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Abstract

In the thesis, we investigate the asymptotic behavior of solutions of linear
and nonlinear wave equations. In the first chapter , we give some definitions,
lemmas and theorems that will be used. In the second chapter, we estab-
lish the decay estimates for solutions of a linear wave equation with mixed
boundary conditions . In the third chapter, we study the asymptotic be-
havior of solutions of initial boundary value problem for the wave equation
with nonlinear damping term. In the fourth chapter we derive the decay
estimate for solution of the initial boundary value problem for the equation
of nonlinear vibrations of an elastic string. What is shown by energy decay
for all of these equations is the stability of these equations. As a result, we
show the stability of those three different wave equations.
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Chapter 1

Introduction

This thesis is devoted to the study of asymptotic behavior of solutions to
initial boundary value problems for damped linear and nonlinear wave equa-
tions.

The first problem we consider is the following;:
uy — Au+qu=0, zeQtecR"

u(x,t) =0, x €Ty, t € RT

du+au+lu =0, xel,teRT

u(z,0) = up(z), w(x,0) =wui(x),z € Q.

In the second chapter , following Komornik H'(Bof%ecay estimate for classical
solution of this problem is derived.

In the third chapter by using the so called Nakao inequality we investi-
gate asymptotic behavior of solutions to the following problem

Uy — Y (aij(m)ux].)xv +ap(x)u+ B (z,u) = f(x,t), x € Q,t >0,
ij=1 i
u(z,t) =0, z € 00, t >0,

u(z,0) = up(z), w(x,0) =ui(z), v €9,

where (2 is a bounded domain with a smooth boundary 0€2,
1. a;j(z) and ap(x) are measurable and bounded functions on €2 :
aij(x) = aji(x), ap(r) >0 Va e
ar}ld
Azlaz‘j(x)éiéj >vHEP , VEeR”
1,)=
where v > 0



2.5(x, z) is measurable on 2 x R

B(x,0) =0, |B(z,21) — B(x, 22)] < ko(1+ [21]7 + [22]")[21 — 22,

(5(1‘ 21) — B(w,22)) (21 — 22) > k|21 — 29|72

3.0<y< = 1f >3 0<yvy<o0if n=12.

Following Nakao , the difference between bounded solution and any
solution of this problem tend to zero with a polynomial rate as t — oo is
shown.

The bounded and the almost %riodic solutions for this problem was
investigated by Amerio and Prouse%‘s]. They proved that for any solution
v(t) the bounded solution or almost periodic solution u(t) satisfies

Jim ([u(t) —v(®)|[e = 0.

Here ||.|g denotes the energy norm. They also proved that for each initial
data (ug,u1) € HE(Q) x L*(Q) ,the problem has a unique weak solution
and if f(z,t) is uniformly continuous then the problem has unique bounded
weak solution.

In the fourth chaper, following papers of K. Nishihara we study the
asymptotic behavior of solutions of the problem:

up + (14 | A2u(t)|?) Au(t) + 2yue = f(a,t), @ € Q¢ >0,
u(z,t) =0, x € 0Q,t > 0,
u(z,0) = up(x), u(z,0) =ui(x), v €,

The assumption on A is self adjoint, positive definite operator with dis-
crete spectrum and A7l is compact. 152
To show the asymptotic behavior of that equation, in Nishihara 7

IF(AZ)uq|, | F(A2)AZul| < Cexp(—6t), where § >0

is proven.

Here we also presented the result about continuous dependence of solu-
tion to this problem on the data.

The Cauchy and mixed problem for the equation wi 7 =0 wa
vestigated by a pumber of authors: zae\?ﬁ% Perl , Nishid
Dickeyl9], Riveraﬁm Greenberg and Hu%%

When v > 0 the global existance and asymptotic behavior of the so 0
tions was shown by Yamad am] if the data are small in some sense. In h:%»

no smallness condition is assumed on the data, but sufficient regularity is
assumed.



1.1 Prelimineries

1.1.1 Function Spaces

Definition 1.1.1. A Banach space is complete linear normed space.
Definition 1.1.2. A Hilbert space H is a complete inner product space.

Definition 1.1.3. The function v is said to be of class C*(G) if the deriva-
tives v/, 0", ...,v*) exist and are continuous in G.

Definition 1.1.4. The function f is said to be of class C*°(G), if it has
derivatives of all orders.

Definition 1.1.5. Let Q € R™ and f is defined on €2 then f € C§°(Q) if f
is infinitely differentiable function with compact support.

Definition 1.1.6. For 1 < p < oo, LP(Q) is the set of all measurable
functions u(x) in © such that the norm

lull oy < / fu(z)|Pdac
Q

is finite.

Definition 1.1.7. L*°(Q) is the set of all bounded measurable functions in
); the norm is defined by

[ull oo () = €58 supealu()|.

All LP(£2) spaces are Banach spaces but L?(€2) is a Hilbert space and the
inner product on L?(Q) is defined as:

(u,v) = /u(x)v(x)dm , here u,v € L*(9)
Q

Assume Q C R™ is bounded, u € C1(Q2) and ¥ € C§°(12), by integration

by parts we get,
/u\leidx = —/umi\I/dx. (1.1)

Q Q

Here the term on 92 vanishes since v has cwrglpact support.

For the left hand side of the equation (I.1) if we assume that u is lo-
cally integrable on €2, then (h_l) still makes sense. So we can define weak
derivative notion as below.



Definition 1.1.8. Let a be multiindex such that o = (aq, ......, ), |a| =
a1+ + a,. Suppose that u, v be locally integrable function defined on

/uDa\I'dx = (—1)le /U\IIdx,V\I/ € C5° ().
Q
Then v is called the weak derivative of u in 2 and denoted by D%u.

Now we can define the Sobolev space H!(Q), H2(Q), H} () and H%O(Q).

Definition 1.1.9. The Sobolev space H!(f2) is the set of all functions from
L?(€2) such that all the first order weak derivatives are also from L?(12). i.e

HY(Q) :== {u € L*(Q) : up, € L*(Q),1 <i < n}.
This space is equipped with the norm:

lullzrqy = / S [Doufds

o lal<t

1
2

Definition 1.1.10. The Sobolev space H?((2) is the set of all functions from
L?(2) such that all the first order weak derivatives and second order weak
derivatives are also from L?(Q). i.e

H?*(Q) := {u € L*(Q) : Uy, Us,z; € L*(Q),1 < 4,5 < n}.
This space is equipped with the norm:

a2y = / S |Doufds

|a|<2

2

Definition 1.1.11. The Sobolev space Hg () is the closure of the space
C§°(Q2) with respect to the norm on H(Q). i.e.

HY(Q) :={u € H'(Q) : wm — u where (um)men C C§(N)}.
This space is equipped with the norm:

2

oy = | [ IVufds
Q
Definition 1.1.12. Let I’y ,I'; be the partition of 9. Then

Hp (@) :=={ue H'(Q):u=0o0nTyC 00}

Lemma 1.1.13. (Sobolev Lemma) : Lety be ; 0 <~y < =5 if n >3
0<y<ooif n=1,2.Then

[lull vz < Sysollull iy gy (1.2)

for w € HL () where Sy+2 is a constant depending on Q and 7.



1.1.2 Some Useful Inequalities
Lemma 1.1.14. (Poincare-Fiedrichs Inequality) There exists a constant co >
0 such that
lullz2(0) < coll Vullr2(q) Yu € Hy () and Vu € Hy, ().

Lemma 1.1.15. Cauchy-Schwartz Inequality Vf(x),g(z) € L*(Q2) sat-
isfies

=

/\f(x)g(x)ldwg /yf(:c)y%lm /\g(m)\de
Q Q Q

Lemma 1.1.16. Hélder Inequality Let 1 < p,q < oo. Then for all mea-
surable real valued functions f and g satisfies the inequality

[1s@g@lar < | [1r@)ra E [la@yaz |
Q Q Q

1,1 _
where 5t = 1.
Lemma 1.1.17. For any a,b € R
llal"a = [b]7b] < ko(1 + |a[” + [b]")|a —b], Ko,y =0 (1.3)
Proof. Let us consider the function

f(z) = |z"a.
It is clear that

fl@) = (v + D=7,

and using the mean value theorem we have

[f(a) = f(O)] = (v + D|fa — (1 = 0)b]"|(a — b)]
< [(y + Dlal” + [o]")|(a — b)]
< (v +DIA A+ Jal” + [b])(a - b)],
where 6 € (0,1).

Hence,

lla[Ya = [b]b] < ko(1 + [al” + [b[)[a — 0.



Lemma 1.1.18. For any x,y € R
(2 = [yl y)(z = y) = kalz =y, ki,y 20 (1.4)

Proof.

