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ABSTRACT

In this thesis, we study some distribution results concerning prime divisors
of arithmetical functions. More precisely, we present two functions of which
the distribution of the number of distinct primes divisors obeys a normal
law.

iii



OZET

Bu ¢aligmada bazi 6zel sayi-teoritik fonksiyonlarin asal bolenlerinin sayisinin
dagilimi incelenmistir. Daha kesin olarak, iki farkli aritmetik fonksiyon in-
celenmis olup, bu fonksiyonlarin asal bélenlerinin sayisinin normal dagildig
gosterilmisgtir.
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1 Introduction and Statement of Results

In 1917 Hardy and Ramanujan wrote a fundamental paper [6] on the distri-
bution of the number of distinct prime divisors of a given integer. Among
other things they showed that the number of distinct divisors of a given
integer n is about loglogn. It was Turan [16] who refined Hardy’s and
Ramanujan’s result by showing that

1
- Z(w(n) —loglog z)? < loglog z,
x

n<z

from which the result of Hardy and Ramanujan follows immediately.

Underlying ideas behind this theorem form another branch of mathematics
so called Probabilistic Number Theory. Subsequently, In 1940 Erdés and
Kac, using central limit theorem and Brun Sieve, showed that the quantity

w(n) — loglogn
Vloglogn

is normally distributed. More precisely they proved the following

i 111 <ol w(n) —loglogn - 1 /z _édt
im —fin<uz zp=—= e .
T—00 T - vl1oglogn V2T J oo

Moreover, using probabilistic arguments elaborately, Kubilius generalized
their theorem by showing

o1 f(n) — A(z) 1 z _%

provided that f(n) is strongly additive and satisfies some certain conditions.
Yet another variant of the above theorem was given by Erdos and Pomerance
[3] showing that actually, one can take f(n) = w(¢(n)).

In this thesis, we generalize their result in two different directions.

In the third chapter, we shall study the article [14], and give full detailed
proofs, which basically shows that w(¢x(n)) and w(dr(p—1)) obey Gaussian
distribution, where ¢ (n) := ¢x_1(¢(n)).

More precisely,



Theorem. For each fized integer k, let ar, = 1/(k+1)! and by, = 1/v/2k + 1(k!).
Then for each real number z

w(Pr(n)) — ax(loglogz)**! _
lim Eﬁ {n <z e (log log )12 <zp=®(2).
and
. w(pr(p — 1)) — ax(loglog )+
lim —— < = ®(2).
o300 m(x) {p s@| br(log log x)k+1/2 < (2)

In the fourth chapter, Inspired by the article [5], we obtain a similar
result for w(Jg(n)).
More precisely, we shall show that;

Theorem. Let k > 1 be fixed, then for any real u one has

1 w(Jk(n)) — —(log log n)? z |
Jwm {” el T W eglogn) 2 = V3 } =)
as T — 00.



2 Preliminaries

This chapter includes some basic information and motivation to study dis-
tribution of additive functions via probabilistic methods.
2.1 Arithmetic Functions

Definition 1. A real -or complex-valued function defined on the positive
integers is called an arithmetic function.

We introduce some arithmetic functions which play an important role in
this thesis.

1. If n > 1 the Euler totient ¢(n) is defined to be the number of positive
integers not exceeding n which are relatively prime to n; i.e.,

2. if k > 1 the k-fold iterate Euler totient ¢ is defined as follows,

x(n) = pp—1(¢(n))

3. The Jordan’s totient function Ji(n) of a positive integer n is defined
to be the number of k-tuples of positive integers all less than or equal
to n that form a co-prime (k + 1)-tuple together with n; i.e.,

Ji(n) = nF H(l - plk)

pln

4. The small omega function which counts the number of distinct prime
divisors of a given integer is defined as

win) = "1

pln

5. The big omega function which counts the number of distinct prime
divisors of a given integer with multiplicity is defined as

Qn) =) 1
p*In

Definition 2. An arithmetic function f is said to be additive (resp., strongly
additive) if it satisfies the following conditions. If (n,m) =1



1. f(nm) = f(n) + f(m)
2. f(p*) = f(p)
for all primes p and o € N.

Note that the function w is strongly additive and the function € is yet
additive.

Definition 3. An arithmetic function f is said to be multiplicative (resp.,
completely multiplicative) if it satisfies the following conditions.

1. f(nm) = f(n)f(m) for all (n,m) =1
2. f(nm) = f(n)f(m) for all n,m

2.2 Technical Preparation

In this section, we give some theorems, without proof, that are frequently
used in this thesis. The most of the proofs can be found in [2], [9] and [19].

Theorem 2.1 (The Partial Summation Formula). Let z and y be real num-
bers with 0 < y < x. Let f(n) be an arithmetic function with summatory
function F(x) defined by

Fa) = f(n)

n<x

and g(t) be a function with a continuous derivative on [y, x]. Then,
> () = Falg(o) - Fo)a(v) ~ [ F(tig )
y<n<z Y

In particular, if © > 2 and g(t) is continuously differentiable on [1,z],
then

> f(n)g(n) = F(z)g(x) — /1 ' F(t)g (t)dt.

n<x

Theorem 2.2. (Mertens Prime Number Theorem) For x > 2,

Z 1o loglogz + O(1).

p<z

Theorem 2.3. (PNT) If n(x) denotes the number of primes < x, then

xT T




Although, the error term in the PNT can unconditionally be taken of
the form z exp(—(clogx)'/?) for some ¢ > 0. However, the above form of
PNT will suffice for our purposes.

Theorem 2.4. (Prime Ideal Theorem) Denote by d7(p) the number of so-
lutions modulo p the congruence f(x) = 0(mod p), where f(z) € Z[x] is a
polynomial with k-irreducible components. Then

S "6 (p) = kliz + O(ze~V87),

p<z

Consequently, by partial summation

)
Z 9s(p) = kloglogz + O(1).
p<z

Theorem 2.5. (Siegel-Walfisz Theorem) Let A be any real number then
there is a constant C(A) > 0 such that

¢(q)

uniformly for all (a,q) =1 and q¢ < (logz

D=

m(x;q,a) = +0 (:c exp (—C(A)(log x)

).
Theorem 2.6. (The Brun-Titchmarsh inequality) Let a and k be coprime
integers and let x be a positive real number such that k < x. then,

2x
= Gk log(2/k)”

Theorem 2.7. (The Bombieri-Vinagradov Theorem) For any A > 1 there
exists B = B(A) > 0 such that

m(x; k,a)

m(y) z
MATy<;MAT (g g)=1|7(y; d, a) — | < .
2, M) o) < Tlog)?
~ (logz)B

Utilizing Siegel-Walfisz theorem as well as partial summation we have
Lemma 2.8. If2 <k <z, then
1 loglogx <log k:)
> Lo,
20 p7 ol o)
p=l(mod k)

where the implied constant is uniform.

Lemma 2.9. Let m be a nonnegative integer and 0 a real number with
0 < <1/2, then there is a number ¢ depending on m but not on § so that



the inequality

m
> pm_lﬂ(m;p,l)m§c< ° )
log

- <p<z

holds for sufficiently large values of .
We have yet another modification of the above lemma.

Lemma 2.10. Let m be a nonnegative integer, there is ¢ such that, for
sufficiently large x we have,

> pg" w(aipg, 1) < c (1 & ) log log .

og
21/2<pg<a

2.3 A Quick Introduction to Probabilistic Number theory

In this section, we tackle the problem “How probabilistic arguments can be
used to treat the value distribution of arithmetical functions?”

To illustrate the problem we begin with the method of Turan. Let us
consider the average order of the function w(n),

D wm =)

n<x n<z pln

>

pk<z

= [a/p]

p<z

1
=zy_ —_ O(m(z))

p<z
= zloglogx + O(x), (2.1)

where the last part follows by Theorem (2.2).



We now consider the second moment of w(n).

