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ABSTRACT 

 

In mode-locking applications, single-walled carbon nanotube saturable absorbers 

(SWCNT-SAs) and graphene saturable absorbers (graphene-SAs) have emerged as 

important alternatives to semiconductor saturable absorber mirrors (SESAMs) due to their 

favorable optical characteristics, low cost, and relatively simple fabrication scheme. 

Therefore, it is of great interest to explore the limits of energy scaling in lasers mode-

locked with SWCNT-SAs and graphene-SAs.  

In this thesis work, due to their unique wavelength range for biomedical applications, a 

room-temperature Cr
4+

: forsterite laser operating near 1.3 μm was used in the mode-locking 

experiments. By incorporating a q-preserving multi-pass cavity (MPC) extension to the 

short x-cavity, an effective optical path length of ~ 60 m was obtained and the repetition 

rate of the pulses was reduced to 4.51 MHz from 144 MHz. In addition, by using double 

chirped (DCM) and Gires-Tournois interferometer (GTI) mirrors, nonlinear phase 

distortions due to self phase modulation were compensated to generate solitary 

femtosecond pulses. Furthermore, the power efficiency of different laser resonator 

architectures containing the graphene-SA or SWCNT-SA was investigated. 

The Cr
4+

: forsterite laser, mode-locked with a SWCNT-SA produced 121-fs pulses with 

10-nJ pulse energy and 84-kW peak power at the wavelength of 1247 nm. The mode-

locked spectrum had a width of 16 nm, corresponding to a time-bandwidth product of 0.37. 

Hence, the pulses were nearly transform-limited with a temporal profile of sech
2
. 

For graphene-SA mode-locking experiments, graphene samples with different number of 

layers were fabricated and characterized. The Cr
4+

: forsterite laser mode-locked with a 

single layer graphene-SA produced 96-fs pulses with 5.3-nJ pulse energy and 55-kW peak 

power at 1252 nm. In this case, the mode-locked spectrum had a width of 18.2 nm and the 
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measured time-bandwidth product came to 0.33, also indicating that nearly transform 

limited solitary pulses were generated.  

To our knowledge, both of the results report the highest peak powers obtained to date 

from a femtosecond solid-state bulk laser mode locked by using SWCNT-SA and 

graphene-SA. Limitations to energy scaling were further explored during the experiments. 
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ÖZET 

 

   Karbon nanotüp ve grafen tabanlı doyabilen soğurucular optik özellikleri ve diğer yarı-

iletken malzemelere kıyasla düşük üretim maliyetine sahip olmaları nedeniyle, yarı-iletken 

doyabilen soğurucu aynalara (SESAM) alternatif olarak kip-kilitleme (mode-locking) 

deneylerinde kullanılmaya başlanmıştır. Bu nedenle, karbon nanotüp ve grafen tabanlı 

doyabilen soğurucular kullanılarak kip-kilitli rejimde çalıştırılan lazerlerin enerjilerinin 

ölçeklendirme limitlerini araştırmak, bu soğurucuların yüksek güce sahip lazerlerle 

uyumluluğunu anlamak açısından oldukça önemlidir. 

   Bu çalışmamızda, çok yansımalı kovuk içeren bir Cr
4+

: forsterite lazeri kullanarak, 

karbon nanotüp ve grafen soğurucuların daha yüksek enerjili lazerlerde de 

kullanılabileceğini deneysel olarak gösterdik. Deneyler için 1.3 μm civarında çalışan ve 

biyomedikal görüntülemede birçok potansiyel uygulamaları bulunan bir Cr
4+

: forsterite 

lazeri tercih edilmiştir. Rezonatörün boyunu uzatmak ve aynı zamanda darbe enerjisini 

arttırmak için, lazer içerisine çok yansımalı, q parametresini koruyan bir optik kovuk (q-

preserving multi-pass cavity) ilave edilmiştir. Çok yansımalı kovuk sayesinde, lazerin 

uzunluğu 60 m civarına arttırılıp, darbe tekrar frekansı 144 MHz civarından 4.51 MHz’e 

indirilmiştir. Soliton darbeleri üretebilmek için, rezonatöre eksi dispersiyona sahip aynalar 

(DCM ve GTI) ilave edilmiştir. Bunlara ek olarak, karbon nanotüp ve grafen soğurucuları 

içeren farklı resonator tasarımları için lazerin verimliliği araştırılmıştır. 

   Karbon nanotüp tabanlı doyabilen soğurucu yardımıyla kip-kilitli rejimde çalıştırılan 

Cr
4+

: forsterite lazeri, 1247 nm dalga boyunda, darbe enerjisi 10 nj civarında, 84 kW darbe 

tepe gücüne sahip ve uzunluğu 121 fs olan darbeler üretmiştir. 16 nm spectral kalınlığı ile 

elde edilen darbe-spektral kalınlık çarpımı 0.37 civarındadır. Bu sonuç, üretilen darbe 

profilinin yaklaşık olarak sech
2
 şeklinde olduğunu göstermektedir. 
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   Grafen tabanlı doyabilen soğurucu ile yapılan kip-kilitleme deneyleri için farklı 

kalınlıklara sahip grafen örnekleri sentezlenmiştir ve bu örneklerin karakterizasyonu 

yapılmıştır. Tek katmana sahip grafen tabanlı soğurucu örneği kullanılarak, Cr
4+

: forsterite 

lazeri kip-kilitli rejimde çalıştırılmıştır. Cr
4+

: forsterite lazerinden, 1252 nm’de çalışan, 

darbe enerjisi 5.3 nJ civarında, 55 kW darbe tepe gücüne sahip ve darbe uzunluğu 96 fs 

olan darbeler üretilmiştir. 18.2 nm spectral kalınlığa karşılık gelen darbe-spektral kalınlık 

çarpımı 0.33 civarındadır ve bu deneylerin sonucunda da soliton darbelerin üretilmiş 

olduğunu göstermektedir. 

   Her iki deney sonucunda da elde edilen darbe tepe gücü değerleri, karbon nanotüp ve 

grafen tabanlı soğurucular ile kip-kilitli rejimde çalıştırılan femtosaniye katı-hal lazerleri 

için şimdiye kadar elde edilebilen en yüksek tepe gücü değerleridir. 

   Bu çalışma sonucunda, karbon nanotüp ve grafen tabanlı doyabilen soğurucuların da 

yüksek enerjili darbe üretimi için elverişli olduğu gösterilmiştir ve enerji 

ölçeklendirilmesini limitleyen faktörler detaylı olarak araştırılmıştır. 
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Chapter 1 

 

INTRODUCTION 

 

In this part of the thesis, a brief history of lasers will be given and the important physical 

concepts underlying optical amplification will be described. Part 1.2 discusses the gain 

mechanism, stimulated and spontaneous emission, and oscillation condition for lasers. 

Expressions for the threshold pump power and slope efficiency of a laser are also given. In 

Part 1.3, general information and historical review of Cr
4+

: forsterite lasers will be 

presented. 

 

1.1 Historical Review and Theoretical Background of Lasers 

 

The fundamental physical theory of optical amplification (i.e. stimulated emission) which 

describes the operation of lasers was first established by Albert Einstein in 1917. Then, 

studies that led to an operational laser were performed by several scientists including 

Arthur Leonard Schawlow, Charles Hard Townes, Nikolay Basov, and Alexander 

Prokhorov. In 1960, the first operating laser was reported by Theodore Maiman [1]. Today, 

lasers have widespread applications in biomedicine [2-4], communication systems [5], 

astronomical imaging [6], product development [7], and industrial systems [8]. 

In its simplest configuration, a laser consists of a gain medium for optical amplification and 

two highly reflecting mirrors which provide positive feedback. According to the physical 

characteristics of the gain medium, lasers can be classified as gas, liquid or solid-state 
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lasers. In this thesis, the main focus will be on solid-state lasers and discussion about other 

gain medium types will not be undertaken. 

 

1.2.1 Optical Processes of Stimulated Absorption, Spontaneous Emission and 

Stimulated Emission 

 

To understand the optical interactions in an optical gain medium, it is important to first 

describe the absorption and emission processes. As is well known from Quantum Theory, 

microscopic systems like atoms and molecules consist of discrete energy levels. The 

interaction of this medium with light can be understood by assuming that light consists of 

photons, each with an energy of 

 

                                                                                                                     (1.2.1) 

 

where, h is the Planck’s constant and ν is the frequency of the photon. Interaction of light 

with an ideal two-level atomic system results in absorption and subsequent transition of 

atoms from the lower ground level      (E1) to an upper level      (E2) as shown in Fig. 

1.2.1.  

 

 

   Figure 1.2.1 Schematics for (a) stimulated absorption, (b) spontaneous emission, and (c) 

stimulated emission processes, respectively. 
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The atomic density of the upper level is designated as N2 and according to Einstein’s 

model, the time rate of change of N2 is given by 

 

                                    
   

  
          ( ) ( )

 

 
                                 (1.2.2) 

 

Here, g(ν) is the lineshape function, ρ(ν) is spectral energy density, and B12 is the Einstein’s 

B coefficient for absorption. N2 and N1 are the atomic densities for levels      and     , 

respectively. Since people use other laser sources to excite a crystal gain medium, we can 

assume that interacting light is monochromatic at the frequency ν. As a result, the spectral 

width becomes much smaller than the lineshape function. Therefore, the spectral energy 

density at frequency ν
' 
can be approximated as 

 

                                          (  )     (    )                                    (1.2.3) 

 

If we rewrite Eq. (1.2.2), we obtain 

 

                               
   

  
        

 

 
     (    ) (  )                      (1.2.4) 

 

By using the translation property of the delta function 

 

                                  (  )  (    )     ( )                               (1.2.5) 

 

the rate equation for stimulated absorption simplifies to [9] 
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         ( )                                               (1.2.6) 

 

As a result of this interaction, both stimulated emission and spontaneous emission occur at 

the same time. Figure 1.2.1 shows the schematic description for stimulated and 

spontaneous emission. As seen from Fig. 1.2.1, for spontaneous emission, photons are 

emitted in random directions and with random phases. On the other hand, in the case of 

stimulated emission, emitted photons have the same direction, polarization, frequency, and 

phase. 

In the case of spontaneous emission, due to the vacuum fluctuations of the quantized 

electromagnetic field, atoms in the upper level can decay to the lower level without 

incident stimulating photons. This decay rate is given by 

 

                                               
   

  
 

         
                                     (1.2.7) 

 

In this equation, similar to Eq. (1.2.2), A21 describes the transition process from energy 

level      to      and it is called the Einstein’s A coefficient for spontaneous emission. 

However, in real systems there are also non-radiative decay processes which result in the 

generation of heat in the host medium. Hence, the overall decay rate can be written as 

 

                                                   
   

  
  

  

  
                                                 (1.2.8) 

 

Where τf is the fluorescence lifetime and is given in terms of the radiative and non-radiative 

decay components (Wnon-rad.) as 
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                                            (1.2.9) 

 

In the case of the stimulated emission, if the atom interacts with photons having the 

frequency 

 

                                                                                                     (1.2.10) 

 

excited atoms are stimulated to undergo a downward transition to the lower level by 

emitting photons with the same energy, phase, polarization, and direction. Hence, this leads 

to optical gain and is the fundamental optical process which initiates laser operation. The 

rate of this process can be written as 

 

                                  
   

  
           ( ) ( ) 

 

 
                         (1.2.11) 

 

If we use the same argument as in Eq. (1.2.3), the stimulated emission rate becomes [9] 

 

                                         
   

  
          ( )                                      (1.2.12) 

 

Similarly, B21 describes transitions from energy level      to energy level      and it is called 

the Einstein’s B coefficient for stimulated emission. The minus sign in Eq. (1.2.7) and Eq. 

(1.2.12) shows that both spontaneous emission and stimulated emission cause a decrease in 

the upper-state population density.  
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1.2.2 Gain Mechanism 

 

If the upper-state population of an atom exceeds the lower level population, we get a non-

equilibrium condition known as population inversion and optical amplification occurs in 

the gain medium. For solid-state lasers, this medium is typically a laser-active ion-doped 

insulating crystal. In our experiments, the forsterite (Mg2SiO4) single crystal doped with 

Cr
4+

 ion was used. Usually, rare earth ions (e.g. Nd, Tm, Er) or transition metal ions (e.g. 

Cr
4+

, Ni
2+

, Ti
3+

) are used for doping various types of hosts. Different types of host and ion 

combinations result in emissions at different wavelengths of the electromagnetic spectrum. 