J(v+2) = (|z["z — [y|"y) (= — y)
1

= /Zs|sm + A =9s)y["(sz+ (1 —s)yds(x —y)
0
1

= / sz + (1 — s)y|"|z — y|°ds
0
1
by [[lsa+ (1= )P (s + (1 = (o — )P,
0
where 0 < s < 1.

Since v > 0 we get;

1
Iy +2) > / sz + (1— )y — y[2ds.
0

If |z| > |y — | ,then
sz + (1 =s)yl =z — (1 =s)(z -y = x| -1 -s)lz—yl>slz—yl|

So we have,

1
1
J(v+2) > |z — 3/2/5”1‘ —y|"ds = do|z — y|7+2, where dy = ﬁ
0

. . ak2
We showed that the inequality (i.ZL) is true when |z| > |y — z|.
If |z| < |y — z|, then

sz + (1 =)yl = |z = (L =s)(x —y)| < [z[ + (1 = s)fr —y| < (2= s)[z —yl.

Thus we have,

+2
sz + (1 = s)yP) 5

s+ (1—s)y[” >

R O PR 2

Integrating the last inequality we obtain



GenGronwall

1 42
2

ST - s)y|?
J(y+2)> |x—y|2/ H (;_(i)\x )—yL’]Q
0

1
ds > |77 + Sy

1
> S (|72 4 [y %) = dolw =y = dola — y[ .

. . nak2
So we also showed that the inequality (I.4) is true when |z| < |y — z|.
Hence we are done. O

Lemma 1.1.19. Young Inequality Assume that x,y > 0 and p,q > 1
where ]% + % = 1. Then,

jz?
Ty < —

Iyl
q

_|_

Lemma 1.1.20. (Young Inequality with epsilon):
For any x,y > 0 and p,q > 1
zy < ez’ + c(e)lyl?,

where % + % =1 and c(e) = (ep)fgq_l

Lemma 1.1.21. Bihari Inequality ﬁ%}

Let K be a nonnegative constant, ® and ¥ be non-negative continuous
functions defined on [0,00), and let g be a continuous non-decreasing func-
tion defined on [0,00) and g(u) > 0 on (0,00). If ® satisfies the following
integral inequality,

O(t) < K+ /\I’(T)g((I)(T))dT
0

then

n
where G(n) = f%,n>K> 0
K

Proof. Let us consider the function II(¢) : [0,00) — R™.



where K > 0, ® and ¥ are non-negative continuous functions defined on
[0, 00).
Then, II is class of C'*[0,c0) and

IL(t) = ¥(t)g(2(t)) < ¥(t)g(IL(t)),Vt € [0,00).
We can apply the fundemental theorem of calculus to get

1T, (1)
g(I1(t))

Integrating both sides of the inequality over the interval [0, ¢],

= U(t).

Hence,

Nis2
Lemma 1.1.22. (Gronwall Inequality): l7slfg(s) = Cs then
¢
o) < K + C/\I/(T)(I)(T)dT
0

implies
¢
O(t) < Kexp C’/\I’(T)dT
0

GenG: 11
Proof. Taking g(s) = C's in Lemma [T ,nwfaﬁen G~1(n) = Kexp(n) and we

obtain
t

O(t) < Kexp C’/\IJ(T)dT
0
O

Lemma 1.1.23. For each v € H?(Q)NHE(Q) the following inequality holds

true
IVull? < Jlullf|Aul (1.5)

10



Proof. Since u = 0 on the boundary 0f2 we have
0= / V- (uVu)dz = |Vul|® + (u, Au).
Q

Hence due to the Cauchy-Schwarz inequality we get

IVull* = = (u, Au) < [Jull [ Aull.

1.1.3 Awuxilary material

Koml . . .
Theorem 1.1.24. (/3/] Let E := R™ — R be a nonincreasing function,
and assume that there exists a constant T' > 0 such that

/E(s)ds <TE(t) Vt € R (1.6)
t

then

E(t) < E(0)e'T Vit >T. (1.7)

Proof. Let us consider the following function
f(z) = eT /E(s)ds, r € RY.

The function f is locally absolutely continuous and nonincreasing on 0;2
In fact,by using the fundamental theorem of calculus and the condition (II.
we get

Fla) = %e% /E(s)ds+e%(—E(x)) - ;e%(/ E(s)ds—TE(x)) < 0,Vx € R+

k
So f is nonincreasing. Therefore f(z) < f(0), Vo € RT, and due to (ﬁn%

we get,
/E(s)ds @) < f(0) = /E(s)ds < TE(0), Vz € R*.
x 0
So we have

/E(s)ds <TE(0)eT, Yz € RY. (1.8)

11



Since FE is nonnegative and nonincreasing, we have

0o z+T
/E(s)ds > / E(s)ds> (z+T —2)E(x+T)=TE(xz+T). (1.9)
By (% and (k?ms

E(x+T) < E(0)eT VzeRT.

Thus we have

E(t) < E(0)e T,
where t ;== + T O
Nak
Lemma 1.1.25. WLet O (t) be a positive function on Rt satisfying :
kD) < ®(t) —d(t+1) VYt >0, (1.10)
for some constants k and o > 0. Then we have
O(t) < (ak(t— 1)+ M~%)"a, Vt>0
where M = maxc[o 1] (1)

Proof. Let us denote ®(t)~ = y(t).

(00(t + 1) + (1 — 0)D(1)) "o

S

1
y(t+1) —y(t) =
/
1
= /—a(@cb(t + 1)+ (1=0)@@) 1 (P(t+1)— D(t)do
0

1
> ak®(t)*t? /@(t)alde = ak.
0

For Vt > 1, choose the integer n as n <t < n+1 and by (ElO) we get,

y(t) —y(t — n) > nak.

Since

nk®(t)*t < ®(t) — d(t —n),

we have

12



y(t) >yt —n)+nak >yt —n)+ (t —1)ak

()™ > (t — V)ak + d(t —n) ™
Then
d(t) < ((t—1)ak+d(t—n)"*)a < ((t—l)ozk—i—tren[g?lc] () ") e = ((t—-1)ak+M ) <.

O]

Nak
Lemma 1.1.26. WLet ®(t) be a positive function that satisfies the inequal-
ity:

k®(t) < ®(t) — ®(t+1) for ¥t > 0. (1.11)

with some constant k < 1.
Then the following estimate holds true:

() < Me Ft, t>1. (1.12)

Here k' = —log(1 —k) >0

Proof. By (ﬁ%)
D(t+1) < (1—k)D(L).

Therefore, if t > 1, for n such that n <t <n + 1, we have

B(t) < (1 - k)B(t —1).

Since 0 < k <1, {2 > 1—k and ®(t) < {1 ®(t — 1).
Thus,

D) < (1—k)>2®(t—2)-- < (1—k)"®(t—n) < - k)nq)(t —n)
!
B(t) < ()" B(t—n)
B(t) < (ﬁ)”@(t —n) < M(1— k)t = Metos0-k) — poRt,

13



Lemma 1.1.27. Let ¢(t) be a bounded nonnegative function on RY, satis-
fying

max () < Ko(¢(t) — ¢(t+ 1)) + g(t) (1.13)

t<r<t+1

where Ky is a positive constant and g(t) is a nonnegative function such

that
g(t) < Cpexp(—0t) with § > 0,Cy >0 (1.14)

then
(1) < C"exp(—0't) (1.15)

Ko
Ko+1

where ' = min( —0, log Yand C' is a positive constant depending on

Ky, Cy, 0.
Proof. By (HnTt%),

ot +1) < Ko(o(t) — ¢(t + 1)) + g(t)

then

Ko Ko
B(t+1) € 000 + ()

If t > 1, there exists n such that n <t¢ <n + 1. Then we have

o) < (s ) o= +§:j (22 o

Ko
Ko+1

ot < (Kfjl)n¢<t—n>+§; (22 o |
() 5 ()

i=1

< M exp (log <KK—(L 1>> + Oy exp(—0t) < C'exp(—0't)
0

Since < 1, then

) and M = max ®(t).

here ' = min(—6,1
where min( og Kot 1 max

Hence we are done.

14



Chapter 2

Estimates of Solutions of
Linear Wave Equation

The aim of this chapter is to show the exponential energy decay of the
solutions of the wav, kggluIation under suitable linear boundary conditions.
We use the Theorem T.1.24 to show that energy norm of the solution of the
problem satisfies this theorem. Hence, we conclude that the problem has
energy decay. In other words, it is asymptotically stable.

2.1 Linear wave equation

In this section we consider the following problem:

ug — Au+qu=0, v€QteR" (2.1)
u(z,t) =0, x €Ty, t e RT (2.2)
du+au+lu =0 zel,teRT (2.3)
u(z,0) = up(z), w(x,0) =ui(z),x € Q, (2.4)

where Q C R™ (n > 3) is a bounded domain with a C? boundary T' and
{Ty,T1} is a partition of boundary I',q : @ — R,a,l := Ty — R are

continuous and non negative functions. We assume that the ig&?al ﬂi‘lﬁa uQ
and u; are sufficiently smooth functions so that the problem (2. )—(}‘27‘[) has
a classical solution.

