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ABSTRACT

The admission decision is one of the fundamental categories of demand-management
decisions. In the dynamic model of the single-resource capacity control problem, distribution
of demand at each stage is known, but it is either fixed or time-dependent. However,
in reality demand may depend on the current external environment which represents the
prevailing economic, financial, social or other factors that affect customer behavior. In
this thesis, we formulate a Markov decision process (MDP) model in which the state of the
process is described by the remaining inventory level and the current environment. We derive
some structural results for this MDP model, including the existence of an environment-
dependent threshold policy and a comparison of threshold levels in different environments.
Then we extend our study to a dynamic pricing problem in which there is only one type of
product and the objective is to find the optimal pricing policy to maximize the revenue of
the firm. Another important research topic of revenue management is modeling consumer
behavior. In such models, the change in consumer behavior towards the set of products
offered is also considered. We formulate a discrete choice model of consumer behavior in
fluctuating demand environment with a Markovian structure. We derive some structural
results on the optimal policy for revenue management. Even though there may be an
environment process, we may not observe it directly. We also model such a problem in
which we just observe an external process that gives a probability distribution for the true
state of the current environment. This model can be classified as Hidden Markov Decision
Process and we derive structural results for it. We also present some computational results

for all these three models in order to illustrate our structural properties.
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OZETCE

Kabul kararlar: talep yonetim kararlarinin temel kategorilerindendir. Tek kaynakli kapa-
site kontrol problemlerinin dinamik versiyonunda, talebin olasilik dagiliminin bilindigi ve
bagka dis etkenlerden bagimsiz oldugu varsayilmaktadir. Fakat gercekte talep ekonomik,
finansal, sosyal ya da miisterinin kararlarimi etkileyen diger etkenleri icinde barindiran anlik
dis cevreye bagiml olarak degigebilir. Bu tezde, karar degiskeni kalan envanter seviyesi ve
anlik c¢evre olan bir Markov Karar Siireci modeli olugturulup bu modelin yapisal sonuglar
incelenecektir. Bu yapisal sonuclar arasinda anlik ¢evreye bagiml esik degeri politikasinin
varligl ve bu egik degerlerinin farkl gevrelerdeki kiyaslamasi yer almaktadir. Bu galigmanin
sonuglar1 tek iirtiniin fiyatlandirildigi ve amacin beklenen hastilatini encoklayacak fiyat-
landirma politikasini bulmak oldugu dinamik fiyatlandirma problemi i¢in de genisletilmistir.
Hasilat yonetimindeki bir bagka genel aragtirma konusu da miisteri davraniglarina gére mo-
dellemedir. Bu modellerde isletme tarafindan miisteriye kiime olarak sunulan tiriinlere karsi
miigterinin davraniglar1 da dikkate alimir. Bu tezde, yukarida bahsedilen ¢evre bazli mod-
ellere ek olarak, Markov yapida degisen ¢evredeki miisteri davranig karar modeli olusturul-
mug ve yapisal sonuglar incelenmigtir. Tiim bunlara ek olarak, cevre siirecinin direk gozle-
nemedigi kogullar da dikkate alinmigtir. Boyle bir durum icin de ¢evrenin o andaki durum
degiskeni hakkinda olasilik dagilimi bilinen bir dis etkenler siirecinin de icinde oldugu bir
model olugturulmugtur. Sakli Markov Karar Siireci sinifina giren bu model i¢in de yapisal
sonuglar elde edilmigtir. Her ii¢ modelde de bulunan yapisal sonuglari érneklendirmek ve

zenginlegtirmek adina hesaplamali sonuglar kullanilmigtir.
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Chapter 1

INTRODUCTION

Revenue management is a field that originates in the Airline Deregulation Act of 1978
(Talluri and van Ryzin [30]). There have been many studies since 1978 on different topics of
revenue management. One of these topics is single resource capacity control. It is common
in airline companies to sell identical seats at different fares. The major issue is the decision
process of accepting or rejecting a booking request of a certain class.

Despite the improvements on models in the revenue management literature, most of
the models assume that the arrival process of fare classes is either time independent or
dependent with a known rate. Van Ryzin [33] emphasizes the needs for better demand
modeling for revenue management. In particular, he mentions that standard demand models
in revenue management treat causal variations based on external factors as noise. The
environment-based framework addresses this issue. Van Ryzin [33] points out short term
market conditions as a significant factor. These include competitors’ availabilities and
prices. Airline industry is also a very competitive field, customers make their decisions
according to the available options for the flight which they want to use and companies
need to consider the strategies of other competitors. In addition, there is evidence that the
aggregate demand is affected by external market forces such as currency exchange rates and
energy prices. Finally, weather conditions, such as forecasted snow storms or heat waves
are important short term external factors that are known to impact demand in hotel and
airline revenue management. Although these external factors seem to be very different from
each other, they all influence the demand. This motivates the need for modeling the effects
of such factors through an environment-dependent demand model. This kind of models are
investigated in inventory replenishment problems (See Song and Zipkin [28] Ozekici and
Parlar [26]) Finally, there is reason to believe that environment-based demand may have a
bigger impact in revenue management problems than in inventory replenishment problems.

In inventory replenishment, the ordering decision helps absorbing some of the variability in
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demand. But in revenue management there is typically no replenishment opportunity and
demand variability has to be addressed only by admission or pricing decisions.

Although these external factors seem to be very different from each other, such a model
has not been discussed widely in a revenue management context. To our knowledge, the
only study that seems to be related to our work is done by Barz [5]. She considers an
infinite horizon problem that guarantees the termination of the selling period before the
season ends by using absorbing states. On the other hand, this kind of model prevents us
from understanding the effects of time on the optimal policy. Since we have a finite selling
season, it is significant to understand how the optimal policy changes in time. Therefore,
we consider a finite horizon problem and investigate the structural properties related to
time. In addition to this, it is crucial to analyze the effects of the environment on the
optimal policy in a random environment model. To our knowledge, our work is the only
one which makes such an analysis in revenue management context. We make some intuitive
assumptions on the environmental states to distinguish them, and we compare revenues
and optimal policies for different environmental states. Moreover, we analyze the effects
of varying problem parameters. We first investigate the effects of arrival probabilities and
reward on the optimal policy. Then, we vary the transition matrix of the environmental
process. In order to perform such an analysis, we use some assumptions which are made to
compare different environments.

We further extend our study to the related dynamic pricing problem. In this model, we
assume that there is only one type of product and firm needs to choose a pricing policy in
order to maximize its revenue. We also investigate this problem in a randomly fluctuating
demand environment. We provide the structure of the optimal pricing policy including the
effects of time and inventory level.

Consumer behavior modeling is another widely studied topic of the revenue management.
One of the consumer behavior models involves choosing from a given set of products offered
to the consumer. This model considers the attitude of the customers towards to the changes
in set of products offered. Moreover, we believe that demand for each product is affected by
an external process. We model this environmental process by a Markov chain and consider
the general discrete choice model of consumer behavior in such a randomly fluctuating
demand environment. We provide the structure of the optimal policy including the effects
of time and inventory level.

We also consider the case where the true state of the environmental process may not
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be directly observed. However, we assume that there is another process which provides
us information about the true state of the environment. We have a belief vector which is
actually the probability distribution for the true state of the environment and we update
this belief vector at each period by using information up to that period. We call this
the "observation process" and refer to the corresponding model as single resource capacity
control problem under a partially observed demand environment. We provide structural
results for the optimal policy.

The organization of this thesis is as follows. The next part contains relevant models in the
literature. In Chapter 3, we first model a Markov modulated single resource capacity control
problem and provide structural results, sensitivity analysis and numerical illustrations. We
also model a dynamic pricing problem and its structural properties in a randomly fluctuating
demand environment at the last section of this chapter. In Chapter 4, we introduce a
choice model of consumer behavior in a fluctuating demand environment and its structural
properties with a numerical example that illustrates these properties. We also provide a
hidden Markov model in Chapter 5 with some structural results. Finally, we present some

concluding remarks including some directions for future research in Chapter 6.
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Chapter 2

LITERATURE REVIEW

Since the Airline Deregulation Act of 1978, there have been many studies on different
topics of revenue management. In this thesis, we only study single resource allocation prob-
lem and dynamic pricing. We investigate some of the well-known models in these topics
by considering a randomly fluctuating demand environment. In Section 1, we first provide
the well-known literature related to the single resource allocation problem. Consumer be-
havior and pricing are other issues that firms need to consider in order to increase their
revenues and we discuss these topics in Section 2. In addition to these topics, we provide
the literature related to Markov modulated demand models in Section 3. There are some
other topics such as network revenue management which are widely discussed in revenue
management and we provide a brief overview on some of these topics in Section 4. Also a
detailed overview for revenue management can be found in Talluri and van Ryzin [30] and
Chiang et al. [11].

2.1 Static and Dynamic Single Resource Allocation Problems

Although many airline companies have connected flights, it has been always crucial to
analyze the single leg problem. In such a problem, there is only one resource and there
are multiple fares. The decision maker needs decide when to accept a request from a fare
class or to reject that request. When the decision maker accepts a request from a specific
fare class, then we may lose the chance of a request from a higher fare class afterwards.
Therefore, it is not always optimal to accept a request. Especially, when one considers the
fact that higher classes, such as business class, prefer to buy their tickets at a time close to
departure time of the plane, then one can easily understand that it is not always optimal
to accept a request from classes other than higher classes.

There are two main models in the study of single resource allocation problem. One of
them is the static model in which different fare classes arrive at different, nonoverlapping

time stages ordered in an increasing fare class prices. This type of model is first considered
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by Littlewood [24]. This model assumes that there are two fare classes with prices p; > pa.
Corresponding demands are D; and Dy with distribution Fj (-) and F» (-) respectively. In
addition, this model assumes that second fare classes with price po arrives first. The decision
maker needs to decide a quantity, which is called a protection level, in order to leave that

amount of the capacity for the first fare class. Littlewood shows that this protection level

ror(1-2)
b1

This fundamental result has been generalized for the case where there are more than two

y* should satisfy

fare classes. However, customers may not arrive in an order where higher fare classes come
at a later time and customers may arrive randomly. Such cases are considered in dynamic
programming model of this problem. This is first analyzed by Lee and Hersh [23], and the
structure of the optimal policy is investigated by Lautenbacher and Stidham [21]. It has
been shown that there exists a threshold level for each fare class such that if the current
inventory level is larger than this level, then it is optimal to accept a request from that fare
class, otherwise it is optimal to reject the request.

In addition to such analysis, there are computational approaches to these models. Some
of these computational approaches are EMSR-a (expected marginal seat revenue-version a)
and EMSR-b (expected marginal seat revenue-version b) heuristics. These two heuristics
are studied by Belobaba [7]. He considers the static problem for both approaches. In order
to calculate a threshold level for a given fare class, Belobaba [7] uses the Littlewood rule
and takes that fare class as the second demand and one of the remaining fare classes as
the first demand in Littlewood rule. Consequently, there will be a threshold value by using
the Littlewood rule for each remaining fare classes. Then the addition of these threshold
levels will give us the approximate threshold level for the fare class that we initially want
to calculate. In EMSR-b, Belobaba [7] considers the total demand of the remaining fare
classes and calculates a weighted-average revenue for these classes. By using these values,

he finds a threshold value.

2.2 Choice Model of Consumer Behavior and Dynamic Pricing

Consumer behavior modeling is another study of single resource allocation problems. In
the previous models, the case where customer may change their decisions according to the

current products offered by the firm is not considered. For example, one may prefer to buy
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an airplane ticket at most 100 dollars, however, if the firm offers a seat of 50 dollars worth,
then he or she may change his/her idea. In the previous models, customers cannot change
their preferences and they are willing to buy only one type of product. Shen and Su [27]
provide a detailed overview of the consumer behavior modeling in revenue management.
One of the consumer behavior models involves choosing from a given set of products offered
to the consumer. This type of modeling is first investigated by [29] who refer to their model
as general discrete choice model of consumer behavior. There are other studies based on
the study of Talluri and van Ryzin. For example, Liu and van Ryzin [25] consider a similar
model in a network setting. Zhang and Adelman [37] also provide a dynamic programming
approximation to this network setting model.

Another issue that the firm needs to take into account is the price of its product. Exten-
sive overview of pricing models are provided in Elmaghraby and Keskinocak [14], Yano and
Gilbert [35]. Since the capacity is fixed in the airline industry, we only provide the literature
related to the single-product dynamic pricing with no replenishment. For example, Gallego
and van Ryzin [16] consider a continuous-time dynamic pricing model with a continuous
demand. A discrete time version of this study has been studied by Bitran and Mondschein
[9]. In addition to this study, Lazear [22] considers a model in which prices can be updated
only at fixed time intervals. In such studies, structure of optimal pricing policy with respect

to time and inventory level is investigated.

