (3.17)-(3.19). If the initial

functions ug,u; satisfy the conditions

[ [517u0)P + S0P - Faoe) | e <o,

and

fQ uo(x)uq (x)dx > 0,

then there exists a number t; < ol such that
a(ug,ur)

)

[u(t)| = + oo ast—t1.
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3.4 A nonlinear Boussinesq type equation

In this section we will deal with the following problem:

upt (1) = Bugrer (2, 1) + gy (z,t) — K(uP(2,1)) s x€(0,1), t>0, (3.20)
u(0,t) = u(1,t) = uzz(0,t) = uge(1,t) =0, t>0, (3.21)
u(z,0) =ug(x) £0, w(x,0) =uq(x), x€[0,1], (3.22)

where ug, u1 are given functions and K >0, p > 1 are given constants.

Theorem 3.7. Let u be a nonnegative solution to the problem (3.20)-(3.22) which sat-

isfies
32K pr?

—FM(O) 9
PESVETTE M (3.23)

F'(0) > | 272 (37% = 1) F2(0) +

where
F(t) = Ju®)]3.

Then, u does not exist for all time.

Proof. Multiply (3.20) by u and integrate by parts to obtain
% 2 2 2 Lol 2
F(t) = 2Jur(D)13+ 6lua (D3 - 2N O3 +2 [ wude.  (3:24)

Also, using the Schwarz (1.1) and Poincaré (1.6) inequalities we see that

1 1
||u:c(t)||% == /; Ulggdr < ”U(t)”2H“arx(t)H2 < ;||ux(t)||2||um(t)||2

Thus,
1
[ua ()2 < —f[uae(t) 2. (3.25)

p+1

Next, recalling u > 0, we apply Poincaré’s inequality (1.6) to the function v = u 2

find )
1 1
f Pl dr > in f P de,
0 (p+1)2 Jo

and by Hoélder’s inequality (1.2)

to

2

1 +
lu(®)]2 < UO uP“dx]” "

So, we have
2 47'('2 p+l

1
fo WP ulde > (p+1)2F z (t). (3.26)
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Now, using (3.25) and (3.26) in (3.24) together with Poincaré’s inequality (1.6) we get
F"(t) > 2LF(t) + 2M F"% (1), (3.27)

with

AK pr?

(p+1)*

This together with the assumption (3.23) implies F’(¢) > 0 for all ¢ > 0. Hence, multi-
plying (3.27) by F'(t) we deduce

L=n%(37%-1) and M =

G5 F @y -re-

A4M _p+

27 e (t)] > 0.
p+3

Integrating and using assumption (3.23) we arrive at

SM
p+3

F'(t) > [2LF2(t) + pr(t)r = Q(F).

Thus, since p > 1, we have

t<fF(t) ds </°° ds .
S — 0 S —_— OO,
F) Q(s) ~ JF) Q(s)

that is, u can not exist for all time. ]
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Nonlinear Schrodinger equations

The nonlinear Schrodinger equation is a nonlinear evolutionary partial differential equa-
tion that describes processes in hydrodynamics, nonlinear optics, nonlinear acoustics

and various other nonlinear phenomena.

4.1 Self-focusing nonlinear Schrodinger equation

Consider the Cauchy problem

iug(z,t) = Au(z, t) + F(ju(z, )| u(z, t), xeR" t>0, (4.1)
u(z,0) = ug(x), xeR" (4.2)

We shall assume that u € S, where § is the Schwarz class. Moreover we assume that
F is real-valued and is smooth enough so that a unique local classical solution to (4.1),
(4.2) exists. We define

G(u) = /(;UF(s)ds, (4.3)
I(t) = fR ePlulde, (4.4)

and
y(t):=Im [n x - (aVu)dz. (4.5)

Lemma 4.1. If u is a local solution of (4.1) then

fR ufdz = fR Juo(x) P, (4.6)

E(t) := . [|Vu|2—G(|u|2)] dzx = . [|Vuo(a:)|2—G(|u0(x)|2)]d:c=E(O), (4.7)
R R
40
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I'(t) = ~dy(t), (4.8)

and

J(t) = 2 /R [Vufdz +n fR PE(uP) - G(u?)] de. (4.9)

Proof. Let us multiply (4.1) by @ and integrate over R":

z/ aupdx = f Auvudx + / F(|Jul*)utidz
—— [ vePdes [ P(lu®)ulde.
R"L R’VL

Taking the imaginary part of the above equation we find

d
= [t t)Pds <o,

which implies (4.6), the 15! conservation law.

Next we multiply (4.1) by u; and integrate over R™:

zf |ut|2d:c=—/ Vu-Vﬂtdx-lrf F(Jul*utiyde.
R™ R™ R™

Taking the real part of the above equality we find

0o % L vuPde+ [ F(uP) (uP), de

d

=~ L [P = Gl

which implies (4.7), the 2"¢ conservation law.

For the 3" identity we calculate
I'(t) = f (2 (@ + witg) dx
RTL
= [ |:n|2{a [—iAu - zF(|u|2)u] +u [iAa + zF(|u|2)u] }d:z: (4.10)
Rn

:i/ |z|? (uAT - aAu)dz,
R’n

where we have used (4.1). Note that

uAu - uAu =V - (uVa - uVu).
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Combining this with (4.10) we find
I'(t) =i / z|*V - (uVE - GVu)dz
Rn
=-2i f x - (uvu - avVu)dz
R’n

= —22’/ x-[-2iIm(aVu)]dx,
Rn

which gives (4.8).