The following lemma shows that the energy is a non-increasing function
of time.

15
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Lemma 2.1.1. (?ZS’_?) Suppose that the probl fn1 has a classical
solution. Then the solution of the problem (2. }‘ZZH satzsﬁes the energy

equality:

T
E(S)—E(T) = //l(ut(t))2dF, such that 0 < S < T < oc. (2.5)

S I't

1wl
Proof. We multiply the equation (EI) by u; and integrate over the region
Qx (S, 7):

T
= / / % ut )edxdt — / / w Audxdt + / / )edadt.
S

By using the equality Vu;Vu = %(\Vu|2)t and Green’s identity we get

T

1

0= 3 /(ut)2 + qu® + ]Vu|2dm ’g — //utd,,udxdt.
Q s T

Since d,u + au + luy = 0, we have

T
0= % /(ut)2 + qu® + |Vul?dz + /au2df ‘g + //l(ut)2d$dt
Q ry S Ty
or .
//l(ut)2d:ndt = E(S) — E(T).
S I
Hence E(S) > E(T). O

omlL
Tt follows from Lemma B.T.T that lug € LA(RY, L(T'y)).
In this section our purpose is to show that the energy function tends to
zero with an exponential rate as ¢ — oo for particular choice of functions [
and a.

Assume that there is a point zg € R"™ such that m - v < 0 on I'y and
m-v > 0 on I'1, where m(z) = x — zp and \; is the biggest constant for
which the following inequality holds:

/|Vu|2+qu2d$+/au2dI‘> )\1/ u?dz. (2.6)
Q

IR

16



By Poincare-Friedrich’s inequality and nonnegativity of the functions a
and ¢ such a number \; exists.
In what follows we use the notations:

_1 -1 - _
k= 7 b:= SRT Mu :=2m-Vu+ (n—1u,I'y, = (m-v)dl
. (mv)  (n—1)(mv)
=g, 4= SR

oml
Lemma 2.1.2. (_55’[7]7 For any given (ug,u1) and 0 < S <T < oo arbitrar-
ily, the solution of the problem satisfies the following inequality:

T T
Q/E t)dt < /utMuda: // (n—2) qu + 2qum - Vudzxdt
S Q
//ya udTondt
S T
T
+ //u? — |Vul? + bu® — (kug + bu) Mudl,,dt.  (2.7)

S I't

Proof. We multiply (bT) by 2m-Vu and integrate over the region Q2 x (S, T)
use the Green’s identity and the identities

2uym - Vu = 2ugm - Vu)y — 2ugm - Vug, 2uVuy = Vut2

we get,

T
//—unm -Vudzdt = /2utm -Vu }:‘g
S Q

Q
T

+ //QVU -V(m - Vu) —m - Vuldzdt

S Q
T
—//28,,um-Vudth.
S T

Now, applying divergence theorem and using the identities
—m-Vul = —-V(m-u?)+V- m(ut) 2Vu - V(m - Vu)

=2 Z &u&(mﬁju), 8]((61u)2) = 28Z8Ju@u

1,j=1

17



we get,

T
//—unm - Vudxdt = /2utm - Vudx ‘g
S Q

Q

T
— //28Vum - Vu + (m - v)uidldt
S T

T n
—I—//V mut+228m]6u8u+2m] ((Osu)?)dzdt. (2.8)
5 Q by=1 i,j=1

Again by divergence theorem and the identities

mV(|Vul*) = V(m|Vul*) — (V- m)|Vul?,

n
Z dim;Oudju = 2|Vul?, V-m=n
i,j=1
. kom43 .
the equality (2.8) can be written as,

//28,,um -Vu+ (m - v)(uf — |Vul|?)dTdt =

T
(/ 2uym - Vudz) |5 + //nuf — (2 = n)|Vul* + 2qumVudzdt. (2.9)
S Q

Q

1w
Let us multiply the equation (bT) by (n—1)u, integrate over Q x (S;7T)
and use the Green’s identity:

T
0:(n1)/utu|5+ (n—1) //uf+|Vu]2+qu2dxdt
S

Q Q
T
- (n—l)//u&,udf‘dt. (2.10)
S I
koml1 kom1
Adding (2.9) and (2.10), we get
T
//8,,uMu + (m - v)(u? — |Vu|?)dldt
S

= /utMu //ut+\Vu|2 — 1)qu® 4 2qum - Vudzdt. (2.11)

18



kom4
Let us rewrite (bTmT? in the form,

T

T
//8,,uMu + (m - v)(u? — |Vu|?*)dDdt
S T

utMu //ut + |Vul? + qu? + (n — 2)qu® + 2qum - Vudzdt

/ / Ao ) av / / 232 dTdt. (2.12)

SFl SFl

T
//&,uMU + (m - v)(u? — |Vul?)dldt
s T

_ {/utMu} /E

T
+//(n — 2)qu® + 2qum - Vudzdt — //bquFmdt. (2.13)
S Q

S I't

Since © = 0 on I'g we have Vu = d,u - v on I'yg. Thus,

/8 uMudl’ = /8,,u (2m - Vu)dl' = 2/(8 u)?(m - v)dr, (2.14)

o

/—|Vu|2(m-u)df = —/(8,,u)2\1/\2(m'1/)df = —/(8,,u)2(m-u)df. (2.15)

To To To

kom13 kom14 kom55
Therefore by (b?m@; and (b?ml 5) the left hand side of (b?ml 3) can be written

19



as :

T
//8 uMu + (m - v)(u? — |Vu|?)dldt
S I

T
_//6 uMu+// — |Vul?)dl dt+// |Vu|2dT,, dt
S S I'; S Ty
T
://(—lut—au)Mudth+2//(8l,u)2dFmdt
S F1 S FO
T T
4 / / (U2 — [Vul2)dTpmdt — / / (Byu)2dTdt
S Iy S To
T T
= / / (O, u)?dT, dt + / / u? — |Vu|® — (kug + bu) Mudl,,dt.
S Tp S Iy

So we get the inequality:

T

T T
Q/E(t)dt < /utMuda: - //(n — 2)qu® + 2qum - Vudzdt
5 Q g 5O

T T
+//|ayu\2drmdt+//u§— |Vu|? 4+ bu? — (kug 4 bu) Mudl,,dt.

S To S I'

Proof follows. O

w42

Kom2 1wl [l
Lemma 2.1.3. (ZZomU Let u be solution of the problem (bwT)-( A). Then the

following estmate holds:

]/utMudx] <2RE(t), VteR". (2.16)
Q

Proof. By Young’s inequality with epsilon

M 2
wMudz| < | Rlu|* + ﬂalnv.
4R
Q Q

20



/ | Mu|*dz = / 12m - Vul? + (n — 1)*u® + 4(n — 1)um - Vudz
Q

= / 12m - Vul> 4 (n — 1)%u® + (2n — 2)m - 2uVudz.

We use divergence theorem and the identities,
2uVu = Vu?,

(2n — 2)m - Vu? = —(2n — 2)nu’ 4 (2n — 2)V - (mu?)

to get
/ |Mu|*de = / 12m - Vul? + ((n — 1)? = (2n — 2)n)u’dx
Q Q

+ (2n — 2) /(m cv)utdl = / 12m - Vul> + (1 — n®)u’dx
Q

r

(2n — 2 / Ju?dl. (2.17)
r

kom56
Since (1 — n?)u? is negative, then we can majorize (2.17) as:

/yMuPda; §4R2/|Vu2da;+4R2 2R21 /(m.y)u%lr
Q Q r

< 4R? / |Vu|?dz + 4R? / au?dr.
r

As a result:

/|utMu]dx < R/|ut\2d:c+ /|Vu\2+qu2dx+/au2df‘) = 2RE.
Q Q

O

oml
Theorem 2.1.4. (_;5’_5) Suppose that

* q€C(Q),
e Q1 =2Rsupqq/VA <1if n>2,
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Then for every given (ug,u1) the solution of the problem satisfies

E(t) < E(0) exp(l_(;;@l)t),w € R (2.18)

kom2T . .
Proof. To use the The%g{% .1.4 we estimate the terms on the right hand
side of the inequality (2

om]?é/ Lemma 2.1.3, the first term of the right hand side of the inequality
(% /) can be estimated as:

T

/ wMudz|| <2RE(t)|5 <2RE(S)+ 2RE(T).
Q S

Since m - v < 0 on FIQI we can ignore the third term of the right hand
side of the inequality (2.7) . i.e.