Chemical properties and laser characteristics of Cr
4+

: forsterite crystal will be investigated 

in Part 1.3. Now, to understand the gain mechanism behind lasers, it is important to put 

emphasis on the rate equation analysis for the solid-state gain medium. The population 

inversion is strongly related with the rates of stimulated emission and absorption. Since the 

four level atomic systems always have population inversion and the gain medium used in 

the experiments is a four level system, the rate equation analysis for a four level atomic 

system will be described in this section. 

In Fig. 1.2.2, schematic description for absorption and stimulated emission in a four level 

system is described. 

 

 

 

   Figure 1.2.2 Schematic description for the energy levels of a four level solid-state laser system. 



 

 

Chapter 1: Introduction   7  

 

The optical pump photons at the wavelength λp are absorbed in the gain medium and excite 

atoms from the ground level      (Eg) to the upper energy level     . Then, a rapid non-

radiative decay occurs from      to the nearest lower energy level     . Between      and     , 

both spontaneous and stimulated emissions occur at the laser wavelength λL. Finally, ions 

at      rapidly go to      via non-radiative decay.  

Since, the decay rates between levels     -     and     -     are fast compared to the transitions 

between     -     and     -    , the population densities of the energy levels      and      are 

negligible (i.e. N3=N1=0). In addition, the photons emitted as a result of spontaneous 

emission will be neglected, because they will only add noise to the laser beam. Therefore, 

the overall rate equation becomes [9] 

 

                             
   

  
 

    

   
   

  

  
 

    

   
                                         (1.2.13) 

 

where, σa is the absorption cross section, σe is the emission cross section, and Ip, IL are the 

pump and laser intensities respectively. If we further assume a gain medium with thickness 

of dz and area of A, we will obtain the following equality between the total number of 

photons added to the emission within this gain medium per unit time and the total number 

of ions that decay as a result of  stimulated emission within the same volume per unit time 

as 

 

                           
  (    )   ( )

   
    

    

   
                                      (1.2.14) 

 

If we define the total atomic density as  

 

                                                                                                   (1.2.15) 
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and the maximum extractable small-signal gain as 

 

                                                                                                        (1.2.16) 

 

we can rewrite Eq. (1.2.14) in the following form 

 

                                           
 

  

   

  
   

  

   

 

  
  

   
 

  
   

                                     (1.2.17) 

 

In this equation, Isa and Ise are stimulated absorption and stimulated emission intensities, 

respectively. For very large pump intensities, the laser intensity will grow as light 

propagates in the gain medium. However, this growth is limited due to the gain saturation 

because of the finite number of atoms in the ground state energy level     . To have a more 

realistic case, a loss coefficient (αL) should also be subtracted from the right hand side of 

Eq. (1.2.17), because real systems always have losses originating from parasitic absorptions 

and scattering. 

 

1.2.3 Oscillation Condition, Threshold Pump Power and Slope Efficiency of Lasers 

 

As a result of light oscillation inside the resonator, lasers emit radiation at a specific 

wavelength. Optical amplification combined with positive feedback produces light 

oscillation. Optical amplification is the result of the gain mechanism discussed above and 

positive feedback is obtained via highly reflecting mirror configurations which form the 

optical cavity. There is a threshold pump power after which light starts to oscillate inside 

the cavity. When the oscillation condition is reached with sufficient pump power, lasing 

starts. In addition to this, to determine how much output power can be extracted with a 
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given pump power, the slope efficiency of the resonator should be calculated. Since, all of 

these concepts are closely related with the gain mechanism, the threshold pump power 

formula and the slope efficiency formula will be obtained based on the gain analysis. The 

fractional power gain (G) per pass through the gain medium can be defined as 

 

                                                       
   

  
                                                  (1.2.18) 

 

Since the laser power can be written as PL = AIL, Eq. (1.2.18) can be rewritten 

 

                                              
    

   
 .                                                  (1.2.19) 

 

By using Eq. (1.2.14) for ΔIL, the fractional power gain per pass becomes 

 

                                                                                                  (1.2.20) 

 

Here, the short length of the gain medium (dz) is expressed as dg. In order to find the 

differential equation for the power gain, Eq. (1.2.13) is multiplied by σedg to have a similar 

expression with Eq. (1.2.20). Furthermore, if the pump absorption saturation is negligible, 

the differential equation for the power gain is obtained as [9] 

 

                                           
  

  
  

 ( )   

  
 

  ( ) ( )

    
                               (1.2.21) 

 

In Eq. (1.2.21), G0 is the small-signal fractional power gain, and the saturation energy is 

given by 
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                                                (1.2.22) 

 

In addition, the steady-state value for the fractional power gain can be found by setting the 

time derivative in Eq. (1.2.21) to zero, and is given by 

 

                                                  
  

  
  

    

                                                  (1.2.23) 

 

where, Psat is equal to Esat divided by the fluorescence time τf, and is given by 

 

                                                   
    

  
 

   

    
                                       (1.2.24) 

 

With the help of the plane wave analysis [9], the expression for the threshold pump power 

can be found. By denoting the beam power after m
th

 and (m+1)
th

 round-trips as Pm and 

Pm+1, we obtain 

 

                                             
                                  (1.2.25) 

 

In this equation, αT is the total differential loss coefficient and R1, R2 are the reflectivities 

of the end mirrors. Since the round-trip gain is unity at threshold, these parameters are 

related through the following equation: 

 

                                                 
 

   
   

 

    
                                  (1.2.26) 
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If the thickness of the gain medium is assumed to be small, the fractional change in the 

laser power after one round-trip becomes 

 

                                        
   

  
                                                     (1.2.27) 

 

and can be rewritten as 

 

                                             
   

  
 

   

  
                                                       (1.2.28) 

 

For Eq. (1.2.28), if we take the cavity length as Lc and c as the speed of light, Δt becomes 

 

                                                      
   

 
 .                                                 (1.2.29) 

 

Thus, the change in the laser power after one round-trip becomes 

 

                                               
   

  
  

  

  
                                                   (1.2.30) 

 

τp is known as the cavity photon life-time and is given by [9] 

 

                                                 
   

  

         
 

    
 
                                      (1.2.31) 

 

In order to complete the analysis, the optical gain should be added to the above discussion. 

Using Eq. (1.2.18), the change in the laser power after one round-trip is given by 
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                                                                                                        (1.2.32) 

 

and the differential equation for the laser power becomes 

 

                                     
   

  
  

 ( )

  
 

  ( )

  
  ( )                                    (1.2.33) 

 

TR is equal to the round-trip time of the cavity and is equal to: 

 

                                                       
   

 
                                                  (1.2.34) 

 

Now, we have two coupled differential equations, namely Eqs. (1.2.21) and (1.2.33). If we 

set the time derivatives of these equations to zero, we obtain the threshold value of the 

fractional power gain [9]: 

 

                                                   
    

  
 

 

  
                                                   (1.2.35) 

or 

                                    
  

   
       

 

 
   

 

    
                              (1.2.36) 

 

In steady state, Eq. (1.2.23) will be equal to the value of the threshold gain. Thus, using the 

expression for Psat, the output power can be written as 

 

                                       (    )
    

 
 

  

   
                                  (1.2.37) 
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There is a linear relationship between the output power and the small-signal gain 

coefficient (G0). If the nonlinear effects are neglected, G0 will increase as the pump power 

increases. As a result, the output power will also increase. By concentrating on the specific 

case where R1 has perfect reflectivity (100%) and R2 is equal to (1-T), where T is the 

transmission of the output coupler, the threshold gain becomes 

 

                                              
 

 
   

 

   
   

 

 
                     (1.2.38) 

 

Here, L = 2dg αL is the total material loss in one cavity round-trip. As discussed before, the 

fractional power gain in steady state is proportional to the pump power. On this basis, it can 

be concluded like that, the threshold pump power required for lasing is [9] 

 

                                                
  

  (   )                                        (1.2.39) 

 

where A is a constant. 

Using this formula, the passive losses in a laser cavity can be determined. The threshold 

pump power is measured as a function of output coupler transmission and the cavity loss is 

calculated easily by using Eq. (1.2.39). The final important concept for this section is the 

slope efficiency of the laser. The slope efficiency gives the change in the output power per 

unit increase in the input pump power. The formula for the slope efficiency η is given by 

 

                                           
     

   
                                                      (1.2.40) 

 

By using Eq. (1.2.24), the formula for the slope efficiency can be rewritten as [9] 
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(   )    

 
  

  

 

   
                            (1.2.41) 

 

In Eq. (1.2.41), ng is the ground-state population density, and ηa is the fractional pump 

absorption given by 

 

                                                                                           (1.2.42) 

 

From Eq. (1.2.41), it can be seen that the maximum slope efficiency is obtained when all 

the pump power is absorbed with minimum losses. Hence, if these conditions are satisfied, 

only the pump wavelength divided by the laser wavelength (λp / λL) is left in Eq. (1.2.41). 

This is known as the quantum efficiency and gives the highest possible slope efficiency 

since in this case, every pump photon is converted to a laser photon. In realistic laser 

systems, the actual slope efficiency is lower than the ideal quantum efficiency. 

As a result, the maximum slope efficiency of a resonator is obtained when the overall 

losses are very low and all the pump power is absorbed by the gain medium. The relation 

which combines the threshold pump power, the slope efficiency and the output power can 

be written as [9] 

 

                                                 
  

                                       (1.2.43) 

 

Here, Pp is the pump power, (Pp)th is the threshold pump power, and Pout is the output power 

of the laser. 
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1.3 Cr
4+

: forsterite Lasers 

 

In this section, a brief history of chromium doped forsterite lasers, information about the 

crystal structure of the forsterite host, its physical properties, thermal problems, and some 

of its applications will be presented. 

After the discovery of the ruby laser in 1960, the search for new crystal hosts and ions that 

have emissions in the near-IR region was started. Lasing from a chromium doped forsterite 

laser was first reported by Petričević et al. in 1988 [10]. The first Kerr-lens mode-locked 

operation in a Cr
4+

: forsterite laser system was later reported by A. Seas et al. in 1991 [11]. 

The forsterite crystal is a member of the olivine family and its chemical formula is 

Mg2SiO4. In this crystal, magnesium atoms form a single bond with two oxygen atoms 

from the silicate tetrahedron and the overall structure is orthorhombic [12]. If the forsterite 

crystal is doped with Cr ions, they replace the Mg
2+

 ions in the lattice. 

Crystals which are used to build lasers should have high optical transparency as well as 

chemical and mechanical robustness. Carefully synthesized Cr
4+

: forsterite crystals fulfill 

these requirements and can be used as laser gain media. As described above, usually, host 

materials are doped with rare earth or transition metal ions. Doping the forsterite host with 

a transition metal ion leads to the formation of a broad gain band near 1300 nm due to 

electron-phonon coupling. Electron-phonon coupling is simply due to the interaction of the 

laser-active electrons with the surrounding vibrating lattice. Laser crystals with broad gain 

bandwidth are important for generating tunable laser light [13] and also ultrashort optical 

pulses. The equation which gives the relationship between gain bandwidth (Δλ or Δν) and 

pulse duration (τp), can be written in the form 

 

                                                                                                       (1.3.1) 
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The constant 0.315 is for pulses which have a temporal profile of the form sech(t/τp). The 

widths in the wavelength and frequency domain are related through 

 

                                                         
   

  
 ,                                               (1.3.2) 

 

Equivalently, we can also write this relationship as 

 

                                                        
   

  
                                                  (1.3.3) 

 

Since 

                                                          
 

 
                                                     (1.3.4) 

 

In Eqs. (1.3.2), (1.3.3), and (1.3.4), ν is the frequency, λ is the operation wavelength of the 

laser, and c is the vacuum speed of light. The gain bandwidth for the Cr
4+

: forsterite crystal 

is around 80 nm giving Δν ~ 15.6 THz. Therefore, the shortest pulse that can be obtained 

from a Cr
4+

: forsterite laser is approximately 20 fs. The shortest pulse that has been 

obtained to date from a Cr
4+

: forsterite laser is 14 fs [14]. 

The upper-state lifetime of the Cr
4+

: forsterite crystal strongly depends on the temperature 

due to the phonon assisted non-radiative decay of the upper-state population as discussed in 

Fig. 1.2.2. This creates a practical problem for the efficiency of the laser. The laser 

efficiency will decrease as a result of the thermal loading in the crystal, and higher pump 

sources may not yield high output powers due to thermal loading. To avoid this problem, 

complex cooling mechanisms can be used (e.g. cryogenic cooling). However, efficient 

room temperature operation of this type of laser by using only water cooling was obtained 

by A. Sennaroglu [15]. In addition to that, the highest pulse energy (81 nJ) directly obtained 
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from a mode-locked Cr
4+

: forsterite laser operating at room temperature was reported by H. 