For the final identity we have
y'(t) =Im/ :L‘-Vutﬂdx+lmf x - Vutpdz
R" R"
:—nlmf utﬂdas—fm/ :U~Vﬂutdx+lmf - Vutdx
R" R" R"

=-nlm wudr + 2Im x - Vutdx.
R™ R™

Using the equation (4.1) we get
y'(t) = -nIm f a[—iAu — iF(|u)u]dz + 2Im f z - Vul[iAd + iF(|u?)a]dz
R™ R™
=n f F([ul*)ul*dz + nRe f Autudz + 2Re f z - Vu[Au + F(|u?)a]dx
R™ R" R"

=nf F(|u|2)|u|2dm—n[ |Vu|2dx+f - F(|u2) v (Ju?)da
R™ R™ R™
+2Re/ - VulAudzx

Rn

= [ PGPl - G de - [ vuPde+2Re [

z - VulAudx.
]Rn

We claim that
-2
[ - Vulads = =2 f |Vul>dz,

which together with the above equality implies (4.9). To see the claim we use integration

by parts consecutively to find
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n n
f T - VulAudx = Z f LUz, Z Uy ;AT
n k:l Rn ,:1
J
n n n
=- Z [ uAudr — Z f TrpU Z Ugyaz; AT
k=1 7R" k=1 JR" j=1

= —n/ uAudx — Z [ xkuakakwkdx
R™ - "
>

Thus, we are done.

Now we state the main result.

Theorem 4.2. Let u be a classical solution to the Cauchy problem (4.1) with up(z) € S.
Also assume that E(0) <0, y(0) >0, and

sF(s) > (1+2/n+a)G(s), foralls>0 (4.11)

with some o> 0. Then, there exists a finite time T such that

li t)|2 = oo.
Jim [Va(t)]z = oo
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Proof. With the assumption (4.11) and using the definition of E(¢) (4.7) the equation

(4.9) becomes

y'(t)2—2[ |Vu|2d:n+n(2/n+a)/ G(luf?)dz
R"l R’VL
=—(2+na)E(0) +na[ |Vul>dz.
Rn

The assumption F(0) <0 implies

y'(t) 2 na f \Vul*dz > 0 (4.12)
Rn

for all ¢ > 0. Combining this with the assumption y(0) > 0 we deduce

y(t) >y(0) >0 ,Vt > 0. (4.13)

Then the identity (4.8) implies that

0<I(t)<I(0)=1I ,Vt > 0. (4.14)

Here, note that Iy < co by the assumption ug(x) € S. Next, by the definition of y(¢)
(4.5) and the Holder inequality (1.2) we have

y(®) =@l =lim [ o @vwds<| [ x-(@vu)dal

1 1

2 2

S/ |:B||u||Vu|d$S{[ |x|2|u|2d:n} {f |Vu|2dx} ,
R" R" R"

which together with the definition of I(¢) (4.4) and the inequality (4.14) implies that

V() < I(1) f \Vulde < I f Vulda. (4.15)
R™ R™

Now combining (4.12) and (4.15) we get

no o

y'(t) 2 A
or
dy > %0
y () Lo
Integrating over (0,¢) we obtain

1 1 no

ROMON
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which makes sense since by (4.13) y(¢) > 0 for all ¢t > 0. Therefore, we have

y(0)1o

y(t) > Iy —nay(0)t

Finally, using (4.15) we conclude that

1 1
oy
" _ 2d > —— £ 2

Thus, the solution blows up as t - T~ for some T < T = ﬁ(’(o). This completes the

proof.
O

Remark 4.3. In applications the function F'(s) has the form

p—1

F(s)=ks 2.

When p = 3 we are getting the famous cubic nonlinear Schrédinger equation describing

the effect of self-focusing in nonlinear optics. In this case the energy integral is

prl u(z, t)|p+1] dx = B(0). (4.16)

B = [ |[Ivute.nP-

Since ||u(t)]2 is uniformly bounded we can use the Gagliardo-Nirenberg inequality (1.7),
and get the estimate
n(p-1)
[ e, typde < Clvut), 7
]Rn

Thus, (4.16) implies
n(p2—1)

[Vu(®)3 <[E0)] +&C[vu(t)],
From this inequality we can obtain uniform estimate for

[Vu(®)]2

provided
4
p<l+—.
n
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4.2 A damped nonlinear Schrodinger equation

Consider the Cauchy problem

i (2, 1) = Au(z, t) + F(lu2(z, ) ulz,t) - igu(m,t), zeR™, >0,  (4.17)
u(z,0) = up(x), xeR" (4.18)

with a > 0.

