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ABSTRACT

Superfluidity is one of the most remarkable phenomenon that we come across
in many distinct fields of Physics. It was first found by H. K. Onnes in 1911
when he cooled the mercury sample below 4.2 Kelvin. He found that sam-
ple conducted electricity without dissipation called superconductivity. Both
bosonic and fermionic system can exhibit superfluidity although their criti-
cal temperatures are different, and we focus on the fermionic superfluidity
in the thesis.

In the main part of my thesis, we study ground-state properties of ul-
tracold quantum Fermi gases with spin-orbit coupling. The formation of
Cooper pairs and their condensation, i.e. the BCS theory which success-
fully describes many properties of some superconductors, are analyzed first.
Then, we examine the BCS-BEC evolution, the generalization of the BCS
theory, to pass the strong interaction regime. Atomic systems have the ad-
vantage of tunable interaction strength between fermions, and this permits
the system to evolve from the BCS limit of loosely bound and largely over-
lapping Cooper pairs to the BEC limit of tightly bound bosonic molecules,
i.e. the study of BCS-BEC evolution. Without this property, it is hopeless
to reach the transition temperature of the superfluity in the experiment with
cold atoms. In the main part of the thesis work, we study the effects of spin-
orbit coupling on the BCS-BEC evolution problem, and analyze the ground
state phase diagrams, excitation spectrum, and momentum distribution. In

the last part, we also try to solve the system in an optical lattice.
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OZET

Siiperakigkanlik Fizigin bir¢ok alaninda kargimiza ¢gikan 6nemli bir fenomendir.
[k olarak H. K. Onnes tarafindan 1911 yilinda civa’y1 4.2 kelvinin altina
indirince bulunmustur. Civanin elektirigi siirtiinmesiz ilettigini bulmustur.
Fermionik ve bozonik sistemlerin ikiside bu siiperakigkanlik 6zelligi gosterebilir
ve bu tezde fermionik siiperakigkanlhiga odaklandik.

Bu tezin ana kisminda spin-orbit etkilesimli Fermi gazlarinin en diigiik
enerji seviyesindeki 6zelliklerini inceledik. [k olarak Cooper ¢iftlerinin olusumunu,
onlarin yogunlagmasini ve bazi siiperiletkenlerin 6zelliklerini agiklayan BCS
teorisini analiz ettik. Daha sonra, giiclii etkilesim alanina gegmek icin BCS
teorisinin genellemesi olan BCS-BEC gecigini galigtik. Atomik sistemler
de fermionlar arasi etkilegimi kontrol edebiliyoruz ve bu sayede BCS limit
de zayifca baglanmig ve birbirlerinin iizerine ortiismiiy Cooper ciftlerinden
BEC limit de sikica bagli bozon molekiillerine gegebiliyoruz. Eger atom-
lardaki bu 6zellik olmasaydi, ultra diiglik sicakliktaki atomlar ile yapilan
bu deneylerde superakigskan gecis sicakligina erismek imkansiz olacakti. Bu
tezin ana boliimiinde BCS-BEC gegisini spin-orbit etkilesiminide ekleyerek
calistik ve en diiglik enerji seviyesindeki faz diagramini, enerji spetkrumunu
ve momentum dagilimini inceledik. Son boéliimde, sistemi optik orgiilerde

¢ozmeye caligtik.
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1 Introduction

We came across much remarkable phenomena in many distinct fields of
Physics in the last century. One of the fascinating problems that people have
encountered was superfluidity which was first discovered by Heike Kamerling
Onnes in 1911 when he cooled the mercury sample below 4.2 K using liquid
helium-4 as a refrigerant. He discovered that sample conducted electricity
without dissipation which is called superconductivity. Quantum theory was
not developed until the 1920’s. Therefore, physicists could not understand
the mechanism behind superfluidity, and it took almost 50 years to find the
microscopic theory of the problem.

Both bosonic and fermionic systems can exhibit superfluidity. Fermionic
superfluidity can be found in neutron stars, nuclear matter, superconductors,
helium-3, and ultracold atoms although their superfluid transition temper-
atures are distinct. After physicists discovered the bosonic superfluidty in
laboratory in 1938 with helium-4, Fritz London suggested the connection be-
tween superfluidity and Bose-Einstein Condensation (BEC) which was first
predicted by Albert Einstein [1]. Einstein realized that at sufficiently low
temperatures, the macroscopic part of the bosons occupy the ground state
called BEC [2,3]. After bosons condense to the lowest energy state, they
can be described by one wave function. If there is no interaction between
bosons, then all the bosons in the system go to the ground state at zero
temperature. However, interactions reduce the condensation fraction even
at absolute zero such as Helium-4 having 10 percent condensation fraction
due to strong interaction between atoms. BEC occurs when the number of
accessible states equal to the number of particles which is also the condition