Cankaya et al. [16]. In the present thesis, the highest peak powers generated from a solid-

state laser by using a single-walled carbon nanotube saturable absorber and graphene based 

saturable absorber have been demonstrated. As the gain medium, we used a Cr
4+

: forsterite 

crystal for both of the experiments [17]. 

The operation wavelength of the Cr
4+

: forsterite crystal is around 1.3 μm, which makes this 

laser a very suitable light source for biomedical applications. Biological tissues are mainly 

composed of water. If we look at the absorption spectrum of water [18] for various 

wavelengths, it is obvious that water is strongly absorbed at wavelengths above 1.4 μm. 

In addition to absorption, because of Rayleigh scattering, shorter wavelengths are scattered 

more than the longer wavelengths. Thus, the operation wavelength (1.3 μm) of the Cr
4+

: 

forsterite laser is ideal for biomedical imaging applications requiring deep tissue 

penetration, such as; multi-photon microscopy and optical coherence tomography [19, 20]. 
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Chapter 2 

 

CONTINUOUS-WAVE and PULSED OPERATIONS of LASERS 

 

2.1 Continuous Wave Operation of Lasers 

 

After the oscillation threshold is reached, lasing starts as discussed in Chapter 1. If a time 

dependent loss or gain mechanism is not introduced into the laser cavity, continuous wave 

(CW) operation is obtained. During this regime, the output power of the laser remains 

constant with time and the operating parameters of the laser such as the threshold pump 

power and slope efficiency can be calculated by using the equations in Chapter 1. 

Both pulsed and CW lasers have physical properties which make them different from other 

light sources. A brief description about these properties will be given in this section. These 

characteristic features of lasers are; directionality, monochromaticity, spectral brightness, 

and coherence. 

 

2.1.1 Directionality of Laser Beams 

 

A directional light source does not spread by a considerable amount as it propagates and 

maintains its spatial profile. Of course, some amount of spreading always takes place due 

to diffraction. Well designated lasers can produce directional light beams whose spreading 

is only limited by diffraction. Usually, spherical end mirrors are used at the laser resonator. 

With this configuration and provided that minimum beam distortion effects occur inside the 

gain medium, the output beam has a TEM00 profile. As such, the radial distribution of the 
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beam closely resembles a Gaussian function. Furthermore, for the TEM00 beam, the spot 

size, i.e. the radial distance where the electric field decays to 1 / e of its peak value, is given 

by [9] 

 

                                     ( )        
    

  
 

 
                                      (2.1.1) 

 

Here, z is the propagation direction and w0 is the beam waist, zf is the location of the beam 

waist, and z0 is a very important beam parameter called the Rayleigh range. z0 is given by 

 

                                                       
    

 

   
                                                 (2.1.2) 

 

In Eq. (2.1.2), n is the refractive index of the medium and M
2
 is the M-square parameter of 

the laser beam. Which determines how much a beam deviates from the ideal case of the 

Gaussian beam for which M
2
 = 1. As seen from the equation above, Rayleigh range also 

depends on the wavelength of the source and the beam waist. The smaller the initial beam 

waist, the larger is the diffractive beam spreading of the beam. Beam spreading also 

increases as the wavelength of the light increases. 

 

2.1.2 Lasers are Monochromatic Light Sources 

 

If an electromagnetic wave is ideally at a single frequency, it is called monochromatic 

radiation. Different from other light sources, lasers can produce monochromatic light. 

However, there exists a fundamental limit for the spectral width (Δν0) of an atomic 

transition which determines the ultimate spectral bandwidth of a laser. According to this 
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limit the radiative decay rate gives the minimum spectral width with the following formula 

[9] 

                                                         
   

  
 .                                        (2.1.3) 

 

Typically, special techniques such as frequency stabilization are required to operate lasers 

with a very narrow spectral bandwidth compared to the center frequency. So far, fractional 

linewidths Δν / ν , of less than 10
-15 

have been achieved [21]. 

 

2.1.3 Spectral Brightness of Lasers 

 

Brightness of an optical beam per unit spectral bandwidth is called as spectral brightness. 

The spectral brightness of a light source can be defined as [9] 

 

                                                      
 

    
                                                   (2.1.4) 

 

where P is the output power of the source, A is the area, and Ω is the solid angle. The area 

of the beam can be written as 

 

                                                     
                                                   (2.1.5) 

 

Figure 2.1.1 shows the beam divergence angle θ, and it is given by 

 

                                                              

   
                                               (2.1.6) 



 

 

Chapter 2: Continuous-Wave and Pulsed Operations of Lasers   21 

 

 

 

   Figure 2.1.1 Schematic description for the initial Gaussian beam cross-sectional area (adopted 

from A. Sennaroglu, Photonics and Laser Engineering). 

 

We can write the solid angle as 

 

                                                                                                      (2.1.7) 

 

Since M
2 

= 1 for the Gaussian beam, the solid angle can be rewritten as 

 

                                                      
  

   
                                               (2.1.8) 

 

Using Eqs. (2.1.4) and (2.1.8), the spectral brightness at large distances from the beam 

waist location is: 

 

                                                          
 

  
                                                   (2.1.9) 

 

Although the output power of an ordinary laser is much lower than other light sources such 

as the Sun, the narrow spectral bandwidth property gives rise to a high brightness. 
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2.1.4 Coherence of Laser Beams 

 

A light source produces electromagnetic waves. It is known that, two waves can 

constructively or destructively interfere. If these waves are perfectly sinusoidal and have a 

constant phase relative to each other, they are called coherent waves. To examine the 

temporal coherence of a light source, one can build a Michelson interferometer. Hence, one 

can measure the intensity of the resulting light which is composed of the electric fields of 

the two split waves of the same source and find the degree of coherence of a light source. 

In reality, no wave source is perfectly coherent and a light source can have a degree of 

coherence which is determined by the coherence function [9] with the following inequality 

 

                                                         ( )                                        (2.1.10) 

 

This coherence function arises from the resulting intensity signal measurement of the 

Michelson interferometer. If it is equal to one, we have complete coherence. On the other 

hand, if it is zero, we have complete incoherence. Any other value between one and zero of 

the coherence function gives partial coherence. 

The spectral bandwidth discussed in the previous section gives a certain coherence length 

for a laser. Fig. 2.1.2 (a) shows the spectral linewidth for a typical laser and Fig. 2.1.2 (b) 

shows the corresponding sine waves with different periods. For example, consider a nearly 

coherent light source (i.e. a laser) which consists of a spectral linewidth. Each sine wave 

will gain a different amount of phase as it propagates over a given distance. Hence, 

coherence can be stated as 

 

                                                               

  
  

                                                 (2.1.11) 
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   Figure 2.1.2 (a) A typical spectral linewidth of a laser. (b) Corresponding sine waves with 

different periods. 

 

As a result, we can say that even the most coherent light source remains coherent over a 

certain propagation distance called the coherence length. The coherence length is related to 

the coherence time through the relation [9] 

 

                                                              .                                              (2.1.12) 

 

On the other hand, lasers also have spatial coherence. The spatial coherence of lasers is 

related with the phase of each sinusoidal wave at different points located on a plane which 

is perpendicular to the direction of light propagation. If the spatial coherence is high, the 

beam profile is not distorted with propagation. As discussed in Section 2.1.1, a laser with 

high spatial coherence can produce directional light with a pure TEM00 profile. 

 

2.2 Pulsed Operation of Lasers 

 

Different from the CW operation, in pulsed regime, the output power of the laser changes 

with time. If a periodic loss or gain mechanism is introduced into the system, pulsed 
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operation can be obtained. Depending on the physical mechanism behind the periodic 

modulation, this operation can be achieved passively or actively. In this section, three main 

types of pulsed operation will be discussed. These are gain-switched, Q-switched, and 

mode-locked operations of lasers. However, mode-locked operation will be emphasized, 

because in our experiments this regime is exploited to produce ultrashort (<1ps) pulses. 

 

2.2.1 Gain-Switched Operation of Lasers 

 

If the optical pump source itself is a pulsed laser, gain-switched operation is obtained. In 

this case, the pump source directly modulates the optical gain. Since the gain medium of 

the laser encounters the pump pulses with a short duration, the population inversion in the 

gain medium is only present for a short time. This results in the production of pulsed output 

beams from the laser. In this regime, the duration of the output pulses strongly depends on 

the pulse width of the pump source and they are typically shorter than the pulse duration of 

the pump source. 

 

2.2.2 Q-Switched Operation of Lasers 

 

Q-switched operation is obtained by changing the Q-factor (quality factor) of the resonator. 

The Q-factor is a parameter which determines the amount of loss present in the resonator. 

In order to achieve Q-switched operation, an external (active) or internal (passive) loss 

mechanism is introduced into the cavity. This component creates loss inside the resonator 

and lowers the Q-factor. This increases the population in the upper-state energy level of the 

gain medium. When this mechanism is turned off, the Q-factor of the cavity becomes high 

again and stimulated emission occurs as a result of transitions from the upper energy level 

to the lower energy level inside the gain medium. This on and off mechanism occurs in a 
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very short period of time, which results in the production of short pulses from the laser. In 

addition to this, due to the large amount of population accumulation in the upper energy 

level of the gain medium, it is possible to produce pulses with high peak powers. By using 

this type of operation, depending on the cavity length and the gain medium parameters, 

pulses with duration in the range of picoseconds to microsecond can be produced. 

 

2.2.3 Mode-Locked Operation of Lasers 

 

Different from the other two techniques, pulse durations much shorter than the cavity 

round-trip time can be obtained during mode-locked operation. Typical pulse durations are 

in the picoseconds or femtosecond range. 

As a result of the periodic modulation of the circulating laser beam inside the cavity, 

randomly oscillating modes are locked in phase and pulsed operation is initiated. Similar to 

the Q-switched regime, this operation can be achieved by using an active or a passive 

modulator. In this section, mode-locking of the randomly oscillating modes which are 

supported by the laser cavity will be discussed and then a brief discussion about active 

mode-locking will be given. The main emphasis will be on the passive mode-locking 

mechanism. In the following sections, components (e.g. saturable absorbers) which are 

used to passively modulate the circulating laser beam inside the cavity will be discussed. 

The first investigation on the mode-locked operation of lasers was done by Gürs and 

Müller on ruby lasers [22] and by Statz and Tang on He-Ne lasers [23]. In addition, the first 

papers which clearly explain the mechanism behind mode-locking operation were written 

by DiDomenico [24], Hargrove et al. [25], and Yariv in 1964 [26]. 

Figure 2.2.1 shows a simple resonator with a gain medium and a passive modulator. As a 

result of the large gain bandwidth, this resonator can support infinitely many longitudinal 

modes with equally spaced resonant frequencies.  
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   Figure 2.2.1 Schematic description of a laser resonator with a passive modulator. 

 

If we take the spatial distribution of the modes as TEM00, these modes will be at discrete 

frequencies given by 

 

                                                       
 

     
                                               (2.2.1) 

 

Leff is the effective optical path length of the resonator, and q is an integer number. 

Furthermore, as seen from Fig. 2.2.2, the frequency spacing between two adjacent modes at 

discrete frequencies is called the free spectral range given by [9] 

 

                                                           
 

     
                              (2.2.2) 

 

If these modes simultaneously oscillate in the resonator, the difference between the angular 

frequencies of the adjacent modes becomes 
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                                                                                        (2.2.3) 

 

 

 

   Figure 2.2.2 Oscillating resonant modes of a laser cavity. Two adjacent modes are separated by 

one free spectral range. 

 

If we take the number oscillating modes as M and use the superposition principle, the net 

electric field due to M locked becomes [9] 

 

                   ( )        (      )     ( )    
                                        (2.2.4) 

 

where Eq is the amplitude of the q
th

 mode, ω0 is the reference angular frequency, and φq(t) 

is the phase of the q
th

 mode. 

Figure 2.2.3 (a) describes the randomly oscillating modes with such phases. As a result of 

the random oscillation of each phase, E(t) also varies randomly over time and gives rise to 

a constant output power with time in the CW regime as described in the first section. Figure 

2.2.3 (b) shows that, if these modes are forced to oscillate with the same phase, a periodic 

train of pulses can be obtained.   
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   Figure 2.2.3 (a) Randomly oscillating modes inside the cavity with different phases. (b) Locked 

modes are oscillating in phase. 