2.3 Markov Modulation and Hidden Markov Models

In some cases, external factors can provide an information about the distribution of the
demand. These external factors are assumed to change according to a Markov chain. Such
studies are called Markov modulated problems when there is a randomly fluctuating de-
mand environment. We observe that fluctuating demand environment is widely accepted
in inventory systems. For example, Song and Zipkin [28] argue that demand depends on
external factors which they call the current state of the world. They also believe that this
current state of the world can be described economic and financial conditions. Financial
markets are often classified as "bull" and "bear" according to investment sentiments. Oze-
kici and Parlar [26], and Gallego and Hu [15] provide other examples of Markov modulation
of customer demand in inventory management. A fluctuating demand environment is also
considered in dynamic pricing problems for inventory systems. Gayon et al. [17] investigate

possible pricing strategies in inventory systems under a fluctuating demand environment.
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Also work by Yim and Rajaram [36] is another paper that considers a pricing model with
Markov modulated demand.

There may be some cases in which there is an uncertainty on this classification of states
depending on various financial indicators. Thus, the true state of the market may not be
known with certainty. We have an observation process that provides us information about
the true state of environment. Such processes are called hidden Markov processes or par-
tially observed Markov decision processes. For example, Treharne and Sox [31] consider an
inventory system where demand is partially observed and supplier has a infinite capacity.
Arifoglu and Ozekici [1] investigate a similar model where supplier has finite capacity and
they show that optimal ordering policy is state-dependent base-stock policy. In these prob-
lems, the main decision is the replenishment amount; therefore, our hidden Markov model
is significantly different than these problems. In addition to such studies, Aviv and Pazgal
[2] provide a dynamic pricing model where demand is partially observed. They also show
that optimal pricing policy depends on the belief vector which represents the probability

distribution of true state of the current environment.

2.4 Other Research Topics in Revenue Management

There are also other topics which are significant in revenue management. For example,
models that consider risk-sensitivity are appropriate to the risk-averse managers. Since
demand is random, managers would want to minimize their risk too. Barz and Waldmann
[6] provide a model in which they maximize the utility instead of the revenue of the firm.
They show that the structural properties of dynamic model for the single resource allocation
problem holds also in her model. Lan et al. [20] also provide a model for risk-averse managers
in which they consider lower and upper bounds for the demand of each fare class. They
claim that distribution of demand may not be easy to obtain, and only information that
manager has can be lower and upper bounds. In addition to such studies, Birbil et al. [8]
investigate the robust versions of static and dynamic models of single resource allocation
problem that is discussed in Section 1.

Another important research topic in revenue management is network capacity control.
Since this a multi-dimensional problem, most studies focus on approximations to this prob-
lem. For example, Kunnumkal and Topaloglu [19] provides an approximation method for
network revenue management problem with customer choice behavior by solving each flight

leg as single-leg problem. Vulcano and van Ryzin [32] also study an approximation method
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for network revenue management under customer choice behavior by using a simulation-

based method.
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Chapter 3

SINGLE RESOURCE CAPACITY CONTROL PROBLEM

3.1 Model Formulation

We formulate a discrete time, finite horizon (7" periods) MDP model of the admission control
problem corresponding to single-leg capacity control.

Let X; € {1,2,---, M} denote the randomly fluctuating external environment. X =
{Xo, X1, -+, X7} is assumed to be a Markov chain with transition matrix P where p;; =
P{X;y1 = j|X; = i}. We assume that there is at most one arrival and that each arrival from
a fare class can request a finite number of seats in each stage. The probability that fare class
a arrives at any stage is denoted by rj, when the current environment is j. The probability
of no arrival in a given environment is denoted by 7j9. Therefore, Zivzo Tja = 1 for any
j. Non-stationary demand scenarios can be handled by defining appropriate environment
and transition matrices. For each fare class a, suppose there is an upper bound B, on the
number of fare products requested. Let g;q, denote the probability that b units of inventory
is requested given that current environment is j and the requested fare product is a.

In each stage t, the firm must choose the optimal number of seats to be sold for each fare
class. We assume that customers accept the scenario of a partial satisfaction of their request.
Brumelle and Walczak [10] showed that structural results on the optimal policy are not valid
in case of acceptance or rejection of the whole demand when there is no environment process
(Also, see Van Slyke and Young [34] and (il et al. [12] for related issues). Therefore, we
only analyze the case where customers accept the partial satisfaction of their requests. For
each sold ticket, the reward is c¢(a) if the fare product is a. The transition probabilities
and reward function are assumed to be stationary and we suppose that the fare classes are
ordered so that ¢ (a1) < c¢(az) when a; < ay. We let Z, denote the set of positive integers
and R denote the set of real numbers.

We also use the following notations:
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v(x,j) = expected maximum revenue from period ¢ on, given that current inventory level
is = and environment is j.
A’Ut(l’,j) :Ut($,j)—'0t(.%'—1,j)
()" = max {z,0}

U(,z) ={0,1,--- ,min{b,z}}
The optimal expected revenue and the admission control policy for this problem can be

obtained by solving the following Bellman equation

N B, M
v(x,j) = era > jab max {Zp]kvt+1(:p —u, k) + c(a)u } (3.1)

o bh=1 u€elU (bx)
M
+75j0 ijkvtﬂ(a:, k)
k=1
with boundary conditions
v(0,7) = Oforj=1,2,..., M.
vp(xz,j) = O0forany x € Zy and j =1,2,..., M.

For obtaining structural results, the following equivalent representation that uses the

definition of Awv; turns out to be helpful

N g M
Z g Gjap MaX { U—ijk <Z A’l)t+1($+1 -z, k) —Ut+1($ ]{3))}

uelU(b,z) ] o

+ 750 ijkth (x, k)

k=1
" M M
= Zr]a Z qjab uer?]?g(x) Zl C (a) — ijkAth(a: + 1-— Z, k) + ijkvt+1(x, k)
= k=1 k=1

(3.2)

where the sum is set to be zero when u = 0.

3.2 Structural Properties

In this section, we investigate some structural properties of the Markov-modulated single-
resource capacity control problem. To begin with, it is intuitive that if we have one more

inventory, then expected revenue should be larger. Similarly, expected revenue should be
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larger if we have more time to go. These claims can be easily proven by induction on t.
Second order properties are less trivial. Before proving the concavity of v (x,j) in x, we

first state a lemma by Lautenbacher and Stidham [21].

Lemma 3.1 Suppose g : Zy — R is concave. Let f : Z — R be defined by
f@)=_max {fp+g(z—p)}
6:0717“'7777‘

for any given p > 0, and nonnegative integer m < x. Then, f is concave in x > 0.

Using Lemma 3.1, we next establish the concavity of the value function in = for each

environment.
Theorem 3.2 ve(x,j) is a concave function in x for any environment j and time t.

Proof. Since vr (x,j) is zero for any x and j we have the concavity of vy (z,7) in x for
any j. Suppose that v;41(x, ) is a concave function of  for any environment j. We can use

lemma 3.1 by taking g as 0%, PikVit1(x, k), p as c(a), and m as min {b,z} Therefore,

M
max {ijkvt+1(:p —u, k) + c(a)u} (3.3)

ueU(b,z) 1

is concave in z for any product a, batch size 0 < b < B,. Since equation (3.1) is positive
linear combination of (3.3) and v+ (x, k), we have the concavity of v(x,j) in = for any
environment j. ®

Theorem 3.2 establishes that Av; (z, j) decreases as we increase the inventory level x. By
considering (3.2), we can conclude that ¢ (a) —224:1 PikAvip1(x+1—2, k) is decreasing in z.
Therefore, in (3.2) we should increase u < min {b, z} until ¢ (a) — Yo", PikAvi(x+1—2,k)
becomes negative or u is equal to min {b,z} . Since Av; (z,j) is decreasing in x for any j,

there is a threshold level l? J which is defined as

M
197 = min {x tc(a) > ijkAth(m, k:)} . (3.4)
k=1

Explicitly, I} 7 is the maximum quantity for the inventory level such that if the current
inventory level is less than [}’ 7 it is optimal to reject any batch for fare class a in environment
j. However, if the inventory on hand is greater than or equal to [} J , then demand for product

a is satisfied until the inventory level drops to I} J 1,
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Hence the optimal decision for product a at stage ¢ and environment j, when demand

u*:min{(aj—l?’j+1)+,b}. (3.5)

Theorem 3.2 implies that optimal admission control policies are of threshold (or booking

is b, is

limit) type as in standard single-resource capacity control. The difference in this case is
that the thresholds now depend on the current state of the environment. Nevertheless, such
policies are relatively easy to implement.

Since optimal thresholds are determined by the marginal value function via (3.4), we
next investigate the structure of this function. First, we analyze how the marginal value
function changes in time. Next proposition states a result on the marginal value of one

additional inventory over time.

Proposition 3.3 Aviyg (z,7) < Avi (z,7) for any inventory level z, environment j and

time t.

Proof. Since v (z,j) is increasing in x, Av (x,j) > 0. Also Avy (z,7) = 0, which implies
that Avp (z,j) < Avp_q (z,7). Suppose Avya (z,7) < Aviq (z, ) for any environment j

and inventory level z. Consider the following inequality,

M M
max : {ijkvt+2(x —uy, k) +c(a) ul} —  max {ijkvt+2(a: —1—wug,k)+c(a)
k=1

ur€U(b,x ug€U(bx—1) P
<
M M
max kU1 (r —usg, k) +c(a)ug p — max itVir1(r — 1 —ug, k) +c(a
ugeU(b,x){;p]k t41( 3,k) +c(a) 3} u4€U(b’x1){;pgk t+1( 1, k) +c(a)

(3.6)

for any a, and batch size 0 < b < B,. It is sufficient to show that this inequality holds, in
order to conclude that Aviy; (x,j) < Av (z,7), since the remaining terms in Avy (z,j) —
Avyyq (z, 7) are clearly positive by using the induction hypothesis.

Let u} be the optimal value of u; in (3.6). We should note that lfjﬁl <l 7 for any product
a and environment j. This can be easily seen by considering the induction hypothesis and
(3.4). As a result, we have uj < uj. Also, we know that u} — uj is either 1 or zero. Same
reasoning is valid for u3 —uj. If they are equal, then this is possible only either u} = u3 = 0

or u] =uj =b.

)
J
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Therefore, there are six cases we need to consider for the possible values of uj, u3, u3, uj.

Case (u, us, ul, uy) Inequality (3.6) simplifies to
1 (0,0,0,0) Sl pikAvegs (2, k) < S0l pirAvigr (z, k)
2 (y2 + 1,2,0,0) ¢(a) < 30l pikAvig (2, k)
3 (6,0,0,0) Sl Pk AV (7= b k) < 0L pirAveg (2, k)
4 (2 + Ly +1y) ¢(a) < c(a)
5 (b,b, 51 + L,1) S ohy PikAvs (@ — b, k) < ¢ (a)
6 (b,b,b,b) Sohm PikAvers (& = by k) < 3L pirAvig (z — b, k)

Here, y1 and yo are integers such that 0 < y; < yo < b— 1. Case 1 and 6 are true
due to the induction hypothesis. Also case 4 is automatically true. In case 2, suppose that
nyzl PikAvii1 (z,k) < c(a), then we should accept at least one customer when current
inventory level is = at stage ¢ but u3 = 0. Therefore, inequality in case 2 is true. In case
5, suppose that Z]kw:l PjkAvipo (£ — b,k) > c(a). Then, at time ¢ + 1, accepted batch size
is less than b — 1 when current inventory level is x. However u3 = b, which means that
the inequality in case 5 is also true. In case 3, we have c¢(a) < Z]szl PikAvit1 (z, k) since
uy = 0. Also we have Y0, PikAviyo (x — b, k) < c(a) since u3 = b. Note that, these
inequalities can be shown by using the methodology used in case 2 and 5. Hence, we have
the inequality of case 3. Consequently, Av; decreases in t. ®

Please note that Theorem 3.2 and Proposition 3.3 extend the corresponding results in
Aydin et al. [3] to a setting with multiple environments. With regard to Proposition 3.3, a
corresponding results in Aydin et al. [3] establishes that admission thresholds decrease as
time increases when there is a single environment . When there are multiple environment
states, the environment also changes over time; hence, we cannot guarantee the decrease
of the thresholds over time when the environment changes. On the other hand, if the
environment does not change, then we can establish the admission threshold should decrease

in the next period. This result follows from comparing

M M
> pikAvir (k) < Y pinlv (x,k)
k=1 k=1

which is obviously true by Proposition 3.3. Therefore, I}’ J> lf’jl for any fare class a, time

t and environment j.
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Since demand varies according to the environment, optimal threshold levels change with
the environment. To better understand the effects of the environment on the optimal thresh-
olds, we must classify and order the environments. To this end, we need some assumptions
on arrival probabilities and the transition matrix of the environmental process. The follow-

ing classification is useful for this purpose.

Definition 3.4 A Markov chain is said to be IFR (Increasing Failure Rate) if the rows of

its transition probability matriz are in increasing stochastic order, i.e.,
] M
[ @) =2 pij
j=k

18 nondecreasing in ¢ for oll k = 1,..., M. Similarly, a matriz X is said to be IFR if the

rows of X are in increasing stochastic order.