for quantum degenerate limit, low temperature and high density limit. Num-

Q

ber of accessible states in volume 2 is approximately equal to 5, where Ap
T



Non-interacting Bosons Non-interacting Fermions

BEC —>

Figure 1: Quantum statistics for non-interacting bosons and fermions at
zero temperature

is the thermal wavelength giving the extend of the particles wave function at
temperature T. Therefore, critical temperature for BEC can be found from
the condition % = N which yields the T, = % (%)2/3. This relation gives
the 3K for critical temperature of Helium-4 close to the actual value 2.2K.
Much microscopic understanding of bosonic superfluidty was developed by
Nikolai Bogoliubov, and he studied the weakly interacting Bose gases. He
concluded that BEC in ideal gas has a vanishing critical velocity, so it is not
a superfluid. Therefore, BEC itself does not guarantee superfluidity. There
must be interaction providing correlation which is the case in Helium-4.
After Fritz London suggested the connection between BEC and super-
fluidity, then a question came to mind. How do fermions condense to the
lowest energy state at low temperatures in fermionic systems? It was known
that the Pauli Principle blocks fermions to occupy the same quantum state.
Moreover, degeneracy temperature for fermions is on the order of % which
is far above the observed T, in experiment. Physicists thought the idea of
tightly bound pairs of electrons, which can act as bosons and then condense
to the ground state of the system. However, there is no known interac-

tion overcoming the Coulomb interaction between electrons. In 1950, it was



found that there is an effective attractive interaction between electrons due
to crystal vibration which causes superconductivity [4,5]. Then, question of
fermion pairs was solved in 1956 by Leon Cooper, who showed that arbi-
trarily attractive interaction between fermions on top of the Fermi surface
can lead to the formation of a bound state [6]. Bound fermions are called
Cooper pairs. Then, this pair can undergo BEC like bosons. However, only
one Cooper pair could not explain the whole mechanism of fermionic super-
fluidity. One year later, microscopic theory of superconductivity was discov-
ered by John Bardeen, Cooper, and Robert Schrieffer. This famous theory
is called the BCS theory which proposed a many particle wave function cor-
responding to the largely overlapping fermion pairs with zero center-of-mass
momentum, zero angular momentum (s-wave), and zero total spin (singlet)
[7]. In BCS theory, Cooper pairs are allowed for fermions with energies
close to the Fermi energy. Besides BCS theory captured the critical temper-
atures of the superconductors found in laboratories before the 1980s, it also
describes the superfluid phases of fermions in nuclear matter and neutron
stars, where nuclear forces provide the glue for fermion pairs . However, an-
other interesting story started in 1986 when high-Tc superconductors which
have superfluid transition temperature above 100K were created [8]. Then,
one of the significant goals is to find a room temperature superconductor for
researchers. This high critical temperature could not be explained by BCS
theory. In BCS theory, interaction between fermions is arbitrarily weak, so
pairs are loosely bound and pairs are much larger than average separation.
However, it seems that high-Tc superconductors have small Cooper pairs.
Therefore, the BCS theory had to be generalized to pass to the strong inter-
action regime where the fermion pairs become tightly bound Bose molecules

and can undergo BEC. Then, it seems to be that BCS and BEC theories are



the two end points of a more general theory. Anthony Leggett was the first
physicist that studied the BCS-to-BEC evolution, and he showed that when
the attraction was weak, a BCS superfluid appears, and when the attraction
was strong, a BEC superfluid appears [9]. In contrast to the BCS theory,
Cooper pairs are allowed for all fermions in the BCS-BEC evolution. We can
pass from the BCS limit of loosely bound and largely overlapping Cooper
pairs to the BEC limit of tightly bound bosonic molecules via increasing the
attractive interaction between fermions, now achievable in the cold atom
experiments.

Atomic BEC was first accomplished in the laboratory by Eric Cornell
and Carl Wieman in Colorado in 1995. They accomplished it by cool-
ing the Rb atoms to much lower temperatures than had been previously
achieved. They used laser cooling and evaporation methods to cool the
atoms to nanoKelvins. After this success, research on the ultracold atomic
gases has been rapidly increasing. It is wise idea to deal with simple system
rather than dense, strongly interacting systems like Helium-4. Ultracold
atomic gases are dilute which means we can neglect the 3-body interaction.
These ultracold systems have very low critical temperatures because they
have low densities. However, if we scale their densities to the density of
the electrons in metal, their critical temperatures are above the room tem-
perature, so we can think the superfluid properties of ultracold atoms as
high-temperature superconductors. Ultracold quantum gases are an ideal
platform to investigate the new phases of matter since they allow us to con-
trol physical quantities experimentally. Atomic systems have the advantage
of tunable interaction strength between fermions via Feshbach resonance al-
lowing an examination of the whole BCS-BEC crossover experimentally [29].