 

To find the repetition frequency of such pulses, we will continue with the analysis by 

assuming that the electric field is linearly polarized. If all the phase factors are set to zero in 

Eq. (2.2.4), and every mode has the same electric field amplitude, then the net electric field 

can be written as 

 

                                          ( )      ( (      ) )   
                                  (2.2.5) 

 

                                                        
     

        

                                         (2.2.6) 

 

                                                       
      

     
    

 
 

    
   

 
 

                                 (2.2.7) 
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Equation (2.2.7) tells us that the electric field has a local maximum at t = 0. The next 

maximum in the electric field occurs at t = TR, where TR and the angular frequency spacing 

between two modes are related through 

 

                                                      
  

  
 

     

 
                                         (2.2.8) 

 

Hence, the periodic pulse train has a repetition frequency (frep) equal to the free spectral 

range of the resonator. 

 

                                                                
 

     
 .                                      (2.2.9) 

 

The pulse width (τp) can be defined as the time difference between the peak of the pulse 

and the first zero, and it can be calculated from [9] 

 

                                                          
     

 
   ,                                       (2.2.10) 

 

Equivalently, τp can be written in terms of TR as 

 

                                                        
 

 
 

  

  
  

  

 
 .                                 (2.2.11) 

 

Hence, the duration of pulse is related to the number of locked modes. It can be seen from 

Eq. (2.2.11) that, if the number of locked modes increases, the pulse width decreases. Also 

note that TR / M approximately gives the spectral bandwidth that contains the locked modes 

of the resonator. Hence we see that 



 

 

Chapter 2: Continuous-Wave and Pulsed Operations of Lasers   30 

 

                                                               
 

  
                                             (2.2.12) 

 

If the gain bandwidth for a laser is very large, the number of locked modes will also be 

very large. For this case, the net electric field of the pulse can be written as a continuous 

summation in the form 

 

                                     ( )     
  

  
   ( )   ( )                          (2.2.13) 

 

In real laser systems, there are dispersive and nonlinear effects which distort the pulse 

shape. Details of these effects will be explained in the following chapter. Now, we can say 

that, if these distortion mechanisms are minimized, the laser can produce pulses as short as 

allowed by the available gain bandwidth. Such pulses are called transform-limited pulses. 

For a transform-limited pulse, the product of the temporal duration and the spectral width, 

usually called the time-bandwidth product can be written as 

 

                                                                                                         (2.2.14) 

 

where K is a constant known as the time-bandwidth product. K is equal to 0.315 for pulses 

with a sech
2
 temporal profile and 0.44 for Gaussian pulses. 

Now, we are finished with the basic physical principles behind the mode-locking 

mechanism. We will continue with a brief description of active mode-locking, followed by 

a detailed discussion of passive mode-locking. 

In order to lock the modes in the resonator, an intensity-loss mechanism should be 

introduced to the overall system. If this loss mechanism modulates the circulating laser 

beam with the help of an external driver, the technique is called active mode-locking. For 
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example, an acousto optic modulator, (AOM) which usually consists of a transparent 

crystal and a piezoelectric transducer to modulate the beam transmission at a given 

frequency can be used [27]. This loss mechanism acts like a shutter inside the cavity. It 

opens and closes at a frequency which is equal to the free spectral range of the cavity, and 

enables the production of a periodic pulse train. 

For passive mode-locking of the lasers, this active modulator is replaced with a component 

commonly known as a saturable absorber. Semiconductor devices such as semiconductor 

saturable absorber mirrors (SESAMs) can be used as saturable absorbers to obtain mode-

locked operation of lasers [28]. Semiconductors consist of a valance and a conduction band, 

separated by the energy band-gap (Egap). When it is exposed to laser light, a transition 

occurs from the valance band to the conduction band.  

The time required for an excited electron to go back to its original state is called the 

recovery time of the semiconductor saturable absorber. If this recovery time is shorter than 

the cavity round-trip time, it is called a fast saturable absorber. Otherwise, it is called a 

slow saturable absorber. The recovery times of single-walled carbon nanotube and 

graphene saturable absorbers we used in our experiments are less than 2 ps. Hence, we will 

continue with the fast saturable absorber analysis in the time domain, given by H. A. Haus 

[29]. The transmission of the saturable absorber exposed to a time-dependent light intensity 

I(t) during modulation is given by 

 

                                                    ( )  
  

  
 ( )

    

 .                                                  (2.2.15) 

 

In the above equation, s0 is the small-signal loss, I(t) is the time dependent intensity, and Isat 

is the saturation intensity for the saturable absorber. In the following analysis, s0 will be 

smaller than one. For weak saturation, Eq. (2.2.15) can be written as 
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                                        ( )     
   ( )

    
                                           (2.2.16) 

 

The beam amplitude is normalized such that (|a(t)|
2
) gives the beam power. Since the beam 

intensity is defined as the power per unit area, Eq. (2.2.16) becomes 

 

                ( )     
    ( )  

     
          ( )  .                              (2.2.17) 

 

The self-amplitude modulation (SAM) constant (γ) adds a non-linear phase delay to the 

temporal profile of the pulses. Details of SAM (Self-phase modulation (SPM)) will be 

given in Chapter 3, and it is defined in Eq. (3.1.10). Now, it will be treated as a constant in 

the fast saturable absorber analysis. By using the saturation term and omitting the active 

modulation term, the solution for the master equation of mode-locking given by H.A.Haus 

[29] will have a sech temporal profile. 

Thus, the intensity of light is important for passive mode-locking. If the parameters of the 

saturable absorber (e.g. saturation intensity, small-signal loss) are optimized, the 

transmission of the saturable absorber will increase with increasing light intensity. As a 

result, the oscillation of high intensity light pulses will be favored. 

 

2.3 Semiconductor Based Saturable Absorbers 

 

In this section, three different semiconductor materials used as saturable absorbers for 

passive mode-locking will be described. These include semiconductor saturable absorber 

mirrors (SESAMs), single-walled carbon nanotube saturable absorbers (SWCNT-SAs), and 

graphene based saturable absorbers. 
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2.3.1 Semiconductor Saturable Absorber Mirrors (SESAMs) 

 

A typical SESAM consists of a highly reflective Bragg mirror structure and a quantum well 

absorber layer for saturable absorption process [28] Figure 2.3.1 shows the structure of the 

SESAM. Usually low-temperature grown III-V group semiconductors are used as saturable 

absorbers and the thickness of the energy band-gaps of the semiconductor based quantum 

well layer are controlled by a band-gap engineering process to adjust the operation 

wavelength of the SESAM. 

 

 

    

   Figure 2.3.1 Schematic description for a semiconductor saturable absorber mirror (SESAM). 

 

There are three main design parameters for saturable absorbers. These are the saturation 

fluence (Esat), recovery time, and non-saturable losses. As discussed above, according to 

the recovery time of the saturable absorber, it can be classified as a fast or a slow saturable 

absorber. The recovery time is very important to have efficient mode-locked operation, 

because when the recovery time is larger than the cavity round-trip time, the laser will have 

a tendency to operate in the CW or Q-switched regime. Typical carrier life-times in the 

semiconductors used for SESAMs are in the ns time scale. Hence, they are not suitable for 
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mode-locking operation. In order to reduce the effective absorption recovery rate of bulk 

semiconductors, defects are inserted into the structure [30].  

The saturation fluence determines how much intensity is needed to saturate the saturable 

absorber. The mode-locking build up time decreases with small saturation intensities. 

However, if the saturation intensity is too small, the laser will start to operate in the Q-

switched regime. In addition to this, the saturation intensity limits the mode-locking 

operation with high pulse energies. If the saturable absorber is saturated with intensity 

much higher than the saturation intensity, multi-pulsed operation may result. The non-

saturable losses are not included in the saturation process since they introduce losses to the 

laser cavity at all intensities. The non-saturable losses can be reduced with low growth 

temperature. However, the reduced growth temperature will limit the maximum thickness 

of the absorber material which will be deposited on the SESAM structure.  

Hence, the process used to produce high quality SESAMs is very complex and requires 

expensive facilities to adjust the operation wavelength of the SESAM (e.g. clean rooms). 

Recently emerging alternatives are single-walled carbon nanotube (SWCNT-SAs) and 

graphene saturable absorbers (graphene-SAs). Optical characteristics of these materials will 

be discussed in the following sections. 

 

2.3.2 Graphene Based Saturable Absorbers (Graphene-SAs) 

 

Graphene is a single atomic layer of carbon in the form of honeycomb lattice structure (Fig. 

2.3.2). Graphene is a zero gap semiconductor which makes it different from other 

semiconductor materials. The Nobel Prize in Physics for 2010 was given to Andre Geim 

and Konstantin Novoselov for their discovery of graphene. 
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   Figure 2.3.2 Hexagonal lattice structure of graphene with two atoms in the unit cell. a1 and a2 

are the unit cell vectors with lattice constant 2.46 Å. 

 

Electrons propagating through the graphene have a linear dispersion relation given as [ref] 

 

                                                                                                           (2.3.1) 

 

where k is the two dimensional wave-vector and νF is the Fermi velocity on the order of 10
6 

ms
-1 [31, 32]. This linear dispersion relation makes broadband applications possible. 

Graphene also has unique optical properties. Despite being only a monolayer thick, it is 

optically visual. Graphene reflects the small amount (<0.1 %) of incident light in the visible 

region. The transmittance (T) of graphene can be expressed in terms of the fine structure 

constant (α) in the following way [33, 34] 

 

                             (       )                                 (2.3.2) 
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     .                                         (2.3.3) 

 

In addition, the optical absorption (A) of graphene layers is proportional to the number of 

layers. Each layer has a broad absorption over the visible spectrum given by 

 

                                                                                        (2.3.4) 

 

Due to its zero gap structure, the absorption spectrum of the graphene is quite flat from 300 

nm to 2500 nm, and a peak around the UV region can be seen due to the exciton-shifted 

Van Hove singularity in the graphene density of states [35]. The transmission spectrum of 

graphene that we used in our experiments is given in Chapter 4. 

The saturable absorption in graphene is observed due to the Pauli blocking principle. If the 

incident light intensity is strong enough, the generated carriers will fill the entire valance 

band and do not allow any excitation. Hence, the photons will be transmitted without a 

loss. During the excitation process, an electron-hole pair in resonance to that excitation will 

be produced. Since the recovery time of this electron-hole pair is fast for graphene based 

saturable absorbers (<2ps), graphene can provide passive mode-locking operation for 

lasers. In addition to this, because of its zero band gap structure, in practice regardless of 

the wavelength, the same saturable absorber can be used for lasers operating over a wide 

range of wavelengths. 

 

2.3.3 Single-Walled Carbon Nanotube Saturable Absorbers (SWCNT-SAs) 

 

Carbon-nanotube structures are formed by rolled-up single atomic sheets of carbon 

(graphene). These nanotube structures are discovered by Sumio Iijima in 1991 [36]. There 
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are different types of carbon nanotubes depending on their combination of the rolling angle 

and radius. There is pair of indices (n,m) which determines the metallic or semiconductor 

character of the carbon nanotubes [37]. These two integers denote the number of unit 

vectors along the corresponding directions in the honeycomb lattice of graphene. If m is 

equal to zero, we have zig-zag type carbon nanotubes. For m equal to n, we have armchair-

type nanotubes. Otherwise, the structure is called a chiral type nanotube. Figure 2.3.3 

shows the schematic structure for the different types of carbon nanotubes. There are also 

multi-walled nanotubes, which can be described as concentric tubes.  

Carbon nanotubes are promising candidates for many applications. They are robust 

materials and they have favorable characteristics for optical as well as electronic 

applications. They are particularly interesting for photonic applications because of their 

direct band-gap structure and high third order susceptibility [38].  

Singe-walled carbon nanotube saturable absorbers (SWCNT-SAs) are used for passive 

mode-locking of lasers because of their fast recovery time (<2ps). The saturation and  

 

 

   Figure 2.3.3 Carbon nanotube is a rolled-up graphene sheet. This rolling angle with unit cell 

vectors and n, m indices determine the structure, and diameter of carbon nanotube. 
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mode-locking mechanism is similar to what was described above for SESAMs. Different 

from SESAMs, they can be used for a variety of wavelengths, depending on the nanotube 

diameter which determines the operation wavelength. The diameters of carbon nanotubes 

are usually around 1-3 nm, which makes them good saturable absorbers for near-IR lasers. 

In addition to these properties, SWCNT-SAs do not require complex and expensive 

fabrication techniques like SESAMs. Hence, they are becoming a quite attractive 

alternative for the passive mode-locking of laser systems. 

 

As a result, regardless of the operation wavelength, the majority of the lasers need saturable 

absorber materials in order to obtain mode-locked operation. Currently, the most common 

technology is SESAM. However, graphene-SAs and SWCNT-SAs can be alternatives for 

this technology. SESAMs suffer from narrow operation range and complex fabrication 

techniques. SWCNT and graphene are cost-effective materials and do not require complex 

fabrication techniques. In addition, by controlling the diameter distribution of the SWCNT, 

they can be utilized in various wavelength ranges, especially in the near-IR range [39]. 