D wrm) =22

n<z n<z pln
qln

=2 2.+

n<z pln n<z pln
qln
p#£q

=Y [x/pq) + O(zloglog x)

pg<z

1
=z Z o + O(zloglog ) (2.2)

pqsz

Now by means of the following elementary estimation,

2 2
1 1 1
- < < -
p<\T pq<w p<z
it follows that .
Z — = (loglog z)* + O(loglog z). (2.3)
pg<w pq

Therefore combining (2.1), (2.2) and (2.3), we have

Z(w(n) —loglog )? < zloglog z, (2.4)

n<x

Using the inequality (a + b)? < a? 4 b? for all @ and b real, one has

Z(w(n) —loglogn)? <« Z(w(n) — loglog )% + Z(log log x — loglog n)?

n<lx nlx nlx

=z loglog x + Z (loglog z — log log n)2

n<yz
+ Z (loglog  — loglogn)?
Vez<n<lz
<z loglogx + v/z(loglogz)? + =
<zxloglogx,

from which it is clear that for fixed é > 0, the number of integers not
satisfying the inequality

lw(n) —loglogn| < (loglog x)"/?%° (2.5)



is at most
T

= o(z).

< (log log )20

Hence for almost all n < z one has
w(n) — loglogn| < (loglog z)'/*+. (2.6)

Without loss of generality we may suppose that \/z < n < x, then for a
fixed € > 0, it follows from (1.6) that

(1 —¢)loglogn < w(n) < (1+¢)loglogn

for almost all n < x. From the text we see that, the LHS of (2.4) can be
viewed as the variance of the variable w, and the inequality (2.6) resembles
Chebyshev’s inequality in the theory of probability.

The analogue of the inequality (2.4) for a general additive function is given
in Theorem 2.11.

It was the turn of Erdos and Kac to put all these ideas into a more precise
probabilistic language. In [3], the main purpose is to approximate the func-
tion w as a sum of independent random variables in order to apply central
limit theorem of probability stating that sum of independent random vari-
ables tends to Gaussian distribution.

More precisely, we define

wy(n) = pp(n) (2.7)

p<y

where
1 ifp|n

pp(n) :{ 0 ifptn.

Since the p,(n) are statistically independent the function wy(n) behaves like
a sum of independent random variables. Therefore central limit theorem
of probability can be applied. Finally using sieve methods elaborately they
approximate w(n) by wy(n) to deduce the desired result. The general case
for strongly additive functions is proven by Kubulius [8] in which the theory
of probability is purely served as the main tool.

Moreover, there is another approach which was first discovered by Halber-
stam [7] so called “Method of Moments*“, in which he estimates sums of the
form:

> (w(f(p)) —loglogz)* , > (w(n) — loglog z)*

p<z nlx

where f(x) is an irreducible polynomial with integer coefficients. Among



other things, he showed that

i 1 w(p—1) —loglog z 1 /z 2
lim — < < = — z dt.
it = e <) " v L
Finally, the last and less probabilistic method is due to Turan and Renyi

[17] in which they use Levy’s continuity theorem to reduce the problem to
an analytic object. More precisely, they estimate the sum

bu(r) 1= ;gempwgww(n) ~ loglog z)),

which is so called characteristic function of the frequencies
1 w(n) — loglog =
— < < .
xﬁ{n_x‘ log log ‘

Using the theory of Riemann zeta function and Perron type formulas, they
deduce the following

N

T

¢z(7)~6_7, as r — 00 .

Finally, applying Levy’s continuity theorem with Berry-Esseen inequality,
they deduce the desired result with the best possible error term.
For further details the reader may refer to the monograph of Elliot [15].

2.4 Probabilistic Lemmas

In this section, we give several lemmas which will be frequently used in
later chapters. For the sake of completeness, we give the proof of those that
can not be found in the references. Throughout this section, we keep the
notation used in Theorem 2.12.

Theorem 2.11. (Turan Kubulius inequality) Let f be a complexr valued
additive function for all real numbers x > 0, set

pF<z
. 1/2
f(")?
k< p
pF<z



Then we have the inequality

> 1f(n) = E(x)* < 322V7(x). (2.8)
Proof. [15] Lemma 4.1. O

Theorem 2.12. (Kubilius, Shapiro) Let f be a strongly additive function
i.e., f(p%) = f(p). Set

fp

A =3 12, (29)

p<z

, 1/2
B)=(Y_ /() . (2.10)
p<x p
Assume that f satisfies the following condition
. B(z¥) _
mlggo B 1 forally > 0.

Suppose for each € > 0, we have the following

Then we have
jj{n <z:a<

Proof. See [15] Lemma 12.2. O

Theorem 2.13. (Barban, Vinagradov, Levin) Let f(n) be a strongly addi-
tive function such that

lim Bla?)
z—o0 B(x)

=1 forally>0,

in order that,

A )

{pgx:agf(erl)—A(m)

10



it 1s sufficient that for each € > 0

2
> f;p) = o(B%(z)).
p<z

f(p)>eB(z)

Remark: This theorem is valid if p + 1 is replaced by p + 1 for some | fized

non-zero integer.

Proof. [15] Lemma 12.4.

O]

Lemma 2.14. Let f, g and h be arithmetical functions, and suppose that for
all n we have | f(n) —g(n)| < h(n). And assume that the following condition

18 satisfied

> h(n) = o(xB(x)).

n<x

Suppose that for all constants o and [3(with o > ) we have

o fn) = Afz)
ﬁ{ngx.agB(mﬁﬁ}Nﬂc@(%ﬂ),

as x — oo, then also
ti{n<:v:a<

as r — 0oQ.

Proof. Let us define the functions

Sf(:c,a,ﬁ)::jj{nga::ag Bl

_ - g(n) — A(z)
Sg(x, o, B) .—ﬂ{ngx.agB(x)gﬂ}

1) At )

(2.11)

(2.12)

(2.13)

Fix e > 0, then by the assumption (2.11), we may suppose that h(n) < eB(x)

for almost all n < x. Thus,

f(n) - A
“= "B

&) < b= A@) + aB(@) < fn) < Al@) + BB(2).

Together with the assumption (2.12) and g(n) —h(n) < f(n) < g(n) + h(n),

for almost all n < z we have

g(n) — Az)
B(x)

a—ce< <pB+e.

11



Therefore for all « < 8
Si(z,a, B) < Sy(x,a —€,8+¢) + o(x). (2.14)
In other words, replacing a by a + € and 8 by 5 — ¢ we have
Si(x,a+¢e,8—¢) < Sy(x, o, f) + o).

Similarly,

a< W < B= A(z) + aB(z) < g(n) < A(z) + BB(x),

which implies for almost all n < x

f(n) — Az)
a—c< W <fB+e.
Then
Sg(z,a,B) < Sp(x,a + 6,8 —¢€) +o(x). (2.15)

Let us now consider

B 2 1 f—e 2
O(a,B) —Pla+te,f—¢)= e 2dt — / e 2dt

a+te B
[
a —&

which follows by Mean-value theorem for integrals. Hence by (2.14) and
(2.15) one has

<Le,

z®(a, B) + o(ex) < Sy(z, o, ) < z®(av, B) + o(ex),

from which we deduce that

S
lim sup |

(x;f)"ﬁ) _Gla,B)] <c.

O]

Lemma 2.15. Suppose that B C N and let B(z) = [{n € B,n < x}|, let
f,g and h be arithmetical functions, suppose that for all n € B we have
|f(n) —g(n)| < h(n), and assume that the following condition is satisfied

) h(n) = o(B(x)B(z)).

neB

12



Suppose that for all constants o and [ (with o > ) we have

Hn < o € B(@) : a < W < 8} ~ B()®(a, )
as x — oo, then also
.~ 9(n) — Az)
ﬂ{ngm,neB(aﬁ) ta < B <5} ~ B(z)®(«, B)

as r — O0.

Proof. The proof is similar to that of previous lemma. We therefore skip

it.

O]

Lemma 2.16. Let f be an arithmetical function, suppose that we have

- B(z¥) _
xlingo Bl) 1 for ally > 0 and
_ Yy

lim M:0f0r30m60<y<1.

2—00 B(ﬂ’j)
Then,

f(n) — A(z)
< : <" - K ~
tt{n_:r: a< B <p x®(a, B) as r — o0

implies

ﬁ{ngx:ag“f(n)B_A(n)Sﬂ}wa@(a,B) as r — oo .

Proof. Define

Syl 0, ) =t {n <oiac A0 ﬁ} |
Sy d) =t {n<oia< (A < g}

Suppose for z¥ <n <z and 0 < y < 1 we have

f(n) = A(n)

“=""Bm)

< pB.

Let us write

(2.16)

(2.17)




By the assumption (2.17) the last term on RHS tends to zero as z — oo
with 2¥ < n <z. And by the assumption (2.16), it is clear that third term
tends to zero.