The control over the interaction may show the physics of the strongly corre-



lated systems in condensed matter physics where the control is nonexistent
such as neutron stars. We also control the density and temperature of these
systems. Therefore, ultracold atoms have attracted much theoretical and
experimental research for 15 years. Physicists have tried to find the exotic
phases of matter for these systems. In 2003, three groups discovered the
BEC of the tightly bound fermions, and eventually fermionic superfluidity
was first realized in the experiment through the observation of vortices in
2005 at MIT using ultracold fermionic gases [10,11].

Almost all of the early works were focused on the balanced Fermi gases,
where both components have equal number and mass. There is no phase
transition going from BCS to BEC via increasing the interaction in balanced
case, so this process is called BCS-BEC crossover [9,12]. The system is
a superfluid in all crossover regime. This result was also realized in the
experiments. Then, many of the theoretical works were concentrated on the
population and mass imbalanced systems [13]. RF pulses, converting up
fermions to down and vice versa, are used to create population imbalanced
systems. It was found that BCS-BEC evolution is not a crossover, and there
are new phases of matter. These phases are normal phase, phase separation
and superfluid phases, also observed in the experiments [15,16]. There are
also other research directions in the field. Fermionic systems in the precense
of optical lattices, fermionic mixtures with three hyperfine state, and fermion
mixtures in trap are some of the most attracted areas. It was found that
new phases of matter can be seen when fermionic mixtures are put into the
trap with different frequencies for each type of fermions even for balanced
case [16]. Allowing mixtures of fermions with three different hyperfine states
opens interesting results. There can be three types of Cooper pairs which

are analogous to the case in quarks in the core of neutron stars.



Physicists have studied complicated systems with the hope of finding
new phases of matter, and spin-orbit coupled Fermi gases is one of the
hot research areas into the field. Spin-orbit coupling (SOC) interaction
has attracted much research interest after it was achieved first with neutral
atomic BEC by coupled two atomic spin states with a pair of lasers [17,18].
Recently, SOC effect in fermionic systems can be created in the experiment
using the counterpropagating laser beams that flips the atomic spin states,
and gives momentum to the atom [30,31]. The coupling between spin of
the atoms and its center of mass motion leads to the SOC effect. Magnetic
field generated by electrons motion couples to the electrons spin through
the magnetic dipole interaction. Strength and direction of magnetic field
depends on the electrons velocity producing correlation between electrons
motion and spin states. This effect can usually be neglected for electron
velocities which are not relativistic. SOC has been many consequences in to
the variety of modern condensed matter problems. It is crucial for the spin
Hall effect and topological insulators, and it contributes to the electronic
properties of the materials. Some of the consequences of the system in
ultracold atoms are followings. SOC increases the density of the states which
favors to the Cooper pairing [19-28]. Therefore, SOC can induce the BCS-
BEC evolution even if we keep the interparticle interaction fixed. Similar
to the usual BCS-BEC crossover picture, there is no phase transition in
BCS-BEC evolution for balanced system with increasing SOC effect [19-28].
Therefore, system is gapped superfluid for balanced case with or without
SOC. For a population or mass imbalanced case, there are many exotic
phases with SOC effect. Besides, gapped superfluid, normal phase and phase
separation which are seen also without SOC, two types of gapless superfluid

phases that their excitation energies vanish at same points in momentum



space has been found theoretically [19-28].

In this thesis, we analyze the Cooper problem first, and show the binding
energy Ep < 0 of the one pair formation. Then, we introduce the second
quantization formalism which we frequently use to deal with the many-body
physics, and we find the many-body Hamiltonian in momentum space. In
the first part of chapter 4, we introduce the famous BCS theory describing
the properties of the some superconductors, and we solve the system with
using variational method, the original method which Bardeen, Cooper, and
Schrieffer were used in their original work. In the next part, we utilize
mean-field approximation to obtain the results at finite temperatures, and
we find number and gap equations describing the physical quantities of the
system. BCS-BEC evolution, generalization of the BCS problem, is also
examined. Then, we include SOC interaction to the system, and solve it
using mean-field approximation in the whole BCS-BEC crossover regime in
vacuum. Moreover, we construct the ground state phase diagrams of the
system, excitation spectrum, and momentum distribution. In the last part,

we studied the same system in an optical lattice.



2 Superfluidity in Fermionic Gases

In this chapter, we will analyze the fermionic systems leading mechanism
behind the superfluidity. Before solving complicated systems, we start with

the basic knowledge to understand the problem clearly.