Furthermore, graphene is superior to any other semiconductor saturable absorber in terms 

of covering the electromagnetic spectrum. Since it has zero band gap structure and nearly 

the same absorption in the 300-2500 nm range, the same graphene saturable absorber can 

be used to passively mode-locked many different types of lasers [39]. 
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Chapter 3 

 

THIRD-ORDER OPTICAL NONLINEARITIES and MULTI-PASS CAVITIES 

(MPCs) 

 

In this part of the thesis, third-order nonlinear optics and multi-pass cavities will be 

presented. Chapter 3.1 discusses dispersion, electromagnetic wave propagation in 

dispersive medium, self-phase modulation, nonlinear refractive index, and solitary pulses. 

Then, brief information about dispersion controlling optics (e.g. Gires-Tournois 

Interferometer (GTI), chirped mirrors) used in our experiments will be given. In the second 

part of this chapter, introductory discussion about the ABCD matrix formalism and the 

complex q-parameter of a laser will be presented. The last part of Chapter 3.2 discusses 

multi-pass cavities (MPCs), and the MPC design used in our experiments. 

 

3.1 Nonlinear Optics 

 

Nonlinear optics is a huge branch which encompasses lots of different optical phenomena. 

Ultrafast optics and nonlinear optics are mainly based on the propagation of light in a 

material medium. For lasers, the intensity of light which passes through the medium can be 

sufficiently high to observe nonlinear effects. As a result, the induced polarization in 

medium has nonlinear components, as well as a linear part. The linear part is responsible 

for classical optical effects such as reflection and refraction. On the other hand, according 

to the degree of the nonlinearity, second harmonic generation, third harmonic generation, 
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Kerr effect, Raman effect are the results of the second and the third-order nonlinear parts of 

the induced polarization in a medium.  

In this chapter, we will discuss third-order nonlinear optics, because it is important to 

understand the pulse shaping mechanisms behind the solitary pulses, to interpret our 

experimental results and to have a reasonable understanding of ultrafast optics. 

 

3.1.1 Pulse Propagation in Dispersive Media 

 

In dispersive media, the susceptibility, refractive index, and speed of light are frequency 

dependent. As a result of the frequency dependent speed of light in a medium, each of the 

frequency components experience different time delays and the width of the pulse broadens 

in time (Fig. 3.1.1). If we denote a(z,t) as the pulse envelope function and |a(z,t)|
2 

as the 

instantaneous power, the evolution of the pulse envelope function in the presence of 

different orders of dispersion becomes [9] 
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                        (3.1.1) 

 

The effect of dispersion on pulses is due to the group delay dispersion (GDD) parameter of 

the medium. The GDD parameter (D) is defined as [9] 

 

                              
   

   
  

   

   
      

 

  

 

  
 

 

  
 

 

  
                      (3.1.2) 

 

In following figures (Fig. 3.1.1 (a), (b), (c)), the effect of positive and negative dispersion 

parameter on a Gaussian pulse can be seen. The time (T) is measured in the reference frame 

which moves at the group velocity of the pulse and is equal to 
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.                                                  (3.1.3) 

 

for following figures. 

 

 

   Figure 3.1.1 (a) Schematic description for the electric field of an incident Gaussian pulse. 

 

 

 

   Figure 3.1.1 (b).Schematic description for the case where D>0, and (c) for the case where D<0 

(adopted from A. Sennaroglu, Photonics and Laser Engineering).  
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The second-order dispersion adds chirp to the pulse and broadens its temporal profile.                                                

For (D > 0), the dynamic frequency is downshifted at the leading edge and vice versa for 

(D < 0). 

In Eq. (3.1.2), ϕ is the phase acquired by the pulse, ω is the angular frequency, l is the 

length of the medium, and ug is the group velocity which can be defined as 

 

                                                                 
  

  
                                                (3.1.4) 

 

Here, k is the wave vector which is a function of frequency for dispersive media  and for 

linearly polarized electric field, it can be expanded in a Taylor series about (ω = ω0) the 

central carrier frequency (ω0) [9]: 

 

         ( )      
  

  
 

 
(    )  

 

 
 

   

    
 
(    )

                  (3.1.5) 

 

Therefore, in Eq. (3.1.2), l / ug gives the group delay, and k2 equals 

 

                                                              
   

    
    

                                      (3.1.6) 

 

Hence, D is the group delay dispersion parameter and leads to temporal broadening for the 

light passing through the medium. D is defined in Eq. (3.1.2) in the standard convention of 

ultrafast optics, and the unit of D is fs
2
. Another equivalent definition of D contains the 

wavelength dependence of the refractive index of medium (n) according to 
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3.1.2 Nonlinear Refractive Index and Self-Phase Modulation 

 

The nonlinear refractive index is the intensity-dependent contribution to the refractive 

index of a medium. With this contribution, the refractive index varies according to 

 

                                                              .                                              (3.1.8) 

 

In Eq. (3.1.8), n0 is the low intensity refractive index, I is intensity of the laser beam, and n2 

is the nonlinear refractive index. Positive nonlinear refractive index of the medium leads to 

self-focusing of the beam. The laser beam typically has a Gaussian profile and its intensity 

is higher at the center of the beam. As a result, the induced change in the refractive index 

will be maximum at the center of the beam. Therefore, the medium will act as a positive 

lens and focus the beam. In every pass through the medium, the beam will be more focused 

until the beam eventually collapses. Self-focusing becomes strong when the beam power 

goes above the so called critical power, which is given by [40]. 

 

                                                              
   

      
                                            (3.1.9) 

 

where α is a dimensionless correction factor of the order of unity. If the nonlinear refractive 

index of the medium is known, the critical power can be calculated easily. Right at the 

critical power, the beam ideally propagates without undergoing diffractive spreading. At 

higher power levels, the beam collapses. In a laser operating in the solitary regime, the 

critical power roughly gives an upper limit to the peak power that can be obtained during 

single-pulse mode-locked operation. 
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This nonlinear polarization generation in a medium is known as the Kerr effect. Self-

focusing of the beam is a result of the Kerr effect and may be advantageous for some cases. 

For example, lasers can be operated in the mode-locked regime by exploiting Kerr-induced 

self-focusing. This is known as Kerr lens mode-locking (KLM) [41]. 

Kerr nonlinearities also lead to self-phase modulation of the pulse. Since the laser pulse is 

sufficiently intense to induce a change in the refractive index, it will create a time-

dependent refractive index in the medium which will cause a phase variation across the 

pulse.  

If the second-order dispersion is not included, the evolution of the pulse envelope due to 

Kerr effect can be written as [9] 

 

                                                    
  

  
     (   )  (   )                                (3.1.10) 

 

Here, T is as defined in Eq. (3.1.3), and γ is the Kerr nonlinearity coefficient given by 

 

                                               
  

 

  

    
                                                    (3.1.11) 

Above, Aeff is the effective area of the beam. If the nonlinear refractive index of the 

medium is known, the soliton-area theorem can be used to relate the pulse energy to the 

pulse width for a given amount of dispersion (D) and Kerr nonlinearity. From this theorem, 

one can determine the amount of dispersion needed to compensate the self-phase 

modulation and to have solitary optical pulses. The soliton-area theorem can be expressed 

as [29] 

 

                                                                     
    

 
                                        (3.1.12) 



 

 

Chapter 3: Third-Order Optical Nonlinearities and Multi-Pass Cavities (MPCs)   45 

 

W is the intracavity pulse energy and τ is the pulse width. Both of them can be determined 

from the experimental data. The properties of solitary pulses will be presented in detail in 

the following section. Now, we will discuss how the self-phase modulation shapes the 

temporal profile of the pulse. 

If we assume that the power (|a(z,T)|
2
) remains nearly constant and has an initial value 

P(0,T), the pulse envelope function over short distances becomes 

 

                                        (   )   (   ) (    (   ) )                                (3.1.13) 

 

and the nonlinear phase shift equals  

 

                                                (   )     (   )                                    (3.1.14) 

 

Let us consider a Gaussian pulse as an input with the envelope 

 

                                                        (   )         
                                    (3.1.15) 

 

where a0 is a constant. The peak power (P0) of the pulse equals to magnitude squared of this 

constant. The nonlinear phase shift can be written as [9] 

 

                                             (   )             
                                       (3.1.16) 

 

where the maximum nonlinear phase shift is given by 

 

                                                              
                                            (3.1.17) 
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3.1.3 Solitary Optical Pulses 

 

Self-phase modulation imposes a phase shift on the pulse envelope during propagation. 

This can counteract pulse broadening in time domain. Equation (3.1.12) clearly shows that, 

the width of the pulse is proportional to the amount of negative dispersion. Self-phase 

modulation acts as positive dispersion, and to overcome pulse spreading, negative 

dispersion is needed. Figure 3.1.2 shows that this combination cancels the frequency chirp, 

and pulse maintains its shape with minimum distortion. 

 

 

 

   Figure 3.1.2 (a) Self-phase modulation and negative second-order dispersion curves. (b) 

Combination of the self-phase modulation and second-order negative dispersion cancels each other 

which leads to generation of solitary pulses (adopted from A. Sennaroglu, Photonics and Laser 

Engineering). 
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To understand the mechanism behind this cancellation, we can outline a solution to the 

evolution of the pulse envelope in the presence of both the second-order dispersion and the 

Kerr effect. The evolution of the pulse envelope can be written as [9] 

 

                                      
  

  
  

  

 

   

   
    (   )  (   )                            (3.1.18) 

 

By using the transformations given in [9], we can express the parameters appearing in Eq. 

(3.1.18) in dimensionless form as 
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Equation (3.1.18) in its dimensionless form then becomes 

 

                                        
  

  
 

   (  )

 

   

   
                                    (3.1.22) 

 

where sgn is the signum function defined according to 
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If we consider the case k2 < 0 Eq. (3.1.18) becomes 

 

                                         
  

  
 

 

 

   

   
                                        (3.1.24) 

 

This equation is called the nonlinear Schrödinger equation. The fundamental soliton 

solution of Eq. (3.1.24) can be written in analytical form as [9] 

 

                                                  (   )      ( )  
  

                                     (3.1.25) 

 

Therefore, if the effect of the self-phase modulation is cancelled by negative dispersion, a 

solitary optical pulse can be obtained with the sech-shaped temporal profile. The pulse 

duration (T1/2, FWHM(full-width half maximum)) for this kind of temporal profile is equal 

to 1.76T0, and the peak power of the fundamental soliton without any distortion equals 

 

                                                          
        

     
                                                (3.1.26) 

 

To obtain higher-order soliton solutions (i.e. N
th

 order) of Eq. (3.1.24) one can use the input 

pulse with a form 
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3.1.4 Gires-Tournois Interferometer and Chirped Mirrors 

 

By introducing negative dispersion to the laser cavity, one can compensate the effect of 

self-phase modulation and obtain solitary pulses as described in the preceding section. 

There are different optical components which can give negative dispersion. For example, 

prism pairs and gratings have been widely used to control the dispersion inside a resonator. 

In addition, specially designed mirrors can be used to give negative dispersion to the laser 

cavity. In our experiments, to control the dispersion and to compensate the pulse spreading 

effect coming from the nonlinearity of the forsterite crystal, we used Gires-Tournois 

interferometer mirrors (GTIs) and double chirped mirrors (DCMs). Therefore, the 

characteristics of these mirrors will be presented in this section. 

GTI mirrors were introduced by Gires-Tournois et al. [42] as an alternative approach for 

pulse shaping. GTI is similar to a Fabry-Pérot interferometer but one of the mirrors (M2) is 

almost perfectly reflective. Because of this perfect reflection, this device practically does 

not change the energy of the pulse while tuning its phase. The schematic description for a 

GTI mirror can be seen in Fig. 3.1.3. Since different frequency components of the pulse 

propagate different distances in this mirror coating, broadened parts of the pulse are 

compensated by bouncing the beam from GTI mirrors. The negative dispersion coming 

from the GTI mirror can be adjusted by changing the mirror separation or changing the 

angle of incidence in Fig. 3.1.3 
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   Figure 3.1.3 Gires-Tournois interferometer is similar to a Fabry-Pérot interferometer.Ii, and If 

are the initial and final intensities, respectively. d is the separation between mirrors, and θ is the 

angle of incidence.  

 

However, for femtosecond pulses, the mirror spacing should be of the order of microns 

which is not practical. This problem was solved by Happner and Kuhl [43] by introducing a 

different kind of GTI mirror design. This design is based on multilayer dielectric coatings 

(Fig. 3.1.4). 

