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Abstract

This thesis formulates a cash-in-advance model with two agents differing in terms of
productivity levels, time-preferences and availability of credit production technology.
The heterogeneity of the agents allows them to engage in trade in the factor and the
goods markets, and a monetary equilibrium is achieved for deflation rates within a range
determined by agents’ time-preferences. We examine how the changes in the monetary
transfers made by the government to the agents under various degrees of cash-constraints
affect the equilibrium. We show that the equilibrium levels are only affected by the
changes in the monetary transfers made to the less productive agent. Both the direc-
tion and the size of this effect are shown to depend on the degrees of cash-constraints.
Additionally, the analysis yields different results depending on the range from which

monetary transfer levels are chosen.

Keywords: Cash constraint, cash-in-advance, inflation, monetary transfer.



Ozet

Bu tezde, birbirlerinden iiretkenlik diizeyi, zaman tercihi ve kredi iiretim teknolojisinin
bulunurlugu agilarindan farklilik gosteren iki ajanin yer aldigi bir pesin para modeli
formiile edilmistir. Ajanlarin heterojenligi, faktor ve mal piyasalarinda birbirleriyle
aligverigte bulunmalarina olanak saglamaktadir. Ajanlarin zaman tercihleri tarafindan
belirlenen bir araliktaki deflasyon oranlar: icin parasal denge kurulmustur. Hiikiimet
tarafindan ajanlara yapilan parasal aktarimlarin gesitli para kisit1 dereceleri altinda
dengeyi ne sekilde etkiledigi incelenmigtir. Denge diizeylerinin sadece daha az iiretken
olan ajana yapilan parasal aktarimlardan etkilendigi; bu etkinin hem yoniiniin, hem de
biiyiikliiglintin para kisitlarinin derecesine bagh oldugu gosterilmistir. Ek olarak, parasal
aktarim diizeylerinin secildigi araliga bagh olarak, yapilan analizin sonuglar farkliliklar

gostermektedir.

Anahtar Kelimeler: Enflasyon, para kisiti, parasal transfer, pesin para.



Acknowledgements

I would like to thank my advisor, Ismail Saglam, for guiding and encouraging me
during my thesis writing process. It would be impossible to write this thesis without

his continuous support.

I am thankful to Sumru Altug and Kamil Yilmaz for serving in my thesis com-

mittee.

Many thanks to Kog¢ University, particularly to the Graduate School of Social

Sciences and Humanities, for providing an excellent environment for my thesis studies.

Lastly, I am grateful to TUBITAK for funding my studies during the two years
I spent at Kog University.



Contents

Abstract iii
Ozet iv
Acknowledgements v
List of Tables viii
Abbreviations ix
1 Introduction 1
2 The Model 8
2.1 The Environment . . . . . . . .. . L L 8
2.2 Money and Government . . . . . ... oL oL 10
2.3 Transactions . . . . . . . . . 11
2.4 Agents’ Problems . . . . . . . .. 13
3 Equilibrium 16
3.1 Equilibrium Conditions . . . . . . . .. .. ... 16
3.2 Detrending . . . . . . .. 18
4 Numerical Analysis 20
4.1 Parameter Values . . . . . . . . . ..o 20
4.2 Results. . . . . . e 21
5 Conclusion 26
6 References 30
A Agents’ Optimization Problems 34
B Monetary Equilibrium 40

vi



Contents

vii

C Labor Market Clearing

D Tables

42

44



List of Tables

D.1

D.2
D.3
D.4
D.5
D.6
D.7
D.8
D.9

Effect of Monetary Transfer on the Degree of Cash Constraint on the

Goods Market . . . . . . ... 44
Effect of Monetary Transfer on Total Output . . . .. .. .. .. .. ... 44
Effect of Monetary Transfer on Agent 1’s Output . . . . . ... ... ... 45
Effect of Monetary Transfer on Agent 2’s Output . . . . . ... ... ... 45
Effect of Monetary Transfer on the Time Agent 1 Spends on Leisure . . . 45
Effect of Monetary Transfer on the Time Agent 2 Spends on Leisure . . . 45
Effect of Monetary Transfer on the Amount of Goods Traded . . . . . . . 46
Effect of Monetary Transfer on the Amount of Labor Traded . . . . . .. 46
Effect of Monetary Transfer on the Amount of Capital Traded . . . . . . . 46

D.10 Effect of Monetary Transfer on the Division of Capital Between Sectors

for Agent 1 . . . . . .. 46

viii



Abbreviations

MIU
CIA
OLG
IES

Money in the Utility
Cash in Advance
Overlapping Generations

Intertemporal Elasticity of Substitution

ix



Chapter 1

Introduction

Economic models are abstractions, and hence they might exclude important aspects
of the real economy. How to incorporate money, an important element of our daily
lives and economic activities, into economic models has been an important topic for
economists. The number and extent of the studies within macroeconomics which deal

with monetary phenomena have led to a subfield named “monetary economics”.

Monetary economists have mainly made use of four different kinds of models in
order to examine the role and effects of money. Sidrauski (1967) formulated “money-
in-the-utility function” (as known as “MIU function” or “Sidrauski”) model, in which
an agent would derive utility not only from the consumption she makes, but also
from the real money she holds. By utilizing MIU function models, Fischer (1983)
studied the government regulation of banks, Sargent and Wallace (1981) investigated
the coordination of monetary and fiscal policy, and Wallace (1983) examined inferior
rates of return on government supplied currencies. Despite the growing popularity of
attributing utility to real money balances in order to incorporate money into economic
models, money did not play any of its traditional roles such as being medium of

exchange, store of value or unit of account in these models.

Clower (1967) proposed an alternative method addressing the microfoundations
of a monetary economy. Unlike traditional non-monetary models, which allow agents
in the economy to trade with each other “quid pro quo” (in-kind payments for previous

purchases made after production takes place), he introduced money as the medium

1
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of exchange. As in the real life, an agent who would like to make a purchase would
pay the necessary amount with money, hence her transactions were subject to financial
constraints determined by the amount of money she held. Such constraints were named
“cash-in-advance” (CIA) or “Clower” constraints, and such models are referred as
“cash-in-advance” (CIA) models as the agents in the economy are required to make
their purchases of factors of production in cash before the production takes place. Lucas
(1980, 1982) and Stockman (1981) pioneered the use of CIA models for understanding
the monetary phenomena. Cooley and Hansen (1989) initiated a vein of studies which
made use of such models for quantitative analysis. A shortcoming of this class of
models is the fact that they are prone to get complicated by the inclusion of additional

cash-in-advance constraints as additional transactions are incorporated into the models.

An alternative environment for studying monetary economics stemmed from an
article written by Samuelson (1956). Unlike prevalent micro-founded macro models,
instead of laboring infinitely-lived agents, Samuelson modeled finitely-lived economic
agents, and allowed agents at different ages to live at the same time. Due to the
coexistence of different generations, such models were given the name “Overlapping
Generations” (OLG) models. In Samuelson’s economy, young and middle-aged agents
were working, but they were not able to carry goods over into their retirement
years. By the introduction of money into the system, young and middle-aged agents
were able to convert their products into money, which they could convert back into
goods in their retirement years. As Jevons (1875) stated, trade between agents is a
“double-coincidence of wants problem”. Since the desire of younger generations for
selling goods and gaining money coincides with older generations’ desire for giving
money away in return for obtaining goods, intergenerational trade, which would not be

possible without money, normally takes place in the OLG models.

Although the roots of monetary OLG models can be traced back to Samuelson
(1956), it was mostly Lucas (1972) and Wallace (1980) who pioneered elaborate
examination of them. Lucas (1972) studied the systemic relation between the rate
of change in nominal prices and the level of real output in a business cycle context.
Wallace (1980), on the other hand, investigated fiat-money related topics such as
the efficiency of fiat and commodity money systems, fiat money financed deficits,

and country-specific fiat money. One criticism which has arisen for OLG models is
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that money basically serves as the store-of-value in such models and is modeled in

a way in which its medium-of-exchange property is clouded by its store-of-value property.

The last method used by economists in order to model monetary economies bor-
rows from the search theory, which was popularized by labor economists, and focuses
on randomly meeting agents. Once again, if “double-coincidence of wants” is present,
economic activity takes place. For monetary economies, economic activity corresponds
to selling/purchasing of goods in return for money. Similar to cash-in-advance models,
search-theoretic approach emphasizes the medium-of-exchange role of money. Kiyotaki
and Wright (1989, 1993) worked on such search-theoretic models, examined the
equilibria in which fiat currency circulates as the general medium-of-exchange, and
showed the welfare improvements of introducing fiat currency into a commodity money
economy. The basic search-theoretic model of money was extended by Trejos and
Wright (1995) and by Shi (1995) to allow for divisible commodities. Further studies
were conducted by Molico (1997) to allow for divisible money and by Williamson and

Wright (1994) to examine the effects of informational frictions.