T T
//ld,u\zdfmdt://(mw)\&,u!Qdth§O

SFO SFO

For the second term we will show that:

(‘Q\bﬂ

/(n — 2)qu® + 2qum - Vudzdt < 2Q; /E
Q

Since n > 3 and ¢ is a positive function then

T
// n—2 qu2d:ﬂdt <0.
S

By using Young’s inequality we get,

1
A} 1
|luVu| < éuQ + —5|Vul% (2.19)

2\2
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7 16
Therefore by (% and ( T , we have,

T T

- //2qum'Vudxdt < 2Rsupq//|uVu|d:L‘dt
S Q ¢ S Q
T 1
AL 2 1 2
<2Rsupq | — uide | + —5 |Vul“dz | dt
Q 2 202
Q 1 Q
i 1 1
§2Rsupq/ T /|Vu\2+qu2dx+/au2df‘ +— /|Vu]2dx dt
s 28 \g r 20 \o
1

T
_1
< 2Rsup gl 2/ /uf + |Vu|2+qu2d:x+/au2df‘ dt
Q
5 \Q I

T
<920, / E(t)dt.
S
Thus, we can deduce that:

2(1— Q1) | E(t)dt < 2RE(S) + 2RE(T)

U)\,ﬂ

T
+ //u? — |Vul* 4 bu® — (kug + bu) MudT,,dt.
S I'

By Young’s inequality, we obtain

2(kug + bu)m - Vu < R?(kug + bu)? + |Vul?. (2.20)

. . komb7 .
We use the particular choice of k, b and (m to make the fo owing
estimation on the last term of the right hand side of the inequality (2.7).

u? — |Vaul? + bu? — (kug + bu) Mu
= u? — |Vaul? + bu? — 2(kug + bu)m - Vu + (1 — n)u(kus + bu)
< u? — [Vul? + bu? + R (kuq + bu)® + [Vul? + (1 — n)u(ku; + bu)
=u? 4+ b2 —n+ R*b)u* + R%E*(w)? + (1 — n + 2R?*b)kusu
=2u? + ((3 — n)/2)bu’.
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So we deduce that,

T
2(1 — Ql)/E(t)dt < 2RE(S)+2RE(T)
i T
+2 urdlydt + ((3 —n)/2) bu’dl,,dt. (2.21)
/] /]

According to the particular choice of [,

T T
E(S)—E(T)://l(ut)gdf‘dt 5// )2dDdt.

S Iy

50
Then, the third term of (?IZHTI will be:

T
2RE(S) — 2RE(T) = 2 / / (ut)2dT pdt.
S I't
kom50
Thus, (E%T) can be majorized as:
T
2(1 — Q1) /E t)dt <4RE(S) + ((3 —n)/2) //bu2dI‘ dt.  (2.22)
S S I

. komb1 |
Since n > 3 last term of the (bZZ% is less than 0, then we get

2(1— Q1) / E(t)dt < 4RE(S).

Let T tend to infinity and S € RTis fixed, then we obtain,

Vi 2R
/E 1-@1) B(S).
S

komlT

Finally, we apply theorem ( 1 4) and conclude that

E(t) < E(0)exp(1 — (1_2]?1”),\# eR".

O

kom2T . .
Hence, by Theorem b [.4, we show the asypmtotic stability of the prob-
lem.
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Chapter 3

Estimates of Solutions of
Wave Equation with
Nonlinear Damping Term

In this chapter we consider the wave equation with the nonlinear damping
term. We obtain a polynomial decay estimate for the difference of two
solutions of the equation under consideration.

3.1 Wave Equation with Nonlinear Damping Term

The problem that we consider in this chapter is:

up(x,t) — Aulx, t) + |ug(x, t)[Tug(z, t) = f(z,t), € Qt >0 (3.1)

u(z,t) =0, z € 00,t >0 (3.2)

u(z,0) = ug(z), w(x,0) =ui(x), €9, (3.3)

where €2 C R™ is a bounded domain with sufficiently smooth boundary
092 and u%g), uy{x) and f(x,t) are sufficiently smooth functions then the

problem (B. )—(%3) has classical solutions.
We suppose that:

4
0<~y<
n

2ifn23, 0<y<o0ifn=12.

lu(®) 1% = lue@®l72() + [u®) @

1

t+1 ~y+2

1F(®)]s = fz, s)7 dzds
/]
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Nak k1
'léh%eorem 3.1.1. ﬁrLet u(t),v(t) be any two solution of the problem (EITT)-
(8.

) then u,v satisfies

1

[u(t) — v(®)|| < (%K(t 1)+ M‘V)_” fort>1 ify>0
and
u(t) —v(@)||p < Me K" fort>1if v =0

where K' = —31og(1 — K) >0 and M = maxyeo,1) |u(t) —v(t)|| e
and K is positive constant.

k1
Proof. We multiply the equation (ET) by ui(z,t), integrate over 2 x [t, ¢ +1]

and get
1d t+1 t+1 t+1
- 2 'y+2
2dt//utxsda:ds—l—zdt//wuxs]dxds—l—//utxs dxds
t Q
t+1

_ / /ut(x, $)f (@, 5)dads.
t Q

Taking ko < 1, we have

t+1

k‘Q//|ut(a:, s 2dxds <
Q

t
t+1

lu(®)|% — Hu(t+1)H%+//ut(x,s)f(x,s)dxds. (3.4)

t Q

Iftp=~v+2,¢= z—ﬁ, €= %2 , by Young’s inequality with epsilon we get

k 2 2
wle ) a0) < Ltz o+ 222

42
~+ 1 \Fart2 [f, )]
k60
Then (E%?ZH can be written in the form

t+1 t+1

ko //|ut z,8)| " 2dxds < ||u(t)||% + // lug(z, 5)[ 72 dxds

t
t+1

+2 a+2
] [ () oo
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t+1

,7_+_2 y+2
/ o Eyts < 2 sl + 222 (25 ) 11,

a+2

2 2
Take M]™* = 2 super (|u(t) |} + 255 (2r) [ £11§7), then

t+1

[ 32 oyds < 372 (3.5)
t

k1
nk3Suppose that v and v are two arbitrary solutions of the problem (EFT)—
(%3) Then the function w is a solution of the equation

wy(x,t) — Aw(z, t) + (Jug(z, t)|Tu(z, t) — |vp(z, t)|Tve(z,t)) = 0. (3.6)

. naké . . :
Multiplying (%.6) by wy, integrating over the region € x [t,t + 1] and
using Green’s identity we get

t+1

d 1 1

& | Gl + 3190 B ) ds
t

t+1

+ / /wt z, 8)(|Jue(z, s)|Tui(z, s) — |ve(z, s)[Tvi(z, s))dzds = 0,
t Q

t+1 t+1

(Z/H’LU(S)H%CZS—F//wt(x,3)(|ut(x,3)\7ut(x,s)—|vt(a:,s)\'yvt(x,s))da:ds:O.
t t Q

akoL
By Lemma I.1.18, we have

t+1 t+1

d
G [ e@ias k[ [ ue s asds <o
t Q

t

Integrating the last inequality over the interval [t,¢ + 1], we obtain

t+1
ks / / fwn(, ) 2dids < [w (@[3 — eo(t + D)% = by (A(5)?
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where

A®) = (- @} = T+ DR, (3.7)

Using the mean value theorem for integration, we can find two points
t1 € [t,t+ 3] and to € [t + 3, ¢ + 1] such that

[we (i)l rro) < 24(¢) , i=1,2. (3.8)

. . . ak6 . .
Now we will multiply the equation (ET)T with w and integrate over {2 x
[t1,t2]

to tg t2

d

dt//w(aﬁ,s)wt(x,s)da:ds— /w?(m,s)dmds—i—//w z, $)Aw(z, s)dxds
t1 Q t1 Q 1

t2

+ //w($, s)(|ue(x, 8)| u(z, s) — |ve(z, s)| v (2, s))dzds = 0,

t1 Q

[ 106 s < (). wn(t2)] + [(w(er), we(en)

" / (w(s), (Jur($)Tua(5) — [vr(3)en(s)))ds]| + / () |22 s

k8
By Sobolev lemma and (E%T

~y+1 1

(w(ts).wn(t)] < [ )l fur(tr)|d < ( / w(tn?ﬁdx) ( [t v+2dx>
{ Q

v+2
< mes(Q) 72 |[w(t1)| a2y l[we(01) | 20y < mes(Q)T22AE) [w(ty) || 20
< 2mes(Q) 72 At £)Sallw(t)| 11 @) < 2mes(Q) 72 A(t)Sa||w(t) | &