Consequently,

— A
f(n) (x) <Bre
which implies

St(x, o, B) < Sp(x,a —e, B+ ¢) + o(x).

Similarly
Si(z,a,B) < St(x,a — ¢, +¢) +o(z).

Mimicking the proof of the previous lemma the desired result follows. [

14



3 Erdos-Kac Theorem for ¢

It was a result of Halberstam [7] that

i 1 w(p—1) —loglog z 1 /Z 2
lim —— < <zp=-— dt. (3.1
700 m(x) {p se| log log ‘ V21 J oo . 8-1)

and a result of Erdés and Pomerance[3] that

.1 w(p(n)) — 1/2(loglog x)>/? 1 2
mll)rrologﬁ {n§x| V308 log 2)? <z} = \/%/_Ooe dt.
(3.2)

Their results was generalized by N.L.Bassily, [.Katai & M.Wijsmuller. [14]
More precisely, they showed that

Theorem 3.1. [14] For each fized integer k, let ap = 1/(k + 1)! and by, =
1/v/2k + 1(k!). Then for each real number z

— ag(loglog z)+1
fnco et e <2} - a0,

1
lim —4
T—00 I

Theorem 3.2. [1}] For each fized integer k < x, and ayx and by as in
Theorem 3.1, then for each real number z

1 w(op(p — 1)) — ay(loglog z)**1
1 _ < = ®(z2).
im {p <z b (log log )+ 172 <z (2)

First, in order to prove the above theorems we define the following aux-
iliary functions,
dp)=p—1.

and extend it to the whole N as a completely multiplicative function.
And furthermore we denote by ¥y the k-fold iterate of ¥ with Jo(n) = n.
Finally, we define the strongly additive function 7 recursively as follows

70(p) = 1 and 7(p) = > r-1(q)-
alp—1

15



3.1 Preliminary Lemmas

Lemma 3.3. For all k =0,1,2.. we have

w(@x(n)) < w(r(n)) < w(n) +w(@i(n)) + ..w(Wr(n)). (3.3)

Proof. : (LHS) First, by induction on k, let us show that

a | b implies ¢ (a) | ¢r(b). (3.4)

The case k = 1 is obvious, and follows by the formula ¢(p%) = p*~1(p — 1).
Suppose now,

a | b implies ¢r_1(a) | pr—1(b).
Since
or(a) = dr-1(¢(a)),
by induction hypothesis, we have

a| b= ¢(a) | $(b) = dr-1(¢(a)) | pr-1(¢(0)) == ¢ (a) | Hr(b).

What’s more, by induction on k, we will show that

w(Wr(py"P3*-Pp")) = w(Wr(p1p2--pn))- (3.5)

It is obvious that the case k = 1 is satisfied. Now suppose we have (3.5) for
k. Then

w(@rt1 (7" P3*-Pp") = w(@r((pr — 1) (p2 = 1)**...(pn — 1)°7)).

Let ¢;* be the prime powers appearing in the factorization of p; — 1 for
i = 1,2..n. Then, by induction hypothesis, we have

W1 (D7 P52 -p5™)) =w (P (ar a5 -q)"))
=w(Vr(q1q2----q1))
=uw(

(

Ir((p1 — 1)(292 —1)...(pn — 1))
=w(Vgr1(p1p2---Pn))-

Now, the inequality (3.3) is obvious for £ = 1. Suppose we have the inequal-

16



ity (3.3) for k — 1. Then by (3.4), (3.5) and the induction hypothesis

W1 () o = D)a5 a2 = 1)) @ — 1))
w(or-1((qr = 1)(g2 = 1)...(q1 — 1))
(

w(on (g a5 -q")) =w(
(

wWr-1((n — D2 = 1)o@ — 1))
(
(

vV 1V

w(k(q1q2---@1))
i (n))).

W

(RHS) We will proceed by induction on k. If we show that
plor(n) = ¥;(n) for some j =0,1..k ,

then the result will follow.
It is obvious that

plor(n) = plér-1(n) or p[d(dr(n)).

If p | ¢x—1(n), then by induction hypothesis, p | 9;(n) for some j =0,1...k —
1.

Suppose now, p{ ¢r_1(n). Then there is some ¢ dividing ¢;_1(n) such that
p|¥(q), and by induction on k, ¢|9;(n) for j = 0,1...k — 1. Therefore, since ¢
is completely multiplicative, this implies p|J;(n) for some j = 0, 1...k, which
proves the lemma.

O]

Lemma 3.4. For H > 0, x > 3 Let Ti(z, H) = #{p < z|mx(p) > H*}.
Then, there is an absolute constant Cy > 48 depending on k such that

Ckx(loglog z)F—1
To(w, 1) < 221 gQHg ) (3.6)

Proof. 1t follows from the definition of 7 (n) that 71 (p) = w(p—1) and since
2¢(") < d(n), we have

> 2erh <N d(p - 1).
p<w p<w

The last sum well known to be < cx for all z > 1 (See The Titchmarsh
divisor problem, [12]). Therefore we have

ow(p=1) cx
jg: EE: 2uzp 1 H”
T1(p)>H T1(p)>H
p<zx p<zx

17



Thus, (3.6) is true for £k = 1. Suppose we have (3.6) for £k — 1. Note that
if 7,(p) > H*, and also if w(p — 1) < H and 73,_1(¢q) < H*! for all primes
dividing ¢ — 1, then

T(p) = Z Tr-1(q) < Z H"!' < HY,
qlp—1 qlp—1

which contradicts the assumption 73 (p) > H*. Therefore either w(p—1) > H
or 7,_1(¢q) > H*! holds for some ¢|p — 1.
Hence it follows that

Ti(w, H)< >+ >

T (p)>H p<z
p<z Te—1(q)>H"
qlp—1
for some q
CcIT
§27H + Z Z
p<z qlp—1
m(q)>H" !
CcIx
q<z

Tr—1(q)>H*~1

Dividing the interval 2 < ¢ < x into dyadic intervals with u = | log z/ log 2| —

1, using Brun Titchmarsh inequality , the trivial estimate (i.e, 7(x; a,q) < %)

q
as well as induction hypothesis and the inequality

1
Z—Si%logxfoerl,
n

n<x

it follows that

18



IN

IN

IN

IN

IN

IN

u
cx
o > w(g, 1)+Z | > (0,1)
x/2<q<z J=1 g /271 <q<z /27
Tr—1(q)>H*1 Tr—1(q)>H*1
u
cr x 2x
SR VA0 D D
z/2<q<z J=1 g /291 <q<x /27
Tr-1(g)>HF! Tr-1(g)>HF1
cx T Y2z 1
oH Z a + Z jlog?2 _ Z q—1
x/2<q<x Jj=1 x/29 T <q<a /27
Te—1(q)>H*1 Th—1(q)>H*!
cz . Cy Lz (loglog 2)*2 N Zu: 427+1 Z 1
oM 2l jlog2 |
=1 x/23+1§q§x/ga
Th—1(q)>H*1
cr  CFlz(logloga)k—2 . 42i+1
srh Ly >
2 2 — [og2 _ .
j=1 x /20 <q<z /2]
Tro1(q)>HF1
e Cyla(loglogn)* ™ {~ 42 v
2H 2H < log2 Te(555
cx Cy 1 z(loglog z)*2 n 240;C 2(loglog 2)*~1 z”:l
oH oH oH ot ]
Chr(loglog x)k—1

2H

Remark 3.1. Let us observe that if w(p — 1) = k, then it is obvious that
2k < p — 1. Therefore, w(p —1) < 2logp and by induction on k, one has

7(p) < 2log p. (3.7)

Furthermore, since i, is strongly additive, one has

Tr(n) < 2logn.

Let us choose H > 10loglogx. Then by partial summation and by (3.7) it
follows that

Z T,z(q) < (Cologlog x)*
q (log x)?

19



for 7 =0,1,2 4.