In reliability theory, life distribution classifications, like IFR, play a crucial role in identi-
fying the structure of optimal maintenance policies. This usually leads to optimal threshold
policies since the IFR property implies the increasing marginal deterioration of the system.
An example is the age replacement policy which states that the system is replaced as soon
as its age exceeds a critical level. The reader is referred to Barlow and Porschan [4] for basic
concepts on life distribution classifications, and Keilson and Kesten [18] for classifications
of Markov chains using their transition matrices. In our context, we need to impose similar
restrictions on the environmental process so that the state becomes more or less “desirable”
in generating revenue.

Let R be a matrix such that R;, = 74, and suppose R is IFR. This implies that
environments are ordered in terms of the arrival probability of customers from higher fare
classes. For example, suppose we have 2 environments, then the second environment is said
to be “better” than the first one if it is more probable to have a demand for higher reward
products in the second environment.

Let B = max{B,:a=1,2,--- ,N} and set gjop = 0 for any B, < b < B. Also, let
Q denote a 3 dimensional matrix whose (j,a,b)th component is gjq; as defined above.
Then we define 2 dimensional submatrices of Q where we fix one component of Q. Let the
fixed component be denoted as a superscript while the other components are denoted by
subscripts. We also assume that the matrix QJ(E) is IFR for a fixed a. Finally, we also

assume that le)) is IFR for fixed 3.
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Last, we need a condition on the transition matrix P of environment process. We assume
that P is IFR. This is also plausible. If the index of an environment ¢ is higher than another
environment j, then we call ¢ a “better” environment than j by the explanation above. Since
environment 7 is better than j, it is more likely for environment i to make a transition to an
environment that is better than an arbitrary given environment. Intuitively, the probability
that the current environment will transition in the future to a better environment increases

as the level of the current environment increases. We now summarize all of these conditions.

Condition 3.5 (1) P is IFR.
(2) R is IFR.
(3) Qng) 1s IFR for any product a.
(4) QS& is IFR for any environment j.

The above condition imposes an order on the environments. This order is a minimal
requirement for obtaining structural results as a function of the environment. When the
condition holds, j is a more favorable environment than ¢ where ¢ < j. Let us discuss
the modeling implications of Condition 3.5. Condition 3.5 (1) concerns the environment
transitions. The environment transitions need to have a smoothness property where better
current environments are likelier to lead to better future environments which seems natural
for most applications. Condition 3.5 (2) can be viewed as a consequence of the environment
classification where better current states have a more favorable demand arrival distribution.
Without this condition, environment states do not necessarily have a natural order which
prevents monotonicity. Condition 3.5 (3) states that batch sizes are likelier to be larger in
better environments which also appears natural. Condition 3.5 (4) imposes constraints on
the demand batch size as a function of the class of customers. This condition is automatically
satisfied for the frequently encountered case of unit demand arrivals (see Talluri and van
Ryzin [30]) and for the case where the batch sizes are not class dependent.

We first investigate the expected maximum revenue from period ¢ on for different envi-
ronments at stage ¢ under Condition 3.5. In particular, in the next proposition, we establish

that the maximum expected revenue increases when the environment gets better .

Proposition 3.6 Under Condition 3.5, vi (z,i) < v (x,7) for any inventory level x, envi-

ronment 1 < j and time t.

Proof. For t = T' we have the result trivially since vy (z,7) = 0 for any inventory level x and

environment i. Suppose vi41 (2,1) < v (2, j) for any ¢ < j. We provide some definitions
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to make the proof clearer. Let

M
W (a,b,j) = uer%abxm) { Pikvir1(x — u, k) + c(a )u}
k=1

and

W

S (a,j) I;Z:: QJabW (a b .7)

M
5(0,7) = kE Pikv+1 (2, k)
=1
for a = 1,2,...N. Then, we need to show the following

N

N
> TiaS (a,3) < 37 rjaS (a, )
a=0

a=0

First of all, it is clear that W (a,b,j) is nondecreasing in b, and a. Also, since P is
IFR, by the induction hypothesis we know that W (a,b,j) is nondecreasing in j. Hence
S (a, j) is nondecreasing in j, because Qéﬁ) is IFR. Also, by induction hypothesis we know
S (0, 7) is nondecreasing in j. We also need to show that S (a, j) is a nondecreasing function
in a. Take a € {1,2,--- N}, since W (a,b, j) is nondecreasing in a and QS& is IFR, we
know that S (a, ) is nondecreasing in the domain {1,2,..., N}. It is also easy to show that
S(0,7) < S(1,7) hence S (a,j) is nondecreasing in a. Since S (a,i) < S (a,j) and S (a,j)
is a nondecreasing function in a, we have v; (z,7) < v; (z,7) by using the IFR property of
R. [

From a practical perspective, Proposition 3.6 states that better starting environments
lead to better expected revenues. Second, we consider the effect of the environment on the
expected marginal value of one additional inventory. This value is important in understand-

ing the structure of threshold values in different environments.

Proposition 3.7 Under Condition 3.5, Av (z,i) < Av(z,7) for any inventory level x,

environment i < j and time t.

Proof. Clearly, we have Avp (z,i) = Avyp (z,7) = 0. Suppose Avyiq (x,1) < Aveyq (z,9)
for any 7 < j. Let

M M
W(a,b,j) = max {Zp]kvtﬂ(x —u, k) + cla)u }— max {ijk'l)t+1(l’ —1—wu,k)+ c(a)u}

uelU (b,x) ueU(b,z—1) 1
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fora =1,2,...,N. Also define,

B
S(avj) = bZ (JjabW ((l, ba])
=1

M

S(0,7) = kglpjk (ve1(2, k) — v (z — 1, k)

for a = 1,2,..., N. After making these definitions, we need to show

M M
Yo riaS(a,i) < Y rieS(a,))
a=0 a=0

for any environment ¢ < j. First of all we will show W (a,b,i) < W (a,b,j) for any
a € {1,2,..,N} and b. Let uj be the optimal decision when current inventory is x and
environment is ¢, and let u3 be the optimal decision when the current inventory is  —1 and
environment is ¢ (u3 and u} are also defined in a similar fashion for environment j). Using
the same reasoning that we used in the proof of the Proposition 3.3, we have the following

relations and results by noting that 17 > [,

C (uf, ub, uj, uy) Inequality W (a, b,i) < W (a,b, j) simplifies to
M M
1 (07 Oa Oa 0) Z pikAUt—i-l (iU, k) < Z pjk:AUt—l-l (:Ua k)
k=1 k=1
M
2 (y2 +1,92,0,0) cla) < 3 pirAviir (z,k)
M h=t M
3 (6,0,0,0) > PikAverr (= b k) < 37 pirAveir (2, k)
k=1 k=1
4 (y2+ Ly, y1 +1,y1) c(a) <c(a)
M
) (b7 b7 Y1 + 17 yl) Z pikAvt-i-l (IIZ’ - b7 k) S C (a)
M k=l M
6 (b,b,b,b) Y. PikAveir (= b k) < 37 pigAveir (z — b, k)
k=1 k=1

Here, y; and yo are integers such that 0 < y; < yo < b—1. Note that case 6 and case 1 are
obviously true due to the induction hypothesis and the IFR property of P. The remaining
cases are true as explained in the proof of Proposition 3.3.

Secondly, we will show that W (a, b, %) is nondecreasing in ordered quantity b for any 4
anda € {1,2,...,N}. Take 1 < b < B. Let u} be the optimal decision when current inventory
is « and ordered quantity is b, and let u3 be the optimal decision when the current inventory

is  — 1 and ordered quantity is b (uj and uj are also defined in a similar fashion for ordered
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quantity b+ 1). We have 4 cases,

C (uiuy) Results W (a,b,i) < W (a,b+ 1,i) reduces to
M M
1 (0,0) (ui,u3) = (0,0) > PikAver (2,k) < Y7 pikAves (2, k)
k=1 k=1
z—1"7 >b+1 M M
2 (b+1,b+1) . > pikAvir (z — b, k) < 3° pirAveyr (. —b—1,k)
(’LLT, ’U,;) = (ba b) k=1 k=1
z— 107 = M
3 (b+1,b) > pikAveyr (x — b k) < c(a)
(uj,u3) = (b,b) k=1
4 (yay_l) (U){,Ug) = (yuy_l) C((Z) < C(CL)

where 1 <y < b+ 1. Case 1 and 4 are obviously true since right-hand side and left-hand
side are equal in both cases. Case 2 is also true since Awv;11 (x) is nonincreasing in x. In case
3, suppose ZﬂilpikAth (x — b, k) > c(a). Then this fact contradicts with l?’j =z —b.
Clearly, S (0,7) < S(0,7) since P is IFR. Since W (a,b,i) < W (a,b,j) and W (a, b, 1)
is nondecreasing in ordered quantity b for any ¢ and a € {1,2,..., N}, by using the IFR
property of Qgg) we have
S (a,i) < S (a, j)

for any a € {0,1,..., N}. Now, it is sufficient to show that S (a,j) is nondecreasing in a to
show Awy (x,4) < Awv (z, 7) because we can use the IFR property of R to conclude our result.
Take aj,a2 € {1,2,..., N} with a1 < ag. Since c(a1) < c¢(az), we know that lf’l’j > Z?Q’j.
Also, we have already shown that W (a,b, j) is nondecreasing in b. It is sufficient to prove
W (a1,b,7) < W (ag,b,j), then we can use the IFR property of QS& and W (a, b, j)’s being
nondecreasing in b to conclude that S (a1,j) < S (ag,j). Let u] be the optimal decision
when current inventory is « and product type is a1, and let u3 be the optimal decision when
the current inventory is z — 1 and product type is a; (uj and wu} are also defined in a similar

fashion for product type as). Then, there are six cases for the values of (u],u3,ul, u}) as
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before.
C (uf, us, uj,uy) Inequality W (a1, b,7) < W (ag,b,i) simplifies to
M M
1 (0,0,0,0) PikAviyr (2, k) < Y pinAveyr (2, k)
k=1 k=1
M
2 (0,0,91 + 1,91) PikAvir (2, k) < c(a2)
M k=t M
3 (0,0,b,b) > pikAveyr (z, k) < > pinAver (z — b, k)
k=1 k=1
4 (y2+ Ly +1y) c(a1) < c(az)
M
5 (y2 +1,92,0,b) c(a1) < Y pirAvepr (x — b, k)
M k=t M
6 (b,b,b,b) > PikAvipr (x — b, k) < Y piAvegr (x — b, k)
k=1 k=1

Here, y; and g9 are integers such that 0 < ¢y < y; < b — 1. Note that in case 1 and 6,
right hand sides and left hand sides are identical. Case 4 is true since c(a1) < c¢(ag). In
case 2, suppose Zﬁ/lzl pikAvir1 (x, k) > ¢ (az) then we should not sell any product of type
az when current inventory level is x at time ¢, but u3 = y; +1 > 1. Case 3 is also true
since Avgy1 (x) is nonincreasing in x. In case 5, suppose ¢ (ay) > Zkle pikAviry (x — b, k).
Since yo = uy < b—1, we have x — b+ 1 < l? 7 and this result contradicts with our
assumption. Therefore S (a1,7) < S (ag,i) for aj,as € {1,2,..., N} . Also, we need to show
S(0,7) < S (1,7). We have the following inequality since W (1, b,4) is nondecreasing in b.

M M
W(1,1,7) = ullgff)},(l} {;pikvt+1($ —u, k) + c(l)u} — u;]eﬂ%},(l} {klpikvtﬂ(:c —1—wu,k)+ c(l)u}

B
< S(1,i) =Y ¢uW (1,b,49)
b=1

It is sufficient to show W (1,1,7) > S (0,7). Note that we have uj > u3. Therefore, we

have 3 cases,

C (uj,u3) Inequality W (1,1,7) > S(0,4) reduces to

7 7
1 (1,1 PikAveyr (x — 1, k) > > piAviri(x, k)
=y =
2 (0,0 DikAverr (T, k) > Y piAvepa (z, k)
k=1 k=1

T, k
M

3 (1,0 c(1) > > pirAvipi(x, k)
=1
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Case 2 is obviously true, also case 1 is true since Avyy1 () is nonincreasing in . In case
3 suppose S oL, pixAviy1(z, k) > ¢ (a) but this contradicts with u} = 1.

Hence, S (a1,7) < S (ag,9) for aj,as € {0,1,..., N} and S (a,i) < S (a,j) for i < j. Since
R is IFR, we have

M M
Avg (z,1) = Y 1aS (a,1) < Y 1rjeS (a,j) = Ave (z,5)
a=0 a=0

Let us discuss the implication of this proposition. Since the admission policy is deter-
mined by the structure of the difference Av; (z,j), and since this difference increases in j,
we can conclude that [ 7 increases in j. Since the demand for a more valuable product will
increase in probability as the environment gets better, it is optimal to protect the stock
more in a better environment. For implementation purposes, this implies that the optimal
admission thresholds are non-decreasing in more favorable environments. By using Propo-
sitions 3.3 and 3.7, we have the following immediate result that extends the property in

Proposition 3.7 to different time periods.

Corollary 3.8 Under Condition 8.5, Avipq (2,1) < Awvy(x,j) for any inventory level x,

environment i < j and time t.