Quantity theory of money tells us that inflation is a monetary phenomenon, and
a change in money supply would be reflected in inflation. Therefore, once a monetary
economy is modeled, a natural question for an economist to ask is what the effects
of inflation on output and growth are. Many empirical studies have been conducted
in order to answer this question, but the evidence found is rather ambiguous. On
the one hand, Gillman et al. (2004) conducting an international panel data study
and Fountas et al. (2006) working with international G7 time series found that
inflation has a negative effect on output. On the other hand, Bruno and Easterly
(1998) working on a 5-year average or annual data across countries could not find a
robust relationship. Furthermore, working with developed countries, Mankiw (1989)
found out a positive relationship at cyclical frequencies. In the same strand of
literature, Boyd and Smith (1998) pointed to a problem that having less developed
financial systems and less opportunities for obtaining credits, developing countries
are more vulnerable to the effects of inflation. Additionally, since the degrees of
liquidity constraints are affected by credits, Boyd and Smith (1998) claim that not
only the existence of credits in the economy, but also the difference between firms and

consumers in terms of obtaining credits play a role on determining the effects of inflation.
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As for theoretical modeling, among the four aforementioned classes of monetary
economies, the focus of this paper will be on cash-in-advance models. As stated previ-
ously, cash-in-advance models emphasize the most important role of money, serving as a
medium of exchange, and provide a convenient environment for adding new features into

the economy in order to make it more realistic and rich enough to study various problems.

One of the pioneering works in this literature, Stockman (1981), modeled the
economy with equal CIA constraints for both consumption and investment, and reached
the conclusion that there is a negative long-run relationship between output and
inflation as advocated by Friedman (1977). This result opposes the results of an earlier
CIA study done by Lucas (1980), in which with CIA constraint being only applied to
consumption, the long-run neutrality of inflation was shown. Another study assuming
CIA constraints both on consumption and investment, Abel (1985), further found out
that as a result of this double implementation of CIA constraints, money is effective on

the speed of adjustment between steady states as well.

Both Stockman (1981) and Abel (1985) assumed that the degree of CIA con-
straints on investment relative consumption equals to ‘one’. However in reality, one of
these activities might have tighter liquidity constraints than the other. Wang and Yip
(1992), Palivos et al. (1993) and Chang and Tsai (2003) worked with models in which
the degree of CIA constraints on investment relative consumption is less than ‘one’.
However, Lu et al. (2011) advocates that the degree of CIA constraints on investment
relative consumption might also be greater than ‘one’. Especially, the availability
of credit production, and the specifics of who can attain credit, play a role in the

determination of relative tightness of liquidity constraints of different activities.

The approach taken by Lu et al. (2011), namely allowing the degree of CIA
constraints on investment relative to consumption to be greater than ‘one’ and
endogenizing the degree of CIA constraint on consumption by incorporating a credit
production function into the model, leads them to unorthodox results. By examining
the effects of a permanent rise in the growth rate of money, they show that depending on
whether the degree of CIA constraints on investment relative consumption is greater or

less than the unity, the relationship between inflation and output might change direction.
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According to Lu et al. (2011), the increase in the growth rate of money affects
the output through three channels. Firstly, due to the increase in inflation, the agent of
consideration will increase the production of credit, which will relax the CTA constraint
on consumption. As a result, real balances available for investment increases, hence
the capital stock increases (positive capital stock effect). Large (small) degrees of
CIA constraint on investment result in larger (smaller) increases in the capital stock.
Secondly, increasing demand for credit causes more capital to be allocated to credit
production (negative capital reallocation effect). Lastly, labor displays an ambiguous
behavior. Since it complements capital, large degrees of CIA constraint on investment
result in increases in the labor supply as well as the capital stock in the goods sector.
On the other hand, small degrees of CIA constraint on investment might decrease labor
supply in goods sector as more capital is allocated to credit production and capital stock
allocated to goods production decreases. Therefore, a large degree of CIA constraint
on investment will create a large positive capital stock effect, and an accompanying
positive labor supply effect. Additionally, a large negative capital reallocation effect on
output will be observed. The final result on output depends on the interaction of these

three channels.

The positive capital stock effect and labor supply effect on output are dominated
by the negative capital reallocation effect when the degree of CIA constraints on
investment is smaller than the degree of CIA constraints on consumption, resulting in
lower output due to the increase in money growth rate. On the other hand, if the degree
of CIA constraints on investment is greater than the degree of CIA constraints on
consumption, the positive capital stock effect and positive labor supply effect dominate
the negative capital reallocation effect, resulting in higher output due to the increase in

money growth rate.

As modern macroeconomics is based on micro foundations, in all these CIA models, the
functioning of the economy is studied through examining the behaviors of homogeneous
households represented by a single agent. Fuerst (1992) described these homogeneous
households as entities formed by household members engaging in different economic
activities, such as consumption, investment or labor supply. Yet, this homogeneity

assumption is an unrealistic one, and it is possible to obtain a more realistic setup by
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incorporating heterogeneity into the models. In such a route, Baggt and Saglam (2005)
study the optimal money growth policy in a cash-in-advance setting in which two agents
differing in patience levels and know-how interact with each other. In their model,
the only factor of production is labor. Since the agents are heterogeneous in terms of
know-how, hence in terms of productivity, it is more profitable for both agents if less
productive agent sells its labor to the more productive agent, and buys goods from her
at the end of the production process instead of engaging in goods production by herself.
In equilibrium, all the money in the economy is held by the more productive type. As
a result of their study, Bagg and Saglam (2005) find that some of the conventional
results in monetary economics are subject to restrictions when agents in the economy

are heterogeneous.

In this paper, we build a new environment to study an old topic, namely the
role of monetary transfers, hence inflation, on output and on other key elements of
the economy. The model to be constructed is a monetary model with cash-in-advance
constraints, and includes crucial elements of Baggi and Saglam (2005) and Lu et al.
(2011). We follow the distinctive approach of Baggi and Saglam (2005) by making
use of two heterogeneous agents, instead of a single representative agent, in order to
obtain a representative economy. In addition to the labor and the goods markets in
Baggr and Saglam (2005), our model also accommodates a capital market. Due to
their heterogeneity in productivity, agents engage in trade in these three markets:
First in the capital market, then in the labor market, and lastly in the goods market.
Bagg and Saglam (2003), utilizing a similar environment with the exception of the
capital market, showed that the sequencing of markets affects the equilibrium prices
and allocations. Therefore, our choice of sequencing of markets are also likely to have
an effect on our results. After setting up our model of a two-agent cash-constrained
economy, we examine the effect of monetary transfers on the economy for varying
degrees of cash-constraints as Lu et al. (2011) does in a single representative agent
economy context. In Lu et al. (2011), the monetary transfer to the representative agent
is the sole determinant of the inflation level. In our model, on the other hand, there
are two agents, and the two separate levels of monetary transfers made to these agents

together determine the inflation level.

Following chapters will first describe the model economy, and then will state the
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agents’ problems and equilibrium conditions. Since the model contains monetary terms,
and these terms follow the behavior of inflation rather than staying constant in the
equilibrium, we need to transform nominal variables into real variables by detrending
them in order to obtain a steady-state equilibrium. After getting the conditions for
a steady-state equilibrium, we will analyze the features of the model. However, the
nature of the economy we study makes analytical examination of the equilibrium quite
cumbersome. Nonetheless, numerical analysis techniques allow us to find numerical
answers to our questions. After reporting the results of numerical analyses, we conclude
the paper by highlighting our main findings and discussing topics which might be

interesting for future work.



Chapter 2

The Model

2.1 The Environment

The economy we model involves two inifinitely-lived agents indexed by the subscript
i = 1,2. Time is indexed by t = 0,1,.... There are two factors of production, labor
and capital. Produced goods can be either consumed or invested in capital stock.
In addition to consumption, both agents also value leisure. T?oerefore, agents try to
maximize their life-time discounted utilities represented by Zﬁfui(ciyt,xi,t) where
Bi € (0,1) is the discount factor, ¢;; is period-t consumption,tj:it is period-t leisure,
and wu;(c;t, z;+) is the instantaneous utility function of each type i agent. The utility is
assumed to be strictly increasing and strictly concave in consumption and leisure; i.e.,
82ui(ci,xi)/8c? < 0 < Jui(ci,x3)/0c; and 82ui(ci,xi)/8x? < 0 < Qui(ci, x)/0z; for all
¢, x; > 0. In order to simplify the analysis, we will assume the following form for the
utility function in which utility is assumed to be separable in consumption and leisure:
wi(Cig, Tig) = (cil’t_" -1)/1—-0)+ x(:c}jt_E —1)/(1 — ¢) where 1/0 is intertemporal
elasticity of substitution (IES) for consumption, 1/¢ is the IES for leisure, and x is the

coefficient serving to differentiate the utilities derived from leisure and consumption.