3.2 The Moments of 7
Let Si(x) = > <, T(p) and Ag(z) =3 ., 7(p)

p

Lemma 3.5. For every k=1,2.. we have
Si(z) = li(x) Ap_1(x) + O(li(x)(C log log z)*1). (3.8)

Proof. Let H = C'loglog x as in Lemma (3.4), denote by 3’ the summation
over primes with 74(¢) < H* and by 3" the summation over primes with
7e(q) > H*. Then, using the trivial estimation and Remark (3.1) one has

Sp@) =Y > mlg)

p<z qlp—1

= ka_l(q)ﬂ(x; g, 1) + ZTk—l(Q)W(fU; q,1)

q<z p<z

! T og log T k—1
=S na(atasg ) +0 (TEREREIE)  a)

q<z

We now split the above sum in (3.9) into two parts depending on whether
q > x'/3 or ¢ < 2'/3. Since 7,_1(q) < H*', by Lemma (2.9) and Brun-
Titchmarsh inequality it follows that

/

Y mea(@m(aig,1) < (Cloglogz)*~!
q>xl/3

Yo wlwma )+ Y wl(wg1)

x1/3<q<al/2 g>zl/2

< (Cloglog z)k1 gz

Finally, applying Bombieri-Vinagradov Theorem we have

/

i@ = 3 mhoa(a)(n(zsg 1) — LD

)+ li(z) S r-1(9)

ot ¢(q) s 171
+0 <x(Clog log x)kl)
log z
! k—1
i) 3 (0 | o <$(Clog10g x) > '
oy q log

20



On the other hand, we have

Ap_1(z) = Z T5-1(p)

p<z q
~ 7 1(p) | N~ Tho1(p)

:Z k—1\P +Z k—1\P

p<w q p<zx q
_ z’: Tr-1(p) Lo ((Cloglogx)’“‘l>
- 2

= P log” x
_ Z 1 (p) Z @) |, ((Cloglogx)k1>

p D log?
psml/s p>:131/3
~ 7i(p) 1

= Z Te1WP) 4 (C'loglog x)"1 Z -

prl/?) p p>m1/3 p

~ 71 (p)

= Z 1P 4 O((Cloglog z)*=1).

p§x1/3 p

O
Combining last two estimates gives the desired result.
Lemma 3.6. For every k=0,1,2...
1

Ap(x) = ) (loglog z)**! 4+ O((Cloglog z)*) (3.10)

Proof. We proceed by induction on k. The case k = 0 is due to Mertens(lemma
(2.2)). Suppose that (3.10) is true for k — 1 then by the previous Lemma we

have
z (loglogz)¥ z(Cloglog z)F1
= +0 :
log x k! log x

Sk(z)

Therefore by partial summation

Ap(z) = ) /x S’;gt)dtJrO(l)

x 0

z (oo 1 k T log'1 k—1
_ Sk(@) +/ (O;g 08t)" w1 o (/ (Cloglogt) dt)
x 2, FKltlogt 0 tlogt
(loglog )"+ K
= log 1
it 1) + O((C'loglog x)™)
and the proof is complete. O
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Lemma 3.7. for any k=1,2,3... Let

Dy(z) = Z 7 (p)

p<z

then,

li(z) (log log x)%
(k12

Dy(z) = + O(li(z)(C loglog z)%~1/2)

Proof. First observe that, by remark (3.1) and the trivial estimation subject
to the inequality 71 (p) < H¥, it follows that

2
b1 P
Diw) = 3 )+ ()
p<x p<x p
Ti(p)<H" Tk (p)>H"
x(C'log log x)*
e og” T
T (p)<H"
< (Cloglog x)?*1i(x). (3.11)

Let

@) =Y (@)= Y, ma@+ Y, (@) = filp) + fo(p)
qlp—1 qlp—1 qlp—1
qul/G q>$1/6

and define U(z) = 3 -, f2(p). Therefore

Dy(x) =U(x) + Y _ f1(p) f2(p) + > f5(p)

p<w p<w

=U(z)+ >+ .

22



Hence we have

Yo=3> > mala)me(ae)
2

IST g >x1/6 go>a1/6
qilp—1 gq2|p—1

:Z Z 7-,?71(q)+z Z Z Tr—1(q1)7k-1(q2)

quq>$1/6 gz q1>271/6 q2>271/6
qlp—1 qilp—1 q2|p—1
Q17q2
2 . .
= Z T (@7 (z39,1) + Z Ti—1(q1) Tk—1(q1) (23 192, 1).
g>z1/6 q1,q2>x/6
q17£G2

(3.12)
Splitting the first sum into two sums depending on whether 73_1(q) z HF1
and using remark (3.1), we have

72(q z(Cloglog x)F~1
Y Ranwen<e Y @ o(Closlos)

2
>2l/0 oal/6 q log” x
Th—1(q)>HF! Th—1(q)>H"!
and that,
Yo mal@r@e )= Y m(@n(wig 1)
qZZl/G wl/QZqle/G
T (q)<HF! Tr—1(q)<HM !
+ Y Tialan(eel)
q>a?1/2
Tr—1(q)<HM!
<(C'loglog z)*~2
(Y w4+ > w(w5q,1)
21/2>g>71/6 >al/?
x x
<(Cloglog x)?~2
(Cloglog) Z —1)10g£+logaz
$1/22112$1/6 q
<li(z)(C'loglog z)?2.

Finally, we have

S (@l 1) < i) (Cloglog )2

g>x1/6
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We now treat the second sum in (3.12) by beginning with the case
Tk,1<qi) > HEL

Z Th—1(q1)Th—1(q2)

Z Th—1(q1)Th—1(q2)m(x, q1¢2, 1) Kz
7162

1/6 gi>al/6

qi>x
Tr—1(q:)>HF1

Tr—1(q:)>HF1
2

< Z Tk—l(Q)

g>z1/6 q
Th—1(q)>H*~1

z(C'log]l 2k—2
< (Clog Ong)
log“ x

and the case 7,1 (¢;) < HF !

Z Te1(q) k-1 (g2)7 (2, q1g2, 1) < (C'loglog x)** 2 Z (25 q1g2, 1)
gi>x'/0 qi>zl/6
Tr—1(qi) <HF1

therefore,
Y m@wae, )< Y w(wage,l)
g >l /0 q1g2>x1/6

= Y w@ae1)+ Y w@qge,1)

qqe>al/? z1/2>q1,qe>2t/6

x logl
¢ glogx
log =

)

where the first inequality follows by Lemma (2.9) and the second by Brun-
Titchmarsh inequality. Hence, it follows that

z(C'log log x)?F~1
S i) ne e ne, ) < LD

qi>a!/6
Ti—1(qs) <HF!
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Finally the case 7,_1(q1) > H*' and 73,_1(q2) < HF 1,

Z Th1(q)Th-1(q2)7(x; q1g2, 1) < x(C'loglog z)F~? Z Th-1(41)

q;>x'/6 q;>zt/6 a2
Te—1(q)>HF1 Th—1(q1)>HF1
Th—1(g2) <HF-! Th—1(q2)<HF!
< x(C'loglog )+ 1 Z Te-1(01)
9’!1>9€1/6 @
kal(q1)>Hk_1

)k—2

< z(C'log 1(2)gl'
log“ x

by Cauchy-Schwarz inequality and (3.11)

=0 BN )

1 p<z p<zx

<U@)'Q )2

2

< (Dr()' 2O )2
2
< li(z)(Cloglog z)F~1/2.

To evaluate U(z), recall;

Ulz) = Z Ti—1(q1)Te—1(g2)7 (2, q1g2, 1) + Z Ti1(@)7 (2, ¢, 1)

qi<z!/6 q<at/®
q17q2
Invoking Bombieri-Vinagradov theorem, one has
m(z)
Ulz) = Z Th-1(q1)Th-1(q2) (7 (%, q142, 1) — )
' #(q192)
Gz
q17q2
m(x m(x
+ X A a@Ea ) - 5o X na)no ) S
g<al/6 q G <al/o q142
Q#q2
m(z)
+ Z 713—1((1)%
q<z1/6 1

=li(2)A%(z'/%) + O(li(x) (log log x)?F~1)

Since Aj_1(x) — Ap_1(x'/%) = O((Cloglog z)*~1), Lemma (3.7) follows.
O
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Lemma 3.8. For every k =0,1,2.. let

Bi(w) = O )

p

p<x

then

B,g(x) _ (log log x)?k+1 (C'loglog x)2k+1/2
2k + 1)(k)? 2% 11,2

Proof. The desired result follows easily by partial summation and previous
Lemma. O
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3.3 The Distribution of 7,

In this section, we shall show that the normalization,

Tk(n) — Ak(x)

By(x)
obeys a normal law, by using Theorem (2.12).
Recall,
1 (C'loglog z)?k+1/2
B2 _ 1 1 2k+1 O
K@) = Gz iostes )™ + ok +1/2
1
Ag(z) = m(log log z)**1 + O((C'loglog )*)

Lemma 3.9. For each fized k > 1 and every real number «,

xlggoiﬁ{ngx | W <a} — ®(a), (3.13)
im L T (P — 1) — Ak(m) a, =P«
Jim {p <o | HE A < } (a). (3.14)

Proof. Let H = (¢Bj(z))"/*. And let us recall that, Remark (3.1) for
H > 10loglog x yields

Cylogl k
3 Tk (q) <<( > log ogzx) '
= d (log )
To(q)>HF

It is clear that, once we fix &, then H = (eBy(x))/* > 10loglog z, for
large. Therefore it follows that

) DI A AP R S R 1 N

p<zx p p<z p
Tk (p)>e By () 71 (p)>(10log log z)*

Hence (3.13) and (3.14) follows by invoking Theorems (2.12) and (2.13).
O

We now attempt to replace 7 by w(dy). To accomplish this we introduce
the notion of “K-chain”.