By this corollary, we know that the threshold level of a product in a given stage will
decrease in the next stage if the environment of the next stage is worse than the one in
the previous stage. However, we cannot guarantee the decrease of the threshold if the
environment of the next stage is better than the one in the previous stage. This is explored

further in Section 4.

3.3 Sensitivity Analysis

In this section, we will provide results on the sensitivity of the structural properties on the
model parameters. A recent paper by Cil et al. [13] presents a general approach for this
type of analysis and Aydin et al. [3] presents corresponding results for a standard single-leg
capacity control problem.

First, by setting zj.5 = gjab7ja, We will use the following equivalent form of our problem

k=1

N B, M M
vi(®,5) =D > Zjab max {ijkvtﬂ(fv —u, k) + C(a)u} +7j0 > pigvipa(a, k) (3.7)
k_
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with boundary conditions v (0, j) = 0 and vy (z,7) = 0 for all x and t. We show the effects
of changing components of arrival probabilities (Z), transition matrix (P), and reward
function (¢). We will change a component of these matrices or the reward function by a
small amount and explore the effects of this change under some specific conditions.

We first provide the results on the effects of varying the arrival probabilities. Aydin et
al. [3] also considers a similar study on the effects of parameters, where only the fictitious
event probability is decreased when a given arrival probability is increased. We employ a
more general approach and consider decreasing any other arrival probability.

Let us increase z;4p by € > 0 for a given environment ¢, class ¢ > 1 and batch size b. In
order to have a valid probability distribution we will reduce z;4,p, by € where 1 < ag < a
and by < b. Here, € should be small enough in order to have both z;4, + € and zj4,1, — € lie

in the interval [0, 1]. Let v§ (z,7) be the value function for the modified system.
Proposition 3.9 vf (x,j) > v (x,j) for any environment j, time t and inventory level x.

Proof. Clearly v (z,5) = vr (x,7) = 0, suppose vf, (x,5) > viy1 (2, ) for any environ-
ment j and inventory level z. For a given product a, and amount b € {1,2, ..., B,}, by using

the induction hypothesis we know

M M
ijkUtJrl(m —u, k) + cla)u < ijkvg—i-l(m —u, k) + c(a)u.
k=1 k=1

for any 0 < u < min {b,z}. Hence we have

M
max {ijkvt+1($ —u, k) + c(a)u } < max {Zp]kth u, k) —I—C(a)u} (3.8)
k=1

weU (b,x) weU (b,x)

Consider any environment j # i. Then vf (z,5) > v (z,j) which is clear from inequality

(3.8). When we consider ¢ as an environment, it is sufficient to show the following

max {mevm u, k) + c(ag)U} = max {szkvt-H u, k) + c(a)U}

u€eU (be,

Note that, since by < b and as < a we know

M M
Lenax {Zpikv§+1($ —u,k) + C(az)U} < JLhax {Zpikv§+1($ —u,k) + C(az)U}

k=1 k=1
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and

M
JLhax {;pjkvg+l($ —u, k) + C(GQ)U} < Joax {ijkvt+1 u, k) + C(a)U}

Hence we have the result. m

Proposition 3.9 formalizes that increased demand from more valuable classes improves
expected revenues. Next, we consider the effects of varying arrival probabilities on the ex-
pected marginal value of one additional inventory, since admission thresholds are determined

by this value. The marginal value for the modified system is denoted by Awvf (z,j).

Proposition 3.10 Av (x,j) > Av (z,7) for any environment j, time t and inventory level

x.

Proof. Clearly, AvS (z,j) = Avr (x,j) = 0. Suppose Avg, (z,5) > Aviyy (z,7) for any
environment j and inventory level x. Consider any environment j # ¢. Then as done in
proposition 3.3, it can be shown that Awvj (z,5) > Av (z,j). When we consider i as an

environment, it is sufficient to show the following inequality,

e {mevm u, k) + C(az)U} e {meH —u, k) + C(az)U}

<

M
7 ,k - i £ —1- ,k
Lo {Zp W (2 — k) + c(a)u} s {ép Wiy (= 1= u,k) + c<a>u}

Note that the right and left hand sides are similar to the definition of W (a, b, 7) in the
proof of proposition 3.7 , and W is nondecreasing in b. (None of the IFR properties are used

to show this, hence the same proof is also valid in here.) Therefore, it is sufficient to show,

M
L {zplm W)+ c<a2>u} e {zp< )+ c<a2>u}

<

M
uel{lfagcx {szkvt+1 u, k) + C(a)u} — u<n&a(m;<x) {szkvtﬂ(x —1—u,k)+cla)u }

Also we know that W is nondecreasing in a as done in the proof of proposition 3.7.
(Again the IFR properties are not used to show this.) Hence, Avf (z,j) > Av (x, j) for any

environment j and inventory level . =
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Since expected marginal value of one additional inventory is greater in the modified
system, the threshold level of the modified system for a given product, time and environment
is greater than the one of the original model. In other words, [/ < ly 7 where ly 7 denotes
the threshold level in the modified system. Please note that an increase in some arrival
probability at a given environment ¢ causes the admission thresholds in all environments j
to increase. Propositions 3.9 and 3.10 extend the corresponding results in Aydin et al. [3]
to multiple environment states.

Second, we analyze the effects of changing a component of P which is assumed to be
IFR. Suppose we increase p;; by € > 0. To have a valid distribution, we need to reduce
another component in the ith row of P with a column index smaller than j by €. Again, €
should be small enough to make the changed components lie in [0, 1] interval. These changes
must preserve the IFR property of P. Let the modified solution be denoted by vf (x, j) and
the transition probability matrix by P€. We have only changed the ith row of P, hence the
remaining rows of P€ are identical to P. First, we compare the expected revenue of these

two systems.

Proposition 3.11 Under Condition 3.5, v§ (x,j) > v (x,j) for any environment j, time t

and inventory level x.

Proof. Clearly, v% (z,j) = vr (z,5) = 0. Suppose v, (2,5) > viy1 (z,7). It is easy to
verify v§ (z,7) > v; (z,§) when j # i since components of P remain same except the i row.
Now, suppose that the current environment is i. Take any a € {1,2,..., N} and 1 <b < B,.

It is sufficient to show

M
mhax ){ > pigvisa(z — u, k) + c(a)u } < max { > pv (@ —u, k) + C(a)U}
YT (=1

ueU (b,x)

By proposition 3.6, we know that v;41(x —u, k) and also vf_ ; (z —u, k) are nondecreasing

function in k. Therefore,

M M
> pjkvrsa (= u, k) Z Pirvis1 (@ — u, k)
k=1 -1

for any u € {0,1,...,min {b,z}} =
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Proposition 3.11 establishes that a better environment probability transition matrix
leads to higher expected revenues. For practical purposes, this implies that more favorable
forecasts of future demand environments results in improved expected revenues.

Next, we investigate the effects of such a change on the optimal policy As done in the
previous analysis on Z, we focus on the expected marginal value of one additional inventory
level. The marginal value of the modified system is denoted by Avf (z,7). In the next
proposition we show that marginal value of the modified system is greater than the original

system.

Proposition 3.12 Under Condition 3.5, Av (z,j) > Av(z,j) for any environment j,

time t and inventory level x.

Proof. Clearly, AvS (z,j) = Avr (x,j) = 0. Suppose Avg, (z,5) > Aviyy (z,7) for any
environment j and inventory level x. Consider any environment j # 4, then it is easy to
verify Avf (x,) > Awvg (x,5) as done in the proof of proposition 3.3, because j* row of P

and P€ are identical. When the environment is 4, it is sufficient to show

M M
max {Zpikvt+1($ —u1, k) +cl(a) ul} — max {szkvt+1(ﬂj —1—ug,k)+c(a)
k=1

w1 €U (b,z) u2€U (b,z—1) 1

uz€U(b,z) uga €U (b,z—1)

for any 1 < a < N, 1 < b < B,. Since Avg,, (w,])

nondecreasing in k,

Avit (x,5) and  Avf (z,k) is

M M
szkAthrl x, k) szkAUt—f—l (z,k)
k=1 k=1

Then I 7 > 1% Let u} be the optimal value of u; in the inequality above. As a result,
we have u3 < uj. Also, we know that u] —u3 is either 1 or zero. The same reasoning is valid
for ui — uj. If they are equal, then this is possible only either u] = u5 = 0 or u] = u5 = b.

Therefore, there are six cases we need to consider for the possible values of uj, u3, u3, uj.

max {szkvtﬂ —us, k) +c(a) U3} —  max {szkvt-H x—1—wug,k)+c(a)uy
>

)

}
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Case (uy, ub, uj, uy) Inequality simplifies to
M M
1 (07 07 07 0) Z p’ikAvt+1 (.’IJ, k) S Z p;kA,Uf—‘rl (xa k)
k=1 k=1
M
2 (y2 + 1ay27070) C(a) S Z pf-kAUerl (.’L’,k)
M k=t M
3 (b7 b7 Oa O) E PikAUt—H (;U - b7 k) S Z pze‘kAUtE—i-l (:Ua k)
k=1 k=1
4 (y2+1ay27y1+17y1) C(a) SC((I)
M
5 (b,b,y1 +1,41) pikAvirr (z — b, k) < c(a)
M k=t M
6 (b,b,b,b) Y PikAvipr (x — b, k) < Y- p5Ave (x — b, k)
k=1 k=1

Here, 41 and yy are integers such that 0 < y; < ys < b — 1. Case 1 is obviously true as

M

shown above. In case 5, suppose Y pirAvit1 (x — b, k) > c(a), then accepted batch size
k=1

should be less than b at time ¢ when current inventory level is x, but this result contradicts

M

with w5 = b. Similarly, in case 2, suppose c(a) > > p§.Avi,, (x,k). Then, we need to
k=1

satisfy at least one of the requested amount at time ¢ in modified system when current

M
inventory level is x, but we have u3 = 0. In case 3, we have c(a) < ) p§Avf, (2, k)
k=1

since u3 = 0. Also we have % PikAver1 (x — b,k) < c(a) since uy = b. Note that, these
inequalities can be shown by kt?sling the methodology used in case 2 and 5. Hence we have
the inequality of case 3. Case 6 is also true by the induction assumption and the fact that
Avi_; (x,k) is nondecreasing function of k. Therefore, we have Avf (z,7) > Av (z,j) for
any environment j, time t and inventory level x. m

As explained before, since the expected marginal value of an additional inventory is
greater in the modified system, threshold level of the modified system is greater than the
one of the original system. (i.e., ZZ g > 1y g ). A more advantageous environment transition
structure leads to higher admission thresholds for all environments.

Now, we investigate the sensitivity of the marginal value function in the reward of each
fare class. We will increase the reward of a specific product and try to see its impact. We
define Avf,; (z,k) as the marginal value of an additional inventory. We have the following

proposition about the effects of reward on the marginal value.

Proposition 3.13 Auvf (x,5) > Av (z,5) if ¢(N) is increased by € > 0.
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Proof. We denote the modified function of price as ¢, (a) where ¢ (a) and ¢, (a) are identical
expect a = N. At the terminal stage we trivially have AvS (z,j) = Avr (z,j) = 0 or any
inventory level x and environment j. Suppose Avf, , (z,j) > Aviq () for Va,j. It is

sufficient to show,
M M
u1glua(>;w) {;pikvtﬂ(x —u1, k) +c(a) ul} - ugell}l(%i(p—l) {;pikvt+l($ —1—wug,k)+c(a) uz}
<
M M
usrenva()g’x) {;pikvfﬂ(x —us, k) + ¢ (a) u?,} - u4€g1(%§71) {;pikvfﬂ(m‘ — 1 —ug, k) + cc (a) U4}

(3.9)

forany 1 <a < N,1<b< B,. When a # N, then this inequality is true by a similar proof to
that of proposition 3.3. In case of a = N, we know that threshold level is always 0, therefore,
optimal quantity is 4§ = min {b, 2} when inventory level is z. Similarly v} = min{b,z},

usy = min {b,x — 1} = uj.

Case (uf, ud, uj, uy) Inequality (3.9) simplifies to
M M
1 (ba b7 ba b) pikAthrl(x - b? k) < Z pikAUf+1($ - b> k)
k=1 y kﬁl
2 (Oa 07 07 0) pikAUtJrl(x? k) < Z pikA,Uf—‘rl(m) k)
k=1 k=1
3 (x,z —1l,xz,z — 1) ¢(N)<c.(N)

Case 3 is true due to the increase in ¢ (V). Case 1 and 2 are also true by the induction
hypothesis. =

Proposition 3.13 establishes increasing the reward of the highest class leads to higher
admission thresholds: lg ej > 7. As before, somewhat surprisingly, a positive perturbation
of ¢(IN) requires a stronger protection for class N and therefore has a non-decreasing effect
for all admission thresholds. Please note a corresponding result exists in Aydn et al. [3]
for the case with a single environment state.