< 2mes(@)T28AW) max (s

Similarly,

[(wita), wi(ta))] < 2mes(Q)72 S A(t) JJpax [w(s)| -
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ak8
By (E.Si we have,

to

to
1w Bayds = [ [ wt(aspdzds
t1 Q

t1
2
t2 y+2
v 2. xt2 e )
< [ mes(Q)7+2 w, ? (z,s)dx ds < mes(Q)7+2 A(t)*.
t1 Q

Pfale
Employing the Lemma T.T.17 we get

to
//(|ut(x,s)\7ut(x,s) — vz, 8)[Tv(z, 8))w(z, s)dxds

t1 Q
[2)
<ho [ [0+ o) + ot ) un(e, 9w (o, 5) dads
t1 Q
2 1 2 1
to ~¥2°2 y+2°2
< /{:O/meS(Q)Vjr2 /]wt(a:,s)\yfzdx /|w($,5)|v2+2'2dx ds
t1 Q Q
2 1 2 1
to y+2°2 y+2°2
1+2 +2
o [ s, 9 | [ o) 520 [ w2 ) as
t1 Q Q
2 2 1
t 74273 CE=R
2 42
+ko/Hvt(:C,s)||zw2 /|wt(:p,s)|72 2dx /w(z,s)|72 2dx ds
t1 Q Q
to

0
= ko/(meS(Q)”“rHuze(fva ) et llve(, )7 42) lwe, )| ez w (@, 8)l| po+2ds.

t1



. estU .
Due to the estimate (%.5) and the Sobolev lemma we obtain

to
< ko(mes(Q)7+ + M] + MJ)/ [we(s)|| L2 llw(s)|[Lr+2ds

t1

< ko(mes(Q)72 + MJ + M) / lewe($)l|s2Ss2 () | 13y s

t1

< ko(mes(Q) 77 + M] + MJ) Sz / [we ()l 2 llw(s) || zds

< ho(mes(@) T + M + M3)Sx max fu(s)]|s / Jwe(s)1+2ds

< ko(mes(Q2)7+2 e 4 M+ MJ)Sy+2 I[naxl] lw(s)||EA().
+

Therefore,

sEt,t+1]

t2
/Ilw(S)IIHgm) < CoA(t)? + C1A(t) max w(s)||e (3.9)
t1

0
Co = mes(Q)7+2
Cy = 4nges(9)$ + ko Sy+2 (mes(Q)ﬁ + M{ + MJ).

ak61
We use (E%.?i and get

to to t2
[ lwpde = [ By oyds+ [ [ luts)Pas
t1 t1 t1 Q
2

12
/||w ||H1 yds + mes (2 7+2/ (/w 7+2)

t1
to
< [ 10(s) g oyds + mes(@) 7A@ (310)
t1
ak33 ak34
By (E.Qi and (E.l()i, we get

[ Iwo)le < mes@T2 AP + Coaw? + CrA) max, fw(s)le

= 200A(t)? + C1A(t) max |w(s)||g.
s€[tt+1]
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Using the mean value theorem for integration there exists t* € [t1, 2]
such that

lw()|lz < 4CoA(1)* + 2C1A(t) max |lw(s)l|e
s€[tt+1]

ak6
When we multiply (%.6) by w; and integrate £ x [t*,s] (or € x [t*,s]),
we have
t2

tllw(s)lle F lw)le + /(lut(S)lwut(S) = |ve(8)[Tvi(s), we(s))ds = 0.
Then Vs € [t,t + 1] we obtain

t+1

lw ()% < Hw(t*)H%Jr/\(IUt(S)Wt(S)—!vt(S)!”vt(S),wt(S))!d&

Thus,

max_{|w(s)||E < [lw(t)]E
sE[t,t+1]

t+1
+/\(IUt(S)IVUt(S)—Ivt(S)Ivvt(S)’wt(S))ldS- (3.11)

t

Similar to what we did above we obtain

t+1 t+1
| (e (s)[ Tz (s) =[vr ()0 (s), wi(s))|ds < ko / 1| ()7 ve ()| || we (5)] e (s)|ds

< ko(mes(Q)72 + M + M) A(t)2.

nak36 ) .
Then, (3. can be written in the form

max fw(s)| < w(t*) |5 + C2A(1)?
sE[t,t+1]

< 4CHA(t)? +2C1A(t) max ||lw(s)||g + CaA(t)%
sE[t,t+1]

such that Cy = ko(mes(Q)72 + M + MJ).
By Young’s inequality, we have

1
201A(1) max [lw(s)lp < 207A0? + 5 max fu(l}  (312)

, 2 selt,t+1]
k37
We use (E%?IZ) to obtain

max ||w(s)||% < (8Cy 4 2C, + 4C?) A(t)2.
sE[t,t+1]
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Then,

y+2 v+2 1
max ([w(s)|5) 7 < (8Co+2Co+4CF) 2 —([w(®)|E—[lw(t+1)|%).
s€[t,t+1] k1
Let’s take K = ky —7= then,

(8Co+2C2+4C3) 2

M
E(lw(s)E) 2 < (lho@)lE — lwt+DIE) v
If we take ® = ||w(t)]|% and 0 < WTH by Nakao lemma 1, we get
1
lw@le < (GEE=1)+ M) fort > 1.
And if 0 = 'YTH then by Nakao lemma 2 we get the result

lwt)|e < Me XK't fort>1.
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Chapter 4

An Equation of Nonlinear
Vibration of Elastic String

In this chapter we study the asymptotic behavior of solutions to the initial
boundary value problem for the equation of the nonlinear vibration of elastic
string. We will show that the energy norm of the solution of this problem
decays with an exponential rate as ¢ — 4+00. We also prove that the solution
of the problem continuously depends on data.

The problem we consider in this chapter is:

war(,1) — (1+ [ Vu(t) [2) Au() (.1
+ 2yu(z,t) = f(x,t), € Qt >0, (4.1)
u(x,t) =0, x € 0Q,t > 0, (4.2)
u(z,0) = up(z), w(x,0)=ui(x), v €. (4.3)

We assume that the data ug, u; and f are so smooth ,then the problem
has a classical solution. We also assume that:

/ 1£(7)|Pdr < oo, (4.4)
0
t+1 2

5o(t) = / 1f()2dr | < Coetot (4.5)

for some constants Cy, 6y > 0,

2

/ IAFPdr | < oo, (46)
0
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t+1 2

Joo(t) /HAf )|[Pdr | < Cooe™ ! (4.7)

for some constants Cyg, 0go > 0.

4.1 Asymptotic behavior of Solutions of the Equa-
tion Nonlinear Vibration of an Elastic String

Lemma 4.1.1. (777) Suppos&i‘hat glg assumption (E%%) is satisfied. Then

for solution of the problem (K. (A.3) the following estimates hold true

a1, [7u ()], / lue(r)|2dr < Cy, ¥t >0,

where Cq is constant independent of t.

Proof. Let us multiply the equation (Ellg%) by 2u; in L?(Q)
2(uae (1), e (£)) = 201+ [[ V() [[?) (e (1), Au(t)) + dyJue (1> = 20 (1), ue(8)).

Using Young’s inequality we get
d 2 2 1 4 2
2 e+ Vu@)l” + SIVu@) ) + dyllu ()]
1
< 5Hf(1t)||2 + 29w (t)[* (4.8)

isl4
Denoting E(t) = [|us(t)[|> + || Vu(®)[|* + 5[ Vu(t)||*, and integrating (EESST
over the interval [0, ¢] we obtain

t t
B0 +2y [ lu(lPdr < 5 [ 170 + B0)
0 0
Thus the inequality implies
oo
lue ()], | Vu(t)|| and /||ut(7)|2d7‘ < Cq,Vt > 0.

O]

is2 9 10
Lemma 4.1.2. %SSuppose that theﬁ_?sumg gons E%[) and (E%i are satis-

fied. Then the solution of problem ( ) satisfies

lue()]. [u(@)]| < Caexp(—6ht) for some 6 >0, ¥ 0. (4.9)
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nisl4

Proof. Integrating (b 8) over the interval (t,¢t+ 1) we get

t+1 t+1

2 / uutmrr?dfs;,y / |f(r)[2dr + B@) — B(t+1) = B (4.10)

There exist two points t; € [t,t + i] and tg € [t + %, t+ 1] such that

Hlluc(ts)? < 4Bt i=1,2 (4.11)

1
Multiplying (EET) by u in L?(£2), integrating the obtained inequality over
[t1, t2] and using Cauchy-Schwartz inequality , we get

/(1 + [ Vu(r)|?) [Vu(r)|[2dr = /(—(Utt(T%U(T))—%(Ut(T)yU(T)H(f(T),U(T))dT

< J(ue(tr), u(t))| + [(ue(te), u(ta))]

+/Hut(T)HQdTJr/(%HW(T)H+Hf(T)H)HU(T)HdT

t1 t1

is1b mis16
Due to inequalities (Ei.l(l) and (4.IT1), we obtain

[ NI

1 2
§2<2> B(t) max ||u(7')||+B(i)+(2(27) B(t)+do(t)) max |lu(7r)]

vy reltt+1] 2 reltt+1]
2\ 2 1 B(t)? _
<@z ) +@9)2)B() +60(t) max lu(r)| + ——— (412)
g €[t t+1] 2y
. is1b isl? .
Adding (4-10) and (4. we obtain,

[2)
/E(T)dT < C{B(t) +6o(t)} max E(r)s + B2
TE[t,t+1]
t1
So there exists t* € [t t2] such that
E(t) < 2C{B(t) + 6o(t)} max E(r)% + B(t).
TE[t,t+1

is14
If we integrate (E.ISSE from t* to s with s € [t,t + 1], we get
S 1 S
B(s) < B) -2y [ lur)Pdr + 5 [ 15()|Par
£ t

<o {(BO+ (o) _max B0+ BEP + 507 |
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Using Young’s inequality, we obtain

max FE(7) < C.B(t)> + ¢ max E(7) + Cedo(t)?