2.1 Cooper Pairing

Fermions can not occupy the same quantum state due to Pauli blocking.
After Fritz London suggested the superfluidity has a relation with BEC,
main problem is how do fermionic systems condense to the ground state to
create superfluidity. It was found by Leon Coopers that two fermions can
form a pair on top of the non-interacting Fermi surface if there is arbitrarily
attractive interaction between fermions [6]. In quantum mechanics, It is
known that two fermions can always form a bound state in one and two
dimension if there exists an attractive interaction between them. However,
there is a minimum threshold interaction in three dimension that one should
overcome to form a bound state for two fermions. Therefore, It seems that
fermion pair can not be formed in three dimension for weakly attractive
interaction. However, many-body effect comes into the problem because
fermions’” momenta are essentially confined to the narrow shell on top of
the Fermi sea, so problem is effectively 2D. Therefore, fermions can form
a bound state called Cooper pairs. Now, we show that system has a lower
energy if Cooper pair is formed. We assume that there are same number of

Rk

f
2m

spin up and spin down fermions. Therefore, their Fermi energies ey =
are the same where £y = (GWQ%)% . Hamiltonian of the two fermions on top

of the non-interacting Fermi sea is

~ 9 ~ 9
P P .
= — _ — 1
o + 7 + V(|ri —73|) (1)



Fermi level

Figure 2: Two fermions having different intrinsic property labeled as blue
and red on top of the non-interacting Fermi level.

After we use the center of mass and relative coordinates where R = @
and 7= r{ — 73, then Shrodinger equation HV = EW¥ becomes
[W VR T2 Ve HV ()Y (R, r) = E¥(R,T) (2)

Where p is the relative mass which is equal to m/2, and M is the center
of mass that is equal to 2m. We now use the separation of variables, and
write the wave function as (R, r) = ¢(R)¥(r). Then, we can separate the
center of motion and the relative motion. For the center of motion part,

equation (2) becomes Vx¢(R) = _Q%ERgb(R). Then, wave function ¢(R)

iKR

of the center of the motion is a plane wave which is e where energy of

the center of the mass EpR is h‘;]\]f. Shrodinger equation for relative motion
will be

—_hK? 5

[W Vi +V ()¢ (r) = Eri(r) (3)

Where total energy E in equation (2) is equal to Fr + E,. We want to

write equation (3) in momentum space, so we take the Fourier transform of



the wave function as ¢(r) = % S a(k)e® . Then, if we multiply both

sides of the equation (3) with e~ ¥, and take the integral with respect to

r. Equation (3) becomes

21.2
a(k)[f;z Br - B+ Y e R g )

Where integral | ei(k_k/)'rd‘gr is equal to Q9, ,/, and V' (k, K ) that is equal to

kk'’
[V (r)eitk= K) ) @37 the Fourier transform of V (r). We know define 25 —|—E’ R
as 2¢. Attractive interaction between fermions assummed to be local, SO we

take the V(r) as a Dirac delta function 63(r). Then, V(k, k') is equal to

constant value Vy < 0. Therefore, equation (4) becomes

Yo

a(l)[2e — E] +

a(k) ~0 (5)

Now, let Y, a(k) is equal to constant c. Then, if we sum both sides over k,

equation (5) gives

Vo Q 26 — (6)

We can replace the summation Y, with [ D(e)de where D(e) is the density
of states, number of states between energies € and € + de. Now, equation (6)

can be written as
1 D(e)de
Vo Q 2¢ — FE

(7)

Energy levels below the Fermi energy Er are occupied by fermions, so they
should not be included into the integration. We should take the integration
in the interval Er < € < Ep + Ecyoff. For superconductors, the natural
cut-off is given by Debye frequency wp, corresponding the highest frequency

at which ions can respond to an electron in crystal lattice. Since we have

10



Ecuorf = hwp < Ep, the integration is taken very narrow shell around
the Fermi energy. Therefore, we can assume that density of states D(e)
is equal to density of states at Fermi energy D(FEr) which is constant in
the integration. F is the energy of the two fermions, so we can write it as
2F; + Ep where Eg < 0 is binding energy of two fermions. Then, equation

(7) becomes

1 _ D(Ey) / de
Vo Q E¢<e<Ej+hwp 2(e— Ef) — Ep

(8)

Integral can be easly evaluated if we change the integral variable as u =

2(e — Ey) — Ep. Then, the binding energy will be
—2Q
Ep = —QtheD(Ef)Wol <0 (9)