We have also investigated the effect of increasing the reward of any other product rather
than the one with the highest reward. It is not always true that the marginal value of an
additional inventory in a modified system is greater than the one in the original system or

vice versa. We have a counter-example in the next section.
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3.4 Numerical Illustrations

In our illustrations, we assume that an arrival customer demands only one product, this
implies that B, = 1 for any product a. First, we illustrate that the threshold level decreases
as time increases and increases as the environment gets better. The transition matrix,

reward vector, and arrival probability matrix are respectively:

0 if a=0
0.95 0.05 50 if a=1 0.7 02 0.1 O
c(a) R =

0.05 0.95 100 if a=2 0.1 02 0.2 0.5
200 if a=3

] (3.10)

with planning horizon T' = 500. Note that 0 in vector ¢ stands for the reward of the fictitious
event. We only show the last 10 threshold levels in our tables. Note that R has the IFR
property, hence we can label the first row of R as a bad environment and the second row as
a good environment. Threshold levels for fare class 1 (with reward 50) and 2 (with reward
100) are given in Table 3.1. Recall that [} 7 stands for the threshold level of fare class a
at time ¢ in environment j. As we expect, the threshold level decreases as time increases
for any environment and the threshold level of a better environment is higher at any given
time. Also we know that the threshold level for fare class 3 (with reward 200) is always
1 for any environment and time. Since, we always accept a request for the fare class with
the highest reward. Finally, recall that Corollary 1 established that Avey(x,i) < Av(z, 7)
for i < j. It can be observed from Table 1 that the condition ¢ < j is crucial. In fact, we

observe that lé’l < l%’Q. Therefore, the threshold is not necessarily monotone in all cases.

Table 3.1: Threshold levels for fare classes 1 and 2 in both environments

Time ¢ 1 2 3 4 5 6 7 8 9 10
I 4 4 3 3 3 2 2 1 1 1
I 8 8 7 6 5 5 4 3 2 1
12 2 1 1 1 1 1 1 1 1 1
12 6 5 5 4 4 3 3 2 2 1

Next, we investigate the effects of changing the parameters of the problem. Suppose that

we decrease the arrival probability of fare class 3 from 0.5 to 0.1 and increase the arrival
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probability of fare class 1 from 0.2 to 0.6 in environment 2, then we compare the threshold
levels for fare classes 1 and 2 in both systems. See Tables 3.2 and 3.3 for these threshold
levels. As expected, threshold levels for fare classes 1 and 2 are smaller in the modified

system in any environment.

Table 3.2: Threshold levels of fare class 1 (Change in arrival probability of fare class 1)

Time ¢ 1 2 3 4 5 6 7 8 9 10
I 4 4 3 3 3 2 2 1 1 1
I} 3 3 3 2 2 2 1 1 1 1
I 8 8 7 6 5 5 4 3 2 1
b 5 5 5 4 4 3 3 2 2 1

Table 3.3: Threshold levels of fare class 2 (Change in arrival probability of fare class 1)

Time ¢ 1 2 3 4 5 6 7 8 9 10
> 2 1 1 1 1 1 1 1 1 1
! 1 1 1 1 1 1 1 1 1 1
12 6 5 5 4 4 3 3 2 2 1
;7 2 2 2 2 2 2 1 1 1 1

We also change the entries of P while the modified P matrix still has the IFR property.
Suppose that we have the following modified P

= (3.11)
0.05 0.95

which is obtained by changing the first row of the transition matrix. The threshold levels

pe [0.05 0.95]

for fare class 2 in the modified system is greater than the one in the original system as
shown in Table 3.4 for environment 1.

Further, we increase the reward of the third fare class, which is the most expensive one,
from 200 to 250. Threshold levels for fare classes 1 and 2 are given in the Tables 3.5 and
3.6.
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Table 3.4: Threshold levels of fare class 2 in environment 1 (Change in transition matrix)

Time ¢ 1 2 3 4 5 6 7 8 9 10
> 1 1 1 1 1 1 1
! 7 6 5 5 4 4 3 2 2 1

Table 3.5: Threshold levels of fare class 1 (Change in price of fare class 1)

Time ¢ 1 2 3 4 5 6 7 8 9 10
I 4 4 3 3 3 2 2 1 1 1
! 5 4 4 3 3 2 2 1 1 1
I 8 8 7 6 5 5 4 3 2 1
b 9 8 7 6 6 5 4 3 2 1
Table 3.6: Threshold levels of fare class 2 (Change in price of fare class 1)
Time ¢ 1 2 3 4 5 6 7 8 9 10
it 2 1 1 1 1 1 1 1 1 1
! 3 2 2 2 1 1 1 1 1 1
12 6 5 5 4 4 3 3 2 2 1
12 6 6 5 5 4 4 3 3 2 1

The threshold levels for fare classes 1 and 2 of the modified system are greater in both
environments. We also provide a counter-example for the case when the reward of any
other fare class rather than the most expensive one is changed. Suppose that we change the
reward of fare class 2 from 100 to 150. The threshold levels of fare class 1 in environment
1 and fare class 2 in environment 2 are given in Table 3.7.

Note that the threshold levels of product one increase; however, the threshold levels of
fare class two decrease. Therefore, it is not always true that expected marginal value of an
additional inventory decreases (or increases) as we increase the reward of a fare class which
is not the most expensive.

Remember that when R is IFR, we can order the environments. In addition to this

property, if P is IFR, we know that [/ < I%" whenever j < i. However, we cannot conclude
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Table 3.7: Threshold levels for fare classes 1 and 2 (Change in price of product 2)

Time ¢ 1 2 3 4 5 6 7 8 9 10
It 4 4 3 3 3 2 2 1 1 1
! 5 4 4 3 3 2 2 2 1 1
12 6 5 5 4 4 3 3 2 2 1
77 4 4 4 3 3 3 2 2 1 1

the same result when P is not IFR. We have the following counter-example to show this

claim. We use the same problem parameters except the matrix

0.05 0.95
P = (3.12)
0.95 0.05

which is not IFR anymore. The threshold levels for fare class 1 (with price 50) are given
in the Table 3.8. Even though environment 2 can be considered better than environment
1, threshold levels of fare class 1 at times 3, 5, 7 and 9 in environment 1 are greater than

those in environment 2.

Table 3.8: Threshold levels for fare class 1 when P is not IFR

Time ¢ 1 2 3 4 5 6 7 8 9 10
1! 6 1
I 5 4 2 1 1

3.5 The Efficiency of the Environment-Based Model

To assess the performance of our environment based model, we consider a 2-environment
problem in which arriving customers demand only one product at a time. In this setting,
we compare the expected revenues from our model to a simple but reasonable benchmark
approach where the system manager incorrectly believes that the system will always remain
in one of the environment states (i.e. the environment will not fluctuate). In this case, the

manager solves a simpler standard dynamic program to find the optimal admission policy.
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To implement the benchmark approach, let us define wz (x), the maximum expected total
revenue when the environment j is the environment believed to be true by the manager.

The corresponding optimal policy can be formulated by the Bellman equation

. N . . .
wl (1) = 3 rjamax {wlyy (0= 1) +ela),wlyy (@)} +rouds (@) (313)

a=1

with boundary conditions w]f () =0 and wg (0) =0 for all z and ¢t. R and P are as given
in (3.10) and ¢(0) = 0, ¢(1) = 50, ¢(3) = 200 and we vary ¢(2) between 65 and 185 (using
a step-size of 30).

For each environment state, we compute the optimal admission policy and use this
policy in our environment-based model and calculate the corresponding expected revenue
for an initial inventory level of 200 and planning horizon of 500 starting with environment
1. In addition, we compute the expected optimal revenue using the environment-dependent
model for the same parameters. Figure 3.1 reports the the percentage differences in expected
revenues due to using a simpler model for different values of ¢(2). It can be observed that
the difference is consistently over 15% when the manager employs the good environment
state (maybe due to optimistic expectations). On the other hand, the difference varies
significantly and appears to be an increasing as a function of ¢(2) when the manager employs
the bad environment state.

Next, we explore how the benefits of the environment-based model are affected by the
demand profile similarity or dissimilarity in different environments. We use ¢ and P as given
in (3.10) and we define R (¢) (where ¢ = 0, 0.1, 0.2, 0.3, 0.4) as follows:

R(c) = 0.7—€¢ 02 01 O+e¢ .
0.1 0.2 02 05

Please note that increasing the value of € makes the demand profiles in the two environ-
ments more similar. Therefore, when € = 0 the demand profiles are very different from each
other and when ¢ = 0.4, the demand profiles are fairly similar. For each €, we repeat the
same investigation as above and compare the revenues in an environment-based model with
a fixed environment model. The percentage differences as a function of the environment are
reported in Table 3.9. As can be observed from the table, there is significant value in using

the environment-based model when the demand profiles are different but as expected this

value diminishes as the demand profiles of the different environments become similar.
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Figure 3.1: Effects of Environment

18

Revenue Difference

65 95 125 155 185
Price of Second Fare Class I Good Env.
B 5ad Env.

Finally, we investigate the effect of total demand rate difference between the environ-
ments. The situation in mind we have is external factors that affect the aggregate demand
rate in varying degrees. In particular, if the demand rate in the first environment for a
given demand class a (a = 1, 2, 3) is r14, then the corresponding demand rate in the
second environment is ari, where 0 < o < 1. For the numerical experimentation, we use ¢

as given in (3.10) and the other parameters are given below.

1-09a 0.4a 0.3a 0.2« 0.9 0.1 0.7 0.3 0.5 0.5
R (OZ) = ; Pl = ) P2 = ; P3 =
0.1 04 03 02 0.1 0.9 0.1 0.9 0.5 0.5
Using the above parameters, we experiment with three levels of a and repeat the earlier
experimentation by comparing the revenues using the environment-based dynamic program

versus revenues obtained by solving simpler single environment models. Please note that

we also use three different transition matrices. The results are reported in Table 3.10. Once
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Table 3.9: Percentage difference as function of R

€ 0 0.1 0.2 0.3 0.4
Good Env. 8.06 4.69 1.78 0.26 0.0017
Bad Env. 15.71 11.63 5.46 3.57 0.0060

again, the benefits of using the environment-based model are important when the demand

profiles (aggregate demand rates in this experiment) are different.

Table 3.10: Percentage difference when the total demand rate fluctuates

Py P, Ps
a | Good Env. | Bad Env. | Good Env. | Bad Env. | Good Env. | Bad Env.
0.25 3.56 8.15 0.20 17.34 3.62 8.49
0.5 0.62 3.18 0.07 5.13 0.51 3.10
0.75 0.07 0.06 0.01 0.13 0.06 0.06

3.6 Extension: Markov Modulated Dynamic Pricing

In this section, we extend our investigation to a corresponding dynamic pricing problem. A
similar continuous-time problem with replenishment has been explored by Gayon et al. [17].
In dynamic pricing, customers are not segmented to different classes but they have different
purchasing probabilities as a function of the offered price. The goal is to find the price to
charge in a given state to maximize the expected revenue. We assume that there is only
one customer in each stage and his willingness to pay is a random variable which depends
on the current environment. If the current environment is j then the price he is willing to
pay W; has a distribution Fj (v) = P{W; <wv}. The distribution function is assumed to
be differentiable and we denote the density by f; (p). We also assume that the distribution
function has an inverse F ]71. Let v (x, ) be the expected maximum revenue from period
t on, given that current inventory level is z and environment is j. The manager needs to

choose the price of the product in each stage t with a given environment j and inventory
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level . Therefore, we now have the following Bellman equation

N N
v (@, j) = max {(1 — Fj(p)) (P +) pikvesr (- 1, k)) + Fi(p) > pikvesr (x, k)}

=0
p= =1 =1

with vp (x,5) = 0 and v (0,5) = 0 as boundary conditions. Since distribution function is
one-to-one, there exists a unique p such that d = Fj (p) = 1 — Fj (p) for any 0 < d < 1.

Therefore, we have the following equivalent formulation

N N
v (z,7) = max {d (Pj (d) + ijkUtJrl (v —1, k’)) +(1—-d) ijkthrl (z, k)}

0<d<1
k=1 k=1

where p; (d) = Fj_1 (1 —d). By using Av; (z,5) = v (z,7) —ve (x — 1, 5), we have

N N
vy (z,7) = max {dpj (d) — dejkAth (x, k)} + ijkth (x, k) (3.14)

0<d<1
k=1 k=1

In (3.14), dp; (d) is the expected revenue during the current stage. Let H; (d) be the
derivative of dp; (d) with respect to d, we make the following standard assumption as in

Talluri and van Ryzin [30].

Condition 3.14 For any environment j, H; (d) is a decreasing function in d, and this

condition also implies that H; (Fj (p)) =p—(1—F;(p)/fj(p) is increasing function of p.

By using this condition, we know that inner part of the maximization problem is a

concave function in d, therefore; the optimal solution can be found by using

N
Hy (d%) = Avgya (2, k) (3.15)
k=1

For the rest of this section, we assume that d* € (0,1). To gain insights on the the
structure of the optimal pricing policy we need to investigate the structure of Awv;. First,

we show that marginal revenue decreases as we have more inventory.