Each agent is endowed with an initial level of capital, k;p, and with one unit of
time. While both agents have goods production technology and spend the fraction [
of their time on goods production, unlike agent 2, agent 1 also has credit production

technology and spends the fraction n of her time on credit production. The remaining
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parts of their time endowment, z1; = 1—1;1;—n14 and z2; = 112, denote the fraction
of time spent on leisure. In addition to deciding how to allocate labor between different
activities, agent 1 should also decide how to allocate her capital as she produces in two
sectors. Let us denote the capital used by agent 4 in goods production as ky, ,, and the

capital used in credit production as ky, .

The nature of the two-agent model allows the agents to trade factors of produc-
tion among each other. k:;,’t and [], denote the amount of capital and labor traded
respectively by agent ¢ at time ¢. A negative number indicates that agent 7 is a seller
whereas a positive number indicates that she is a buyer of the respective factor of
production. Therefore, the amounts of capital and labor which will be used for each
agent’s goods production are determined only after the trade in the capital and the

labor markets takes place.

The goods production function, y;; = f(kyi,t7k‘7y-it7li,t?l’z:t)7 is strictly increas-
ing and strictly concave in its arguments. In order to simplify our analysis, we
will assume that the production function is of the following Cobb-Douglas form

f(kyi,t7 k;in? li’t, Zt) = Ai(kyi,t + k;th)al (li,t + l;:t)a27 Where A'L > 0 and O < 0617 062 < 1

Once the production takes place, the agents can also trade goods, and determine
the amount of goods they have at the end of the period. The amount of goods
traded are denoted by ¢;;, and as before, a negative number means that agent 7 is
a seller whereas a positive number indicates that she is a buyer of goods. After the
goods trade takes place and final amount of goods each agent holds is determined,

the agents decide how to split the goods they have between consumption and investment.

All three markets in which trade takes place, namely, labor, capital and goods
markets, are subject to cash-in-advance constraints. ®; and ®; denote the degree of
CIA constraints in the labor and the capital markets, respectively. When a purchase
is made in the labor (capital) market, the fraction ®; (®x) of the purchase must be
paid in money whereas the remaining fraction 1 — ®; (1 — ®) is paid in-kind after the
goods production takes place. On the other hand, the degree of CIA constraint on the
goods market, ®,, is endogenously determined in the system due to the existence of

credit production technology. Similar to the labor and the capital markets, ®,, denotes
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the fraction of a purchase made in the goods market, which must be paid in money.
However, 1 — ®, of the purchase is paid in credit. We can therefore define credit as the

fraction of good purchases which is not paid in money; i.e., d = (1 — @4, )q1:. We

model the credit production function as Gillman and Kejak (2005, 2009) suggest:

de = 1B (ka,/a14) " (nig/q)?, B>0, 0<y1,7%2<1, m+72 <1

The credit production function exhibits constant returns to scale in its three factors,
capital and labor used for credit production and the amount of goods traded. Due to
the condition 1 + 2 < 1, the marginal cost of the credit supply per unit of traded good
increases, meaning that credit production becomes more costly as more goods are traded
between agents. Combining d; = (1 — @4, ,)q1,+ and dy = q1 B (k:dl’t/ql,t)71 (n1e/q1e)™
results in @, , =1 - B (kdu/qu)% (n1+/q1)", which means that endogenously de-
termined degree of CIA constraint on the goods market is increasing in the amount of

goods traded while decreasing in capital and labor used for credit production.

2.2 Money and Government

M+ and M ; denote the amount of money held by agent 1 and agent 2 at the beginning
of period t. The total amount of money in the economy is equal to the sum of the
amounts held by agents, M; = M+ Ms;. The total money stock evolves, for all £ > 0,
according to

Mt+1 = (1 +£)Mt, with f > —1,

which is fully anticipated by both type of agents in the economy. The money growth
targeted by the government is achieved by lump-sum monetary transfers to the agents.
If a negative money growth rate is targeted, then a money tax is imposed on agents.
For the sake of simplicity, we will use the term “monetary transfer”, but there will be
times in which we actually refer to “money tax” as it will be the agent transferring
her money to the government rather than the opposite. 71 M; and 79 M; denote the
amount of monetary transfers at period ¢ made to agent 1 and agent 2, respectively,
and the sum of these transfers is equal to the change in the total money supply, £ M, at
this period. Therefore, the evolution of money stock depends on two components, the

amount of transfers to agent 1 and agent 2, as expressed by the equation 7 + 75 = &.



Chapter 2. The Model 11

In our model, we will study a special case in which both agents are subject to
monetary transfers during the period, but as a result of agents’ transactions, all money
is held by agent 2 at the end of the period. In consistence with this setting, initial
money level of agent 1 is set equal to M;; = 0, and initial money level of agent 2 is

what determines the initial money stock in the economy, M>1 = M;.

2.3 Transactions

As the environment, and the evolution of money in this environment is specified, we can

describe the transactions the agents engage in.

e Endowed with certain amounts of money and capital and one unit of time, agents

first decide on the amount of time they will allocate to leisure, z; ;.

e Agent 1 decides on the amounts of capital and labor that she will spending on
credit production, kg, , and nj respectively. Here, kq, , is defined as a fraction of
the total capital agent 1 holds, kg, , = s1tk1+ Therefore, in order to determine
the amount of capital that will be used in the credit sector, agent 1 decides on
the value of the fraction s. As agent 1 uses the rest of the capital she holds on
goods production, the amount of capital which will be used on goods production
is once again defined by making use of the fraction s and agent 1’s total capital k,
as ky,, = (1 — s1,4)k1,. However, unlike the amounts of capital and labor which
will be used on credit production, the amount of credit to be produced is not yet

determined since the credit amount also depends on the amount of goods traded.

e Agent 2 does not have the technology to produce credit. Therefore, all the capital
she holds is used in goods production. The one unit of time she is endowed with
is split between goods production and leisure. As the amount of time spent on
leisure is determined, the amount of time which will be spent on goods production

is determined, too.

e Before the markets for factors of productions open, the government makes the
monetary transfer to agent 2. Afterwards, the capital market opens, and trade in

the capital market takes place. This is followed by the monetary transfer made
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to agent 1, and the opening of the labor market. Both the capital and the labor
markets are subject to CIA constraints. Therefore, kj, , denoting the amount of
capital traded for goods production purposes, a monetary amount of @kk;i’t is
paid by the capital buyer to capital seller. The remaining part of (1 — (Pk)k;i’ , s
paid in-kind to the seller by the buyer after the production takes place. Similarly,
[7; denoting the amount of labor traded for goods production purposes, a mone-
tary amount of ®;I, is paid by the labor buyer to labor seller. Once again, the
remaining part of (1 — (I)l)lz‘T,t is paid in-kind to the seller by the buyer after the

production takes place.

e Once the trade takes place in factor markets, the amount of factors of production
each agent will be using, &, , +k;’t and l; 1+, are determined. Goods production
takes place, and is followed by opening of the goods market. As the amount of
goods which will be traded, ¢; ¢, is determined, the amount of credit, d;;, and the

degree of CIA constraint on the goods market, ® are also determined. The

qi,t>
monetary amount of @4, ,q;+ is paid by agent 1 to agent 2. The remaining part,

(1 — @y, ,)qi¢ is paid to agent 2 by the credit produced by agent 1.

e Having made production and traded goods, the final amounts of goods held by the
agents at the end of period t are determined. Finally, agents decide on how much
of the final goods at hand to consume, ¢;;, and how much of it to invest in capital

stock, I; ¢, in order to make use of it in future production.