Definition 4. A (k+ 1)—tuple of primes (qo, q1,q2...qx) is called a K -chain
if gi—1|qi — 1 fori =0,1,..k. A general K-chain is denoted by Qp, a K-
chain with the property that qx|n is denoted by Qr(n) and Qx(n,qo) denotes
those K -chains where qq is fived and qi|n.
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Lemma 3.10. There exists a K -chain starting at qy and ending at qi if and
only if qo|V(qr)-

Proof. = Suppose such a K-chain exists. Since ¥ is completely multplicative
it follows that

Jqe—119(qx) = 3ap—2|P1(qk).... = Jqo|Vr(qr)

< By induction on k, the assertion is obvious for k = 1.

Suppose qo|9x—1(qk—1) implies existence of a K — 1-chain, then qo|9%(gx)
implies qo|Yk—1(qx — 1) = qo|Pk—1(p1p2...). Therefore qo|Ix—1(p;) for some
pilgr—1. Thus by induction hypothesis, there exists a K-chain (go, g1, ....... Dis Qkc)-

U

Lemma 3.11. Let |Qr(n,q0)| = 4Qk(n, qo). Then we have
T(n) = Y Qk(n,q). (3.15)

q0[ 0k (n)
Proof. By the definition of 74 (n)

Tk(n) = ZTk(p) = Z Z Tk—-1(Po) = Z Z Z Z Z ,
pln pln polp—1 pln polp—1pilpo—1p2lpi—1  prlpe—1-1
(3.16)

which obviously counts the number of K-chains ending at p with p|n, on the
other hand by Lemma (3.10) the sum on the RHS of (3.15) counts the same
K-chains. Therefore they are equal. O

Let us define the following functions

L(x) := Z(Tk(n) —w(Pk(n))) = LW + L)

n<x

R(z) =Y (m(p—1) —w(Wp(p — 1))) = RY + R,

p<z

where

LW=3"%" (1Qn,q)-1)

n<z go|dx (n)
q0<yY

RO=3" 3 (Qup—La)| - 1)

P qo|dy (p—1)
q0<y

L® = L(z) — LW, and R® = R(z) — RW
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Lemma 3.12. When y = (logz)?
LW <« z(Cloglog z)* log log log « (3.17)
R! < li(z)(Cloglog z)* log log log (3.18)

Proof. Let

DY Y Qo)

Nz go|Vk (n)
qo<y

DD IED DY

n<z qo|Yk(n) qrln qe—1laxk—1  qolg1—1

0<Y q<x qr_1<z qo0<y
DD DED DI Dl
<y 1z @<z qr <z

olai—1qilg2—1  qr_1lge—1

By repeated use of Lemma (2.8) we have
LY <« z(Cloglog z)F log log x. (3.19)

Moreover,

D> N 1@k —1,q0)l

P qo |95 (p—1)
q0<y

YY Y .Y

P<T qr|lp—1qr_1lax—1 qolq1—1

k<T  qro1<w qo<y
=2 > 2 o 2 et
<y 1<z @<z qr <z

wola—1qilg2—1  gr_1lge—1
=D > D
1 2 3

In >, we consider g < 21/2 for which Brun-Titchmarsh inequality is ap-
plicable. Therefore

Yy YO .Y o

<y 1<z @<z qe<x
golqi—1qilga—1  qr_1lgx—1

< li(z)(C'loglog x)* log log log «
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In Y, we consider g > /2 for which 14(gi,) < (Cloglogx)* = H”.
We first note that the number of all K-chains ending at g equals 7x(qx).
Therefore, it follows that

<> > > 1@k(ar )l

Pz qo|Vr(p—1) gqrlp—1
qp>zt/?
T (qre) <H®

=> > 7w

p<z qlp—1
qe>wl/?
T (qe) <H®

< > mrla)w(wigr 1)

ap>zt/?
T (q) <HF

< li(z)(C'loglog x)*

Finally, in ", we consider g > 2'/2 for which 74(gx) > (C'loglog x)* = H*.
By the same reasoning, as in the previous case, Theorem (2.10) yields

Z<< Z T (qe) (75 qr, 1)
2

ap>at/?
i (qr) > H*
2 1/2 12
T \4
<| X 7 (a1) > am(w,q, 1)
<z U z1/2<q <z
i (qr)>HF
< (Cloglc;g :z:)k:z
log” x
[
Lemma 3.13. When y = (logz)?
L® « k%x(Cloglog )2k +1 RO < k2li(z)(C loglog m)ZkH.
log? = ’ log? =
Proof. Recall,
L =3" 3" (IQk(n,q0)| — 1) (3.20)
n=<w qoldx(n)
q0<y
R =" 3" (IQulp—1,q)|—1). (3:21)
<z qo|9x(p—1)
<y
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We first note that those pairs (n, go) for which |Qx(n,qo)| = 1 do not make
contribution to the sum L(?). We therefore consider those pairs (n,qp) for
which |Qx(n,qo)| > 2. In this case, we obviously have

|Qk(n7QO)’>

@)l - 1< (140

That is to say that, we obtain an upper bound for (3.20) and (3.21)(the
same argument works for this case), if we count number of distinct K-chains
starting at gy and ending at g with gg|n.

Let @ denote the set of distinct K-chain pairs. Define p;(n, g,) as follows

Let P1 = (qo,p1, p2---pk), P = (qo, P, P5-.-1),) € |Qr(n, q0)]
(P1, P2) € pi(n, qo) <= pi # p; and p; = pj; for j > i. (3.22)

It is obvious that j;(n, ¢o) N 11;(n, ¢o) = 0, unless i = j.

Therefore, if (P1, 2) € Q and P; # P, then 3i such that p;, # pj then if,
pj = p} for all j > g, then (P1, P2) € iy (n, o). If not choose smallest 41 such
that, p;, # pj,, then if p; = pf; for all for all j > i, then (P1, P2) € i, (n, o)-
Since P; and P, distinct, this process may not continue to the kth step.
Therefore, there is some 4,, such that, p; = p; for all j > i,,. Consequently

(P1, P) € p,, (n,q,) for some i, . (3.23)

By inclusion-exclusion principle we have the following inequality

QI <) tuiln, go). (3.24)

i<k

Substituting (3.24) in (3.20) we have

LO <Y " i(n,40) + pa(n, o)1, 46)

n<z  qo>y
qo|9%(n)

:M1+M2+...+Mk,

where M; = anx > q>y Hi(1, o)
qo|V%(n)
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We begin by evaluating Mj.