Result is following: binding energy depends exponentially on the interaction
and D(EF), and there is a paired state for two weakly interacting fermions
on top of the Fermi sea. The role of the constant density of states in 2D
is here replaced by density of states at Fermi energy D(EF) due to Paulie
blocking. Cooper pair at rest(opposite momentum with equal magnitude)
has the largest binding energy. Thus, Fermi level is now unstable towards
pairing because it decreases the total energy of the system. In this problem,
we neglect the interaction between other fermions on the Fermi level. If we
turn on all interaction, then system reorder itself into a new paired state

which is described by the BCS theory.
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2.2 Second Quantization

In quantum mechanics, wave function ¢ (r) is the most important physical
quantity. |¢(r)|? gives the probability of the particle at position r, and
it provides information about probability amplitude of position, momen-
tum and other physical observables. If we put the wave function into the
Shrodinger equation Hy = Ev, then we can find the energy of the system.
Physical observables like position, momentum are operators acting to the
state vectors in vector space. For non-interacting single particle system,
Hamiltonian can be written as H = 5721 + Veat, and wave function ¢ (r) is
a function of 3 position coordinates. Shrodinger equation is not easy to
solve exactly in general. There are few numbers of systems having exact
solutions such as particle in a box, and harmonic oscillator. If we increase
the number of particles in the system, and turn on the interaction between
particles, then solving Shrodinger equation become even more difficult task.
Therefore, using first quantized quantum mechanics for macroscopic systems
having around Avogadro’s number of particles is cumbersome.

Second quantization provides the general way to deal with macroscopic
systems. Wave function v (r) become a field operator &(r) that can cre-
ate and annihilate the particles at position r. Field operators obeys the
fermionic and bosonic canonical commutation and anticommutation rela-

tions as

A~

[ih(r1), T (r2)] = 6(r1 — ra) for bosons (10)

~ ~

{¥(r1), QN(U)} =§(r; — r9) for fermions

where [A, B] = AB — BA, and {A, B} = AB + BA commutation and an-

ticommutation relations respectively. Complete many-body Hamiltonian in

12



second-quantiantized form can be written as

N _ K2 ~
H= /d?’x@/ﬁ(x)[QZL Ve —U(X)W(x)—l—1 /d3x1d3x2 s p(x1)p(x2) 1 V(x1 — x2)

2
(11)
where wavefunction ¢ (x) become an operator, and kinetic potential, and
interaction terms are functions, not operators. Here, p(x) is a density oper-
ator which is equal to 9T(x)¥(x), and ”:....." denotes the normal ordering
in the interaction term which denotes that all creation operators between

the two colons must be ordered to lie to the left of all destruction operators.

2.2.1 Field Operators in Different Basis

We can write the field operators in different basis with utilizing the identity
S, In >< n|. For instance, fields operator in position basis is ¢ (z) =<

x|yp >. Then, we can write it as

h(x) =) <xn><nfp > (12)

where < n|i) > is the field operator in the new basis. Now, we can write
equation (11) in momentum space with using field operators in momentum

space basis with using relations below

D(x) = é Iae? and (13)
k

. 1 L
t - —ik.x At
Pi(x) = Q Ek € Cx

Then, kinetic energy term in equation (11) will be 3y %C’T,C’k / Breilk)x,

The integral gives the Kronecker delta functiion dy j» which cancels one of

13



the summation term, and result is

Hyin = Z fkélték (14)
K

where the term ey is 22—5, and k = ,/k2 + k; + k2. The product élték

is number operator Ny that gives the number of particles at the state with
momentum k if it acts to the state vector |ny > as Nk\nk >= nyg|nk > where
ny is number of particles. Bosonic field operators in momentum basis act to
the state in the same way as operators in harmonic oscillator, lowering and
rising to the number of the particles in the state: C’k]nk >=/ni|nk — 1 >,
C’l\nk >= /nk + I|lnx + 1 >, and C’k|0 >= 0, where |0 > is vacuum state.
For fermions, ny is 0 or 1 due to Pauli blocking, so product C’l];él]; is zero for
fermionic operators that is also consequence of the anticommutation relation
for fermionic operators {é*,éﬁ(}zo

Now, let’s write the interaction term which is

Hipy = /d3x1d3xzz@*(><1)¢T(X2)V(X1 — x2)(x2)h(x1) (15)

Then, we write the Fourier transform of the operators in the same way
as kinetic energy term. We use center of mass and relative coordinates as
R = ’“2& and 7 = 2] — 5. When the particle interact at positions £ and

25, momentum is conserved. Particle 1 comes with momentum k; and gain

momentum ¢ from particle 2. Therefore;

particle 1 ki - ki +q (16)

particle 2 ko > ks —q

14



Using the relations Q0y, 1y, w11, = fnge(ka,?_kl_k?)'R and Fourier
transform of the interaction term which is V' (q f d3rV , interac-

tion term in momentum space will be
Hine = Z V(@)L L CioCi (17)
kk',q

Therefore, total second-quantized many-body hamiltonian in momentum

space is given by
= ZekCTCk+— > V@, 4Ol CieCi (18)
k.k’,q

This result will be widely used throughtout the thesis.
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2.3 BCS Theory