Moneyinfout Money infout
for Agent 2 foragentl
Initial End of term
money money
balance Y Y balance
> > > > > >
W L 4 W
Capital Labor Goods
Market Market Market

Fig. 1. The sequence of transactions in each period
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2.4 Agents’ Problems

Based on the described environment and the transactions that take place in this envi-

ronment, agent 1’s problem is as follows:

00 1-o 1—e
Ciy — 1 Ty, — 1
max E B 1— 5 1 — ¢ (2.1)
t=0

subject to

w
e+ g =Ai(ky,, +ky ) (e )" a1 — (1= Py) L:p*t — (1= Pp)ky,, (2.2)
t

kigp1 =1 —=0)kis+ 1y (2.3)
ka, , = s1,tk14 (2.4)

ky,, = (1= s1,)k14 (2.5)
0< s, <1 (2.6)
rie=1—1l1t—niy (2.7)
< k7 < M (2.8)

Yi,t — Yi,t — (kat

My + 1My — k) Prpy

— 11 <17, < 2.9
Lt =0t > D, ( )
My +n My =17, 9wy — k7 O
0< gy < 2 LT Po K (2.10)
(I)th,tpt
Ml,t — k;,tq)kpt +nM; >0 (211)
Mgy = Mg+ 1My — 1] Prwe — ky,  Prpe — q1,4 P, , Dt (2.12)
Mo>0 (2.13)
ko >0 (2.14)
k m V2

by, =1-B <d“> (n”> (2.15)

’ q1,t q1,t

Term (1) contains agent 1’s maximized life-time utility function. Equation (2) is agent

1’s budget constraint in terms of real goods. Equation (3) is the law of motion for
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capital stock. Equation (4) and equation (5) describe how agent 1 allocates her capital
stock between credit and goods sectors by using the choice variable s. Inequality (6)
denotes that the choice variable should be a positive number less than 1 as it stands
for the fraction of total capital used in the credit sector. Equation (7) denotes that
agent 1 has one unit of time, which can be split between leisure and goods or credit
production. Inequality (8) denotes that agent 1 cannot sell more capital than she
allocated to goods production nor she can buy more capital than her monetary budget
allows. Similarly, inequality (9) denotes that agent 1 cannot sell more labor than she
allocated to goods production nor she can buy more labor than her after-capital-market
monetary budget allows. As we built our model in a way that agent 1 is the buyer in
the goods market, inequality (10) denotes that the amount of goods agent 1 can buy
is restricted by her monetary budget. Inequality (11) denotes that agent 1 might be
subject to money taxes, but not to the extent in which her monetary balance falls to a
negative level. Equation (12) is agent 1’s monetary budget constraint. Inequalities (14)
and (15) indicate that initial money and capital levels of agent 1 should be positive.
Finally, equation (15) shows how the degree of cash constraint on the goods market is

determined for agent 1.

Similarly, agent 2’s problem is as follows:

= e 7 —1 w1
max » 5 (uz(ca, w24) = . T ) (2.16)
t=0

subject to

Co it 1o = Aa(ky,, +ky

Y2,

w
) (2, +15,4)"% + Py, g2.0 — (1= B) E,tpjt —(I=®p)ky,, (2.17)

Y2t

k2,t+1 = (1 — (5)]{2,15 + IQ’t (2.18)
kys o = kot (2.19)
T2t = 1-— lQ,t (220)
- Mgﬂg + o M;
—_ ky2,z S kyQ,t S T])t (221)

May + 7o My — Ky, Pppy
@lwt

—lpy <13, < (2.22)
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0 < ~o < lhyno K o 8) = (1= @) HE = (1= )k, (2.23)
Mo+ 7oM; > 0 (2.24)

M1 = Moy + 1o My — 15, Prwe — kj, Prpr — q2,tPgy , 1 (2.25)

Msg >0 (2.26)

koo >0 (2.27)

k " V2
%m:1—3<d“> <n“> (2.28)
' —q2t —q2t

Term (16) contains agent 2’s maximized life-time utility function. Equation (17) is agent
2’s budget constraint in terms of real goods. Equation (18) is the law of motion for
capital stock. Since agent 2 only produces goods, she uses all her capital stock in goods
production, and equation (19) indicates that. Equation (20) denotes that agent 2 has
one unit of time, which can be split between leisure and goods production. Inequalities
(21), (22) and (24) correspond to inequalities (8), (9) and (11) in agent 1’s problem,
and describe the respective restrictions on the amounts of capital and labor that agent
2 can buy or sell and on the amount of money tax agent 2 can be subject to. As we
built our model in a way that agent 2 is the seller in the goods market, inequality (23)
denotes that the amount of goods agent 1 can sell is restricted by her production and
her transactions in the goods and labor markets. Equation (25) is agent 2’s monetary
budget constraint. Inequalities (26) and (27) indicate that initial money and capital
levels of agent 2 should be positive. Lastly, equation (28) shows how the degree of cash

constraint on the goods market is determined for agent 2.



Chapter 3

Equilibrium

3.1 Equilibrium Conditions

Equilibrium is obtained when both agents solve their optimization problems and markets
clear at the same time. We have already mentioned that we will focus on the equilibrium
in which agent 1 does not hold any money, M ;41 = 0, and agent 2 holds all the money,
Ms+1 = My at the end of the period. The derivation of the agents’ optimization
conditions are provided in the Appendix A. Appendix B examines the conditions for
obtaining a monetary equilibrium as desired, and hence complements Appendix A. The

optimization conditions for agent 1 are as follows:

XS = cif M (k) (g 1) (5.1
o _ _em [,
T Al K, )7 0+ ) = v (L) (32)
Y2 di,t

—o T\« T \ya2— w
(A1a2<kyl,t R ) (g 4 ) — (1 <I>l>p:)

kq Y1 n Y2—1
X (ptB < “) Y2 ( ”) > = x71; Prwy (3.3)
q1,t qi,t ’
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ci?(Aaaﬂkmw-%k;ﬁY“‘luLt+¢£9“2—(1——¢kﬂ

k 71 Y2—1
8 <B< dl,t) " <n1,t> ) = xz15 Py (3.4)
qit qi,t
Y1 nit 7271 B k;d gat N1t Y2
n () ) =i (o m o (G) 7 (G))
qi,t qi1,t qi1,t

(3.5)

B it (Alal(kyl,w kg ) T e + 1 q0) 2 (1 = 31,t+1))

_ n
XL 41 <fY1 <1t+l> 31,t+1> (3.6)

Y2 \Kdy 441

The optimization conditions for agent 2 are as follows:

Xag; = g Asaz(kyy, + Ky, ) (l2e +15,)%7 (3.7)

Y2t

_ w
@%%nWLW@HEWHZﬁ (3.8)
Agry (kyy , + K7y ) M lag +13,)% =1 (3.9)

Note that agent 2 does not make any investment in the given setting, resulting in having
zero capital at the end of each period in equilibrium (See Appendix A). Therefore, the
capital she needs for production purposes can only be obtained from agent 1 through

trade.

All three markets, namely the capital, labor and goods markets, should clear at

the equilibrium. These conditions are given by the following equations:

71—,t + lg,t =0
k:;l,t + k;Q,t = 0

g1t +q2t =0
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Walras’ Law tells us that if n—1 markets clear, then the n*" market also clears. Therefore,
it is enough to include the following two equations into the set of equations describing

the equilibrium.

it + g =0 (3.10)
k:;u + kiZZt =0 (3.11)

Appendix C shows how the labor market clearing condition is derived through other

equilibrium conditions.

3.2 Detrending

Our model contains nominal variables which grow with the inflation. In order to have
an equilibrium at a steady state, we need to detrend nominal variables so that all
variables are constant in the equilibrium. Following Juillard (2009), we define the ratio
of end of period money stock to beginning of period money stock as g = My41/M;,
which means that g; = 1 + &. This expression can be written as ¢ = 1 + £ in case of
having a constant rate of inflation. In order to make a nominal variable X; stationary,
we can divide it to M;. Here, )?t being the stationary version of the nominal variable

X, we can express the nominal variable as X; = X; M;.

The nominal variables which need to be detrended in our model are:
My ¢, Moy, wi, pe, M1 441, and Moz We can replace them with the following
terms on the right hand side in order to have equilibrium conditions with stationary

variables:

M = ]\//Tl,tMt
Moy = MQ,tMt
wy = Wy My
pt = ptM;

M1 = Mygp1Miqq

Ma 1= M1 My
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As a result, the equilibrium at the steady state should be characterized by equations (3)-
(5), (7), (15), (18)-(20), (28), (29)-(30), (32)-(35), (37)-(39), and the following equations
from (40) to (46):

~

w
C1,t+ Il,t = Al(kyl,t + k;/rl,t)al (ll,t + lir,t>a2 +q1— (1 — (I)l) itpft — (1 — (I)k)k;l,t (312)
t

Migy19 = My + 11— 1] Qw0 — ky, @i — q1,4Pq, , Dt (3.13)
My =0 (3.14)
~ _ @
ei? (vl +05, )7 1) = (1= ) 2 ) =

— [ ~ kdl t n nit 721 - —~
Xty | peB : T2 | Qywy (3.15)
’ qi1t q1,t

t

w
cortlar = Az(ky,, +k, )al(l27t+l72—,t)a2+q>(12,zq2,t_(1_q)l)l§,tp7_(1_q)k)k7— (3.16)

Y2t ; Y2.t
Mo i1 = Moy + 12 — 15,210 — kyy, , Pibr — 42,6 Py, Dt (3.17)
T T - {Et
Asag(ky, , + ky, ) (log +154)™ P = B (3.18)

Once we determine the theoretical conditions for a stationary equilibrium, we can make
numerical analysis by setting numerical values to the parameters and simulating the

model on the computer.
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Numerical Analysis

4.1 Parameter Values

As Blanchard and Fischer (1993) indicated, models based on cash-in-advance constraints
quickly become cumbersome for tracking analytically. However, we can examine these
models numerically and develop insights about them. Numerical examination requires
appointing numbers to parameters in models. This is done based on theoretical as-
sumptions of the model, previous calibration work made on the pertaining parameters,

and examining the reactions of the variables to the appointed parameter values.