Proposition 3.15 Auv,; (z,1) is a decreasing function of x for any environment i and time
t.
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Proof. We know that vy (x,j) = 0, therefore Avy (z,j) = 0. Assume that Avipq is
increasing function of x. Then

N

N
Av(z —1,7) — Ave (z,j) = ijkAUt—i-l (z—1,k) - ijkAvt—H (z, k)
k=1 k=1

N
+0r£z?§1 {dpj — dejkAle (x —1, k)}
dejkAle (x —2 k)}

—;235{ SOV

— max
0<d<1

+ max
0<d<1

dejkAle (r—1 k)}

dzk 1 PikAvg (, k:)} and dy be
optimal solution for maxg<g4<1 {dpj (d) — dezl pjkAvt (x —2, k:)}, then we have

Let di be optimal solution for maxg<gq<i

N N
Avg (x —1,7) — Avg (x,5) > ijkAth (x —1,k) — ijkAth (x, k)
k=1 k=1
N
+dip; (d1) — d1 ijkAth (x —1,k)
k=1
N
—dapj (d2) + do ijkAth (x —2,k)
k=1
N
—dipj (dy) +dy ijkAth (z, k)
k=1
N
+dapj (do) —do Y pjpAvit (z — 1,k)
k=1

After cancellations and rearranging the terms, we have

N
Ave (w = 1,5) = Avg (2,5) > (1=d1) Y pjk (Avi (z — 1 k) — Aveyr (2, k)
k=1
N
+do ijk (Aviss (z = 2,k) = Avey (z = 1,k))
k=1
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Since 0 < di,ds < 1, right hand side of the last inequality is greater than 0 by using the
induction hypothesis. Hence we have the result. m
Under Condition 3.14, Proposition 3.15 implies that the optimal prices are non-increasing

in the inventory on hand. Next, explore the effect of time on the marginal revenue.

Proposition 3.16 Auv, (z,1) is a decreasing function of t for any environment i and inven-

tory level x.

Proof. We know that Avr (x,j) = 0. Also, one can easily show that v (z,j) is an increas-
ing function of x by using induction. Therefore, Avy (z,5) < Avp_q (z,7). Assume that

Avitq (z,7) < Avg (2, j) for any inventory level z and environment j. Then

N N
Aviq (z,5) — Avg (z,5) = ijkAUt (z, k) — ijkAth (k)
k=1 k=1
N
+ 01;13%(1 {dpj (d) — d;pjkAUt (z, k:)}

N
— max {dpj (d) — dejkAvt (x — 1,k)}

0<d<1
k=1

N
— max {dpj (d) - dejk:AUtJrl ($> k)}

0<d<1
k=1

N
+ max {dpj (d) — dejkAUtH (z -1, k‘)}

0<d<1
k=1

Let dg be optimal solution for maxp<q<1 {dpj (d) — deN:1 PirAv (x — 1, k)} and ds be
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the optimal solution for maxp<g<1 {dpj (d) — dzgzlpjkAth (z, k)} . Then

N
Avy (1‘,]) — A (513,]) > Zp]k (Avt (CL', k‘) — AUtJr]_ (:L’, l{:))
k=1
N
+d3pj (ds3) — ds ijkAvt (z, k)
k=1
N
—dapj (d2) + da ijkAvt (x —1,k)
k=1
N
_d3pj (dS) + d3 ijkAvt—f—l (.%', k)
k=1
N
+dap; (d2) — d2 ijk:AUt—i—l (x—1,k)
k=1

After cancellations and rearranging the terms we have

N
Aviy (2,§) = Avg (z,§) > (1—d3) D pjk (Ave (2, k) — Avgya (w, k)
k=1
N
+dy Y pj (Ave (x — 1, k) — Avgyq (z — 1, k)
k=1

By using the induction hypothesis and 0 < d9,ds < 1, we have the result. m

Proposition 3.16 provides further insights on the structure of the optimal pricing policy.
Under Condition 3.14, Proposition 3.16 implies that the optimal prices are non-increasing
in the remaining time for the same inventory level and environment. While the optimal
price paths need to be non-increasing in general, they are so when the environment does

not fluctuate.

3.7 Conclusion and Future Research

We investigated a single resource capacity control problem with a fluctuating demand envi-
ronment. Modeling fluctuating demand through a Markov-modulated environment process
is widely accepted in the inventory control literature. But there has not been much work
on such models in capacity control problems rooted in revenue management.

We were able to provide a fairly complete set of structural results on the optimal ad-

mission policy under a Markov-modulated demand process. The structural results comprise
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the existence of environment-based thresholds but also extend to the effect of the time, en-
vironments and various problem parameters. Some extensions of the model follow relatively
easily as in the dynamic pricing case presented in Section 3.6. Other extensions such as
network revenue management merit further research. Another interesting and challenging

line of extension is to consider uncertain environment transition rates.
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Chapter 4

CHOICE MODEL OF CONSUMER BEHAVIOR

4.1 Model Formulation

We formulate a discrete time, finite horizon (7" periods) Markov decision process (MDP)
model of the general discrete choice model of consumer behavior under a fluctuating demand
environment. Let X; € {1,2,---, M} denote the environment. X = {Xo, X1,---, X7} is
assumed to be a Markov chain with transition matrix P where p;; = P{Xy 41 = j|X; = i}.
We assume that there is at most one arrival during each time interval. We denote the
probability of arrival in environment j by A;.

Each customer makes a decision according to the current environment and set of products
offered by the firm. Therefore, firm’s objective is to choose the optimal set of products to
offer to maximize its expected revenue. Let N be the finite set of all products that can be
offered by the firm. Let P! (S) denote the probability that a product of type a € S has been
chosen in environment j given that the set of offered products is S. Similarly, we define
Pg (S) as the probability of no purchase in environment j when the firm offers product set
SCN.

For each product a that is sold the reward is ¢ (a). The transition probabilities and
reward function are assumed to be stationary and we suppose without loss of generality that
the fare classes are ordered so that c¢(a;) < ¢(a2) when a1 < ag. We let R = (=00, +00)
denote the set of real numbers and Ry = [0, +00) denote the set of positive real numbers.

We also use the following notations:
ve(z,j) = expected maximum revenue from period ¢ until period T" given that the

current inventory level is z and the environment is j.

Avy (z, k) = v (x, k) — v (x — 1, k)

The optimal solution to this problem can be obtained by solving the following Bellman



Chapter 4: Choice Model of Consumer Behavior 40

equation

M
vz, j) = max{z A\ PI(9) (c(a) + ijkvt+1 (x —1, k)) (4.1)

SCN
a€sS k=1

M
+ ()\ng (S)+1-— >\j> ijkUtJrl (z,k)}

k=1
: M M
= max {;Ajpg (S) (c (a) — kzlpjkAth (z, kz)) } + ;pjkvwrl (2, k)

with the following boundary conditions

v (0,7) =0 for any environment j, t =1,--- ,T,

vr (x,j) =0 for any inventory level z, environment j.

Talluri and van Ryzin [29] suggest the reformulation for the choice model in a way
that uses the total probability of purchase and the total expected revenue when the offered

product set is S. We adapt this reformulation to the environment based model and write

M M
vt (@,7) = A, glga]{,({(Rj (8) = Q1 (9) > _pikAveis (x,k)} + D pjrvera (z, k) (4.2)

k=1 k=1
where
Q’(8) = ;Pg (8)=1-PJ(S) (4.3)
and
R (S) = %c(a) PJ(9). (4.4)

Note that @7 (S) and R’ (S) respectively denote the probability that a product will be
purchased and the expected revenue if S is offered in environment j. To understand the

structure of the optimal sets, we now define environment based efficient sets.

Definition 4.1 A set T is j—inefficient if there exists probabilities o (S) for any S C N
with 3 gy o (S) =1 such that

Q1) X a($)Q(S) and R (T)< Y a(S)R(9).
SCN SCN

Otherwise, T is j—efficient.
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The intuition behind the definition of an environment based inefficient set is similar to
the interpretation of inefficient sets in Talluri and van Ryzin [29]. A set T is j-inefficient if
other sets S C N exist, such that the combination of their corresponding expected revenues
is strictly greater than the expected revenue of T' (i.e., R/ (T)), but the combination of their
corresponding probability of purchase is less than Q7 (T).

Talluri and van Ryzin [29] show that it is never optimal to offer an inefficient set. We also
have the same property and this can be shown by using the following version of Proposition

1 proven in Talluri and van Ryzin [29].

Proposition 4.2 A set T is j—efficient if and only if, for some value v > 0, T is an

optimal solution to

max { R’ (S) —v@Q’ (9)} .

SCN

By using this proposition and the fact that 224: 1 PikAv1 (x,k) > 0, we have the

following important result.
Proposition 4.3 An j—inefficient set cannot be optimal to (4.2).

Since N is a finite set, we have finite number of efficient sets in each environment.
Talluri and van Ryzin [29] argued that efficient sets can be ordered such that both expected

revenues and probabilities of purchase increases in order such that
Qi (5{) <@ () <. <@ (S,{) = R (5{') <RI (sg) <. <RI (5%’)

where 5%, corresponds to the nth efficient set in environment j and k is the total number
of such sets. Talluri and van Ryzin [29] show this result by using the following version of

Lemma 2 which is also valid for our problem.
Lemma 4.4 The efficient frontier R7 : [0,1] — R defined by

> a(S)RI(S): ¥ a(S)Q/ () <q,
R’ (¢) = max SEN SCN
>, a(S)=1La(S) >0
SCN

18 concave increasing in (.
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4.2 Structural Properties

In this section, we obtain structural properties of the optimal policy for the choice model of
consumer behavior under a Markov modulated demand. We show the monotonicity results
corresponding to the structure of the optimal policy. First, we need some preliminary results

before stating them.

Lemma 4.5 If R/ (S;) - Qj(Slj)vo > RJ (S]Jf) - Qj(Si)vo for some vg > 0 and environ-
ments | > k, then

R (S7) = @ (s)o = B () - @/ (s

for any 0 < v < .

Proof. R’ ( ) Q](SJ) vo > RJ ( ) QJ(SJ) v is equivalent to
R () = (87) = vo (@8] - @'(8D)

Since | > k, we have Qj(Szj ) > Qj(Si). Then, we have the following inequality by using
0 <v < v,
w0 (QU(8) - @(s])) = v (@(8]) - Q'(8]))
Hence, we have the desired result. =
Let k7, (z) be the index of the efficient set that is optimal in environment j at time ¢
with an inventory level z. In case of equivalence, we take the set with the largest index. We

have the following proposition to understand the structure of the optimal policy.
Proposition 4.6 £}, (z) is decreasing as M PikAvip1 (z, k) is increasing.

Proof. Let v/ denote Zﬁil PikAvit1 (z,k) . Consider 0 < U{ < v%, and let k; be the index
among efficient sets such that it solves maxy, {RJ ( ) Q’ ( ) v] } for ¢ = 1,2. Suppose
k1 < ks, then we have

R (81) ~@ (s,) vz w0 (51,) @ (51.)

since ko is an optimal efficient set for maxy, {RJ ( ) Q7 ( ) v%} . By using 0 < v{ < vg

and the previous lemma

W) - (50) o= 2 (5) - (51)
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However, this inequality contradicts the optimality of k1 for max {Rj <Si> — Q7 <Si> v{} .
[ ]
Let S} (z,7) denote the optimal set that solves (4.1) so that

S* ={S}(z,5); x=0,1,---,N, j=1,2,--- M, t=0,1,--- , T}

is the optimal policy. We have the following proposition to show the effects of the current

inventory level on the optimal policy.

Proposition 4.7 v(z,j) is a concave function of x for any environment j and time t, i.e.,

Avg (z,7) < Avg (x —1,7) .