We shall assume that u € S, where S is the Schwarz class. Moreover we assume that F'
is real-valued, positive and is smooth enough so that a unique local classical solution to
(4.17), (4.18) exists. We define

G(u) = fo " F(s)ds, (4.19)
E(t) = fR [Ivul? - G(u*)] de, (4.20)
I(t) = & [R ePlufde, (4.21)
y(t) := —4Im [R" x - (uVu)de, (4.22)
and
w(t) =8 fR |VulPde —4n fR [Pl - G(JuP)] da. (4.23)

Lemma 4.4. If u is a local solution of (4.17) and b e R then

2 _ -a 2
/Rn lu2dz = e tfRn o (z)[2de, (4.24)
B =E(0) +b [ ' B(r)dr
t (4.25)
—a/o e’ [/ﬂ;{anFd:c—_[Rn F(|u|2)|u|2d$] dr,
I(t) + (a—b)/OtI(T)dT:I(O) ; /OtebTy(T)dT, (4.26)
and
y(t) v (a-) [ LTy (FYdr = y(0) + JA Lo (rYdr (4.27)

Proof. Multiplying (4.17) by 24, taking the imaginary part of the result and integrating

over R™ we obtain

d
— f lu?dz + a / lu|*dz = 0
dt R R"”
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which implies (4.24). Next we multiply (4.17) by 2uy, then take the real part of the

result and integrate over R™. This gives

0= —%{ »[]R” [|Vu|2 _ G(|u|2)] dx} - zg fRn(uﬂt — auy)dx.
Using (4.17) again we get
/ Ne A= 2y  a_ _( . . 2 a
E'(t) = i3 / [u (zAu +iF (Ju]*)u - Eu) - (—zAu —iF(Jul*)u - Eu)] dx
RTL

:—af |Vu|2da:+a/ F(|uf?)|ufda.
R™ R™

From this (4.25) follows. For the next identity observe that

I'(t) = bI(t) + M f ([ (wiy + Gy ) da
Rn

ot e [ Jaf [u (ma i F(Jul?)a - gu) + (- A —iF(|uf?)u - gu)] do
Rn
= (b-a)I(t) +ie” f |z (uAG - tAu)dx
R"L

= (b-a)I(t) +e"y(1),
where the last equality is detailed in the calculations of the previous section. Integrating
this result over (0,t) gives (4.26). Finally, noting back to the calculations of the final

identity in the lemma of the previous chapter we see
d
— {ebty(t)} = bebly(t) + et [4nlm [ ugudr — 8Im f x- Vuatdx]
= bebly(t) + ePw(t) + e [—Qanlm f lu?dz + 4a / x- Vuadm]
R™ R™

= (b—a)e"y(t) + ew(t).

Integrating this result over (0,¢) we find (4.27).

Next we show the global nonexistence of the solution to the Cauchy problem (4.17).

Theorem 4.5. Suppose u is a solution to the Cauchy problem (4.17). Assume that

E(0) <0, (4.28)

there exists constants Cy, > 1+ 2/n, C} > 1 such that

CnG(s) <sF(s) <ClG(s), for all s >0, (4.29)
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and

a(Cl -1)

" 1(0) +y(0) <0, (4.30)

where d, = 5(Cy —1) > 1. Then u blows up in finite time.

Proof. From (4.25) we have

ME(t) = E(0) +b fo LT g(7)dr,

where

g(r) = ~(a-b) /Rn|Vu|2dx—b/Rn G(|u|2)dx+a[Rn F(juP)ludz.

Using the hypothesis (4.29) and the fact that G(s) >0 for all s >0 we get

9(r) <~(a-b) [

|Vul>dz + (aC!, - b) / G(|uf*)dz
R™ R™

<—(a-b) [fR Vulde - 5 (C - 1) fR G(|u|2)dx]

= —(a-b) [/Rn \Vul?dx - d,, fR" G(|U|2)dx]

= —(a-0)E;(t),

provided that

or ,
b< %a <a, (4.31)

where the last inequality above is true because C), > 1 and we are free to choose b so

that the first inequality is also satisfied. Then we have

MB() = B(O) - (a-1) [ "B (r)dr

Now the hypothesis (4.29) yields d,, > 1. This together with the positivity of G(s) im-
plies E1(t) < E(t). Hence we get

P B <BO) - (a-b) [ "B (r)dr,
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from which we obtain

t
% [e(“b)t fo ebTEl(T)dT] < E(0)ele bt

By hypothesis (4.28) E(0) < 0. Therefore we obtain

t
fo 1 (7)dr < 0. (4.32)

We observe that by the definition of w(t) (4.23) and the hypothesis (4.29) we have

w(t) 38{ fR |Vu|2dx—g(0n—1)/w G(|u|2)dx}

= 8B (1).

Combining this with (4.32) and (4.27) we arrive at

y(e) + (a-b) [ emy(rydr <y(0),

from which it follows that

t
% [e(“_b)t [0 ebTy(T)dT] < y(O)e(a_b)t.

Hence we have

t 1
br _ _—(a-b)t
]0 e’Ty(r)dr < P (1 e )y(O)

Above inequality together with (4.26) implies

1
1(t) <1(0) + —— (1= D) y(0). (4.33)
a—b
Now define ,
dy, - C,
d:=—T"a-b
d—1 "7
which implies
!
-1
a—b:§:_1a+5. (4.34)

By (4.31) 0 > 0. Next set

1 (@ BI0) +y(0)
a b8 y(0) .

Observe that replacing ¢ with 7" in (4.33) gives I(t) < 0. Using (4.34) we obtain

. -1
T:—(C" 1a+6) log P,
dp, -1

T:
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where

(C%—la, + 5) 1(0) +y(0)

= dn-1
y(0)
) A 1(0) +y(0) . 81(0)
y(0) y(0) .