The model we are examining assumes that the agents differ with respect to their
productivity in goods production. Therefore, we set A1 = 0.5 and Ay = 5 since agent
1 is treated as the less productive agent in the model. We also assume that the goods
production technology of agents exhibits decreasing returns to scale, which means

a1 + ag < 1. Accordingly, we set a; = 0.4 and as = 0.4.

Unlike Lu et al. (2011), which sets B = 1.5457, our model requires high pro-
ductivity for the credit production technology. Therefore, we assign B = 4. The
remaining parameters belonging to the credit production, namely ~; and -9, are
assigned similar values to those in Lu et al. (2011), 0.25 and 1 respectively. This is also
the case for the risk aversion, which is set at ¢ = 2. We set the risk aversion parame-

ter for leisure as € = 2.25, a number close to the risk aversion parameter for consumption.

20
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The model used by Lu et al. (2011) requires them to assign a value for y, fa-
voring leisure greatly over consumption. We set x = 0.7 such that the agent favors
consumption over leisure albeit not with a dramatic difference. The depreciation
parameter 0 is set to be equal to 0.1, and the time discount ratio for agents 1 and 2 (5;
and (2) are set to be equal to 0.91 and 0.98 respectively in accordance with the model’s

ordering of agents’ time discount parameters.

The net inflation in the economy, &, has two components as already mentioned,
the government transfer ratios to agent 1, 7, and agent 2, 75. The ratio belonging to
second agent does not appear in equilibrium conditions, and hence does not directly
affect the equilibrium outcomes. Whereas, 7 directly shows up in the equations describ-
ing the equilibrium. Hence, 71 will be one of the key parameters while conducting our
study as we will vary its value in order to see the effects of this variation on the economy.
Meanwhile, as shown in Appendix B, 7 plays an important role in order to sustain a

monetary equilibrium as desired, and hence, its value should be adjusted as we change 7.

The other key parameters of our study are ®; and ®p. As we said, we will ex-
amine the effects of varying 71 on the equilibrium outcomes, but we will do this under
different environments, namely under different cash-in-advance constraints for capital,

®;., and for labor, @;.

4.2 Results

The model we built provides quite a rich environment which enables us to run several
numerical exercises. We examined the impact of the variation in 7 on other variables
for five cases. The variables whose behavior we examined are the degree of cash
constraint on the goods market (®,), total output (y), agent 1’s output (y1), agent 2’s
output (y2), the amount of time agent 1 spends on leisure (z1), the amount of time
agent 2 spends on leisure (x3), the amount of goods traded (q;), the amount of labor
traded (I7), the amount of capital traded (kj,), and the division of capital between

sectors for agent 1 (s1).

Since we would like to examine the effects of cash-in-advance constraints on the
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relationship between 73 and the aforementioned variables, we repeated the same
exercise for five different values of ®; and ®;. We started by setting ®; and ®; to be
equal to 0.1, and continued by setting them to be equal to 0.2, 0.3, 0.4, and lastly to
0.5. The results corresponding to these cases are reported under case 1 through case 5

in Appendix D.

Although their model is quite different than ours, while examining the effects of
changing 71, Lu et al. (2011) sets 0.05 as the initial value of 71, and then increases it
to 0.055. In our analysis, we did not focus on a one particular change between two 71
values, such as 0.05 and 0.055. Instead we covered a wide range of 71 values between
0.055 and 0.100, which allowed us to compare economy’s reactions to the changes in
the rate of monetary transfers made to the less productive agent when the rate is at

the lower or upper end of this range.

The model contains three markets in which trade occurs. All of them are sub-
ject to cash-in-advance constraints, but only the degree of CIA constraint on the
goods market, ®,, is endogenously determined. Table 1 in Appendix D allows us to
track the behavior of ®, as 7 increases for five cases. For lower ®; and ®; values
such as 0.1 and 0.2, higher 71 values lead to higher ®, values. For &, = &, = 0.3,
the effect of 71 on ®, is less robust. For ®;, = ®; = 0.4, changes between lower 7
values do not affect ®,, whereas in the upper end of the 7 values, ®, actually de-
creases. Once again, for ®,, = ®; = 0.5, the effects of 71 on ®, become less clear. In the

lower end, ®, exhibits some concave behavior, and in the upper end, it increases with 7y.

Arguably the most noteworthy variable of the economy is the total output. The
results of the numerical exercises for the total output are reported in Table 2 of Ap-
pendix D. Except for case 2 in which &, = ®; = 0.2 and case 4 in which &, = &; = 0.4,
the total output seems to initially rise with 7, making a peak and then starting to
decline with higher values of 71. In case 2, the output fluctuates more than other cases,
and in case 4, it does not react to the changes in 7 until the higher values of ;. With
higher values of 71, we see that a positive relationship between 7 and the total output
is established. Note that for a given 71 value, the increase in ®; and ®; values almost

always causes the total output to increase.
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Although we have not identified the mechanism lying behind the relationship be-
tween the monetary transfer made to the less productive agent and the total output,
as in Lu et al. (2011), this relationship is likely to be determined by the interaction of
various effects. Monetary transfers made to the less productive agent increases agent’s
monetary holdings. Due to that rise, there is a positive effect on the amounts of capital
and labor the less productive agent can buy. However, depending on the relative degrees
of cash constraints on the factor and the goods markets, the less productive agent might
choose to allocate more factors on credit production, which would adversely affect
goods production. Therefore, the relative degrees of cash constraints on the factor and
the goods markets determine whether “the positive capital and labor stock effect” or

“the negative capital and labor allocation effect” prevails.

In addition to the changes in the total output, changes in individual agents’ out-
puts might be of interest. Table 3 of Appendix D reports the effects of 71 on agent 1’s
output, y;. Agent 1’s output has a pattern similar to total output’s. Except for case 4,
y1 increases with the rise in 7y, but after a certain point, further increasing 7 causes
y1 to decrease. In case 4, y; seems to be staying constant or even decreasing with
the increase in 71, but as we get closer to the highest values of 7, y; increases. Not
surprisingly, as the increase in ®; and ®; values causes the total output to increase for

a given 7 value, it also causes agent 1’s output to increase in general.

Agent 2’s output, reported on Table 4 of Appendix D, has a very similar pat-
tern to agent 1’s. Namely, except for case 4, it increases with 77 initially, and starts to
decrease with 7 after a certain level. In case 4, it preserves the flat shape for a while,
and begins to rise with 77 only for the upper end values of 7 range. However, unlike
agent 1’s output (and total output), the effect of increasing ®; and ®; values on agent

2’s output for a given 7 value is less clear.

Tables 5 and 6 of Appendix D report how the amount of time allocated to leisure by
agents 1 and 2 respectively react to the changes in 71 for the five cases. Contrary to
our expectations, the amount of time agent 1 allocates to leisure behaves similar to
agent 1’s output. Except for case 4, the amount of time allocated to leisure by agent
1 increases with 71 initially, but after a certain level it starts to decrease. In case 4,

similar to agent 1’s output behavior, it remains flat until the upper end of 71 range
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where it starts to increase with 7. On the other hand, the amount of time allocated to
leisure by agent 2 shows little variation. Its value is already low, and 7; seems not to

have any dramatic impact on it.

Tables 7, 8 and 9 of Appendix D focus on the markets in which trade takes
place. From Table 7, we can see that the initial increase in 71 generally results in an
increase in the amount of goods traded. However, further advancing the value of 7
causes the amount of goods traded to decrease after a certain level of transfer payment
to agent 1. As usual, our variable of interest, q1, exhibits a different pattern in cases 2
and 4. In case 2, ¢ fluctuates widely, which makes it difficult to diagnose the pattern it
follows. In case 4, it remains almost constant until the upper end of 71 range and from
thereafter, it starts to increase with 7. The relation between ®; and ®; values, and ¢
for a given 7 value is not robust. However, for lower 71 values, g; initially decreases,
then starts to increase in general as ®; and ®; values increase. Whereas for higher

values, ®;, and ®; have an adverse effect on ¢.

From Table 8, we see that the amount of labor traded generally decreases with
71 until a certain level, and afterwards it starts to increase. An exception is case 4, in
which the amount of labor remains more or less constant initially, and starts to decrease

towards the upper end of 71 range.