Obviously,
(n,q0) =Y _ Qrlgo,ar) Y Qu(o,4})
qkln qIn
4,74k
Therefore,
Me=>" > wn,q)
n<z o>y
qo0|Vx(n)
=Y > > Qrlgo,pr) Y Qulao. i)
n<z qo>yY piln qin
qo|9x (n) @ F

DD DD D IR D DD

> )

n<T qo2Y  qrqpln g, 114,14, _sla_1—1  qoldt—1 ar—1lar—1lgr—2lgr—1—1 qolgr—1

90[9%(n) g4 #q,

<x(Cloglogw)QZ Z Z #/

qk—14;,
02y qolq1—1  qr—2|qr—1—1 k=1
! !
‘15)“11_1 T—ol@f_1—1
402z g q-1<z

To evaluate further, we distinguish between two cases:

PR L S D S

q;._ _
qr—1>Y k—1 >q—1>y P g olgr_1—1 gr_slar_o—1
Qo_olh—1-14)_5la;,_o—1
gz ¢|<z q),_5< y<gp—1<z U1

@<z @<z T 3<x qr—2|qr—1—1
! !
wla—1 g, 3|qp_o—1_old,_1—

aplay—1 Q) _sla)_o—1

In (3.25) the condition gp > y implies gx—1 > y. Therefore we have

B2 (x
_ B (@

(3.25)

Gk-1 = qj_, and
Qk—1 7 qj_- In the first case let us consider the following sum

qolq1—1
qla;—1

Tqukl
22 X pk1pk1<< 2

Po=ypolpi—1  pr_2|pr_1— -1y
p/élp’l—l Phy_olPl_1— 1
pp1ise pho o pp_1<z
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and the case gx_1 # ¢}, can be read

Z Z Z ;,<<22(Cloglog;yc)2

qk—14;, _
qozyqolqll—l qr—2|qr—1—1 k=1
wlai—-1  q)_olg,_,—1
!
TNST g qe_1<z
Qk717é(I;€,1

1
qk—29;._
902>y qlgi—1  qr—2|gr—1—1 k=2

q?‘qa_l Q;Cfg‘qafz_l
aNST g o .qp—2<z

Finally, we have

M;, < 2(C'loglog z)?

Bl%—l(qj) 2 2 1
X T+2 (Cloglogx) (Z Z Z ﬁ)
902Y golqi—1  qr—2|qr—1—1 h28k—2

q9\(1’1—1 4 _sla,_o—1
MN=T g ,.qp—2<z

Applying the same methods to the last sums, we arrive at the following
inequality

ko 2j 2j 32
297(C'loglog x)¥ B; _.(x)
My <2y b

=1 Y
< (log log x)2k+1 k Cc%
y = 2k =2j +1)((k = j)!)?
< kx(Clog log 33)2’”1.

Y
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Similarly, if j < k

M;j = Z Z 115 (1, o)

n<z qo>y

S I YD D R

qk
02y qolar—1  qj-1]lg;—1gjlaj+1-1  qr—1lgp—1
Qla—1 ¢ ,ldi—1 gi+1<z <z
qllgw ngx
<z 7
N> qj'gl;
4G #q;

:x(Cloglogm)k*jZ Z . Z .

90>y qolgi—1  qj—1lg;—1
qwlai—1 qj_qlg;—1

a <z g <z
CE
a4 #4;

To evaluate further, we use the same method as evaluating My. Therefore
one has

)kij i (C'loglog m)ziB,z_i(x)
i=1 y
§(C'loglog x)k+i+!
, )

M; < x(Cloglogx

<

If we choose y = (log z)? it follows that

L(Z) < ]{72 (C IOg IOg x)2k+1
(log z)?
Since
YooY @b-1-1<) ] Y (Qln) - 1),
P< qo|9k (p—1) n<w goldy (n)

Therefore combining Lemma 2.12 and 2.13, we conclude that for almost all
n<ux
Tk(n) — w(Wx(n)) = o (loglog x)*+1/2),

and that, for almost all p < x

(p — 1) — w(Wi(p — 1)) = o((log log )*+1/2).
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It is now clear that, once again by Lemma 2.14, we have the following

.1 w(Vx(n)) — Ag(z) _ Do
zlinéoiﬁ {ngx | By(z) <a} = 2(a),
e ),

And finally considering Lemma 3.3 one has

0< ) (Wldr(n) = w@i(n) <Y (@(n) +w@(n)) + ... + w(Wk-1(n)))

n<x n<x
< Z To(n) + ...+ kal(n)
n<x
<k Z Tr—1(n)
n<x
Th—
<kzy -10) | o > m1(p)
g<z p p<z
< kxAg_1(z) + O(klogz) = o(kxBg(x)),
and that
Y (gelp—1) —w@r(p—1)) <k Y mha(p—1)
p<z p<lzx
=k Z Tk(p) (by Lemma 3.5 and 3.6)
p<z
1
< = 1)!7r(x)(10g log z)* = o(m(x) By (x)).
Therefore by Lemmas 2.12 and 2.13, Theorems 3.1 and 3.2 follows. O
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4 FErdos-Kac Theorem for J,

In this chapter, we generalize a theorem of Erdés and Pomerance [5] which
states

w(p(n —1/2(log log n)? U
“ )(ioglo/gé)iﬁi - = \/5} el .

ﬁ{nﬁxl

as & — 00.
More precisely we will show that

Theorem 4.1. Let k > 1 be fixed then for any real u one has

w(Jp(n)) — =~ (loglogn U
ﬁ{n = : kfl(lz:))(loglogfn;i’ﬂg - : \/3} ~ o) (#2)

as v — 00,
where Ji(n) denotes Jordan’s totient function defined as

= TJ0-
pln

Note that taking k = 1, we recover (4.1).

4.1 Preliminary Lemmas

Let A(n) ={a € Z/nZ|a* —1=0 (mod n )}
In this section, we will give several lemmas on the arithmetical structure of

A(n).
Lemma 4.2. §A(¢%) < 2k for all q.

Proof. Let us handle the case g # 2. We know that the group (Z/q“Z)*
cyclic for ¢ # 2. Let us suppose [ | ¢(¢“) and consider the equation

2! =1 (mod ¢%) (4.3)
#(@*)m
Let a be a primitive root (mod ¢%), then the elements of the form a a
for m = 0,1...1 — 1 are solutions to the equation (4.3).
Conversely, suppose b (mod ¢%) is a solution to the equation (4.3), then
there exists € (mod ¢%) such that

a® =b (mod ¢%),

which implies
le

a® =1 (mod ¢%),
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Since a is a primitive root, it follows that ¢(¢®) | l. Therefore one has

(6%
€= d)(ql)m for some m (mod ) .
Thus, there are exactly [ solutions of the equation (4.3), provided that

l|p(g®). Now suppose [ 1 ¢(q*) consider the equation

220") =1 (mod ¢%) (4.4)

If ¢ is a solution to the equation (4.3), then so is to the equation (4.4).

Conversely, suppose ¢ is a solution to the equation (4.4). Let (I, ¢(¢%)) = d.
Then, there exist integers x1 and xo such that

d = lz1 + ¢(¢”)z2. (4.5)

From the equation (4.4), it follows that
A =1 (mod ¢%).

If we can choose z1 in such way that (z1,#(¢%)) = 1, then it follows that
cd =1 (mod ¢%). Now the equation (4.5) is equivalent to the following

equation

l «a
1= Exl + gb(g )332,

whose solution set can be parametrized by the following formula

r=x1+ gb(g)t (4.6)
o by
Y =22 d

for all t € Z. 1t is clear from (4.6) that (z1, ‘b(zu)) = 1. Therefore by Dirich-
let’s theorem there are infinitely many primes in the arithmetic progression

?(q%)
d

T =x + t.

The desired result follows choosing one that does not divide ¢(¢*). Therefore
by the argument given in the beginning of the proof (I, #(¢%))|¢(¢%) so that
there are exactly (I, ¢(¢%)) < [ solutions to the equation (4.4). Hence The
proof is complete for the case ¢ # 2.

Now let us suppose ¢ =2 and a = 1, 2.

In both cases the group Z/2%Z is cyclic. Thus the above argument works.
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Suppose ¢ = 2, and « > 3 and notice that for any n( mod 2%) there are

wu( mod 2)
e( mod 2%72),
such that
n = (—1)"5° mod 2. (4.7)
Thus if n* = (—1)"5* = 1 mod 2% , then (since the expression (4.7) is
unique) one has
ku =0 mod 2
ke = 0 mod 2972

Obviously, if k£ is odd then, there is only one solution. If k£ is even say
k = 2Pd, where d is odd and 8 > 1, then

2% =0 mod 2

2%¢ = 0 mod 2%2
Now, suppose 8 > « — 2. in this case € and p can be chosen arbitrarily.
Consequently, there are 29~ choices in total. Therefore we have A(2%) < 2k.
Now, suppose < o — 2 in this case, p is arbitrary but there are 27 choices

for £ hence there 271! < 2k choices in total.
O

Lemma 4.3. fA(n) is a multiplicative function.