 

 

 

   Figure 3.1.4 Description for the GTI mirror design introduced by Happner and Kuhl (adopted 

from J. C. Diels, and W. Rudolph, Ultrashort Laser Pulse Phenomena). 
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The perfect reflector (M2) is a sequence of dielectric coatings with alternating refractive 

indices. These coatings are deposited on a substrate. The spacing d consists of a series of λ 

/ 2 materials. The other partially reflective mirror consists of a λ / 4 material layer with 

high refractive index. With this GTI mirror design, the negative dispersion of the mirror 

can be easily controlled for femtosecond pulses. 

Another alternative is to use chirped mirrors. Chirped mirrors are similar to GTI mirrors 

but they are formed by depositing dielectric multilayer film sequences with certain 

refractive index and thickness on transparent substrates. For most of the experiments, a 

constant reflectivity and a constant amount of dispersion are preferred over the wavelength 

range of interest. Szipocs et al. [44] first introduced the concept of chirped mirrors. 

According to their design, chirped mirrors are composed of alternating high and low 

refractive index materials with varying thicknesses. Therefore, similar to GTI mirrors, 

different frequencies are reflected at different depths as seen in Fig. 3.1.5. Nevertheless, 

because of the first air-film interface, undesired sub-resonances occur in the chirped 

mirrors. Double chirped mirrors (DCMs) introduced by Kaertner et al. [45] are the 

optimized version of chirped mirrors. By optimizing the modulation ratio of the high and 

low refractive index layers, chirped mirrors with reduced dispersion oscillation can be 

achieved. 
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   Figure 3.1.5 Chirped mirrors are composed of dielectric films with alternating refractive indices. 

Different frequency components of the incident laser light travel different distances in the coating 

of the chirped mirror, hence acquiring a negative dispersion (adopted from J. C. Diels, and W. 

Rudolph, Ultrashort Laser Pulse Phenomena). 

 

3.2 Multi-Pass Cavities (MPCs) 

 

Most of the scientific applications require high pulse energies from compact and cost-

effective laser resonators. To have high pulse energies, regenerative amplification 

techniques have been used [46]. However, cavity extension is a cost-effective alternative to 

achieve high pulse energies with low pump powers. The pulse energy of a laser can be 

calculated by dividing its average output power by its repetition rate. As described in Eq. 

(2.2.9), the repetition rate of a pulse is decreased by increasing the effective cavity length. 

Therefore, to achieve higher pulse energies with the same average output power, the pulse 

repetition rate should be reduced. Multi-pass cavity extensions (MPCs) enable high pulse 

energy generation directly from a laser in a compact and cost-effective way. In MPC, the 

laser beam undergoes multiple reflections before returning back to the original short cavity. 

If the beam completes n round-trips in the MPC and the separation between MPC mirrors is 
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d, the effective optical length of this extension becomes 2nd. In order to preserve the beam 

parameters (q-parameter) and the average output power of the short cavity, the MPC design 

should be made with careful analysis. To gain insight about laser resonator stability and q-

preserving operation of MPC, basics of ABCD matrix formalism for MPC design and q-

parameter of the laser beam will be presented. 

 

3.2.1 ABCD Matrix Formalism 

 

An optical system can be described as a black box which modifies the initial ray 

parameters. If we do not consider the wave aspects of light and assume that the laser light 

consists of rays, we can use geometrical optics to understand how this black box operates 

and modifies an incident ray of light. Mirrors and lenses with different radii of curvatures 

are used in laser resonators. In addition to this, an incident ray passes through different 

media with different refractive indices and lengths. All of these optical components are the 

building blocks of an optical system. If all of these components are located at an optical 

axis z, the input and output planes of this optical system are located at z = zi and z = zo, 

respectively. Two parameters can be used to define a light ray: its height (r) and its slope 

(θ) made with the optical axis. Hence, it can be described as 2x1 column vector 

 

                                                               
 
 
                                                    (3.2.1) 

 

This ray enters an optical system with an initial height and slope and leaves with a different 

final height and slope as can be described by the following column vectors:  

 

                                                               
  

  
                                                   (3.2.2) 
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and 

 

                                                                
  
  

                                                 (3.2.3) 

 

Therefore, the optical system modifies the ray through the following relation 

 

                                                                                                                (3.2.4) 

 

where 

 

                                                                
  
  

                                         (3.2.5) 

 

is the ray transfer matrix. Two special input rays can be used to determine the elements of 

this transfer matrix. The first ray is ρ1 with finite initial height (r0) and zero initial slope. 

The second ray is ρ2 with finite initial angle (θ0) and zero initial slope. Equation (3.2.4) can 

be written in an open form as 

 

                                                                                                             (3.2.6) 

 

and 

                                                                    .                                       (3.2.7) 

 

If we use the conditions for the first ray and the second ray, the elements of the transfer 

matrix become 
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                                                  (3.2.8) 

                                                               
   

  
                                                  (3.2.9) 

                                                              
   

  
                                                 (3.2.10) 

                                                             
   

  
                                                  (3.2.11) 

 

There are three important rules for the ABCD matrix formalism [9]: 

 

1) The overall ray transfer matrix for a cascaded optical system can be written as 

 

                                           
     

    
     

 
                         (3.2.12) 

 

2) To have a stable resonator, the following inequality should be satisfied 

 

                                                             
   

 
                                                 (3.2.13) 

 

This inequality guarantees that the ray height is bounded and the laser resonator is stable. 

For equality, the resonator is conditionally stable, which means that a slight misalignment 

of mirrors will cause the ray to leave the cavity. 

 

3) Any paraxial optical system can be described as the composition of displacements and a 

thin lens. Transfer matrices for the displacement d and the thin lens with a focal length f 

can be written as 
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                                        (3.2.14) 

 

                                                             
  

  

 
 

 
                                       (3.2.15) 

 

3.2.2 The Gaussian q-Parameter 

 

This q-parameter for the Gaussian beam gives the radius of curvature and spot size function 

of the beam. If the complex q-parameter is known, information about radius of curvature 

and spot size of the beam is also known at a particular location. The complex q-parameter 

is expressed in the form [9] 

 

                                                      
 

 ( )
 

 

 ( )
  

 

     ( )
                              (3.2.16) 

 

In Eq. (3.2.16), R(z) is the radius of curvature and w(z) is the spot size function given in 

Eq. (2.1.1). The radius of curvature function is given by [9] 

 

                                             ( )  (    )     
  

    
 

 

 .                         (3.2.17) 

 

Preserving the q-parameter of the laser beam is important for matching modes of the laser 

beam and the pump beam for KLM (Kerr-lens mode-locking) operation of lasers. To 

satisfy the q-preserving condition, the initial and final q-parameters of the beam should be 

equal to each other after n round-trips inside the resonator. If the laser beam returns to its 
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initial location after n round-trips, the determinant of the transfer matrix should be unity. In 

other words, 

 

                                                                                                          (3.2.18) 

 

In addition, from Eq. (3.2.13), we can say that the trace of the transfer matrix should 

remain invariant since we are dealing with a resonator. 

After the n
th

 and (n+1)
th

 round-trips, the q-parameter for a self-consistent Gaussian beam 

should satisfy [9] 

 

                                                                                                               (3.2.19) 

 

or 

 

                                                          
     

     
 .                                           (3.2.20) 

 

Therefore, the q-parameter of the beam also satisfies the following relation at any particular 

position 

                                                         
    

    
                                                   (3.2.21) 

 

Eq. (3.2.21) can be written as 

 

                                                               .                             (3.2.22) 

 

By using Eq. (3.2.18), and solving for 1 / q, we obtain 
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                                     (3.2.23) 

 

Here, only the negative imaginary part gives a confined Gaussian beam, if we compare 

with Eq. (3.2.16). Therefore, the radius and spot size of the self-consistent Gaussian beam 

become 

 

                                                             
 

 
 

   

  
                                                (3.2.24) 

 

and 

 

                                                     
 

     
 

    
   

 
 
 

 
.                                     (3.2.25) 

 

3.2.3 MPC Design Rules 

 

The MPC concept was first introduced by Herriot et al. [47]. They have been used for 

cavity extension in many laser systems [48]. In its simplest form, the MPC consists of two 

highly reflecting mirrors and notches for beam injection and extraction. Figure 3.2.1 shows 

a possible MPC configuration with two mirrors and notches. In an ideal case, the MPC 

should be q-preserving and stable. However, there are also MPC designs which do not 

satisfy the q-preserving condition or stability condition described in Eq. (3.2.13) [48]. 

However, q-preserving MPC design is preferred in our experiments in order not to perturb 

the mode-matching condition of the short resonator. If the MPC satisfies Eq. (3.2.13), the 

two eigenvalues of the ray transfer matrix have unit magnitude and can be written as [9] 
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                                                                   .                                           (3.2.26)  

 

Here, 

                                                                   
(   )

 
                                      (3.2.27) 

 

which means that the resonator is stable, and the ray height is bounded. Hence, the ray 

transfer matrix for the laser beam that bounces n times inside the MPC can be written as [9] 

 

                               
   

   

 

     

    
       

     

    

 
     

    

   

 

     

    
      

 .        (3.2.28) 

 

 

 

 

   Figure 3.2.1 Schematic of a multi-pass cavity (MPC). An incident laser light is injected into the 

cavity from the first notch and after it bounces multiple times, it goes through the second notch. 

 

If we apply this transfer matrix on an initial ray given in Eq. (3.2.2), after n round-trips the 

final ray vector becomes 
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   .                                      (3.2.29) 

 

If we set the initial offset and inclination angle along the x and y directions as (x0, θx0), (y0, 

θy0), the final offsets after the n
th

 round-trips become 

 

                                            
  (   )      

     
                          (3.2.30) 

 

                                           
  (   )      

     
                           (3.2.31) 

 

which describe an ellipse, and φ stands for the angular advance of the spot pattern after 

each round-trip. If the initial conditions are set accordingly, one can obtain a circular 

pattern on the MPC mirrors as well. 

 

As we described before, the q-preserving condition for a laser is important for specific 

applications. In an ideal case, the MPC should not change the original Gaussian beam 

parameters, if it satisfies Eq. (3.2.19). Detailed discussion about q-preserving MPCs is 

given in [48]. However, we can say that, the ray transfer matrix for the MPC should be of 

the form  

 

                                                              
  (  )                                        (3.2.32) 

 

if the angular advance φ = mπ / n, and I is the identity matrix given by 

 

                                                               
  
  

 .                                          (3.2.33) 
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Here, m and n are both integers, they stand respectively for the number of round-trips and 

the number of semicircular paths that the spot pattern on MPC mirrors completes before 

exciting the MPC. For a flat-curved MPC extension with notches and the radius of 

curvature of the curved mirror is R2, to satisfy the q-preserving MPC extension, the 

separation between the mirrors can be calculated through following relation for specific n 

and m values [48] 

 

                                                    
  

 
       

  

 
  .                                 (3.2.34) 

 

In conclusion, if the effective length of the MPC is 2nd, by combining information coming 

from Eq. (2.2.9) and Eq. (3.2.34), we can say that, to achieve the desired pulse energy, one 

should carefully choose integer numbers n and m. In addition, since these integers are 

related with the angular advance, Eq. (3.2.27) and Eq. (3.2.34) should be considered for a 

stable and q-preserving MPC design. 
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Chapter 4 

 

EXPERIMENTAL RESULTS and CONCLUSION 

 

In this final chapter, the experimental set-up of the Cr
4+

: forsterite laser, fabrication stages 

for single-walled carbon nanotube saturable absorber (SWCNT-SA), graphene saturable 

absorber (graphene-SA), and mode-locked operation results will be presented. In the first 

part, details of the experimental set-up and continuous wave operation of the Cr
4+

: 

forsterite laser will be presented. In the second and the third parts, fabrication details and 

mode-locked operation results with SWCNT-SA and graphene-SA will be discussed. 

Summary of all experiments and their analysis will be given in Chapter 5. 

 

4.1 Experimental Set-Up and Continuous Wave (CW) operation of the Cr
4+

: 

forsterite laser 

 

Initially, the short x-cavity was constructed with two curved dispersion compensation 

mirrors (DCMs), each with 10 cm radius of curvature (RC). A continuous-wave Yb:fiber 

laser operating at 1064 nm was used for end-pumping the crystal. A 20 mm long, Brewtser-

cut Cr
4+

: forsterite crystal with 70 % absorption at the pump wavelength was used during 

the experiments. The crystal was placed between M1 and M2, and the pump beam was 

focused to an estimated 30 μm waist inside the crystal by using a lens (L1) with 20 cm 

focal length. The Cr
4+

: forsterite crystal was mounted in a copped holder and maintained at 

a constant temperature of 20 
0
C by water cooling during the experiments. The schematic of 

the initial short x-cavity is presented in Fig. 4.1.1. 
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   Figure 4.1.1 The schematic of the short x-cavity Cr
4+

: forsterite laser. 