The amount of capital traded, whose behavior is reported in Table 9, increases
with 7 initially, and starts to decrease with 71 after a certain level in case 1, 3 and 5.
Similar to other variables, the fluctuations in the amount of capital traded in case 2
prevent us to have a robust view on the impact of 71 on kj,. As usual, in case 4, the
variable of interest remains constant as 7; increases, and starts to increase towards the
upper end of 7 range. Increasing ®; and ®; for a given 71 does not seem to have a

robust effect either on [T or on k.

Lastly, Table 9 reports the effect of 7 on the fraction of capital, s;, spent on
credit sector by agent 1 for the five cases. In case 1, s; initially decreases with 71, and
starts to increase with 7, after a certain level. For cases 2, 3, and 4, the increase in 7|
does not seem to have much of an effect on s;. In case 5, opposite of the effect in case

1 is observed, namely s; initially decreases with 71, and starts to increase afterwards.
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Increasing ®; and ®; for a given 7 has a clear effect on s;. For the 71 values at the
lower range, increasing ®; and ®; for a given 71 increases s;. On the other hand, for

the 71 values at the upper range, increasing ®; and ®; for a given 7 decreases it.
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Conclusion

We have built an economic model with cash-in-advance constraints, and studied the
effects of monetary transfers in this economy. Our model differs from more traditional
CIA models in terms of incorporating heterogeneity into the economy as in Bagg and
Saglam (2005) and examining the effects of monetary transfers under various rates of

degrees of cash constraints instead of picking one specific degree for each constraint.

Baggr and Saglam (2005) show that the cash-in-advance constraint on the labor
market results in inefficient use of resources, and hence output distortion. This
ineffiency can be eliminated by a deflation level determined by agents’ patience levels
as long as more productive agents are also more patient ones. We built upon this
setting, and set higher discount rates for agents with higher productivity as suggested.
Incorporating capital market and credit production technology into the model enrich the
setting in Baggi and Saglam (2005). Furthermore, we use the model to study the relation

between money and output growth, a topic Bagci and Saglam (2005) does not investigate.

The heterogeneity assumption in our model leads the inflation to have two com-
ponents, namely the amount of monetary transfers made to the less productive agent,
71, and to the more productive agent, 75. In our model, it is the 73 component
of inflation, which actually affects variables, including output, in equilibrium. 7
component, on the other hand, is important in terms of not letting agent 2 violate her
CIA constraints while engaging in monetary transactions and not letting the monetary

equilibrium break down. Since the particular monetary equilibrium we studied requires

26
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a deflation rate in a range determined by agents’ time preferences, increasing 71 in order
to study the consequences of this increase might cause the deflation rate to fall out of
the acceptable range. Therefore, 79 should be used in order to balance the change in

71, and to keep the deflation at an acceptable level.

Lu et al. (2011) stresses the importance of the degrees of cash constraints while
studying the relation between monetary transfers and output. They show that increas-
ing the amount of monetary transfers results in higher output when the degree of cash
constraint on investment is greater than the degree of cash constraint on consumption.
An increase in monetary transfers decreases the total output otherwise. However,
in our model, changing the degrees of CIA constraints on the capital and the labor
markets seems to have little effect on the relationship between the amount of monetary
transfers made to the less productive agent and variables such as output or leisure. On
the other hand, the relationship between the amount of monetary transfers made to the
less productive agent and variables such as the degree of cash constraint on the goods
market, the amount of goods traded, the amount of capital traded or the distribution of
capital among different sectors are all affected by changes in the chosen degrees of cash
constraints. Therefore, we reach to the same conclusion as Lu et al. (2011) that the
chosen degrees of cash constraints play a role in determining both the direction and the
size of the effect of monetary transfers on other variables. Thus, studies conducted for
particular degrees of cash constraints should be subject to scrutiny since their findings

might alter as a result of changing the degrees of cash constraints.

Lu et al. (2011) shows the monotonous relationship between the amount of monetary
transfers and other variables, which changes size and direction depending on the
relative degrees of cash constraints, by increasing the amount of monetary transfers
from one certain value to another. We, on the other hand, find that the range chosen for
monetary transfers also affects the results. Unlike the monotonous relationship Lu et
al. (2011) suggests, we observe a non-monotonous relationship between the amount of
monetary transfers made to the less productive agent and other variables. For a given
degree of cash constraints, increasing the monetary transfer of the less productive agent
initially increases the total output, the amount of time allocated to leisure by agents,
the amount of goods traded, and the amount of capital traded. Furthermore, increasing

71 initially decreases the amount of labor traded or the amount of capital allocated to
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goods sector by agent 1. However, for higher 7 values, these affects are all reversed.
Increasing 71 starts to decrease the total output, the amount of time allocated to leisure
by agents, the amount of goods traded, and the amount of capital traded. Similarly, the
amount of labor traded and the amount of capital allocated to goods sector by agent
1 increase when already high 7 value further rises. Therefore, the effect of 7 on the
variables in the economy does not only depend on the chosen degrees of cash constraints,

but also on the current level of the monetary transfers made to the less productive agent.

Our findings have important policy implications. First of all, our research shows
that in order to change the equilibrium outcomes, the policy makers should change
the level of monetary transfers made to the less productive agents in the economy.
Furthermore, the non-monotonous relationship, which we generally observe between
the monetary transfer made to the less productive agent and the total output, suggests
that there is an optimal level of monetary transfer for maximizing the total output.
Hence, the government should target this optimal level if it aims to maximize the total
production. Lastly, by changing the degrees of cash constraints on various markets, the
government might prefer to change the size and the direction of the relationship between
the monetary transfers and the output or other variables. Although, the degrees of
cash constraints on factor markets are exogenously given and changed in our model,
in reality, those degrees are determined by institutions which can be transformed by
government actions. Further research can be made on the institutional determinants of
the degrees of cash constraints so that the government can pursue policies which would

establish a monetary transfer - output relationship as it desires.

The rich nature of the environment in which we built our model allows us to
track various paths for future work. Opening sequence of factor markets was an
important decision we made while modeling the economy. We can examine how
changing the opening sequence of factor markets affects our results. Secondly, while
studying the effects of CIA constraints and monetary transfers on equilibrium levels of
variables, we ignored the transition paths of these variables and focused on long-run
outcomes. Examining the transition paths of variables can be a worthwhile effort as
variables’ short-run behaviors might be different than their long-run behaviors. Thirdly,
we studied the case in which all money in the economy is held by the more patient

agent in the equilibrium. This is consistent with Becker (1978) as he showed that
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additively separable preferences asymptotically lead to corner solutions, and wealth
of less patient consumers approaches to zero. Lucas and Stokey (1984), on the other
hand, showed that if agents have increasing marginal impatience, which requires their
preferences not to be additively separable, then all agents have positive wealth levels.
Therefore, we can remodel the economy in a way that the agents would have increasing
marginal impatience levels to examine whether this change would lead both agents
to hold positive amounts of money in the equilibrium. If the monetary equilibrium
changes as suggested by Lucas and Stokey (1984), this might have an effect on the
findings of our analysis as well. Lastly, government has the direct control of the money
stock in our economy. However, in an attempt to have a more realistic setting, we can
model the economy in a way that the government would need to engage in open market

operations, as in Wallace (1981), for increasing or decreasing the total money stock.
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Appendix A

Agents’ Optimization Problems

Both agents’ functions to be optimized are subject to inequality constraints. Nonethe-
less, numerical examinations show that given the parameter values are set to be equal
to the values specified in Section 4, those inequality constraints are not violated when
the agents solve their optimization problems as if they are only subject to equality
constraints. Therefore, we can make use of the method of Lagrange multipliers in order

to determine the optimizing conditions to agents’ problems.