After Leon Cooper showed that two fermions on top of the non-interacting
Fermi sea can form a bound state if there is attractive interaction between
them in 1956, one year later Bardeen, Cooper and Schrieffer found the many-
body theory of the superconductivity. They used a variational wavefunction
to explain the superconducting state of the metals at zero temperatures. Su-
perconductivity is a ground state phenomenon whereas normal conductivity
in metals occurs at excites states. Consider the following second-quantized

Hamiltonian for two-component Fermi gas.

gy _ AT A Voot ot @
H=> (a — 1)Cf o Chca + O > Gl Cox O (19)
k,a k,k’
Where the two components are labelled by spin index a =1/, and Vg < 0
is attractive interaction between fermions. We determine the ground state

energy using variational wave function

[WBcs >= H(Uk + ka‘f(TCAiki)m > (20)
K

where uy and vy are variational parameters taken to be real for simplic-
ity. This wave function describes the Bose-Einstein condensation of Cooper
pairs. The operator CA’IZTCA'L{ | Creates the Cooper pair with opposite spin
and momentum. Normalization condition < ¥pcs|pcs >= 1 of the wave

function yields

[T < 0l(uk + vhC s, Ciop) (urc + v CLCT L )]0 >= 1 (21)
k.k’
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Product of two creation and annihilation operators have zero expectation

values, so < CA‘;;TCA'L{ 1> and < é_kr ¢ék’T > are equal to zero. Therefore,

[T < 0t + v C o Crn CLCT [0 >=1 (22)
Kk’
If we use the anticommutation relation of fermionic operator {C’k/T, éliT} =

dk x’» then normalization condition becomes

[T + i) =1 (23)

k

Therefore, ui + vi = 1 which quarantee the probability condition. Whereas
ui gives the probability of the unoccupied paired state, 1112{ gives the probabil-
ity of the occupied paired state. We will find the gap equation from minimiz-
ing the ground state energy < 1/1305“61 |wpcs >. Therefore, it is beneficial
to find the expectation values of the operators < ¢BCS|CA’;L’QCA’1(,Q|¢BCS >

and < Q/JBCS‘ék,iCALk,T‘wBCS >. First expectation value can be found as

[T <ol + vkl Cio)(CL  Crea) (i + ok CL, CT IO > (24)
kK k'

: A A AMA AT A
Expectation values of the operator products < C’k@C’kQ >, < C’kﬂC’k,o{C'k,,TC'_k,,i >,
and < C’_k/ ¢ék’TC'11 aék,a > gives zero. Only one term makes a contribution
which is

bin i 10> (25)
k,k,,k”

—K”

After we use the result in (23) and the anticommutation relation of the

operators, expactation value of the product C’li aék,a will be

YBpos >= U;z (26)

< wBCS’CA'lLaék,a
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Using the same argument above, we can find the expectation value of the

operator < ¢Bcs‘ék,¢é,k,ﬂ¢305 > that is
< Yos|Ciey CoxtlBos >= urvk (27)

Now, we have to find the ground state energy < ¥pcs|H|[¢¥pcs > to mini-

mize it. If we take the expectation value of the Hamiltonian, it will be

JU Vi . ar A
D ek — i) < Clalica >+ D <CLyCl G Cuy > (28)
k,a k,k’

Kinetic energy term is easy to deal with because we found the < C’;L OCCA'kﬂ >
above which is equal to 012{. We use the Wick’s theorem to write the four

product operator in interaction part in terms of two product operators as

< T C iy L Gy >=< CT Oy >< OO > — < CT O >< OOy >
(29)

First term is zero, so expectation of four product operators can be written

as

< CikTC_k/TCILLCk/\L >=< CikTCILL > Ck/\LC_k/T > (30)

We found before that < CA’kaA’_k/T > is upvy , and < CA’ikTCA'L > is the
complex conjeguate of the ui vk that is also equal to itself because we take
the uyx and vy real for simplicity. Therefore, ground state energy of the

system becomes

. Vi
E=<H>= QZ(ek — w)vi + 50 Zukvkuk'?)k' (31)
k Ik
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We may write uy = sinfy and vy = cosfy and then minimize the ground
state energy with respect to 0. With these changes, ground state energy

can be written as

v
E= Z(ek — ) (1 4 cos 260y) + ﬁ Z sin 26y sin 26, (32)
k kK
Now, we take the variational derivative of E with respect to 6y and set to
zero for minimization condition. When we take the variational derivative
with respect to 0y, Kroneker delta function emerges, and cancels one of the
summation. Then, result will be
% 20
(ex — ) sin 26y — % Z sin 26, =0 (33)
k/
We define the gap A as _;/TOZ Yk sin 26y, A is interpreted as energy needed
to break up a Cooper pair, which means that it costs a certain amount

of energy to excite BCS ground state. With defining gap A, minimizing

condition above becomes
(ex — ) sin 26y + A cos20 =0 (34)