Proof. Clearly Avp(z—1,5) = 0 for any z. By induction, suppose Aviy; (z,5) <
Avgpq (z — 1, 7) for any x and j. Then,

M M
Avg(z—1,5) = Avp (2,5) = > plvg (@ —1,k) =Y pirAvess (z,k)
k=1 k=1

M
+Y pie Y, NPHST (@ = 1,7)) (c(a) = Avp (& = 1,k))
k=1

aGSt ($—17j)

M
SNoi Y. NPISH(@—2,9) (cla) — Avesr (x — 2,k))
k=1 a€S, (x—2,7)

M
S o S NP (.9)) (e (@) — Avis (a, k)
k=1

a€S, (z,5)

M
+Y ok >, NPLST(x—1,5)) (c(a) = Avgya (= 1, k)
=1

a€S, (z—1,5)
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Since S} (x, j) is the optimal set when inventory level is z, and the environment is j at time

t, any other set will be worse than this set. Hence, we have

M
Avg (z —1,5) — Ay (x, ) ijkmm —1,k) =) pirAvg (z, k)
k=1
+ijk ST NPL(SE (@ —2,5)) (c(a) — Ave (z — 1,k))
k= a€sS, (z—2,5)

M
o 3 MRS 20) (@) - Ana (o - 2)

a€S, (x—2,7)

_ijk Y NPLSE (.5)) (¢(a) = Avg (k)

a€S, (z,5)
+ijk Z NP (Sf (2,7)) (c(a) = Aviyy (z = 1,k))
a€S, (x,5)

After some cancellations, we obtain

Avg (z —1,7) — Avg (2, 7) Zp]k@ (z,k)

+ijk Y. NPL(SE (- 2,5) @ — 1,k)

a€eS, (z—2,5)
—ijk ST AP (SF (2.9)) D, )
a€S, (x,5)

where ®(z, k) = Avyyg (x — 1, k) — Avgqq (2, k) . This further leads to

Avt (z—1,7) — Ave (x,5) Zp]k; Z NP (SF(z—2,5)) ®(x — 1,k)
a€S, (x—2,7)

M
+ij/€ 1- Z )‘ng (Szzk (337])) (I)(:E7k)
k=1 a€S, (x,5)
after some mathematical manipulations. The right hand side of the inequality is positive
by using the induction hypothesis and the fact that > )\ng (Sf(z,7)<1. m
a€sS, (x,5)
Proposition 4.8 Auviyq (x,5) < Avg(x,j) for any inventory level x, environment j and

time t.
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Proof. Clearly Avy (z,7) =0 < Avp_q (z,j) for any z. By induction, suppose Avyyo (z, ) <
Avyyq (z, ) for any x and j. Then,

M M
Avy (z,5) — Avep (2, 5) ijkAvt—H z, k) ijkAUt+2 (z, k)
k=1 k=1
+ijk D NPLSE(,5)) (c(a) = Avegr (2, k)
a€eS, (x,5)

- ijk Y. NPLSE (= 1,5)) (c(a) = Avp (z — 1, k)
P

a€S, (z—1,5)

M
=D ook Y NPH(SE (3,) (e (a) = Avess (2, k)
k=1

a€S, 1 (z,5)
M .
3 o Y. NPI(SH (@ —1,9)) (c(a) — Avgga (z — 1,K))
k=1 €5, 4 (xz—19)

Since S} (z, j) is the optimal set when inventory level is z, and the environment is j at time

t, any other set will be worse than this set. Hence, we have

M M
Avy (z,7) — Avggq (2, 7) ijkAth x, k) — ijkAUt+2 (z,k)
k=1 k=1
M .
+ ijk Z AP (St*+1 (fUaJ')) (c(a) — Avpp (2, k)
k=1 EStJrl(z‘,j)

M
S Y NP - 1,9) (e(a) — Avg (@ — 1))
2

a€S,; (z—1,5)

M
S Y NP (S (@,9) (e (a) - Avigs (2, k)
k=1

aESH_l(a:,j)

M
+Y Pk Y, NPL(S; (@ —1,4)) (c(a) = Avgpa (w — 1,k))

a‘eSt ($_17j)
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After some cancellations, we obtain

M

Avg (2,5) = Avigr (2,5) =Y pjk (Avegs (2, k) — Avgyg (2, k)
k=1

M
=Y ik Y, ANPH(SH (2,9) ®(z, k)
k=1

aESH_l(a:,j)

M
> ok Y. NPL(S (w = 1,5)) ®(z — 1,k)
k=1 a€S, (z—1,5)

where ®(z,k) = Avitq (2, k) — Avgpo (2, k) . This is equivalent to

M
Avg (2, ) — Avppr (2, 5) > ijk 1 - Z NPl (St (2,4)) | (k)
k=1

a€S,(z,5)

M
+3 e > NPI(SE (2 1,9)) ®(x — 1,k)
k=1

a€S, (z—1,5)

The right hand side of the inequality is positive by using the induction hypothesis and
> NP(Sia(zg) <1 m

a€S; (z,9)
We have the following corollary for the structure of the optimal policy. This corollary is

proven by using Proposition 4.6, 4.7, and 4.8.

Corollary 4.9 &}, (x) increases as we increase the inventory level x, and it increases as t
?

increases, for any environment j.

Let us discuss the implications of this corollary. As time increases, probability of pur-
chase and expected revenue from the optimal set of products increase. In addition to that,
these values decrease as inventory level decreases. Since firm manager will want to offer
products such that probability of purchase is high when there is more inventory or less time

to the end of the selling season.

4.3 Numerical Illustration

Suppose that there are 2 environments and 3 products which are labeled as K, L and M.
Then, we can offer 8 possible sets of products and we label these sets by numbers from 1 to
8. The demand probabilities PZ (S) are provided in Table 4.1.

We further suppose that the prices of the products are
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Product a ‘ K L M
Price ¢(a) | 100 300 1000

and the arrival probabilities are

Environment j ‘ 1 2

Arrival probability A; ‘ 0.8 0.9

with planning horizon T = 11.

Table 4.1: Demand Probabilities

Set Label 1 2 3 4 5 6 7 8
o o (K} {L} (M} {K.L} {K.,M} {L.M} {K.L M}
K 0 038 0 0 0.7 0.7 0 0.65
PL(S) L 0 0.5 0 0.15 0 0.4 0.1
M 0 0 0.2 0 0.1 0.2 0.1
0 1 02 05 038 0.15 0.2 0.4 0.15
Label 1 2 3 4 5 6 7 8
o | (K} {L} (M} {K.L} {K.M} {L.M} {K.L M}
K 0 09 0 0 0.55 0.65 0 0.55
P2(S) L 0 0.6 0 0.4 0 0.5 0.2
M 0 0 0 0.3 0 0.3 0.2 0.2
0 1 01 04 07 0.05 0.05 0.3 0.05

To find the efficient sets, we first find R’ (S) and @’ (S) using these parameters by (4.3)

and (4.4). Hence, we have

Set Label 1 2 3 4 5 6 7 8
o {K} {L} {M} {K L} {K,M} {L,M} {K L M}
R'Y(S) |0 80 150 200 115 170 320 195
Q'(S) |0 08 05 02 085 0.8 0.6 0.85
R%(S) |0 90 180 300 175 365 350 315
Q*(S) |0 09 06 03 095 0.95 0.7 0.95
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Then, we plot the scatter diagram of the corresponding values R’(S) and Q’(S) for
any offer set S and j = 1,2 to determine efficient sets for both environments. We find
that {M} and {L, M} are efficient sets in environment 1 and {M}, {L, M} and {K, M} in

environment 2 by considering Figure 4.1. We now suppose that the transition matrix of the

Figure 4.1: Effects of Environment - Consumer Choice Model

Environment 1 Environment 2
350 \ \ \ \ 400 \ \ \ \
L, KM
LM LM
300 350 1
300 f
250
250
200 -
o n
2 & 200
@ 950t &
150 |
100 ¢
100 |
50 [ 50 L

Q%s)

environmental process is

0.95 0.05
P = .
0.05 0.95

To find the optimal set for any inventory level, environment and time, we use the labels
defined for any set in each environment. We search among all sets, in order to show that
inefficient sets cannot be optimal. Also note that efficient sets of environment 1 are {M}
and {L, M} which are labeled 4 and 6 respectively. Since R' ({M}) < R ({L, M}), we label
{M?} as the 1st efficient set, and {L, M} the 2nd efficient set. Similarly, the efficient sets
of environment 2 are {M},{L, M} and {K, M} which are labeled 4, 7 and 6 respectively.
Since R ({M}) < R*({L,M}) < R' ({K, M}), we label {M},{L, M}, and {K, M} the 1st,
2nd and 3rd efficient sets respectively. We use both labels by i|j where i is the index among

all sets, j is the index among efficient sets to show the optimal sets. Table 4.2 shows the
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Table 4.2: Environment 1 - Optimal Sets

Env. 1 | Time 1

2

3

4

5

6

7

8

9

10

P —
A1

4)1
A1
712
712
712
712
712

—
O = O Ut = W N

Al1
4)1
A1
712
712
712
712
712

Al1
4)1
712
712
712
712
712
712

A1
4)1
712
712
712
712
712
712

A1
41
712
712
712
712
712
712

a1
712
712
712
712
712
712
712

a1
712
712
712
712
712
712
712

A1
712
712
712
712
712
712
712

712
712
712
712
712
712
712
712

712
712
712
712
712
712
712
712

optimal set for a given inventory level and time when the current environment is the first

one.

As we expect, only 4th and 7th sets are optimal, and none of the inefficient sets is

optimal in environment 1. For a given inventory level, the index of the optimal set increases

from 1 to 2 as time increases. Similarly, for a given time, we observe an increase in the

index of the optimal set as inventory level increases. The optimal sets for environment 2 is

provided in Table 4.3.

Table 4.3: Environment 2 - Optimal Sets

Env. 2 | Time 1
e —

2

3

4

5

6

7

8

9

10

41
41
4)1
41
4)1
712
712
6/3

«—
0 N O Ot ks W NN -

41
4|1
41
41
4|1
72
712
6/3

41
41
41
41
712
712
6/3
6/3

41
41
41
41
712
6/3
6/3
6/3

41
41
41
712
6/3
6/3
6/3
6/3

41
41
41
712
6/3
6/3
6/3
6/3

41
41
712
6/3
6/3
6/3
6/3
6/3

4)1
4)1
6/3
6/3
6/3
6/3
6/3
6/3

4)1
6/3
6/3
6/3
6/3
6/3
6/3
6/3

6/3
6/3
6/3
6/3
6/3
6/3
6/3
6/3

Recall that we have 3 efficient sets in environment 2. We observe that only these sets
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are optimal and monotonicity results corresponding to the structure of the optimal policy

also hold in environment 2.

4.4 The Efficiency of the Environment Based Model

To evaluate the efficiency of our environment based model, we mix the probabilities of
each product demanded so that P, (S) = qPL(S) + (1 —q) P2(S) where q € [0,1] is the
probability mixture. Similarly, we mix the arrival probabilities by A = ¢ A1 + (1 — ¢) A2. We
use the same problem parameters as we did in the preceding section. In addition to that,
we take the horizon length T = 500 and capacity 200. We consider the optimal policy of
the following new problem which is independent of the environment. The Bellman equation
is
wy(z) = max{> APy (S)(c(a) + w1 (z — 1))

SCN
a€esS

+ (AP () +1 =N wesa ()}

with boundary conditions wr (z) = 0 and w; (0) = 0 for all = and ¢.

By using this model, we obtain a policy that does not depend on the environment.
This gives a non-optimal policy for our environment based model. We use this policy in our
environment model and we calculate the corresponding revenue function value for time 0 and
inventory level 200 starting with environment 1. We compare this value with the revenue
function value for time 0, inventory level 200 and environment 1 by using the optimal policy
of the environment based model. This comparison and difference is given for different values
of ¢ in Figure 4.2.

In the environment based model, the inventory manager makes full use of the information
that is available at any time. The optimal product sets that are offered depend on the
environment. In the mixed model, however, the information is either ignored or unavailable.
Instead, the manager considers a simplified model where parameters for the next period are
the same as those of environment 1 with a mixing probability ¢ or environment 2 with
probability 1 — q. Figure 4.2 clearly demonstrates the benefit of our environment based

model.
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Figure 4.2: Effects of Environment - Consumer Choice Model

x10° Comparison of revenues

4.5 Conclusion

— — — Envronment Based 1
Mixed Model
0 0.2 04 0.6 0.8 1
k

Percentage

34 r

32

Percentage difference between the 2 policies

0 0.2

04 0.6 0.8 1

In this chapter, we have established the structural properties of general discrete choice model

of consumer behavior with a randomly fluctuating demand environment. We focused on the

structure of the optimal policy and showed that main results of the general discrete choice

model of consumer behavior also hold in a randomly fluctuating demand environment. In

other words, we showed that only efficient sets can be optimal and the index of the optimal

efficient set has a monotonic structure in time and inventory level.

Moreover, we have

illustrated the structural results and show the efficiency of the environment based model.