The function to be optimized and its equality constraints for agent 1 lead to the
following Lagrangian equation :

1—0o 1—e
Ciy — 1 Ty — 1

+ X 1— = +

o0
Ly=> B
=0
w
A (Al(k‘yl,t Fhyy )M e 1) + e — (1= Py) I,t;t — (1= Pp)ky,, —c1a— ILt)
¢
+ N (Mg + 71 My — H®iwr — kyy,  Prpe — q1,4Pgy pt — Mip41)]

l—0

Agent 1 has the following variables as control variables:
N1, b, S1.t, l{,t’ k;j—l,t’qlvt’ cit,l1y and Miy4q.  An interior solution for a variable
would require the Lagrangian function to be differentiated with respect to that variable,
and to be set equal to zero. We follow this procedure for all the control variables of

agent 1 except for M 41, and obtain the following equalities:

34
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oL, __
onie
B kg 71 n v2—1
X[L‘lj = )\?ptB < Lt) Y2 < 17t> (Al)
qit qit
0L __
oy =0
Xw1s = M Araa(ky, , + k) (g +17,)% (A.2)
oL
831; 0
k -1 72
N Aran (g, + K, )Nl + I,)% = Ap By ( d) (") (4.3)
’ ’ ’ qit qit
oLy __
az;,t -
w
M (A1a2(ky1,t F g ) (e + 1) = (1= ‘Mp;) = A\ O, (A.4)
oLy __
ok, — 0
)‘z} (Alal(kyl,t + k;,t)al_l(ll,t + H,zﬁ)a2 - (1 - (I)k)) = )‘%q)kpt (A'5)
oLy _
oq1,t
kd jgé! n 2
A=A <‘I’q1,tpt + B <“> (1 +72) < 1’t> ) (A.6)
ait qit
oL __
8017115 - 0
g =X\ (A.7)
oLy __
ony =V
At 1 1
B Aty (Alal(kyl,tJrl k)T (e + 1 ) (1 - 81,t+1))
kq n-1 /. 72
+AT (Pt+1B’Y1 <“H> (MH) 81,441 (A.8)
q1,t+1 q1,t+1

As we previously indicated, we are interested in a specific equilibrium, in which agent 1

does not hold any money at the end of a period. This requires 9L;/0M; 41 < 0 and by

differentiating the Lagrangian function with respect to Mj 11, we obtain the following
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condition:

— M+ BN, <0 (A.9)

From the equations we obtained, we can make use of \] = cl_f and

-1
A = Xxl_f (ptB (kdl’t/th)’YI Y2 (nLt/th)”_l) in order to eliminate Lagrange multi-
pliers from optimizing conditions. Then, the optimizing conditions we previously found

for agent 1 take the following forms:

X = g Al + K, ) ) (A10)
_ _ _ n
A (s + 5, ) 0% = i 2 (24 (A1)
Y2 \ Kay ,

—o T\« T \og— w
o <A1a2(ky17t kg ) (e + 1) (- <I>l)p:>

k Y1 Y2—1
X (PtB < dm) V2 (nu) ) = XCL"Ii‘I)lwt (A.12)
qi,t qi ’

cry (Alal(/ﬂyl,t ok ) g 1) - (1 qm)

k 1 Y2—1
o <B< dl,t) " (n1,t> ) = xz1; Px (A.13)
qi,t qi1
Y1 Nyt Y2—1 B kq 71 N1t 2
» ()" ) =i (o monen (G) (52)°)
qi,t qi,t qi1,t

(A.14)

cl_g
P

= if1 (Ao (hy, ey + 55, )™ G + 1 0) (1= s51401))

_ n
+XT1 141 <% < MH) 51,t+1> (A.15)

V2 kdl,t+1

Similarly, the function to be optimized for agent 2 and the equality constraints it is

subject to lead to the following Lagrangian equation:
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1—0o 1—¢
Coy — 1 Ty — 1

o0
_ t
EQ_Zﬁll -0 X1
t=0
wy

‘HL% <A2(ky2,t + k;u)al (l2 + lg,t)az + Qg 20 — (1= ) §7tE -(1- ‘I)k)kg;,t —Cot — IZ,t)
+ pi (Mo + T2 My — 1541w — Ky, Pupr — 24Py Pt — Majp41)]

The variables a4, lgvt, q2.t,C2.4, k

;2t,I2’t and My, are the control variables of

agent 2. Once again, in order to obtain interior solutions, the Lagrangian function
needs to be differentiated with respect to the control variables, and to be set equal to
zero. We follow this procedure for agent 2’s control variables except for I>; and My 41,

and get the following equations :

-
2t
X3 = g Asa(ky, , + ki, ) (I +15,) (A.16)
0Ly _ .
=0
_ w
Mtl <A2O‘2(ky2,t + k;zt)al(l?,t + lg,t)QQ t- (1- qh)p;) = :U“z%q)lwt (A.17)
0Ly __ .
8(12,215 =0

kd 71 ni 2
11 (‘qu + B(71 +72) ( = ) ( : ) )
—q2 —q2
kd st niy 2
= i <®q2,tpt +peB(y1 + 72) ( — ) ( : > )
—q2t —q2.t

which can be expressed as

i = pn (A.18)
0Ly __ 0
662@ -
¢ = it (A.19)
0Ly _
81951 =0
,u% (AQal(kyz,t + kgz,t)al_l(llt + lg,zﬁ)a2 - (1 - (I)k)) = MtQ(I)kpt (A-20)

When we differentiate the Lagrangian function with respect to I, we will not set it

equal to zero. With the help of other optimizing conditions, eventually we will show
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that it is less than zero:

0Lo .
8[271 .

- Mtl + 62/%14-1 <A2a1(ky2,t+l + k;—Q,Hl)al_l(lQ,t-ﬁ-l + lg,t+1>a2> (A'Ql)

Similar to agent 1’s optimization problem, we need to be careful with Lagrangian func-
tion for agent 2. The fact that we are interested in the equilibrium in which agent 2
holds all the money at the end of the period requires 0Ls/0Ms ;41 > 0, which leads to

the following inequality obtained from the Lagrangian function:
— 11} + Bapiiyy = 0 (A.22)

With the help of two equations we found, u} = ¢ 7 and u? = ;7 /pt, we can eliminate

the Lagrange multipliers from the rest of agent 2’s optimizing conditions:

XTy; = ¢y Asaa(ky, , + k7, ) ¥ (log +15,) (A.23)

wy

Agag(ky,, + Ky, ) (e +15,) ! = " (A.24)
¢
Agon (ky,, + k;2,t)al_1(l2,t +15) =1 (A.25)

The term obtained by differentiating the Lagrange function with respect to the invest-

ment takes the following form:

— 3 + Baczfin (A2 (Rys s + Ky ) T U2t + 1511) ) (A.26)

Note that all the variables in the above equation are real variables, and in a steady-
state equilibrium, we expect Asai(ky,,,, + k],

Y2,t+1
-
A2a1 (ky2,t + kygﬁt

)21 (lg,p1 4 15441)* to be equal to
a=1(],, +17,)*2. But the latter term is already shown to be equal
) ; 2t Yy

to 1. Therefore, the condition found as a result of differentiating the Lagrangian with

respect to the investment boils down to

—Cyf + Bacaiyq (A.27)
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Once again, in a steady-state equilibrium, ¢, {7 = ¢, 7,;, and we get
— gy + B2cgiyy <0, (A.28)

as B2 < 1. What this tells to us is that the optimal level of investment for agent 2 is zero.
There is a corner solution, rather than an interior solution. Since, the law of motion
for capital accumulation is given by ka1 = (1 — d)kas + Io¢, in the equilibrium, zero
investment means setting the level of capital equal to zero. Therefore, in the equilibrium,

agent 2 must obtain all the capital she needs from agent 1, through trade.
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Monetary Equilibrium

We need to examine the conditions under which agent 1 does not prefer to hold any
money and agent 2 prefers to hold all the money at the end of the period. From La-
grangian equations we studied in Appendix A, we know that this requires two inequalities

not to be violated. Firstly, we examine the inequality belonging to agent 1:
— A+ BN <0 (B.1)

-1
As we know that \? = Xxl_f (ptB (kdl’t/ql,t)m Yo (nl,t/ql,t)w_l) , we can plug the

variable \? into the inequality and get:
i\ -1
e kd1,t " nit 721
— Xz (B —= ] m
’ qi.t qi.t
-1
B k4 M N1 a1 Y2—1
etz (ot ()0 (22) ) To
a1,t+1 ai,t+1
Multiplying both sides with p; and rearranging the terms lead to the following inequality:
B —€ (1+¢)B (kdl,tJrl)’n <n1,t+1>w_1 B
1XT — Yo\
Ll q1t+1 a1,t+1
-1
k M v2—1
< X1 (B ( d) V2 (”“) ) (B.3)
qi1,t qi1,t

At the steady state equilibrium, terms cancel out each other and we obtain:

B <1+¢ (B.4)

40
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The second inequality which should not be violated belongs to agent 2:

— 7 + Bopifyy >0 (B.5)

Agent 2’s optimization problem tells that u? = Co, ¢ /pt, and by plugging this term into

the above inequality and by rearranging the terms, we obtain:

o cy 7
2t 21 (B.6)
Pt+1 bt
By multiplying both sides with p;, we get:
Bacy iy = a7 (1+€) (B.7)
At the steady state equilibrium, terms cancel out each other and we obtain:
B2 >1+¢ (B.8)

By combining the inequalities we obtained from agent 1 and agent 2, we get the following
deflation (as both $; < 1 and 3 < 1) condition in order to have a monetary equilibrium

as we described before:

B <1+E< By (B.9)

Since £ = 1 + T2, and we conduct our analysis by varying the values of 7, the above
inequality condition puts a restriction on the values 79 can take. In order the monetary
equilibrium not to be destroyed, 7o should balance the variation in 7 such that the

deflation level is kept within the range determined by 8, and [s.
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Labor Market Clearing

In the equilibrium, not only both agents optimize, but also all markets clear. We have

three markets in this model, labor, capital and goods markets, which clear if the following

equations are satisfied:

I,t + l72—,t =0
k;l,t + k;zz =0
qit+ g2t =0

However, Walras’ Law tells that if n — 1 markets clear, then the n*” market would also

clear. Therefore, when we write down the equations describing the equilibrium, it is

enough to focus on the following two equations:
qit+qer =0

k;u + k7y—2,z =0

The following equation shows how the monetary balance of agent 1 evolves:
M1 = Mig+ 1My — 1, Pywe — ky Prpe — q1,4Pg, 1
As a result of detrending, it takes the following form:
Mgy (147 +7) = My +711 — 01w =k, Pepr — q14Pq, Dt

42
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(C.2)

(C.3)
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We know that agent 1 does not hold money at the beginning or at the end of the periods,

meaning that J/\ZLtJ’_l = ]\//let = 0. Therefore, the above equation can be expressed as:
m = 17, Py + k;lﬂti)ki)} + q1,4Pqy Dt (C.5)
Similarly, the monetary balance of agent 2 evolves according to following equation:
M1 = Moy + 1My — 15, Prwe — kyj, Prpe — q2,t Py, , 1 (C.6)
Detrending this equation results in the following equation:
Mapp1(1 471 +72) = Moy + 75 — 1321wt — Ky, PPt — q24Pgy Dt (C.7)

Since we are examining the case in which agent 2 holds all the money at the beginning

and at the end of the period, ]/\/[\Zt = ]/\4\27#1 = 1, we obtain the following condition:
1 = —ly P1we — ky, , Prpr — 92,4 Py, , Dt (C.8)

By using the goods market clearing condition, q1 ¢+ g2+ = 0, we can show that ®,, , and

®,,, are equal to each other since these two coefficents are formulated as below:

k 71 Y2
(I)ql e = 1— B < dl't> <nl’t) (Cg)
’ qit qi

k 7 2
Oy, =1-B < dt > < e ) (C.10)
’ —q2,t —q2,t

If we combine agents’ goods market cash-constraint equality (®4, , = @y, ,), goods mar-

ket clearing condition (g1,++¢2+ = 0), and capital market clearing condition (kj, ,+k7, , =

0) with the two conditions we have found by using agents’ monetary balance equations
(nn = lit@l’@t + k;yt@kﬁt + q1,:9q, ,pt and 7 = —157,5(1)1{@ - kz,—Q’t(I)kﬁt_QQ,tq)qzzﬁt)v we
get that [T, = —I5,. This last equality, which can also be expressed as T, + 13, = 0,

confirms that the remaining market, namely the labor market, also clears.
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Tables

TABLE D.1: Effect of Monetary Transfer on the Degree of Cash Constraint on the
Goods Market

Case 7 0.055 0.060 0.065 0.080 0.085 0.090 0.095 0.100

0.492 0.490 0.499 0.611 0.535 0.701 0.695 0.648
0.588 0.663 0.663 0.609 0.656 0.665 0.652 0.646
0.560 0.574 0.504 0.575 0.563 0.530 0.590 0.584
0.508 0.508 0.508 0.509 0.508 0.498 0.431 0.381
0.505 0.516 0.443 0.459 0.511 0.547 0.551 0.551

QR

N
_Q

T W N

=)

TABLE D.2: Effect of Monetary Transfer on Total Qutput

Case 711 0.055 0.060 0.065 0.080 0.085 0.090 0.095 0.100

3.266 3.297 3.315 3.296 3.415 3.090 3.128 3.171
3.325 3.183 3.194 3.306 3.167 3.196 3.230 3.245
3.280 3.314 3.481 3.320 3.287 3.337 3.2v7 3.290
3.321 3.322 3.322 3.320 3.318 3.377 3.498 3.511
3.376  3.392  3.469 3.426 3.384 3.336 3.319 3.306

Gl W N
<< <<
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TABLE D.3: Effect of Monetary Transfer on Agent 1’s Output

Case 7 0.055 0.060 0.065 0.080 0.085 0.090 0.095 0.100

1 y1 1984 1976 1.994 1.805 1.913 1.729 1.734 1.755
y1 1772 1787 1.782 1.744 1.795 1.764 1.753 1.762
y1 1.898 1.867 1.913 1.854 1.895 1.930 1.866 1.860
y1 1970 1.970 1.969 1.957 1.944 1.942 1.983 2.057
y1 1932 1896 1.950 1.933 1917 1875 1.864 1.861

T W N

TABLE D.4: Effect of Monetary Transfer on Agent 2’s Output

Case 7 0.055 0.060 0.065 0.080 0.085 0.090 0.095 0.100

1 yo 1282 1.320 1.321 1.490 1.501 1.360 1.394 1.416
y2 15564 1.396 1.412 1.562 1371 1432 1478 1.484
yo 1.391 1.447 1.568 1.465 1.392 1.407 1.412 1.430
y2 1.350 1.352 1.353 1.363 1.374 1.435 1.515 1.454
yo 1444 1496 1.519 1.493 1.466 1.462 1.455 1.445

QU s W N

TABLE D.5: Effect of Monetary Transfer on the Time Agent 1 Spends on Leisure

Case 7 0.055 0.060 0.065 0.080 0.085 0.090 0.095 0.100

1 x; 0.670 0.686 0.690 0.745 0.737 0.668 0.690 0.705
x; 0.764 0.673 0.679 0.764 0.671 0.688 0.711 0.716
x; 0.682 0.700 0.768 0.711 0.684 0.699 0.679 0.687
x; 0.658 0.659 0.660 0.668 0.674 0.703 0.757 0.740
x; 0.682 0.691 0.729 0.713 0.682 0.673 0.671 0.669

T W N

TABLE D.6: Effect of Monetary Transfer on the Time Agent 2 Spends on Leisure

Case 7 0.055 0.060 0.065 0.080 0.085 0.090 0.095 0.100

1 xg 0.014 0.013 0.014 0.014 0.014 0.015 0.015 0.015
xg 0.015 0.016 0.016 0.016 0.014 0.015 0.016 0.016
xg 0.015 0.016 0.015 0.016 0.015 0.015 0.016 0.016
xg 0.014 0.015 0.014 0.015 0.015 0.015 0.013 0.012
xo 0.014 0.016 0.014 0.014 0.014 0.016 0.016 0.016

Tk W N
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TABLE D.7: Effect of Monetary Transfer on the Amount of Goods Traded

Case 7 0.055 0.060 0.065 0.080 0.085 0.090 0.095 0.100

1 qr 3.061 3.107 3.192 3.083 3.206 2.554 2.571 2.745
q 2873 2472 2481 2.792 2.520 2.488 2.561 2.590
qr 2.660 2.669 3.121 2.702 2.683 2.791 2.563 2.586
qp  2.768 2.773 2775 2791 2803 2915 3.427 3.818
q1 2739 2711 3.145 3.004 2.664 2.527 2494 2.503

T W N

TABLE D.8: Effect of Monetary Transfer on the Amount of Labor Traded

Case 711 0.055 0.060 0.065 0.080 0.085 0.090 0.095 0.100

1 1T 0779 0771 0.782 0.748 0.731 0.760 0.762 0.728
1T 0.699 0.750 0.742 0.687 0.759 0.732 0.714 0.720
IT 0.760 0.739 0.705 0.723 0.755 0.750 0.747 0.734
1T 0777 0.777 0.776 0.770 0.764 0.740 0.722 0.737
IT 0.736 0.714 0.702 0.712 0.736 0.738 0.742 0.746

QU = W N

TABLE D.9: Effect of Monetary Transfer on the Amount of Capital Traded

Case 7 0.055 0.060 0.065 0.080 0.085 0.090 0.095 0.100

1 k7 0.160 0.170 0.169 0.199 0.201 0.170 0.187 0.177
k7 0.209 0.176 0.176 0.202 0.172 0.17v8 0.187 0.193
k7 0.174 0.181 0.201 0.178 0.171 0.174 0.177 0.178
0.173 0.174 0.173 0.173 0.172 0.179 0.197 0.194
k7 0.180 0.189 0.198 0.194 0.183 0.184 0.18 0.185

T = W N
~
3

TABLE D.10: Effect of Monetary Transfer on the Division of Capital Between Sectors
for Agent 1

Case 7 0.055 0.060 0.065 0.080 0.085 0.090 0.095 0.100

1 s1  0.051 0.051 0.045 0.024 0.033 0.063 0.066 0.065
s1  0.062 0.060 0.060 0.062 0.061 0.060 0.061 0.061
s1 0.058 0.058 0.059 0.059 0.059 0.060 0.060 0.060
st 0.063 0.063 0.063 0.062 0.062 0.061 0.061 0.066
st 0.061 0.061 0.064 0.064 0.059 0.058 0.059 0.060

Tk W N
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