If we divide both sides by cos 26y, then result will be

-A
€k — M

tan 20 =

(35)

Then, sin 20 becomes —— 2 and if we put it into the gap A, gap
V(e—p)2+A2’ ’

equation will be

(36)

1 1 1
V[]_sz:Q\/(ek—,u)Q—i-AQ
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Number of particles into the system can be found from the formula

N = Z < ?Z)Bcsléliaék,ah/)Bcs > (37)
k,a

We know that the expactation value < ¢BCS|C'11 aé’k@thcg > is vi. There-

fore, number equation becomes

N=2> (38)

k

We know that ui + vi = 1 and, we defined the uy = sinfy and vy = cos by,

2 2 _ I G D)) 2 2
SO Vi, — Uj, = cos 20y = \/ﬁ%. Therefore, we can find the uj, and vy
which are
W= (1 S (39)
kT2 B
1 €k — [
2
=—(1
Uk (1+ Fr )
Where Ex = /(ex — p)? + A? is an excitation energy. Number, and gap
equations will be
. €x — [
Numb t N = 1-— 40
umber equation Z( B ) (40)
1 1 1
Gap equation oo a 3B, (41)

These two equations are coupled and they can be solved self-consistently.
Two unknowns chemical potential p and gap /A are found numerically by
Matlab. However, we have to scale two equations to solve them numerically.
We choose the energy scale as the Fermi energy ey of % fermions such that

3
k:fQ
3m2 "

N = We can change the summation ), with integral as ), —
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Qf gfr—l;. Moreover, we will replace Vy by the scattering length as using the

relation below
1 m m Bk 1

—_m__m e 42
Vo  4Amh2a, Rh?2 ) 2m3 K2 (42)

which is the consequence of the scattering theory [19]. Therefore, our gap

and number equations become

d®k
Number equation N = 9/27r3 <1 — ;:() (43)
m Bk (1 1
ti L i (S 44
Gap equation Amh2ag /27r3 <2Ek ek> (44)

There is no # and ¢ dependence inside the integrals, so we can write integral
[ &3k as [ 4mk*dk. We scale the k with kf as k = %k’f where k is now

dimensionless parameter. Then, our scaled equations will be

(45)

~ ~ ~927

~ K=\ (k2 —R)2+ A
Number equation —2]: = / dk \/( ) -
fas \/(k:Q—ﬁ)Q—i—A

~ ~9 ~ T

- k2 — )24+ A" -k + 1

2:/dkk2 ( N") — a

V- q2+ A

Gap equation

where 1 = %, and A = %

2.3.1 BCS-BEC Crossover

BCS-BEC crossover is simple one channel model, where the scattering length
as is the parameter tuning the interaction. For arbitrarily weak interaction,
we expect the formation of Cooper pairs due to many-body effect, and they
condensate to the ground state as described by BCS theory. For strong
interaction, pairing is not a many-body effect, and it can be formed even

in vacuum. Here, we expect the condensation of the tightly bound fermion
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pairs to the ground state. Anthony Leggett realized that going from BCS
limit to the BEC limit is smooth which means there is no phase transition,
and system is gapped superfluid through the evolution regime for balanced
case [9]. We can pass from BCS limit to the BEC limit just by increasing
the interaction. Equations in the (45), we can think the 1/kfa, as the
interaction. kyas — 0_ is the BCS limit of weak interaction, and kyas — 04
is the BEC limit of strong interaction. In the BCS limit, Cooper pairs are
formed and condensate at the same time. Pair distance is much larger than
the average separation of the atoms. Therefore, Cooper pairs are largely
overlapping. As we increase the 1/kray from —oo to the +oo, we pass
from the BCS regime to the BEC regime. In the BEC limit, Cooper pairs
become Bose molecules that condensate to the ground state, and they repulse
each others. Therefore, we call this regime as weakly interacting Bose gas,
and Gross-Pitaevskii equations describing the ground state of interacting
Bose gases can be used in the BEC regime of the evolution. In between
these two extremes, there is a regime where pair size comparable to the
interparticle spacing. We called this regime as crossover, and fermions are
strongly interacting within the crossover. The properties of the system in
this region may give insight to understand the strongly interacting fermionic
systems such as neutron stars, and high-temperature superconductors. The
resonance where 1/kra, = 0 is called unitarity where the interaction is just
enough to bind particles in free space, so bound length of the molecule is
infinite a; = oo. Crossover takes place around the unitarity. Therefore,
we change the value of the 1/ksas from -1 to +1 for examine the crossover
region. We can find the gap and chemical potential of the system in the
crossover regime with solving coupled equation (45). T', and 1/ kyas are the

parameters that we can control. We take T = 0 to examine the ground state
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of the system.