Proof. Suppose that (n,m) =1 and define the following function

7: A(nm) — A(n) x A(m)

a— (a (mod n) ,a (mod m) ),

which is obviously well-defined and one-to-one. Now by Chinese Remainder
Theorem, let x be the unique solution (mod nm) satisfying the following
system of linear congruences.

For any a € A(n) and b € A(m)

z = a(mod n),

x = b(mod m),
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then we have

2¥ = 1(mod n),

z* = 1(mod m).

In other words, nm|z* — 1 which proves that 7 is onto. Hence it follows that
gA(nm) = gA(n)gA(m). M

Remark 4.1. From the theory of Cyclotomic polynomials we have
oF —1 =[] @al=),

d|k

where ®4(x) is the d th cyclotomic polynomial which is irreducible(due to
Gauss). Therefore ¥ — 1 is the product of d(k) irreducible polynomials.
Moreover by Prime Ideal Theorem (2.4) it follows that

Z ﬁA@l) = d(k)loglogx + O(1).
q<z -
4.2 The Moments of Q(p* — 1)

In order to prove Theorem (4.1) we will proceed almost the same as the
previous section. We first define the following auxiliary function

h(n) =Y Q" - 1).
pln

Obviously h is strongly additive. To find the asymptotic behavior of the
functions A(x) and B(x), we first estimate the following sums

> a,0" 1)

p<w

do@ph -,

p<w

where €, (n) denotes number of prime powers ¢* dividing n such that ¢ < y.
Furthermore, for the possible improvements which will be mentioned at the
end of the chapter, we express the dependence of k in O-terms.

Theorem 4.4. if 3 <y < xk, then

> 0, (pF — 1) = d(k)r(2) loglogy + O(k

p<z

ogs) (4.8)
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Proof.

Zﬂy(pk—l)zz Z

p<z q<y p<x
pF=1(mod ¢%)

=0 > e+ D> )

q<y p<w p<x
pF=1(mod q%) pF=1(mod ¢%)
p=1(mod ¢%) p=q¢*—1(mod ¢%)
q<y leA(q p<zx
p=l(mod ¢%)
DD IEED VD DD
q<yleA(q) p<=z q<y leA(q®) p<z
p=l(mod q) p=l(mod ¢%)
a>2
=A1+ Ay

We first treat A; splitting the range of ¢ into two parts as follows

A1=ZZZ+ZZZ

g<min(y,r1/3)1€A(q)  p<z g>min(y,z1/3) I€A(q p<w
p=l(mod q) p l(mod ¢
=A] + AS.

Considering Remark (4.1) and Bombieri-Vinagradov theorem (2.7) it
follows that,

LSS VP OE- - S VI LR

g<min(y,z1/3) l€A(q o(q) g<min(y,z1/3) l€A(q

= m(x) Z 24l 1) +0 |k Z max (m(x;q,1) — @) ,

r<mintaal/) J<minmat/) PO ?(q)
= d(k)m(x)loglogy + O(km(x)). (4.9)
and that
Ay= > Y Y <> D <kn(a). (4.10)
g>min(y,zl/3)1€A(q)  p<= P=T glpk—1
p=l(mod q) >axl/3

We now invoke Remark 4.1 and split the sum As into two sums,
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)IED D IR IED DY (4.10)

<y 1€A(q™) p<z <y 1€A(q™) p<z
q*<z1/3 p=l(mod ¢%) go>g1/3 p=l(mod ¢%)
a>2 a>2

ZttA)ZﬁA

q<y q<y
qa<z1/3 q >£E1/3
a>2 a>2
< k(m(x) + 2°/9)
< kn(z) (4.12)

In (4.11), for the first sum we used Brun-Titchmarsh inequality and for the
second sum we used the trivial estimate.
Therefore combining (4.9), (4.10) and (4.12), the desired result follows. [

Theorem 4.5. if 3 <y < zF then,

> Q2(pF 1) = d*(k)r(x)(loglog y)* + O(k*r(x) log log y)

p<x
Proof.

2/, k _
DW= >
p<z p<z qf‘1|pk—1

52 |pF -1,
q1,92<y

= Z Z +0(d (z)loglogy)

91,925y ¢ [pF—1
Q17#q2 qu|pk71,

p<zx

= Z Z Z Z +0(d (z)loglogy)

91,025Y g1 [pF—1 91,025y g |pF—1
BFGQ gk DTG 52 |pk—1

p<z p<lzx
ajaz>1
= P14 B2 + O(d(k)m(z) loglog y) (4.13)

as before, we split the sum (7 into two sums.

D D D D ED DD D

q1,q2<min(y,z'/6) I€A(q1g2) p=l(mod q1g2) 9112 l€A(qiq2) p l(mod q192)
q1¢q2 pS;p q1 #QQ p T

= f1+ By
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Hence, by Bombieri-Vinagradov theorem (2.7), Prime-Ideal theorem (2.4)
and Remark (4.1) one has

T
D VR DI _qﬁ(q(lq)z))
q17q2§min(y,x1/6) l€A(q192) p=l(mod q1g2)
n17#q2 P<I

LD DD

q1,92<min(y,z1/6) l€A(q192)
Q1742
Z ﬁA(QUH)

-1 1
QI7Q2<m1n(y z1/6) (QI )(QQ )

¢ q1G2)

=m(z)

q17q2
vor max(x(z, quap, 1) — 2
q1q2<x1/3 (Larg2)=1) ?(q142)
2
AN oga())
q<m1ny:1;1/6 9
—=d?(k)m(z)(oglogy)? + O(k*n(x), d(k)m(x) loglog y). (4.14)

In the sum [, there are 3 main cases either q1,q2 > min(y,a:l/G) or
q1 > min(y,z'/%) and g < min(y,z%%) or i < min(y,z'/%) and ¢, >
min(y, z'/%). In the first case,

)OEED S NP I

q1,q2>min(y,zY/%) q1g2|pF -1 qrga>x'/® qrga|pF -1
q1#q2 p<z q17q2 p<z

=2 2

PST gy qalpF—1
q1,q2>x/6

< k*r(x) (4.15)

In the second case(which is symmetric with the third),

Z Z < Z Z Z < k*n(x)loglogy

q>min(y,z/%) qrgalpF 1 PST  qufpF-1 ga2lp*—1
q2<min(y,z1/6) Pz ¢1>min(y,z1/%) go<min(y,z1/6)
QFq

The sum fs is similarly shown to be

Be < K*m(x). (4.16)
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Therefore combining (4.13), (4.14), (4.15) and (4.16) the desired result fol-
lows.

OJ
Theorem 4.6. if 3 <y < zF then,
1. Z Q0" -1 =d(k)(loglog z loglogy — §(log log y)*)+
p
p<z
+ O(klog kloglog x),
2/, k

2. Q,(p" — 1) 2

3 — = =d*(k)(loglog s(loglogy)* — S(loglogy)*)

p<z
+ O(k?log kloglog zloglog ).

Proof. (1)
Q1) Tpea W~ 1) [ )
=— + — > Q" —-1)dt
L 2 pk -1 Y1
_ 2y )+/ t—QZQy(p’“—l)dt
v 2 p<t
1

p<t

d(k)loglogy k /y 1 k
= O — Q — 1)dt
log x + log © + 5 12 Z (P )

p<t
71
+/y t—QZQy(pk—l)dt

p<t
1
:d(k:)i(log logy)? + O(klog k log log )
1
+/y = >, - 1)at (4.17)

p<t

In order to evaluate the last integral suppose y < x then,

1
/ 2 Z Q,(p"—1)dt = d(k)(loglog z loglog y—(loglog y)?)+O(klog log ).

Y p<t
(4.18)
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and if x <y < xk then,

/ ZQ (p* — 1)dt =d(k)(loglog z loglog y — (loglogy)?)

p<t
+ O(|loglog z — log log y|)
=d(k)(loglog zlog log y — (loglog y)?) + O(klog k).
(4.19)
Combining (4.17) and (4.18) and (4.19) result follows. O
Proof. (2)

Q2" —1)  d2(k)loglogy k?loglogy
5 = Q2(p* —1)d
Z log +0 < log x ) / 2 Z v*

p<z p p<t

=d(k)(log log z(log log y)* — g(log log y)?