TE[tt+1] TE[t,t+1]
+e n[aaxl] E(T) + B(t)? + 6o(t)?.  (4.13)
TE[L,t+
Then (E.isl 3605 implies
max E(1) < C(B(t)? +60(t)?) < C(E(t) — E(t + 1)) + cdo(t)*.
TE(t,t+
By Lemma (i.is.42L7)

E(1) < Cyexp(—0t) for some 6, Cy > 0.

Hence we get

lue(O)|l, [[Vu(t)]| < Coexp(=04t) for some 6, Cy > 0.
O

- L %%f%[ nsil | o )
emma,nils.gr& 'f we assuglie%) (&F(%‘égm addition to the assumptions of

Lemma [7.1.2 for the problem (4. -3), we have

[[Au (#)]], IIAVU(t)IIa/IIAUt(T)IIQdT <Gy
0

1
Proof. Multiplying (Bif) by 2A2%u; in L?(Q) we get

S lau®l) + L (1avu@P) + & (IVu)PIATVu)]?)
—2(Vu(t), Ve ()) (IAVu(D)?) + 47l A () = 2AAF (1), Dur). (414

. . interl . . . . .
Due to the inequality (I.5) and Poincare-Friedrich’s inequality we have

IVau(t)]| < CllAus(1)] (4.15)

mnisl

9
By usi n%SX ung’s inequality, Cauchy- Schwartz inequality and (4.15) the
equation (EI IZI% can be written as

%Eo(t) + 29 A (t)|* < ;,YHAf(t)II2 +2(Vu(t), V(1) (| AVu(t)]|?)
< 217||Af(t)H2 + ClVu®)]][Vur ()] Eo(t)

s217|!Af(t)“2+0||vu(t)\Eo(t)é.EO(t) (4.16)
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where
Eo(t) = [ Auy(t)[|* + [[AVu(®)[* + [ Vu(®) [P AVu(t)]*.

is18 isl is85
Integrating (E.ISIG) and using (bn.lSISE , (n.ls we get
1 o0
Eo(t) + 27 / i) P < Bof0) + 5 / |AF(r)|dr
0

+C / exp(—0,7) (Eo(7))2 Eo(r)dr.
0

. . GenGronwall
By the Bihari Lemma [T.1T.21 we have

Ey(t) < G™1 (C’/exp( llT)dT) < 00,
0

n o0

where G(n) = d—g, and k = Ey(0) + % [IIAf(7)|]2dT < o0
kS 0

Thus Ey(t) < Cs. Hence,

!Aut(t)ILHAVU(t)II»/IIAut(t)||2dtS Cs.

O

Theorem 4.1.4. uppose that (E%%) (Erﬂa(frgb'fands E‘Fﬁare satisfied. Then

the following estimates for the solutions of (ns holds true:

| A (t)]], | AVu(t)| < Cooe™ 0t for some Coo, o > 0. (4.17)

nisl

isl8
Proof. Integrating (&In.lslb”iover the interval (¢,¢ + 1) and using (4.15) we get,

t+1 t+1

27/ HAut(T)H2dT§ C’/exp(—@'lT) (EQ(T))%E()(T)dT

t+1

+217/’Af(7')”2d7'+E0(t)Eo(t+1). (4.18)
t
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By Lemma Ell .3 ,relations (EH and (M.I8) we have

t+1
2 / HAut(T)H2dT < Cégo(t)+C' exp(—017)+Eo(t)—Eo(t+1) = Bo(t)2
t

(4.19)

Therefore, there exist two points t; € [t,t + ﬂ and t9 € [t + %,t + 1]
such that

29 || A (t)||* < 4Bo(t)?, i=1,2 (4.20)
ns1
Multiplying (h) by A%u(xz,t) in L?(Q) we get

d

2 (1+ [Vu®)|?) [AVu(®)|? = —2 (Au(t), Aug(t)) + 2| Auy (1)
— 4y (Au(t), Au(t)) + 2 (Au(t), Af(t) (4.21)
Integrating ( .isz over (t1,t2) and using Cauchy- Schwartz inequality,

we get

to

/2 (1+ ||Vu(7-)||2) |AVu(T)|Pdr < 2|Au(ty), Aug(ty) | 42| Aults), Aug(ts)]

t1

2 / | Ay (r) |27+ 4 / | Au(r) || Ay (r) [dr+2 / lAu(r)[[|AS(r) dr.

t1 t

1
i520 is2
By (bn.lSIQ) and (E??s()%,we obtain

t1

to

< CBy(t) max HAU(T)H+CBo(t)2+/(4VIIAut(T)||+2|!Af(7)II)HAU(T)HdT

TE[tt+1]
t1

< CBy(t) max || Au(r)||+CBo(t)*+C(Bo(t)+doo(t)) max || Au(r)].
TE[t,t+1] TE[t,t+1]

(122

1520 is2
Adding (E.ISIQ) and (%12%2% we obtain

Eo(t) < C(Bo(t) + doo(t)) max [|Au(r)| + CBo(t)?,

TE[t,t+1]

max  Eo(t) < C(Bo(t) + oo(t)) max Eo(t) + CBo(t)%
TE[t,t+1] TE[Lt+1]
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By Young inequality and definition of By(t)?, we get

max Eo(t) < Coo(t)? + Cexp(—0;7) + Eo(t) — Eo(t + 1)
TELt+

is4L
By Nakao Lemma (nl.lsl 27), we get

Ey(t) < Cooexp(—bot)  for some Cyp, 09 >0

Hence,
1Au (D)1, |AVu(t)]| < Cope™ ",

O
4.1.1 Continuous Dependence on Data
Let us consider the problem
Uy (z,t) — (1 + |VU@)||?)AU (x,t) + 2vUy(z, t) = h(z,t), (4.23) |ns4
U(z,t) =0 on 0G, (4.24) |ns5
U(zx,0) = Uy, Us(z,0) = Uj. (4.25) |ns6

Assume that f(z,t) = h(z,t) =0 on 0f.

Theorem 4.1.5. g Let U be the sqlutzog of the problem ( %23 %25 and
u be the solution of the problem (h) (%3)
If (ug — Uy, u1 — Un, f — h) is sufficiently small i.e

1A (ug — Up)||> + ||V (ur — Uy)|?

+ / IV(f = h)(7)||?dr < € forsome e >0, (4.26)
0

then the following estimates hold true:

IV (ue() = Ue(E) 1 + [ A(ult) = U®))II* < O, ¥t > 0.

/”V(Ut( — Uy(7))||Pdr + /HA (T)||?dr < Ce, vt > 0.
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Proof. By Lemma E.lsl .I we have
Jus@)1 [Fu@), [ () Par < €. = 0

and

I IV U], / \U(r)|2dr < C,vt > 0,

Then [lo(t)[] = [lu(t) = U@ < [lu@)]] + [[U@)]]- Then,
llvt(t)H,HVv(t)\,/Hvt(T)HQdT<C7W> 0,
where v(t) = u(t) — U(t).
Let u(z,t) be a solution of (E%) - (E%%) Then

(Us(,t) +vee(, £))~ (LHIVU () + Vo) D AU (2, ) +o(@, ) +2y(Uez, () +oi(z, 1) = f(a,1).

4
y (E_?ZZ&), we obtain

vn(z,t) = (1+[VoO)|* + [VUDI*) Av(@,t) + 290w, 1)
= 2(VU(t), Vo(t))Av(z, t)

+ 2(VU(1), Vu(t) + Vo)) AU (2,t) + g(x, 1), (4.27)

where g¢(z,t) = (:Uég;) — h(z,t), vo=mug—Uy, vi=mus—Ui.
mnis
Multiplying (4. by 2v; and integrate over €, we get

CZ(H%( W2+ IIVe@)]* + 1IIW( )||4+ IVU@IPIVo@)]?) + dylloe(t)]* =
((VU(t) Vo) [Vu(®)]?)

t), Vu(t) + (VU(t), Ve (1) [ V(1) |2
) + Vo)) (AU (), v (1) + 2(g(t), ve(?)).  (4.28)

2(VU(t), VU(1) [ V(1) ]| —

+2((VU
+2((VU(t), Vo(t

S \

Ui );
) (

is28
Integrate both sides of the (E.IZSS) from 0 to t, since —(VU,Vuvy) =
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(AU, v;) we get,

(lee @ + I Vo@)* + %\IVv(if)H4 +IVU®IPIVo@)]?)