The hypothesis (4.30) together with the definition of I(t) (4.21) gives

< a(C), -1)
dp—1
which implies P > 0, and we can choose b satisfying (4.31) large enough so that ¢ is

y(0) 1(0) +y(0) <0,

small enough to make P < 1. Hence T > 0 and therefore by (4.33) there exists 77 such
that 0 <717 <T and

Jim I(1) =0. (4.35)

Since u € § by integration by parts and the Schwarz inequality (1.1) we have
f luf?dx = - f x; (Ulg, + Uy, ) dz
R™ R™

1 1
< Q(f m?!u!zdx)z (/ ]uzi|2dx)2
R™ R"

<2|x|u(®) [ 2@y [Vu(t) | L2 @ny-

Using (4.24), the above inequality and the definition of I(t) (4.21) we get

e luo] %2 (R™)

2[[Jclult) | 2 rny

IVu(®)] r2@ny 2

e Juo| 7

L2(R™)
21 (t)

Finally (4.35) implies

”V’LL(t)”L2(Rn) — + 00 as t— Tl.
This completes the proof. O
We conclude the study of the problem (4.17) by a theorem which states that the blow-up
of the solution occurs at the origin only.

Theorem 4.6. Suppose that the assumptions of the preceding theorem hold. Note that

by the preceding theorem there exists a maximal T such that
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lim [ 2 uf2dzz = 0. (4.36)

t—>T JR"
Then zfmax( n 1) <p<2

tim ()] o ) = 0 (437
and if 2<p < oo for any e >0

tim )| 2y = 0. (439
and

limn [u(t) | Lo (aj<e) = + o0 - (4.39)

Proof. For the first part suppose max( n 1) < p < 2. By the Holder inequality (1.2)

n+2’
with L g =1 we have
2- 4
[ lulPda = f lufPdz + f lulPdee
R™ |z|>R |z|<R
_2p 2%? 2 19 £
<( el #vde) " ([ jaPlaf)
|z|>R |z|>R
2-p P
2 2 2
+ (f 1dx) (/ |ul d:c)
|z|<R |z|<R
The integral / o> R |lz|” = > dz converges if and only 1f 5 >N if and only if p > =& This

is satisfied by the assumption on p. Therefore we have

P
“-P(/ 2] |u|2) +CyR™F )(f |u|2dx)2
|=[>R |z|<R
- ;
= op T u2) (/ ug(x 2dac) ,
(o @)

where C7,Cy > 0 are constants and in the last inequality we have used the equality

(4.24). Now since p < 2, for any ¢ >0 we can pick R small enough so that

n(2-p) 9. \2 0
ar)’ <2
O, R"F2 ([M o ()| x) <

With this fixed value of R by (4.36) there exists top < T' such that whenever ¢ > ¢y and

t <T we have

[\DIO’)

n(2-p) _
r 5o ([ i) <
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Therefore for arbitrary § > 0 there exists ¢t with tg <t < T such that

f lu(z, t)Pd < 6.
RTL

From this (4.37) follows. For the second part we observe

1
lu|*dx < = ||| ul?dz,
2
|z|>e es JR"

which tends to zero as t - T and this gives (4.38). Next using the Holder inequality
(1.2) in the equation (4.24) we obtain
o) T2 gy = lu(®) 72 can
= ||u(t)||%2(|a:|<5) + Hu(t)H?ﬁ(mﬁ) (4.40)

2 ”u(t)“%q(|x|<5) ”u(t)||%1°(|x|<5) + ”u(t)H%2(|:c|>g)7

where % + % =1and p,q 2 1. In case n = 1,2 (4.37) states that lim,_,p |u(t)| Lr(rn) = 0
for 1 < p <2, hence since lim;_,p e‘atHuoH%Q(Rn) >0 (E(0) <0 implies this), (4.38) implies

that for 2 < ¢ < +o0

. 2
i [1(8) 3o g = + o0 (4.41)
If n > 3 the same argument applies for nzTnQ <p<2,and hence (4.41) holds for 2 < ¢ < %

But when ¢ > 2 Holder’s inequality (1.2) gives

G PR T A T T e

and [ u(t)] 22(jaf<e) < ”u(t)”%Q(Rn) is finite by (4.24). It follows that

limn ()] e (jaf<e) = + o0

This implies (4.39) and the proof is complete.
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Nonlinear thermoelasticity

equations

5.1 A nonlinear thermoelastic system in one dimension

(Generalized concavity method)

Consider the Cauchy problem for the one-dimensional, nonlinear thermoelasticity equa-
tion

upt(x,t) = augy (2, t) + b0, (x,t) + dug (2, t) — mug(x,t) + f (¢, u(z,t)) (5.1)

chy(x,t) = KOpp(x,t) + bug(x,t) + pug(z,t) + q0,(z, 1) (5.2)

with x e R, t >0, and

u(z,0) =ug(x), wu(x,0)=ui(z), 6(x,0)=0u(x), xeR. (5.3)

The coeflicients are such that
a,b,e, K>0

and

d,m,p,q>0.

In order to show the blow-up of the solution of the problem (5.1)-(5.3), we need to make
some restrictions on the function f(¢,u) and the initial data ug, u;, and 6y. We assume

that there exists a functional F'(¢,u), such that

53
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F.(t,u) = f(t,u). (5.4)

Also, we assume that

uf(t,u) >2(1+2v)F(t,u) (5.5)
for some 7 > (1/4)((1 + b%/ac)? - 1).
In addition to (5.4) and (5.5) we further require either

Fi(t,u) 22(e2 -m)F(t,u) ifm+p+d>0

(5.6)
Fi(t,u) >0 ifm=p=d=0
with €9 —m greater than or equal to the positive root of
(dame)¢? - (cd®)€ - pPm = 0,
or
Fy(t,u) > 2(& —m)F(t,u) + Zou?  if m+d >0
(5.7)
2
Fy(t,u) > £=u? ifm=d=0
with & >m + %
As for the initial data we require
ug € H*(R), wu; € HY(R), 6y H'(R), (5.8)
and
+o00 9 +o0o
f updz < [ uourde (5.9)