 

In addition, a flat DCM high reflector (HR) and a flat output coupler (OC) with 4.7 % 

transmission were used for the construction of the x-cavity. The output coupler and high 

reflector arm lengths were 50.5 cm and 43.5 cm respectively. From this configuration, an 

average output power of 815 mW was obtained with 8 W input pump power in continuous 

wave operation. 

In order to reduce the repetition rate of the short cavity and scale the pulse energy, the short 

cavity was extended by incorporating a q-preserving multi-pass cavity (MPC). Before the 

addition of the MPC, HR mirror was removed. Two flat DCM mirrors (M3 and M4) were 

added to the x-cavity for adjusting the inclination angle of the beam entering the MPC. 

Figure 4.1.2 (a) shows a photograph of the x-cavity with M3 and M4. The schematic of the 

x-cavity and MPC is presented in Fig. 4.1.2 (b). 
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   Figure 4.1.2 (a) The short cavity with the mirrors M3 and M4. 

 

 

 

   Figure 4.1.2 (b) The extension of the short x-cavity with the multi-pass cavity. 

 

The MPC contained a curved mirror (M6) with a 4 m RC and a flat mirror (M7). In order to 

allow beam injection and extraction, both of the mirrors had notches. The laser beam 

completed n=9 round-trips inside the MPC and the integer value m was equal to 4. From 
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Eq. (3.2.34), the required separation between the mirrors M6 and M7 was set to 165 cm. 

For this separation, the angular advance of the circular spot pattern was 80
0
 per round-trip. 

To maintain the q-preserving condition, the exciting beam was retro-reflected with a curved 

end mirror (M9) located at a distance of 165 cm from M7 and with RC = 2m. RC was 

chosen according to the q-preserving condition given in Eq. (3.2.34) for MPC mirrors with 

notches [48]. In Fig. 4.1.3 images of the spot patterns on both M6 and M7 can be seen. 

 

 

 

   Figure 4.1.3 (a) Image of the flat MPC mirror M7.(b) Green colored digital image shows the spot 

pattern on the flat MPC mirror M7,taken with an infrared viewing camera. (courtesy of H. 

Cankaya). (c) The second digital image was taken with the help of a rotating IR- sensitive card 

connected to a chopper. The system was built by S. Ozharar. This system was put in front of M6 and 

created an image of the spot pattern as the bouncing beam scattered from the IR-sensitive card. 

 

As a result, the MPC added an effective optical path length of 59.4 m to the short cavity 

without perturbing the q-parameter of the original laser beam. With this configuration, the 

overall cavity produced 670 mW average output power from 8 W input pump power. 

In the third step of experimental design, another x-cavity was built to create a beam waist 

for saturating the saturable absorbers used in our experiments. As described in Chapter 3, 

to compensate the self-phase modulation effects coming from the cavity nonlinearities, 
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DCM and GTI mirrors were used to build the second x-cavity. In this part, four GTI 

mirrors (M11, M12, M17, M18) each with -250 fs
2
 GDD (group delay dispersion), and 

three DCMs (M13, M14, M19) each with -150 fs
2
 GDD were used. As seen from the 

schematic description in Fig. 4.1.4 (a), to maximize the total negative dispersion, the beam 

reflected four times from each GTI mirror. Figure 4.1.4 (b) shows the image of the final 

experimental setup.  In addition to this, to increase the pulse energy, OC was placed such 

that, the total effective transmission was about 9.4 %. The distances between mirrors M1-

M15 (133.5 cm), M15-M16 (58.5 cm), and M16-OC (90 cm) were carefully chosen to 

preserve the mode-matching condition of the original cavity.  

 

 

 

   Figure 4.1.4 (a) Schematic of the experimental set-up with the multi-pass cavity and  dispersion 

control optics. 

 

 



 

 

Chapter 4: Experimental Results   67 

 

 

 

   Figure 4.1.4 (b) Image of the final experimental setup. 

 

With the help of two curved mirrors M16 and M17 each with radius of curvature 50 cm, an 

estimated waist of 97 μm was obtained at the location of the saturable absorber. The total 

negative dispersion due to four GTI mirrors and eight DCMs was around -6400 fs
2
. After 

accounting for the positive dispersion due to the crystal (+800 fs
2
), MPC (+360 fs

2
), quartz 
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substrate of SWCNT-SA / graphene-SA (+7 fs
2
), and air (+794 fs

2
), the net GDD of the 

cavity was estimated to be around -4440 fs
2
. With this final configuration, 495 mW of 

average output power was obtained in continuous regime at the input pump power of 8 W. 

The effective output coupling was 9.4 %. For 4.7 % transmitting output coupler, the output 

power was 625 mW with the same input pump power. As a result, with the MPC extension 

and dispersion control optics (DCO), the repetition rate of the short cavity was reduced to 

4.51 MHz from 144 MHz (Eq. (2.2.9)). 

With the addition of the SWCNT-SA or the graphene-SA, the efficiency of the laser was 

reduced due to the losses coming from the saturable absorber. Figure 4.1.5 shows the 

overall efficiency data for all components with SWCNT-SA and graphene-SA. 

 

 

 

   Figure 4.1.5 (a) Efficiency data for the different cavity configurations and final configuration 

with SWCNT-SA and 9.4 % effective output coupling. 
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   Figure 4.1.5 (b) Same efficiency data but the final configuration consists of a single layer 

graphene-SA with 4.7 % effective output coupling. 

 

The passive loss of the Cr
4+

: forsterite crystal was around 3.14 %.  From the efficiency data 

and threshold power analysis described in Eq. (1.2.39), the passive losses for the MPC, 

DCO, SWCNT-SA, and graphene-SA were estimated to be 1.72 %, 0.8 %, and 3.76 %, and 

6 %. The efficiencies for each configuration were, 13.7 %, 12.4 %, 13.4 % (for 9.4 % OC), 

11.5 % (for 4.7 % OC) and 10.2 %, 4 %, respectively. Note that, the passive losses for 

SWCNT-SA and single layer graphene-SA were measured during continuous wave regime 

and these losses are approximately the sum of saturable, and non-saturable losses. In the 

mode-locking regime, these passive losses were somewhat reduced by the saturable losses. 
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4.2 Mode-locked operation results with SWCNT-SA 

 

The SWCNT-SA was placed at the 97 μm beam waist between mirrors M15 and M16 as 

shown in Fig. 4.2.1. With this beam waist, an incident fluence of 368 μJ /cm
2
 was 

achieved. This incident fluence was sufficient to start mode-locking operation and it was 

small enough to prevent two-photon absorption [49]. 

 

 

 

   Figure 4.2.1 Schematic showing the location of the SWCNT-SA in the experimental set-up. 

 

The SWCNT sample was synthesized by our co-workers using high-pressure CO 

conversion technique (HiPCO), and then SWCNTs were mixed with a polymer called 

polymethylmethacrylate (PMMA). The mixture containing SWCNT and PMMA was 

placed on an optically polished 1mm thick quartz substrate. Details for the fabrication can 

be found in reference [49]. Figure 4.2.2 shows the image and transmission spectrum of the 
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SWCNT-SA sample used in our experiments. The relaxation time of SWCNT-SA was less 

than 2 ps with 10 μJ /cm
2
 saturation fluence and 0.5 % modulation depth [49]. 

 

 

 

   Figure 4.2.2 The image of the SWCNT-SA used in our experiments (inset). Transmission 

spectrum of the SWCNT-SA. The transmission spectrum shows an absorption band near 1250 nm. 

 

As a result, by using the SWCNT-SA, mode-locked operation of Cr
4+

: forsterite laser at 

1247 nm was achieved. The spectral width of the mode-locked spectrum was 16 nm with 

121 fs pulse duration, and with a time-bandwidth product of 0.37. This suggests that the 

transform-limited pulses had a temporal profile close to that of a sech
2
 pulse. The mode-

locked spectrum and autocorrelation trace can be seen in Fig. 4.2.3.  
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   Figure 4.2.3 (a) The spectrum and (b) the collinear autocorrelation data  for the mode-locked 

Cr
4+

: forsterite laser. The continuous wave peak in the spectrum around 1290 nm is believed to be 

due to GDD oscillations of the GTI mirrors. 

 

To measure the pulse width, we used a collinear autocorrelator and a fast Si detector. The 

schematic description and explanation of the autocorrelator is presented in Fig. 4.2.4. 
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   Figure 4.2.4 A schematic for the collinear autocorrelator setup. This setup is similar to an 

interferometer. The beam coming from the output of the Cr
4+

: laser is split into two parts. One 

beam travels without time delay, whereas the other beam is delayed with the help a mirror 

connected to an externally driven speaker. Two beams are combined with the help of the second 

beam splitter (BS2) and they travel to the nonlinear crystal through M1 and M2. The mode-locked 

signal generates second harmonic (λsource / 2) of the laser wavelength inside the nonlinear crystal. 

By using the corner cube mirror, the interval where the arm lengths of the autocorrelator are equal 

can be searched. When two arm lengths are equal to each other, as a result of the interference, 

autocorrelator signal is obtained. 

 

With the SWCNT-SA, an average output power of 280 mW was achieved at the input 

power of 8 W in the continuous wave regime, by using an output coupler with an effective 

transmission around 9.4 %. 
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Stable mode-locked operation was obtained with an average output power of 46 mW. Any 

further increase in the output power resulted in multi-pulsing instabilities. With this 

average output power and 4.51 MHz repetition rate, 10 nJ of pulse energy was obtained. 

The corresponding intracavity pulse energy was 108.5 nJ and the intracavity peak power 

was 0.9 MW. The peak power of the pulses was 84 kW, which is the highest peak power 

obtained from a bulk solid-state femtosecond laser mode-locked with SWCNT-SA [17]. 

Using the soliton-area theorem given by Eq. (3.1.12), the nonlinear refractive index of the 

Cr
4+

: forsterite crystal (n
g
2) was calculated. For the calculations, nonlinear coefficients of 

both air and crystal were calculated by expanding Eq. (3.1.11) 

 

                                                                                                            (4.2.1) 

 

where γg is the nonlinear coefficient for the Cr
4+

: forsterite crystal and γair is for the 

nonlinear coefficient of air. They are given by Eq. (3.1.11) as 

 

                                                      
  

 
   

    

    
    

        

    
    .                      (4.2.2) 

 

In Eq. (4.2.2), lg and lair are the distances travelled by the laser beam in the crystal and in 

air, respectively. A
g
 and A

air
 are the effective areas of the laser beam in the crystal and in 

air. Although the laser beam travels a large distance in air (~ 60 m), nonlinearity of air at 

1247 nm is small compared to that of the crystal [50]. Hence, the nonlinear coefficient for 

air was neglected in our calculations. As a result, by using Eq. (4.2.2) and Eq. (3.1.12), the 

nonlinear refractive index of the Cr
4+

: forsterite crystal was calculated as 9.36 x 10
-20 

m
2
 / 

W. This n2 value is in reasonable agreement with the n2 value (6 4 x 10
-20

 m
2
 / W) reported 

by Chassagne et al. [51]. With this n2 value and by using Eq. (3.1.9), the critical power for 
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self-focusing was calculated as 1.5 MW inside the cavity. Our experimental value of 0.9 

MW was in a reasonable agreement with the calculated critical power. As described above, 

any further increase in the output power caused mode-locking instabilities. In order to test 

this limit, we changed our output coupler transmission to 4.7 % from 9.4 %. In this case, 5 

nJ pulse energy was obtained with the same intracavity peak power of 0.9 MW. Above this 

limit, again mode-locking instabilities occurred. By changing the output coupler, output 

power of the laser was increased (at 7.1 W input pump power, output power was 295 mW 

for 4.7 %, 210 mW for 9.4 % transmission, with SWCNT-SA) since it was near to the 

optimum output coupler transmission point for our cavity as can be seen in Fig. 4.2.5.  

 

 

 

   Figure 4.2.5 The output power of the Cr
4+

: forsterite laser as a function of  different output 

coupler transmissions. 