= (e (O) 2+ [IVe () 12+ 5 Vo) |+ VU (0) 2 Vo(0)|* +4’Vvat )|[2dr

2/ ), VU)o (7)|Pdr—2(VU (#), V(1) [ Vo ()| *+2(VU (0), Vo(0)) [ V(0)|®
0

+2 [ (VU(7 NIVo(r)|?dr+2 [ (VU(7), Vu(r)) (A ))dr+2
[ / o

By Holder inequality and Young’s inequality we can write our equation
as:

IIVvt(t)||2+\|Vv(t)H2+;HVv(t)H4+||VU(t)H2HW(t)|!2+4V/!!Vvt(T)\2dT

< /(IIVU(T)IIZHIVUt(T)H2)(HW(T)||2+2HVvt(T)||2)dT+(||VU(t)H2+||Vv(t)\l2)IVv(t)H2
0

+2(IVU O IIVe DIV (0)I* + 2/ve(0) 1) + (IVo(0)* + 2ve(0)]1%)
+ (%HW(O)II2 + VU (IVo(0)* + 2[lv (0)]%)

+2/IIVUt(T)||-HW(T)II(HW(T)|I2+2Hvt(7)HQ)dT
0

+/IIVU(T)H-IIAU(T)II(\W(T)II2+2||vt(T)||2)dT
0

t t
1
12y / Jon(r)lPdr + 5 / lg(r)|%dr.
0 0

Denote Eu(v(t)) = (5l|Vo(®)[I* + [Vue()]]?).
By

t t
||vt(t)||,IIVv(t)II,/IlvtIIQdT,HUt(t)II,IIVU(t)II,/IIUt(T)IIQdTSC‘ (4.29)
0 0

we have
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Ei(w(®) + 5(1 - V0@ P [Ved)]? + 21 / lox ()| 2dr

<c< / lo(r 2d7>+0f r)Ei(v(r))dr (4.30)

where ¢(1) = Ce™%, 6 > 0. Tt follows from (%IBSTU that for each
t<t*:=sup{t:|Vo(t)|? <1} the following inequality holds true

E<<>><c( /ug 2d7)+c/c Vi (v
0

ClasG $25
By Lemma T .SZZIO(n}ronwall s inequality and (E 26) we have

Ei(v(t)) <C (El(v(())) +/g(7‘)2d7'> exp (C/ C(T)dT) < Cé.
0 0

If we choose e sufficiently small i.e. Ce? < %, then,

1

Ba(o(t) = [ue®I? + 3 IVe@I? < 7 = [0 < 5.

Thus for sufficiently small €’

t*
For sufficiently small €’s by ( % and E 26; we have
oI + Vo] + 29 / Jun()]2dt < € (E / lo()l dT)

<ce. (@)

is27 i .
Multiply (E.Z?) by 2Awv; and integrate over {2 we obtain,

*%(IIVvt(t)||2+||Av(t)ll2+||Vv(t)IIQHAv(t)HQHIVU(t)HQIIAv(t)||2)*4'7\|Vvt(t)H2
+2(Vo(t), Vo ()| Av()[* + 2(VU (t), VU(1)) [ Av (1)

= 2%((VU(15), Vo) [Av(®)[*)=2((VU(), Vo) +(VU (1), Vur(t)) [ Av(t)||*

+2(2(VU (), Vo) + Vo)) (AU (1), Ave(t)) + 2(g(1), Ave(t). (4.32)
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Since IVu(t)[*(AU(t), Ave(t)) = —(VU(t), Vur(t)) | Av(t)||*, we inte-
grate (E.SZ& over the interval [0,¢] and using Cauchy -Schwartz inequality
,we get

HVvt(t)||2+HAv(t)|!2+HVv(t)!2IIAv(t)Il2+IIVU(t)\I2HAv(t)H2+47/IIVvt(T)HQdT
0
= (IVoe(O)I* + [1Av(0)I* + [[Vo(0) 7| Av(0) |* + VT (0) [[*]| Av(0)]|*)

<2 / Vo) V() [ A Pdr + 2 / VUV ]| Av(r)|Pdr
—2(VU(t), Vo(t))||Av () *+2(VU(0), Vo (0)) | Av(0) [>+2 / VTV Av(r) 2

4 /t (VU (7), Vo(r) (AU (1), Avy(7))dr — 2 /t ), V(7
0 0

By Cauchy-Schwartz inequality, Young’s inequality and the identity
(VU, Vo) (AU, Avy) = — (AU, Av)(VU, Vuy)

we have
IIVvt(t)||2+|!Av(t)HQHWU(t)!2IIAv(t)||2+||VU(75)H2HAU(?5)|!2+4'7/IIVvt(T)HQdT
< 2/IIW(T)IIHVvt(T)HIIAU(T)|!2dT+2/HVU(T)|IIVUt(T)II(HWt(T)IIQHIAv(T)H2)d7

0 0
VU ®)P+IVo@) [P [ Ao @)+ Vo (0) |2+ Av(0) [+ Vo (0)|*[ Av(0) |
+ VU O)I7|Av(0)[* + (IVU )| + [[Vo(0)[*) [ Av(0)|*

+2 [ ITGENIV@IT0 ()P + [ ao(r)P)dr
0
+2 [ AU IVU@IIT0)P + [ av(w)]?)dr
1 / 2 / 2 N
+ 5 [ IV Par 2y [ [9u)Par. @439
0 0
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Taking Eo(v(t)) = ||[Vui(t)||? + || Av(t)||* we obtain

Ve ()17 + [1Av(0)[* + 2[[Vo(0) 2| Av(0)[[* + 2[[VU (0) ]| Av (0) |

< [IVer(O)]* + [1Av(O)* + 2[ Vo 0)[I* ([ Av(0)[|* + [ Ave (0)[1)
+2[VU)*(|Av(0)|* + [ Ave(0)]1*)

< CEx(v(0)). (4.34)
is100 mis7 is7 is1000
y (E.lsl 7},{% and (E.l259§ , (E.ISSB Jcan be written in the form

Ex(v(t) + [Vo®) P Av@)[* + VU @) Av(®)[* + 27/ Vv (r)|[2dr

<C (Ez(v(O))+/Vg(T)2dT> +/C€”vvt(7—)’HAU(T)HQCZT
0 0

+ (VU@ + [Vo@) ) [ Av(®)]* + /CC(T)EQ(U(T))dT-

Then we get,

Es(v(t) +2'7/||Vvt HQdT—/CGHVw( )1 Av(r)|[2dr

<

( / Vgl d7)+ / Ce(r) Ea(v(r))dr.  (4.35)

. . is27 . i
Next, multiplying (E.Z?) by Av and integrate over €2 we obtain

%(Ut() Awv(t))- IIVvt(t)H2+(1+||Vv(t)||2+||VU(t)||2)IIAv(t)IIQH%IIW(t)IIQ
=2(VU (1), Vo(t) | Av®~(g(t), Av(t) =2(VU (t), Vo)) +[|Vo(t) [*) (AU (t), Av(t))
2IVU @IVl 1Av@ 1P+ Vee @) 12)+21l U@L IAT @ (1Av @)+ Vo (4)]]%)

(
FUVTOP + 1900118001 + g + Sl AP (4.36)
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is76
If we integrate (%1367 from 0 to t, we have

[ 180 Pdr < ~(@(0), Av(0)+{or(t), Av()+ ] [Vo(®) [+ Tu(O)|
0

t

1 / 2 / 2
+ [ cemnEato(mar + 5 0/ lg(r)|Pdr + 0/ V() Par

0

<

DN |

1 vy 1
Vo) + (G + NIVeO)* + S [ Vu®)* + gHVvt(t)H2

t

1 t 2 / 2
+/CC(T)E2(U(T))CZT+20/”9(7’)” dT—i—O/HVvt(T)H dr.