Before stating the blow-up theorem let us multiply the first equation of (5.1) by u; and
the second equation by 6, then add them and integrate over R. We have

+ oo
/ [ututt — QU U Ly — AUty + muf —uy f(t, u)] dx

oo

+oo
+ f (00, — K00, — pBus — q06,] dz = 0.

oo
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In view of (5.4) and using integration by parts we obtain
400
[ [muf + K02 + Fy(t,u) — dugug — pﬂux] dx
d r+eril
+—/ [ ?Jr;ui F(t,u)+§92]dx=0.

dt 2
If we define

B(t) —foo [ Sk - F(tu) + 92]d (5.10)

then the above equality can be rewritten as
+00
E'(t) = f [—mu? - K62 - Fy(t,u) + dugu, +pt9ux] dx (5.11)

Now we state the blow-up theorem and give its proof.

Theorem 5.1. Suppose that ug, uy, and Oy satisfy (5.8), (5.9), and are such that
E(0) < 0. Also suppose that f(t,u) satisfies either (5.4), (5.5), (5.6) or (5.4), (5.5),

(5.7). Then, there exists a positive number T < +oo such that

+oo 9
lim u(z,t)dxr = + oo
t—T~ J—o0

Proof. Let W(t) = [ u?(x,t)dx + B(t +t9)?, where positive 3 and ¢, are to be deter-

mined later. Then

v(t) =2 {[:o uupdz + Bt + to)}

and

U'(t) = 2{[:0(11? + uug )dr + ﬁ}.

Therefore, we have

WU~ (1+~)0"? =20 {/:o(u? +uug )dx + [3} -4(1+7) {f:o wugdr + B(t + to)}Q.

We apply the Schwarz inequality (1.1) to the second term on the right hand side twice

(first in L2, second in R?) in the following way
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o6

{7 e+ s+ 1)) s {([:f’ aa)' ([T das) + VAo toNE}Q

< f: u2(x,t)dx+6(t+to)2}{[:o u?dw+6}
:\IJ{[:oufdm+ﬁ}.

Hence, we arrive at

+oo 400
T~ (1+7)8? > 20 {—(1 +27) (/ uidx + 6) + f Uuttdx} . (5.12)

Next, we multiply the first equation of (5.1) by u, integrate over R and use integration
by parts to get

+oo
f uuttdac——af us 2dx - b[ uz0dx — mf uutdx+f uf(t,u)
+00
Z—a[ uZdx — bf umedac——\l" / uf(t,u)dzx

Combining this with (5.12) we obtain

+oo m +o0o
—b/ uzOdx - E\Iﬂ + ] uf(t,u)dac}.

Next, we apply the e-inequality to the term [ J;:o uz0dx

\IJ\I/”—(1+’Y)‘I”222\1’{_(1+27)([:o d:c+ﬁ)—(a+—)/oo

461

+o00 +oo
—81[ 92daz—%\ll’+[ uf(t,u)dx},

and then use the definition of E(t), (5.10) to obtain

+00 oo
v (1 +’y)\11/222\11{—(1+2’y)(/ ufder,B)—a[ wldz

" ? b’ T 9 mr
VU — (1+~)U"= 2204 -2(1+27)E(t) + 2a’y—4— umdaz—E\I’
€1 -

(o]

+(c(1+27) —e1) [:o 0%da — B(1 +27)

; [W [uf(t,u) - 2(1+ 27)F(t,u)]dx}.
Now, we pick 1 = i

87 50 that the coefficient of f " wu2dx vanishes. Also applying as-

sumption (5.5), and noting that the restriction on v in (5.5) together with this picked
value of €1 implies ¢(1 +2v) — &1 > 0 we remain with
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DU — (1+7)07 > 20 {-2(1 +29)E(t) - T - 51+ 27)} .

Now, suppose we have shown that F(t) <0 for all ¢ >0. Then we have

VU — (1+7)072 > 20 {—(1 +27)(2E(0) + 8) - %qf} .

We choose 5 < -2FE(0) >0 and we remain with

WO — (1+4)0? > -’

This is the inequality (2.3) in Lemma 1 with C; = 5, C2 =0, 71 = 0 and 7o = -m.
Since B and t( are positive W(0) = [ uldx + Bt > 0. If m = 0 we choose ty so
large that ¥/(0) = 2{/ 7 upuidz + Bt} > 0 (This is possible by assumption (5.8)),
so that the requirements of the second part of Lemma 1 are fullfilled and we have
lim,_ g [ u?(x,t)dx = +oo0 for T = %. If m # 0 in order to invoke the first part of

the Lemma 1 we require ¥'(0) — 21¥(0) > 0, that is

+o00 2 +o0
/ u%dx + Btg < it ([ uouwrdx + Bto) ,
— m —

(e o) (o]

or

(/B)t?)_(w)t()ﬁL([+wugdx—%[+wuou1dx) <0.

m oo co
The assumption (5.9) ensures that the parabola in the above inequality has a positive
and a non-positive root, so that a positive ¢y satisfying the inequality exists. Thus, by

the first part of the Lemma 1 lim, ;- [ 7" u?(x,t)dx = +oo for T = % ln(%).

There only remains to show that E(¢) <0 for all ¢ > 0. We consider two cases.