 

As a result, we obtained mode-locked operation of Cr
4+

: forsterite laser by using a 

SWCNT-SA. The laser was operated at room temperature and produced 121 fs transform-

limited pulses at 1247 nm with 16 nm spectral width. The pulse energy was 10 nJ, and the 

corresponding peak power was 84 kW, which is the highest peak power reported for a bulk 
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femtosecond laser mode-locked with a SWCNT-SA. Further increase in pulse energy can 

be obtained by increasing the transmission of the output coupler. However, in our case 

output coupler transmissions beyond 11 % did not worked as seen in Fig. 4.2.5. In addition 

to this, it was shown that any further increase in the peak power is only limited due to the 

cavity nonlinearities. This suggests that it could be possible to further increase the peak 

power of other types of laser systems by using SWCNT-SAs if the gain medium has 

smaller Kerr nonlinearity. 

 

4.3 Mode-locked Operation Results with Graphene-SA 

 

For the mode-locking experiments with graphene-SA, the same laser architecture was used 

as in Fig. 4.2.1. The only difference was the transmission of the output coupler. As 

described in Chapter 2, each graphene layer has nearly 2.3 % absorption over the optical 

spectrum given in Eq. (2.3.4). Hence, with 9.4 % output coupler transmission and loss of 

single layer graphene-SA, it was not possible to operate our Cr
4+

: forsterite laser as 

explained in Fig. 4.2.4. Therefore, a 4.7 % output coupler was used during the experiments 

with a single layer graphene-SA. The image of the dispersion control optics cavity can be 

seen in Fig. 4.3.1. The graphene-SA was placed at approximately the same waist of 97 μm. 

This gives 383 μJ/cm
2 

incident fluence on the graphene-SA. The images for the graphene-

SA samples and the transmission spectrum of the graphene-SAs used in our experiments 

can be found in Fig. 4.3.2. 
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   Figure 4.3.1 An image of the second x-cavity which is composed of dispersion control optics. For 

SWCNT-SA experiments, we changed the locations of OC and M19 to have 9.4 % effective output 

coupling which can be seen in Fig.4.2.1. 

 

 

 

Figure 4.3.2 (a) Image of the graphene-SA sample used in our mode-locking experiments. 
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   Figure 4.3.2 (b) The transmission spectra for monolayer and bilayer graphene. As explained in 

Chapter 2.3.2, graphene has nearly flat absorption band which covers a wide range of the 

electromagnetic spectrum in the visible and near infrared. In addition, the characteristic peak of 

graphene around UV region can be seen from the transmission spectra. 

  

 

 

   Figure 4.3.2 (c) Image showing the different number of graphene layers on a quartz substrate. 

From Eq. (2.3.4) and the spectrum in Fig. 4.3.2 (b), it is obvious that the number of layers affects 

the absorption strength of graphene. 
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Raman spectra have been used for characterizing the graphene [52]. The Raman spectrum 

is based on the Raman scattering process which is an example of inelastic scattering and 

discovered by Sir Chandrasekhara Venkata Raman. In the Raman effect, there are two 

processes called stokes and anti-stokes scattering that are shown in Fig. 4.3.3. In Raman 

scattering, one photon is scattered inelastically by the crystal which results in the creation 

(stokes process) or annihilation (anti-stokes process) of a phonon.  

 

 

 

   Figure 4.3.3 Stokes and anti-stokes processes of Raman scattering. (adopted from C. 

Kittel,Introduction to Solid State Physics)  

 

In Fig. 4.3.3, ω and ω’
 stand for angular frequencies of incident and scattered photons. 

Similarly, k and k
’
 are the corresponding wave vectors of the incident and scattered 

photons. Ω and K are the angular frequency and wave vector of created or annihilated 

phonon. The Raman spectrum is related with the excitation of the optical phonons in the 

crystal structure. In Fig. 4.3.4 the Raman spectrum of the graphene-SA used in our 

experiments is presented. 
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   Figure 4.3.4 Raman spectrum of the graphene-SA. (Raman spectrum was taken by C. Kocabas, 

and E. Pince at Bilkent University, by using a 532 nm laser source) 

 

In this figure, the large amount of background noise is due to the quartz substrate where 

graphene was deposited on. The first band near 1350 cm
-1

 is called D-band (defect mode) 

and it is due to the defects of the graphene. When the photon hits a defect, it undergoes 

stokes or anti-stokes process and results in the creation or annihilation of one phonon, 

which generates the D-band. D-band should be sharp but it should be less intense than the 

other peaks, because it gives the amount of impurities in the graphene sample. (the other 

band near 1000 cm
-1

 is due to impurities in quartz substrate). The second band near 1500 

cm
-1

 is known as the G-band and it is due to the presence of the lattice formed by the 

carbon atoms. It results from the in-plane and out-of-plane phonon vibrations of the 

graphene lattice. If the incident photon couples with the in-plane phonon vibrations of the 

graphene lattice, one phonon is created or annihilated due to this coupling and the G-band 
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is observed. The G-band should be more intense than the D-band. The last band near 2500 

cm
-1

 is known as the 2D-band. It is placed at a point which is two times greater than the D-

band. That’s why it is known as the 2D-band by convention. However, it is not due to the 

defects of graphene. It is a second-order process which is similar to the process for the G-

band. In this process, two phonons are created or annihilated due to the photon-phonon 

coupling. In our Raman spectrum, we are not dealing with negative wavenumbers hence, 

we can say that only the Stokes process is observed in this Raman spectrum. Therefore, due 

to this process, phonons are created and not annihilated. The 2D-band should be the most 

intense and sharpest peak, because if we go from single layer graphene to the graphite 

structure, the 2D-band becomes larger [53]. D / G, and G / 2D ratios characterize the 

graphene. D / G ratio gives the amount of defects in the graphene. G / 2D ratio gives 

information about the layers of the graphene. In addition to this, the width (FWHM) of the 

2D-band also gives information about the number of layers. For our sample, FWHM of the 

2D-band was equal to 42.08 cm
-1

.  

These peaks in the Raman spectrum are fingerprints of graphene. However, it is not 

possible to say that a graphene sample is exactly single layer by only considering the 

Raman spectrum. The 2D-band and the G-band are due to vibrations in the graphene lattice 

and give information about the number of layers. Nevertheless, bilayer graphene can give 

similar spectrum with single layer graphene. Two layers of graphene can act as one isolated 

single layer and give a similar Raman spectrum. Therefore, it is more convenient to say that 

we have a few layer graphene, but we can accept our sample as a single layer graphene 

because from the transmission spectrum we can understand that absorption of the single 

layer of graphene was about 2 % which is consistent with Eq. (2.3.4). The graphene-SA 

sample was fabricated in Asst. Prof. Coskun Kocabas’s laboratory at Bilkent University, 

with the help of Ph.D students Osman Balci, and Ercag Pince. In the synthesis process, we 

used CVD (chemical vapor deposition) technique to grow graphene layers on a high purity 
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Cu substrate. Details of the process can be found in a similar article [54]. In Fig. 4.3.5, the 

furnace used for graphene synthesis is shown. 

 

 

 

   Figure 4.3.5 The furnace used for graphene synthesis on Cu substrate (at 1000 
0
C). In this 

process Ar, H and CH4 gases were used. CH4 was chosen as the carbon source for graphene. 

 

After graphene was grown on a Cu substrate, this combination was coated with a 

photoresist by using spin coater. Then, at this stage we had Cu with graphene and on top of 

them we had photoresist. This configuration was then pasted to a polymer structure called 

polydimethylsiloxane (PDMS). This structure is described in Fig. 4.3.6. Then, to solve Cu 

substrate, this it was put in a Fe(III)Cl3 solution which can be seen in Fig. 4.3.6. After Cu 

was dissolved, we had PDMS + photoresist + graphene layer with the same order as in Fig. 

4.3.6. At the final stage, the structure was pasted onto an optically polished 1mm thick 

quartz substrate and the photoresist was removed by using acetone. The image of the final 

structure of graphene-SA can be seen in Fig. 4.3.2 (c). 
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   Figure 4.3.6 (a) The schematic of the layered structure consisting of PDMS, photoresist, 

graphene layer, and Cu substrate structure. (b) Image of the structure and solution used to remove 

the Cu substrate. 

 

As a result, we synthesized a graphene-SA for our mode-locking experiments. The 

experiments were performed as described at the beginning of this section, with the same 

configuration as shown in Fig. 4.2.1. 

 

With the addition of the graphene-SA, the efficiency of the Cr
4+

: laser was considerably 

reduced. This decrement was due to the non saturable losses of the graphene-SA. The 

measured efficiency graph can be seen in Fig. 4.1.5. 

By using the graphene-SA, mode-locked operation of the Cr
4+

: forsterite laser operating at 

1252 nm was achieved. With the 4.7 % output coupler and 24 mW average output power, 
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pulses with 5.3 nJ energy and 4.51 MHz repetition rate were obtained. The corresponding 

peak power of the pulses was 55 kW. This peak power result is higher than the previously 

reported results for solid-state lasers mode-locked with graphene-SA [39]. Furthermore, the 

mode-locked spectrum had a 18.2 nm spectral width and the pulse duration was 96 fs, 

which gives a time-bandwidth product of 0.336. These results show that, nearly-transform 

limited pulses were obtained with a temporal profile of sech
2
. The mode-locked spectrum 

and autocorrelation trace can be found in Fig. 4.3.7. 

 

 

 

 

   Figure 4.3.7 (a) Mode-locked spectrum of the Cr:forsterite femtosecond pulses obtained by using 

the graphene-SA. (b) Collinear autocorrelation trace for the 96 fs pulses. Autocorrelation 

measurements were done by using the same autocorrelator. 
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The intracavity pulse energy was about 112.8 nJ and the corresponding intracavity power 

was 1.17 MW. Similar to SWCNT-SA mode-locking results, multi-pulsing occured at 

average output powers greater than 50 mW. In conlusion, graphene-SA results are 

consistent with the critical power obtained from SWCNT-SA experiments and Eq. (3.1.9). 
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CHAPTER 5 

 

CONCLUSIONS and POSSIBLE FUTURE STUDIES 

 

In this thesis, a brief background behind the principles of laser operation in the CW and 

mode-locked regimes was presented. In addition, important characteristics of third-order 

optical nonlinearities and saturable absorbers were given. Furthermore, design parameters 

for multi-pass cavities and fabrication details of SWCNT-SA and graphene-SA were 

described. 

During this research, the Cr
4+

: forsterite laser with different resonator architectures was 

built step by step and mode-locked operation was demonstrated with two kinds of nano 

structured carbon based saturable absorbers (SWCNT-SA, graphene-SA). The pulse energy 

was scaled by incorporating a q-preserving MPC. In order to control the overall positive 

dispersion inside the resonator, DCMs and GTIs were used and the net dispersion of the 

resonator was estimated to be around – 4440 fs
2
.   

The SWCNT-SA sample was prepared by Rotermund et al. by using HiPCO technique as 

described in reference [49]. The SWCNT-SA introduced a passive loss of 3.76 % to our 

resonator design with 4.7 % effective output coupling. The Cr
4+

: forsterite laser mode-

locked by using SWCNT-SA produced solitary pulses with a pulse energy around 10 nJ 

with a 84 kW peak power and a pulse duration about 121 fs. For 16 nm spectral width, the 

corresponding time-bandwidth product was 0.37. 

For the mode-locking experiments with graphene-SA, different graphene-SA samples with 

different layer thicknesses were fabricated and characterized. These samples were 

prepeared by Kocabas et al. [54] by using chemical vapor deposition technique 
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(CVD).Since passive loss of the single layer graphene-SA is higher than SWCNT-SA, 

resonator was operated with a different effective output coupling (% 9.4). The Cr
4+

: 

forsterite laser mode-locked with single layer graphene-SA produced nearly transform-

limited solitary pulses with a time-bandwidth product of 0.33. The corresponding spectral 

width and pulse duration were about 18.2 nm and 96 fs respectively. The pulses had energy 

around 5 nJ with a 55 kW peak power.  

Both of these saturable absorbers produced the highest peak powers obtained from a bulk 

femtosecond solid-state laser mode locked with SWCNT-SA or graphene-SA.  

Furthermore, these mode-locking results were used to determine the n2 value of the Cr
4+

: 

forsterite gain medium and it was shown that the only limitation which prevents further 

increase in the peak power was due to self-focusing based pulsing instabilities. However, 

this thesis shows that SWCNT-SA and graphene-SA have the potential to be used in 

initiating mode-locked operation in high-power lasers.  

As a future work, the laser efficiency with graphene-SA can be increased. Mode-locking 

trials will be done by using bilayer and triple layer graphene-SAs if the passive non-

saturable losses can be minimized. Moreover, stable mode-locked operation was possible 

only for about 15 - 20 minutes due to the poor mechanical stability of the mirror mounts. 

By using improved opto-mechanical hardware, this stability time will be maximized to 

enable applications by using the Cr
4+

: forsterite laser. 
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