T k2 Y loglogt
O ( logl dt ) 4+ O ( k? dt
+ <0g0gy/y tlogt )+ ( /2 tlogt )

(4.20)
In fact the first error term is at most
T k‘2
loglogy / dt < k*loglogy(|loglogz — loglogy|)
y tlogt
< k?log kloglog yloglog z, (4.21)

and the second error term is at most

Y logl
2 / ‘;gl ‘;i Lt < K(loglogy)? < K logkloglogyloglogz.  (4.22)
2 O,

Combining (4.20), (4.21) and (4.22) the desired result follows. O

4.3 The Distribution of Q(p* — 1)

In this section, we deduce the following theorem which will almost complete
the proof of Theorem (3.1)

h(n) — dlk )(loglog z)? u
ﬁ{n =7l d(k‘)(loglogsﬂ)3/2 =73

} ~zP(u)asx — oo . (4.23)

To accomplish this let us take y = z¥ in Theorems (4.4) and (4.5) then we
have,
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Z(Q(pk — 1) —d(k)(loglog ))? <}, m(x) loglog x (4.24)

p<w

Therefore (4.23) follows, if we show that

20k
> Ko=) o(B(z)). (4.25)

p<z p

Q(pF-1)>eB(x)
To do this, we define the following function:

1 ifQ(pF —1) > eB(x)
a(p) = { 0 otherwise.

By (4.24) we have

Z (Q(p* — 1) — d(k)(loglog x))? <}, m(x)loglog .

p<z
Q(pk—1)>eB(x)

For a fixed € > 0, It follows that
Z (eB(z) — d(k)(loglog x))? < m(x)loglog . (4.26)
p<x
Q(pF—1)>eB(z)
Therefore we have for x > z¢(k, €),
Z alp) < (”(x)

5-
= loglog x)

Lemma 4.7. The sum Epggg @ converges.

Proof. By partial summation

> o) ! - / ' ! da
=p log z(log log x)? 5 wlogz(loglogx)?
1 1

< log z(loglogz)2  loglogx

2

< 0.
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Now by Cauchy-Schwarz inequality one has

1/2 1/2

k _ a 4.k
Sap T D < () (S EE )

p<z p<w p<w

By Lemma 3.7 the first sum on RHS converges and by similar methods one
can show that

a0k
Z -1 < (loglog x)® = o(B*(2)).

p<z p

We therefore have shown that (4.23) indeed holds. We now attempt to
replace h(n) by Q(Jx(n)). First notice that the function defined by

F(n) = Q(Jx(n)) — h(n)

is additive. Therefore Turan-Kubilius inequality can be applied to the func-
tion F'(n) with

a 2(
B = Y 0 (1—1> and Bi(r) = 3 L)

e P p

p*<z po<z

To see that both Bj(z) and Bs(x) remain bounded as z — oo

B« Y Qp* —1) — 0@t - 1)

p*<z pe
a—1
<>
p*<z p
a>2
a—1
S Bp I
p<z a>2
1 a—1
IS
p<z a>2
1
<Y 5 =0(1)
péxp
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similarly

The last inequality follows by differentiating the following identity

242224323+ . +n = 5 for |z| < 1.

z
(1-2z)
Therefore, one has

> (h(n) = Q(n)? < Y (h(n) = QJk(n)) = Bi(2))* + Y Bi(2)* <

n<x n<x n<lx

For a fixed ¢ > 0, it follows that for almost all n < x we have
|h(n) — Q(Ji(n))| < e(loglog z)®/2.

Therefore, by Theorem (2.14) we may replace h(n) by Q(Jx(n)).

Finally, we want to replace (Jx(n)) by w(Ji(n)). To do this, once again
we will make use of Turan-Kubilius inequality (2.11). Let us take y =
(loglog )2, then the function Q, is additive. Let us consider the following
function:

B = 32 M (1)

p*<z
_ Z (a— 1Dk +Q,0p" 1) <1_1>
poce pe P
3l =)
p<x p

kla—1)+Q(p* — 1 Ela—1)+Q((p* -1
vo| S MoV oY) | g~ Ko )+ 90k - )
p*<z p p*<z
a>2
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Now suppose n = pi'py?...p5», then

Q(n) =7ry+re...+13

On the other hand
n > 21"1+7‘2...+7’n

it follows that
ry+ra... + 1y < logn.

Therefore, one has Q(n) < logn, for all n € N.-When n = p* — 1, one has
Qp* — 1) < klogp.

Using the above argument and by similar methods in which Turan-Kubilius
inequality previously is applied, it follows that the error term in (4.28) < k.
And the function,

V= 3 B0

p*<z p®
02 (pk —1 Q2 (i (p®
p<w p p*<z p

a>2

Using similar arguments it follows that the error term in (4.29) < k2.
With the choice of y = (loglog )2, we have the following inequality

> (2 (Jk(n) — Ey())* < 2Dy (x),

n<x
with
Ey(x) = d(k)loglog x log log log log z 4+ O(k log k log log x)
D;(x) = d(k) loglog z(log log log log z:)* 4+ O(k? log k log  log z log log log log ).

Using the inequality (a + b)? < a? + b?, we have

Z (Qy(Jx(n)) — d(k) loglog x log log log log z)?

n<x

< zd*(k)loglog z(log log log log x)?.
Now let S be the set of integers satisfying

Qy(Jg(n)) > 2d(k)loglog x loglog loglog x,
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then the density of S is at most

Y < = ola)
— ——— =o(x).
T loglog x

n<x
nes

Therefore, for almost all n < x we have
Qy(Jr(n)) < 2d(k)loglog x loglogloglog x
and that,
Qy(Je(n)) — wy(Jr(n)) < 2d(k)loglog zloglogloglog x. (4.30)

Now our aim is to show that the following equality holds for almost all
integers n < x

Q(Jk(n)) = Qy(Jr(n)) = w(Jk(n)) = wy(Jr(n)). (4.31)
First of all notice that there are two main cases
1. if ¢*|Jk(n) then ¢?|Jx(p{") for some p{'|n,
2. if ¢?|Jx(n) then q|Jx(p}') and gq|Ji(p5?) for some distinct p{*|n and
5% |n.

1)k

Suppose that 2| Ji(p{") which implies either q2|pga or ¢?|pk — 1,

If ¢ |p1 , then it follows that, ¢?|n
In this case the number of integers divisible by a square of a prime > y is
at most

>y

If ¢%|p} — 1, then the number of integers having prime factor p; such that
q2|plf — 1 with ¢ > y is at most

DDIEE DD D D

9>Y ¢2|pk— 1 9>y leA(qd) p<w a
p<z p=l(mod q)
loglog x lo
<X ¥ GEEEs o (25)
9>y leA(q?) q 1
log q
2 2
<k xloglogng +k xz =
q>y q>y

2 2
o (Hmlonr ) o (E2) )
yloglogy y
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Suppose py, p2 such that p|J,(p]") and p|Ji(p5?) for some distinct p{* |n
and p5?|n In this case,

g™k - 1)
alps> (pk — 1)

If ¢ = p1, then ¢?|n and ¢|(p5 — 1), then the number of all such integers
is at most,

>y

if g|(pf — 1) and q|(p§ — 1), then the number such n < x is at most

DID MY Z
>Y q|(ph I)qq >Y g|(pk—1)
al(p5 1) e

Piﬁm
1 2
@Y ¥ b
9>y 1€ A(q) p1=l(mod q) 1
P1<96

log 1 1
<<£Ek32 Z( oglogT +O( OgQ))Q
>y q q

1 log p)?
<zk?(loglog z)? Z pe + O(zk? Z (pﬁ))
a>y >y

P1p2

<ak? log log x +wk210glogx — ofz)
yloglogy Y

Therefore combining (4.30) and (4.31), the desired result follows.
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5 Concluding Remarks

1. It would be fruitful to investigate, if one can take k as an increasing
function of z in Theorem 4.1.

2. It is also probable to combine Theorems (4.1) and (3.1) to deduce that
the function w(JJ"(n)) where Ji"(n) = J;" !(Jx(n)) obeys a normal
law, if one estimates the sums of the form

) SED DD DD

PO=Z po|ph—1p1|p5—1po|pk—1  Pm—1lpk,—1

3. Another variation of Theorem (3.1) may be given for the function
w(p(n) —1), where p(n) denotes the least prime divisor of n, provided
that one has a powerful analogue of the sieve of Eratosthenes. Since
it provides asymptotic formula for the number of integers having the
least prime divisor p for a poor range of p(for instance p < log x). For
the present case we are capable of proving

> w(p(n) — 1) < z(loglog z)”

n<x

using the sieve of Selberg.
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