When (5.6) is satisfied we use the e-inequality in the equation (5.11) and then the defi-
nition of E(t) (5.10) to obtain
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+oo
E'(t) = f [—mut2 - K62 - Fy(t,u) + duguy +p0um] dx

+oo 9 +oo +o0o 9
S(sg—m)[ utdm—/ Ft(t,u)dx+53/ 0“dx

oo

(5.13)
1({d*> p?

=2(eo —-m)E(t) + {Z (g + g) —a(es - m)} [:o uldx
+ [ [2(e - m)F (L u) - Bt w)] de

+[es —c(eg —m)] [:o 02da.

1. If m=p=d =0, then it is easy to see that (5.6) together with the equality (5.11)
implies that E'(t) <0 for all ¢ > 0. Therefore the assumption E(0) < 0 implies that
E(t) <0 for all ¢t > 0.

2. If m=0and p+d >0 choose €3 = ce5 and pick €5 so that }1 (d?/es +p?[es) - a(ea -
1
m) < 0. Clearly e > ((cd? + p?)/4ac)? will do. Now (5.13) and (5.6) imply that
E'(t) < 2e9E(t) and again since E(0) <0 we have E(t) <0 for all ¢ > 0.

3. If m # 0, then choose €3 = ¢(e2 —m) and choose 9 such that €5 —m > 0 and

1 d2 p2
= L) -a(e-m) <0.
4 (52 " c(eq — m)) a(ez=m)

It is enough to have

1 d2 p2
= + ~a(ey~m) <0,
4 (52 -m  c(eg —m)) a(ez=m)
1
which is satisfied if we choose g2 > m + ((cd® + p?)/4ac)?. Then again by (5.6),
(5.13) gives E'(t) < 2e9F(t) and again since E(0) < 0 we have E(t) < 0 for all
t>0.
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For the second case if (5.7) is satisfied we use the e-inequality in a different way

400
E'(t) = f [—mu? - K02 - Fy(t,u) + dugu, +p0ux] dx

2

(2, - m)E(t) + [f—@ —a(éy- m)] f: w2de
(5.14)

+00 +oo
+(e3-K) f 02dx — (62— m) [ 0dx
+o00 p2
" f {2(52 Cm)F(tu) + L —Ft(t,u)}d:z.
—o0 463

We choose €3 = K and £ —m > 0 such that % —a(é2 —m) < 0. For this it is enough to
have ﬁ —a(&y—m) <0 which is satisfied if &5 > m + %. Then with the assumption
(5.7) (5.14) yields E'(t) < (é2—m)E(t). Hence, since E(0) <0, we deduce that E(t) <0
for all ¢ > 0. This completes the proof.

0
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5.2 A multidimensional nonlinear system thermoelastic type

Consider the problem

u(x,t) = Au(z, t)+b- VO(z,t) + D - Vu(z,t)

(5.15)
—muy + ePux, )ulP2(x,t), e, t>0,
cby(w,t) = div (VO(w,t) + bug(2,t)) + R Vu(z,t), zeQ, >0, (5.16)
u(x,t) =0, O(x,t) =0, xed, t20, (5.17)
u(x,0) = ug(x), ur(2,0) = uq (), 0(z,0) = 6p(x), x €. (5.18)

Here Q is a bounded domain in R™ with a smooth boundary 9 (n > 1); b+0, D, R are
constant vectors in R™; ¢, m >0, p> 2, 8> 0 are given numbers; and ug, u1, 0y are given

initial functions. We have got the following result about the blow-up of the solutions of
the problem (5.15)-(5.18).

Theorem 5.2. Suppose that

2<p<

forn>3 and p>2 when n <2.

5> [ (cd? +r?)

Then, for each T >0 there exists A >0 such that if the initial conditions are such that

L 1
E(O):—(/ u%d:c+_/|Vuo|2daj+cf 93dz)——f|u0|pdx<—)\,
2\Ja Q Q p Ja

then the solution of (5.15)-(5.18) blows up at a time T* <T.

2n
(n-2)

Assume also that

Suppose that (u,0) is a classical solution to the problem (5.15)-(5.18). Let us multiply
(5.15) and (5.16) by u; and 6, respectively; add them up and integrate the obtained

relation over 2. Using integration by parts we find

1 1
0:1 [— (/ ufda:+f|Vu|2da:+cf szx)——eﬁtprdx]
dt L2 \Ja 0 Q P Ja

+ﬁeﬁtf|u]pda;+m/ut2dx—futD-Vuda;—[GR-Vudx+f]V6|2dw.
p Q Q Q Q Q

The derivative terms in the above equation motivates us in defining the energy as

1 1
E(t) == (f uldx + / |Vu|2dx+cf 02daj) - —eﬁtf |ulPdz. (5.20)
2 \Ja Q Q p Q

(5.19)
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In the following lemma, we show that if £(0) <0, then E(t) <0 for all ¢ > 0.