0

Then we have

[ 1senpar < c (E2v<o> +f g<t>2dt) 3 IV P+ [ Tu )P
0 0

t

t
+/CC(T)E2(U(T))dT —|—/||Vvt(7)|]2d7'. (4.37)
0

0

i533
If we multiply (Ei.lSS?) by v and add right hand side 1||Av(t)||* we have

t 00 9 t
2 [ 18e)Par < ey (E2v<o> +f gv)%zr) A TITuOIP+ [ Cen)Eafotr)ar
0 0 0

4y [ IVu@lPdr + S Eao(0). (439
0

nis34

is3
Adding (1.38) to (E.l355§ , using Poincare inequality to function g(¢) and

(Elr.iﬁ, we get

t

S B2(0(0) + 7 [ 19ur)Par + [(] = Celvul Aot Par
0 0

<C (EQ'U(O) +62+/Vg(t)2dt) Jr/C’C(T)EQ(U(T))dT. (4.39)
0 0
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If t** =sup{t:|Vu(t)]| < 55} >0, fort<t* (E.IBSW is true. So we
get

Ey(v(t)) <C Egv(0)+62+/HVg(t)||2dt +/CC(T)E2(’U(T))dT.
0 0

is25 ClasGron
By (E.l%'i and lemma(T.1.22) Gronwall’s inequality

E>(v(t)) <C (EQU(O) + e+ / Vg(t)2d7') eXp/OC(T)dT < Cé?
: 0 (4.40)

If we choose € sufficiently small, then Ex(v(t)) = ||V ()[|? + || Av(t)||? <
1z, then [V (t)|| < VCe < 3%, which means for sufficiently small € ,
™ = oo,

1536 is2 is3
By (E.%%[ﬁand (E%ZSBE the inequality (E.l355§ can be written as:
t
Ba(v(t)) + 27 [ [Vu(r)|Par
0

< C | Ex(v(0)) + Ce* + C/ Vg (t)|*dt + /CC(T)EQ(U(T)) dr
0 0

<o (141

is34 is37
By (%5’87 and ( A1) we have

¢
[l1aum|par < e (1.42)
0

Hence we get the results:

Ve ()] + |Av(®)]* < Ce

t ¢
/||Vvt(7')||2d7+/||Av(7‘)\|2d7‘§062
0 0

O

Nisi s4 ns6
Let U be the so%uit?on of the problem (%23)— (h5) and u be the
solution of the problem (4. )—(&3) If (uwo — Uy, w1 — Uy, f—h) is sufficiently
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1525
small in the sense (E.Zﬁi and

N

t+1
(/ V(fh)(T)QdT) < Gyt for 0 >0 (4.43)
t

then we have:

IV (u(t) = U@)I? + l[ue(t) = U()|]* < Cse™".

nis28

Theorem 4.1.6. Proof. Integrating (4.28) over the interval [t, ¢+ 1] we get

1
ot + DIP + [ Vot + DI + SVt + DI+ VU + DIV + 1))

= (e + Vo @)l + %HVv(t)H4 +IVUOIP[Ve@)]?)
t+1 t+1

+ay [ umiPar =2 [ (VU@ VU |Ve(r)|Par
VU (t+ 1), Vot + 1) Vot + 1|2 + 2(VU (1), Vo(t)) | Vo(t)]|?
t+1 t+1 t+1

+2 /(VUt(T),VU(T))||V’U(7‘)||2dT+2 /(VU(T),VU(T))(AU(T),vt(T))dT+2/(g(T),vt(T))dT.

t t t
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By the Holder inequality and Young’s inequality

1
ot + DI + Vot + DI* + Sl Vot + DI
1 t+1
= (eI + [IVo®)* + SIIVo®)") + 4 / o (7)|[2dr
t

t+1
< [IVUO@IPIVo@) ()] + /(HVU(T)H2 + VU )[Vo(r)|Pdr
t
+2[VU(t+ DI Vot + DIVt + 1))
t+1

+2[VUOIVe@ I Vo@)I* + 2 /(IVUt(T)IIIIW(T)H)IIW(T)HQdT

t
t+1 t+1 t+1

+2/ HVU(T)\HAU(T)IIIIW(T)HHvt(T)HdT;,Y/HQ(T)HQdTJr?W/ loe(7) |2 d7
t+1

< [VU®)IP[Vo®)* + /(HVU(T)H2 + VU P)IVo(r)|Pdr
+2[VU(t+ DI Vot + DIVt + 1))
t+1
+2[VUOIVo@) [ Vo®)]* + 2 /(\VUt(T)HHW(T)H)HW(T)HQdT

t
t+1 t+1 t+1

" / va)uHAU(r)|r<uw<r>u?+rm<f>er>czT+217 / lg(r)|Pdr+24 / lox(7)|Pdr.

is3 is36
By (4.31) and (4.

1 1
||Ut(t+1)H2+||Vv(t+1)||2+§||Vv(t+1)||4—(\|vt(t)||2+HVU(t)H2+§||VU(75)||4)
t+1
—l—2’y/ ||vt(7')||2dr < Ce 0t
t

Let’s denote E3(v(t)) = [Jv(t)]|? + [|[Vo(t)||> + 3| Vo(t)||* then

t+1

27 [ In(lPdr < Ce 4 Bale) — Bafe+1) = B@? (149
t
where 6; = min(¢’, ).
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is3
By (#:43) and Poincare-Friedrich’s inequality,we obtain

t+1 2 . t+1 3
( / gm%h) < ( / ngzdf) <ce
1
t t

is40
By (E%i?[) there exist two points t; € [t,t+ 1],t2 € [t+ 2, ¢+ 1] such that

HluE)? <4BO?  i=1.2. (4.45)
is8L
By Teorem #4.T.
t+1
[ 1av@ar < cen (4.46)
t

is27
Multiply (&IH.IZSH by v, then we get

%(v(t), v ()= [l @)+ Vo) I+ Vo) | +HIVo@) 21 VU ()P +27(v(), ve (1))
= =2(VU(t), Vo)) [Vo(t) [*+2((VU (t), Vo)) +[ Vo) ) (AU (2), v(t)+(g(2), v(t)).
Then,

V@ + [IVo@®* + V@ IP VU (0]
< —%(v(t), v (t) + o @) + 4IVU O IVe @) Ve )]
+ (g(8), v(1)) = 2y(v(t), ve(1)) + 2| Vo (@) P IVU ()|

is3
By (B317 and [[Vur(6)]2 , [Av(t)|2 < Ce

Vo + Vo) |* < —%(v(t%vt(ﬂ) + o ()]
+ O+ 29[o@)l[oe @) + [o@) g @)l (4.47)

isd
If we integrate (E.IZI% ) over [t1,t2],we have

[2)

/(1+HVU(T)|I2)IIW(T)IIZdT < Iv(tl)yvt(tl)Hlv(tz)avt(t2)|+/ o (7)[*dr

t1 t1
to

+ /(27!%(7)!\ + |lg(r)|)dr + Ce™?.

t1
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Since Ce™% < C'B(t)? we have

/(1 + [Vo(n)|?)[[Vo(r)|*dr

< nax [lo(m)l(jee(t)] + fue(t2)]) + CB(t)*

(Jnax Ju(7)] /(%Hvt(T)H +|lg(r)|Ndr + CB(1)?

< CB(t) max |v(r)|| +CB(t)?. (4.48)

t<r<t+1

is40 is4
Adding (ELEI) and (E.lzlsi ;,We get

Thus there exists a point t* € [t1, t2] such that

Es(t*) <20 {B(t) max F3(1)? + B(t)Q} : (4.49)

t<7<t+1

is28
We integrate (EIZSS) from t* to s € [t,t + 1] :

loe ()12 + [ Vo(s) I + %I!W(s)ll4
= [loe ()1 + Vo) + %HW(t"‘)II4 + —%(IIVU(T)IleW(T)||2)d7

S S S

- [wlu@lldr2 [(U), U ITeln) Par-2 [ LU, To@) Vol Pdr

t* t* t*
s s s

9 / (VUL(7), Vo(r) | Vo(r)|2dr—2 / (VU (), Vo)) (AU (7), (7)) dr+2 / (g(7), vo(7))dr-

t* t* t*
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Then

Es(s) < Es(t") + [IVUE)|* + [IVo(&)|* + VU E)]* + Vo)

S

+ /(IIVU(T)II2 VU I IVo(n)|Pdr + 2 VU (s) [ Vo(s) [ Vo(s)]®

t*

+2||VU(t*)||HW(t*)HHW(t*)IIZ+2/HVUt(T)HIIW(T)!HW(T)II2dT

+2/HVU(T)\HAU(T)HHVU(T)HHvt(T)HdT+2/Hg(T)HHUt(T)!dT-
£ £
is4 is8L. Mis2
By (E.lqsgi, Theorem hn.lsl .ZIL, ne Tand

”Ut(t)Hv||vv(t)||=/||vt(7')”2d7'v”Ut(t)HaHVU(t)"/‘Ut(T)H2dT <G,
0 0

we get
E3(s) < E3(t*) + Ce % 4 e

Es(s) < C {B(t) max E3(7‘)% +B(t)2} Vs e [t,t+1],

t<r<t+1

1
< a5 2
25, B0 S CLBO) s B} + 300

1
max Fj3(1) < —
t<T<t+1 3(7) < 2 t<r<t+1
Then,

E3(1) < 2CB(t)? < C(Es(t) — Es(t + 1 —0it,

s By(r) < 2CB(0)* < CUEN1) ~ Bxlt +1) + Ce
is4L

By Lemma FlrlsTZ7 we get,

IVo@)]1? + v @)|I> < Cse "t for somed” > 0.
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