A worthwhile extension would be to investigate the model in continuous time.
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Chapter 5

PARTIALLY OBSERVED DEMAND ENVIRONMENT

We formulate a discrete time, finite horizon (duration T') partially observable Markov
decision process (POMDP) model of single resource capacity control problem. We assume
that there is at most one arrival in each period. Let X; € {1,2,--- , M} denote the environ-
ment at period t. X = {Xo, X3,---, X7} is assumed to be a Markov chain with transition
matrix P where p;; = P{X,41 = j|X,, = ¢}. Let D; € {0,1,2,---, N} denote the type
of fare class that arrives at period ¢t. If D; = 0, then there is no arrival at that period.
Probability that fare class of d arrives is denoted by 7,4, and probability of no arrival is
denoted by rjo when the current environment is j. Therefore, Z(JIV:O rja = 1 for any j.
Let B, € {1, 2, ,Bd} the number of fare products requested when fare class d arrives
at period t. Probability that b units of the product is requested is denoted by g;q given
that the current environment is j and fare class is d. Clearly, if D; = 0 then B; = 0 since
B° = 0 trivially. Let Y; € [ denote the observation at period ¢ where [ is a finite set of
all possible observations. We suppose that Y gives partial information about the process X

and realization of process Y depends on the true state of the environment X such that
E(k,y) = P{Y; = y|X¢ = k}

for some so-called emission matrix E. For each product sold, the reward is ¢ (y, d) if obser-
vation is y, and fare class is d. The transition probabilities and reward function are assumed
to be stationary and we suppose that fare classes are ordered so that c¢(y,d1) < c(y,d2)
when d; < da. Note that ¢ (y,0) = 0.
We will use the following notations:
Dy = (Do, Dy,---,Dy)
By= (Bo,Bi,---,By)
Vi= (Yo, Y1,---,Y))
(

7 = (belief vector) conditional distribution of X; given Y;, D; 1 and B;_ .
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(x,y,d,b,m) = expected maximum revenue from period ¢ until period T" given that the
current inventory level is z and belief vector is 7, and fare class is d
with a requested amount of b, and observation is y.
Avy(z,y,d,b,7) = v(z,y,d,bym) — v (x —1,y,d,b,7)
U,z)= {0,1,--- ;min{b,z}}
We suppose that the initial belief vector mg is known. By using Bayesian updating we

have
Tps1 = P{Xnt1 = k|Dn, Bo, Vo1 } = T2 b, 5.y

where

=P {XnJrl = k”anlaDn =d, anlaBn =, YTL?YTL+1 = y}
P{Xn+1 =k Dn 1, Dn = d, Bn 1,Bn =10, Yn7Yn+1 = y}
P {Dn—h n = da Bn—l) n = b; an Yont1 = y}

k
T7r|d,b y

P{Xn—‘rl—k Dn 17Dn—d Bn 17Bn—an7Yn+1—y7 n—]}

M=

1

M _ _ _
Z P {Dn—th =d, Bp-1,Bn =, YmYn-i-l =y, Xp = ijn—I—l = Z}

1=

EME S

E (k,y) gjarjapikm

Mzl <
M= 1]

I
—

E (i,9) gjapTjapjim

Il
-

j=11
fora=1,2,---,N.

Assuming inventory level at the beginning of period ¢ is x, observation at the beginning

of period t is y, fare class is d with a demand of b, and current conditional distribution of

true state of environment 7, optimal solution to this problem can be obtained by solving

the following Bellman equation

vt(x,y,d,b,w):uglje(tgcx) (y,d U—FZT(‘J i (@ —u,d, b, ) (5.1)
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where

. M
H]]c (ZE,CZ, b, 7T) = Z Z png (l{}, Z) I}- ($, ZaTTr|d,b,z)
k=1z¢€f
N B¢

I} (CL‘,Z,?T) = ZZ"’jereaf ($7Z767a77r)+rj0f (IE,Z,0,0,T[')

e=1a=1

with the following boundary conditions

v(0,d,b,m) = O for any 7, d, b.

vrp(z,d,b,m) = 0 for any x, 7, d, and b.

By using the definition of Awv;, this model is equivalent to

v(x,y,d,b,m) = u.gn(}?g{ : k21 c(y,d) — WjH]Avt+1 (x+1—k,d,b,m) (5.2)
s T = le

M
+ Z Wngt (z,d,b,m)
j=1

where the sum is zero if ©w = 0.

5.1 Structural Properties

In this section, we obtain structural properties of this model. Intuitively, if we have one
more inventory, then expected revenue should be larger. Similarly, expected revenue should
be larger if we have more time to go. These claims can be easily shown by using induction.

Another important structural property is the concavity of v; (x,d, b, 7) in x.

Theorem 5.1 vi(z,y,d,b,m) is a concave function in x for any fare class d, demand b,

belief vector m, and time t.

Proof. Since vp(z,y,d, b, 7) is zero for any x and 7, we have the concavity of v (z,y, d, b, 7)
for any 7. Suppose that v.41 (2, y, d, b, ) is a concave function of x for any y, d, b, and 7. We
can use Lemma 3.1 by taking ¢ as Z]Ail wjﬂﬂtﬂ (x —u,d,b,m) and m as min {b,x} . Note
that I3, (:): —u, z, Tﬂ|d7b7y) is concave for any u € U (b,z) and y € F since I3, is a positive

linear combination of v;41. Similarly, Hy,,, is also a concave function in z. Therefore, we
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have the concavity of function g by using the fact that 77 > 0. Hence v;(z,y,d, b, ) defined
by (5.1) is concave in the current inventory level z. m
Theorem 5.1 establishes that Av; (x,7) decreases as we increase the inventory level x.

By considering (5.2), we can conclude that

M
cly,d)— > mHA,  (¢+1—kdbm) (5.3)
j=1
is decreasing in k. Therefore, in (5.2), we should increase u until (5.3) becomes negative or

it is equal to min {b,x} . As a result, there is a threshold level

M
l?’b’y’ =min{ z:c(y,d Z JH]A%H z,d,b,) (5.4)

which is the maximum quantity for the inventory level such that if the current inventory
level is less than or equal to lf YT it g optimal to reject any demand for fare class d when

amount b is requested, and y is observed with a belief vector 7 at period t. However, if the

inventory on hand is greater than [*¥™

d,by,m
ly

, then demand for fare class d is satisfied until the

or the whole demand is satisfied. Hence the optimal decision

+
u* = min { (m — (T 1> ,b} (5.5)

when b units of product d is demanded while the observation is y and belief vector is .

inventory level drops to

at period t is

We next investigate the structure of the marginal value function. By using the following
proposition, we will be able to conclude that the marginal value of one additional inventory

is a non-increasing function in time ¢.
Proposition 5.2 Av; is a decreasing function of t.

Proof. Since v; (z,y,d,b, ) is increasing in =, Av; (z,y,d,b,m) > 0. Also Avp (x,j) =0
which implies that Avrp (z,y,d,b,7) < Avp_1 (z,y,d,b, 7). Suppose Aviyo (z,y,d,b,m) <
Aviyq (z,y,d, b, ) for any inventory level z, observation y, product type d with an amount

b requested and belief vector . Consider the following inequality
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M M

u1g{1ja(}§@ c(y,d)u+ Zwﬂng (x —u,d,b,m) p — u2€g1(%§_1) c(y,d)u+ Zﬂ'JHf,t+2 (x —1—wu,d,b,m)

j=1 j=1

(5.6)

<

usgllfa(}liw) { y, ’LL + Z WJHiJ’H-l - d’ b, W)} B u46{7n(%,);—1) { y’ u + Z WjHl])t-H z—1-u,d, b’ W)}

Let u} be the optimal value of u; in the inequality above. We should note that lfjrbiy’ﬂ <

lf YT for any d, b, y, m. This can be easily seen by considering the induction hypothesis
and (5.4). As a result, we have uj < u} and uj < u3. Also, we know that u} — 3 is either
1 or zero. Same reasoning is valid for uj — uj. If they are equal, then this is possible only
either uj = u3 = 0 or u] = uj = b. Therefore, there are six cases we need to consider for

the possible values of uj, u3, uz, uj.

Case (u7, ub, uj, uy) Inequality (5.6) simplifies to
1 (0,0,0,0) Sy wHA,, , (0,db,m) < S5 I HY,  (,d, b, 7)
2 (2 + 1,32,0,0) c(y,d) < 3L W HY,,,, (z,d,b,)
3 (b,b,0,0) > ijgvm (@ —b,d,bm) <YM 7 HL,  (x,d,b,7)
4 (y2 + 1, y2,y1 + 1,91) c(y,d) <c(y,d)
5 (b, b, y1 + 1,11 YL wHY,, (@ —b,d,b,7) < c(y,d)
6 (b, b, b, b) > wﬂ'Hng (@ —b,d,bm) <30, ﬂjH£Ut+1 (z —b,d,b,T)

Here, y1 and ys are integers such that 0 < gy; <b—1and y; <yo <b—1. Case 1 and 6
are true due to the induction hypothesis. Also, case 4 is obviously true. In case 2, suppose
that ¢ (y,d) > Zjﬂ/il WjHi
current inventory level is « at period t. But u3 = 0, and inequality in case 2 is true. In case
5, suppose that Z]]Vi1 Wszsz (x —b,d,b,m) > c(y,d), but this contradicts with u} = b.
(z,d,b, 7). This can be shown by

using the same reasoning used in case 2. Similarly, we have Zj\il FjHivH_Z (x —b,d,b,) <

vert (x,d,b, ), then we should accept at least one customer when

. % M iy
In case 3, since uj = 0, we have c(y,d) < 32,2, 7/ Hy,, |

¢ (y,d) since uy = b. Hence we have the inequality of case 3. Consequently, Av; decreases

nt. m
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We analyze the structure of threshold levels by using this proposition. Since the marginal

value of one additional inventory is a non-increasing function in time ¢, we conclude that

dzbzyvﬂ' dzbyyvﬂ'
L <l

which means that threshold level is non-increasing in time by considering (5.4).

5.2 Numerical Illustration

In our illustration, we assume that customer demands only one product and Bayesian up-
dating is done only according to the observation. We also assume that there are two types
of observations, two environments and two fare-classes. The cost vector, transition matrix,

and arrival probability matrix are

P=

0.3 0.7 _ [0 100 400] . [03 05 02
0.1 09|’ 0 200 500| 02 0.3 05

with a planning horizon 7" = 8 and capacity 5. Furthermore, we take arbitrarily mo =
[0.5 0.5] as the initial belief vector. Note that 0 in the vector ¢ stands for the revenue of the
fictitious event. Suppose that we observe state 2 and fare-class 2 arrives in the first period.
Therefore, we have a customer who is willing to pay 500 dollars in the initial stage.

For simplicity, we assume that Bayesian updating is done only according to the obser-

vation. Therefore, we have
Ty = P {Xni1 = K|V, Vo1 =y}

M .
Zl E (k,y) pjxm’

]:

M M '
> 2. E(i,y)pjr
j=1i=1

for this illustration. Hence the optimal decision has the form

+
u* = min { (m - lf’b’y’ﬂ + 1) ,b} .

where lf YT g actually independent of b. Since belief vector is updated by the observations,
we have 2¢~! different belief vectors at time ¢ due to the different sequences of observations.

In our numerical illustration, our purpose is to observe the effect of the emission matrix
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Table 5.1: Optimal expected revenue with different values of emission matrix

? 0 1 2 3 4 S
Expected Revenue | 1845.9 | 1874 | 1901.9 | 1929.3 | 1955.9 | 1981.2

Table 5.2: Optimal threshold levels for fare class 1 with different values of emission matrix

') 0 1 2 3 4 5
Threshold | 4 | 4|14 |5 |5 |5

on the optimal policy and optimal expected revenue. Therefore, we change the emission

matrix by taking
0.54+0.1z 0.5—0.1¢
E —

" 105-01i 054014

where 7 = 0,1,---,5. Note that the precision of the observation increases as 7 increases.
As a matter of fact, we have perfect observation on the true state of the environment when
1 = 5. Optimal expected revenues for each case are in Table 1.

Suppose that we have observed (1,2,1) as a sequence of observations up to the third
period. Then, the threshold values for fare-class 1 at the third stage (with a price of 100 in
observation 1 and 200 in observation 2) are provided in Table 2 for different values of the

emission matrix.
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Chapter 6

CONCLUSIONS

In this thesis, we explore dynamic single resource allocation problems when demand
is randomly fluctuating. We first model the classical single resource allocation problem
and provide structural result for the optimal admission policy. We show that well-known
results of classical model also hold in our Markov modulated model. For example, we show
that optimal policy is threshold type and the threshold level of each product decreases
in time. The focus point of this part is the effect of environment on the optimal policy.
First, we provide some intuitive assumptions in order to distinguish environments, then we
compare the expected marginal revenues in different environments. We show that threshold
level increases when we have a better environment. In this part, we provide a sensitivity
analysis, and we observe the effects of each parameter on the expected revenue and expected
marginal revenue. We also consider a pricing model in which demand randomly fluctuates.
We provide some useful properties including the structure of the optimal policy.

In the second part in this thesis, we investigate a general discrete choice model of con-
sumer behavior in a randomly fluctuating demand environment. We first distinguish each
set by considering whether it is efficient or not. The definition of efficiency is environment
dependent. Therefore, a set may be efficient in one environment although it is not effi-
cient in another environment. We show that inefficient set in one environment cannot be
optimal in that environment. Then we show that we can order these efficient sets in their
expected probability of purchase and optimal set number among this order is monotonic in
the remaining level of inventory and time.

In the third of part in this thesis, we consider a Hidden Markov version of the model
we provide in the first part. In this model, we investigate the case where true state of
the environment cannot be directly observed. There is a belief vector for the true state of
environment and this belief vector is updated according to the observation that is provided
through an external process. In this model, we also show that optimal policy is threshold
type and threshold level decreases in time.

In each part, we provide numerical examples to illustrate our structural results. We also



Chapter 6: Conclusions
60

use some techniques to show the efficiency of our environment based models with respect
to the classical models. We show that our environment based models lead to a significant
increase in the expected revenue. In addition, we observe an approximation method to
our environment based model by considering the limiting distribution of the environment
process.

This line of research can be extended in several directions by future studies. An inter-
esting future research can involve a model in which the firm is risk-sensitive and demand
randomly fluctuates. Another research direction can consider a continuous demand where
this demand also fluctuates. Also our models can be investigated when the firm can perform

hedging in financial markets.
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