Lemma 5.3. If £(0) <0 and

2 2
B> cd® +r (5.21)
C
Then
E’(t)s—f|v9|2da:. (5.22)
Q

Proof. From (5.19) and the definition of E(t) (5.20) we have

E'(t):—éeﬁt/]u|pdx—mfu§d:c+/utD-VudachfHR-Vudx—/|V0]2dac.
P Q Q Q Q Q

It is easy too see that

< ([Q(Ut)2d:1:)é ([ﬂ|lﬂ)Vu|2dm)é
S(fg(ut)2dx) ‘lﬂ?|(/g;|Vu|2dac)é

2
2 D] )
<er | (w) de+—— [ |Vu|”dz,
Q 4e1 Ja

‘[ utD -Vudx
Q

=

and similarly

: . 2
‘[HR'Vud:c S@/G da:+—/ |Vu|® dz.
0 0 4eg JQ
Using these in the above equality we obtain
d2 2
E'(t) <- éeﬁt f |ulPdz + (g1 — m) [ uldz + (— + r_) [ \Vul>dz
D Q Q 4e1  4er ) Ja

+52f92dx—f|v9\2daﬁ.
Q Q

Here d = ‘D| and 7 = |I3b‘ By using the definition of E(t) we can rewrite the last inequal-

ity in the following form:
E'(t) <- f VO dx +2(e1 — m)E(t) + [e2 — c(e1 —m)] / 02 dx
Q Q

d2 7’2 2 1 Bt

Al ) e -m) f \VulPde + ~[2(c1 - m) - Ble f lulPdz.
4eq  4dey Q P Q

We pick €2 = ¢(e; —m) and €1 large enough so that

(d2 +L)—(51—m)30.

4_51 4e(e1 —m)
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It is enough to have

d2 7“2
— — <0
(4(51 “m) | dc(e - m)) a(er-m) <0,
or equivalently
(cd? +12)
g12m+
4c

Using the assumption (5.21) we remain with

E(t) < - fQ V62dz + 2(1 - m) E(2). (5.23)

From this it follows that

t
B(t) < [E(O) - fo /Q Vo(z, T)‘2€2(Elm)7dxd7'] AEermmiT,

Since FE(0) < 0, we deduce that E(t) <0 for all £ > 0. From this and the differential
inequality 5.23 we deduce that

E(t) < - f voPde,
Q

and this completes the proof. ]

2n
n-2)°

n, p and the domain, such that

Lemma 5.4. Suppose p < Then there exists a constant C' > 1, depending only on

lu(®)l; < " (Ivu@®)3 + [u(®)]}) (5.24)

for any we H () and 2< s < p.

Proof. If [u(t)[, < 1, then [u(?)]; < ||u(t)||12) Also, since p < (nQT"Q) and Q is bounded,

we have |u(t)]|? < Collu(t)|%, . Finally, the Sobolev embedding theorem (1.8) states

n-2
||u(t)||22f2 < Cy|Vu(t)|3. Therefore, combining these results we obtain

lu()l; < Clvu@®)3 < C (Ivu®)|3 + [u@®))
where C' = CyCy. If |u(t)|, > 1, then
lu()l; < Ju(®)[5 < (Va3 + u@)]?)-

Thus, for C' > max(1,C) (5.24) holds, and we are done.
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Now, if we introduce for the term |Vu(t)|% in the inequality found in the above lemma
the definition of E(t) (5.20), we find

(Ol = € (28) = ()13 =26100) 3 + (2 1) [0

If we assume that the assumptions of the Lemma 5.3 hold, then E(¢) <0 for all ¢ > 0,

and the above inequality becomes

(Ol = € (2 1) ) (5.25)

for any u e H}(Q) and 2 < s <p.

Now, we are ready to give the proof of the blow-up theorem.

Proof of the theorem. Set H(t) = -E(t). Then (5.22) becomes

H(t) > [ V62dz, (5.26)
Q
and (5.20) implies
1
A< -E(0)=H(0) < H(t) < ~e" lu(t)]5- (5.27)
p
We define
L(t) == H"™(t) +¢ f uupdx + me f uldz (5.28)
Q 2 Ja

where € > 0 is arbitrarily small and to be bounded from above later and a = pg;pQ <1. Our

aim is to obtain a blowing up ODE of L(t), and from there we will deduce the blow-
up of the negative energy, H(t). So let us differentiate L(¢) and then use (5.15). We have

L'(t) :(1—a)H—a(t)H’(t)+gfguuttdx+sf

uldz +m5f uudx
Q Q

:(1_a)H_°‘(t)H'(t)—5[9|Vu|2d$+5/9u?dx

+seﬁtf|u|pda:+5fu5-v0d:z.
Q Q

We replace the term ee” Jq luPdz with its value from the definition of H(t).

L'(t) :(l—a)H‘a(t)H’(t)—5/Q|Vu|2da:+5_[ﬂut2dx

+p5[H(t)+l(_/ ufda:+f|vfu|2da:+cf 02d:c)]
2 \Ja Q Q

+5/ ub - vldz.
Q
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Next, we use the e-inequality to estimate the term ¢ fQ ub- VOdz to obtain for all § > 0
(1) 2(1- ) H (O H' (1) +=(E - 1) fQ Vul?de
+5(§+1)f 2dx + peH(t) + pe f92
- 55/ wldx - f NREE:

<[a-0m - T]Ivl +e - Dva)3

p cpe
te(5 D)lue(t)]3 + peH(¢) + 7II9(t)H§ ~bedfu(t) |3

where b = H_b>||,and in the second step we have used (5.26). Now we pick ¢ = HX/[(t) >0,
where M large is to be selected. We get
bMe o p
L) 2[(1-a) - 5| He 01900 B+ 22 - Dvu) 3
(5.29)

+ 6( 1) Jur(8)[3 + peH (1) + 2 H9(t)||2 - Mﬂa(t)\\U(t)\b
By the LP embedding theorem (1.5), and (5.27), respectively, we have the estimate
H*(O)u(t)]3 < CH* (1) [u(t)

C
< — e u(®) 3T
pa

< Krlu(®)[37,

where K7 = £¢e*ST (T is the given positive number in the statement of the theorem.).
Now notice that s=2+ap=2+ ’%2 = g +1 < p, because p > 2, which allows us to use the

inequality (5.25) to obtain from the above inequality the following one:
H () [u()[3 < mrlu®)]}

<wr (H(E) + a3+ [u) [+ 16(1)]3),

where k1 > KpC' (%eBT + 1). Inserting this into equation (5.29) we get

@ 2[(1-0) - BE e @ ve B+« - Divu3

D cpe
n 6(5 + 1)”ut(t)”% +peH(t) + THQ(t)”g

- %RT (H () + lue (O3 + @)} + 16(0)]3)-

Next, we split the term peH(t) as e(p — u)H(t) + epH(t) for g > 0, and then use the
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definition of H(t) = -E(t) (5.20) to obtain

v [0-0-EE | meoivem - -1-Lvu):

ee(B 1= B+ co- @) +es(§ - 5) 10613+ L puo]

- bMEnT (H () + lue(®)]5+ lu(®) 5+ 16(6)]3)

2[(1-) - ZE e @190+ o - 1- Byvucoi?

re(Be - D+ mH O +es(§ - 5) 10013+ ol

- E)W_EHT (H () + Jue (D)3 + ()} + 16()]3) -

We choose i1 < p—2 so that the coefficients of all the terms where the parameter u
appears become positive. Next, we can drop the HVu(t)H% term, and then we choose M

large enough so that the above inequality takes the form

20 2 [(1- ) = S| e OI00OI + e () + ) + [+ 10 B).

(5.30)

with I'p > 0. After M is chosen we choose € so small that (1-«) - % >0 and

L(0) = H=(0) + ¢ fﬂuould:c + m?e fﬂugdx > 0. (5.31)

Then (5.30) becomes

L'(t) > Ap (H(t) + |ue (D)3 + lu(®) [+ [6()]3) > 0, (5.32)

where Ar = el'r. Hence, L(t) > L(0) > 0 for all ¢ > 0. Now, by the Schwarz inequality
(1.1) and the LP embedding theorem (1.5) we have

Ifﬂumdwl < fu)l2lue(@®) ]2 < Clu@)[plus(t)]2

which implies

1 1 1
| [ﬂ wuda| 7w < Clu(t)|5 [us(t) ]2

Yo 3 s . 1 1 _ . .
Then, Young’s inequality (1.4) with eIl =1 implies

1-a)

| [ wwda| 75 < C (Ju()]D+ [ue(2)]3)
fQ : (5.33)

<C(H®) +ue®)3 + [u@)f + [0)]3) -
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Also, by LP imbedding theorem (1.5) we have the estimate

2 _2
[ w2l = e (15 < Ol

Now, if |u(t)|, > 1, since % = 1% < p (because 2 < p = ]% < 1, and multiply both

sides by p), we have

m [ wdal ™5 < CluIFT < Clu(®)lf < C (HE) + [u )3+ (@)1} + 16)13)

If ||u(t)|p < 1, since for all t >0 H(t) > H(0) > A >0, we have

1 2 C
ImeUQdiBIl*a <Clu@®lp™ <C<~ (H(t) + [ue(®)]3 + [u() [+ 16()]3) -
Therefore, in any case we have
25 2 p 2
Imfgu dz|7a < C(H(t) + [u() |3 + [u®)[5 +16(1)]3)- (5.34)

(5.32) together with (5.33) and (5.34) implies that

L'(t)zCT(H(t)ﬂfQuutdﬂﬁ+|mfﬂu2dx|ﬁ) (5.35)

Finally since == > 1, f(z) = xT= is a convex function for z > 0. Therefore, we have
- 1
1 m 1-a
LT (t) = [Hl_“(t) + af wupdr + — f u2dx]
Q 2 Jo

1

af uurdx m_sfu2dx]1_a
Q 2 Ja

<O[H@ 4| [ wndel = vl [ dafs].
Q Q

This together with (5.35) gives

< [|H(t)|1_a + +

L'(t) > yLTa (b), (5.36)

or

dL
— > ydt.
o

Integrating both sides over (0,t) we obtain

1

[0 @) - LOED 0)] 2 1.
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Noting that 1 - 1% = -2 and remembering L(t) > 0 for all ¢t > 0 we deduce

a _m’
p=2 1
Lve (1) > — >
L »2(0) - vt%
-2
This implies L(t) - +oo as t — V(per_ZQ) Liﬁ(()). So by choosing A large enough we have

L(t) > +o0 ast—>T"<T.

This and the definition of L(t), since ¢ is arbitrarily small, imply that H(t) blows up,

which in turn implies that |u(¢t)|) — +c0 as t > T* < T O

Remark 5.5. If we make the change of variables
0 =¢ce ™, and u=ve *,
with « = 1%2 > 0, then the equations (5.15), (5.16) become
v = Av+b-VE+D-Vu - (m - 2a)v; + a(m - a)v + vfu]P 2,

& = div (V€ + l;vt) + (R + aé) Vv + cak.

Theorem 5.2 requires 8 > @ Therefore, if

1 Jed?+r?
a2 )
p—2 c

and the other coefficients are as stated before, then the statement of Theorem 5.2 holds

also for this system under homogeneous boundary and any initial conditions.
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