Graph of the chemical potential versus 1/(k;™a_) Graph of the gap versus 1/(ka_)

o EI‘S 1‘ 1‘5 2‘ 2‘5
1hka)

b L L L
-2 -5 -1 08

Figure 3: Chemical potential and gap in the BCS-BEC crossover as a func-
tion of interaction parameter 1/ksa,

In BCS weak interaction limit , we have kras — 0_. If we insert it into

the equations (45), then chemical potential and gap will be

p= Ef (46)

8
YANES) ?Efe_”/%f‘as‘

Chemical potential is energy needed to add one more particle to the system.
BCS theory implicitly assumes that there are equal number of spin up and
spin down particles into the system. Therefore, chemical potential is the
energy cost for adding a spin up atom if at the same time spin down atom
is added. First equation tells that in BCS limit, adding a spin up and spin
down particle to the system costs Fermi energy per particle. In the BCS
limit, Pauli blocking dominates over the interaction, so we can add particle
only at the Fermi level. Second equation is the superfluid gap of the BCS
theory, and we should compare it with the binding energy of the single
Cooper pairs in (9). However, we should replace the V{ by scattering length

using the relation (42). Then, binding energy of the single Cooper pair will
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be
8

EB%f
62

Efe—ﬂ/kﬂas\ (47)

Now, if we compare the superfluid gap and binding energy, we see that
gap is exponentially larger. This difference comes from the fact that in
the BCS problem not only the fermions above the Fermi level contribute
the pairing, but also fermions below it make a contribution. Due to this
difference, particles now takes part in the pairing, but gap is exponentially
small compare to the Fermi energy, so Cooper pairs are fragile. It seems
to be very difficult to reach the superfluidity in Fermi gases. However,
Feshbach resonance allow us to tune the interaction and pass to the strong
interaction regime where 1/kf|as| < 1. In this region, Cooper pairs become
tightly bounded, so there is a good chance to achieve superfluidity. If we
try to understand the sense of the scale, Fermi energy of the dilute lithium
gas is the order of micro kelvin ~ 107K, corresponding to 1/k ras = 4000,
so the superfluid gap A is very small, % ~ 1073°K in the BCS limit.
Therefore, we can think that it is impossible to observe the superfluidity.
However, Feshbach resonance allows us to tune the interaction and brings
the system into the strong interaction regime. In this regime, gap is around
200 nanokelvin for k¢|as| = 1, and such temperatures are now achieved in
experiments on ultracold atomic gases.

In BEC strong interaction limit , we have kra, — 0. If we insert it into

the equations (45), then chemical potential and gap will be

N —h? wh2asn
e 2ma? m
16 Ey

~ gw/kfas

(48)

A

(49)

First term is the binding energy of the tightly bound molecules, and second
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term is the repulsive interaction between molecules in the gas.
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2.4 Finite Temperatures

In order to analyze the system at finite temperature, we have to add the
fluctuations to the BCS variational ground state. This can be done by
Bogoliubov and Valatin transformation. We do not have a variational wave-
function to describe the system at finite temperature. We will utilize the
quantum statistical physics to solve the system. Our main aim is to find the
thermodynamic potential that we can find any physical quantities from it.
Bogoliubov and Valatin transformation allow us to write the Hamiltonian
of the systems in terms of non-interacting quasi-particles diagonalizing the

original many-body Hamiltonian. Our Hamiltonian is

A =Y (e~ 110)CL oo+ 0 S0 CL O Cli Gy (50)

k,a k.k’
which describes the Cooper pairs at rest q = 0. Now, we have to threat
the interaction part, and write the four product field operators in terms of
two product operators. This is done by mean-field approximation. We write
the operator in terms of its average and its fluctuation as ¢ =< a > +da.

Therefore, the product of the two operators can be written as
ab=a<b>+b<a>—<a><b> (51)

where we neglect the term §adb . We can see that two product operator can
be written in terms of a one operator. Now, lets define the operators BIT( =
CA';LTCA'L( , and By = CA',k/ J’CA'k/T. Then, interaction part of the Hamiltonian

become

v
Hint = —‘QO| Z[BL < By > +By < BL > — < By >< Bf{ >l (52)
k.k’
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with using mean field approximation. Now, lets define the interaction stregth
g > 0 that is equal to “S/)—Ol, and define the gap as A =g, < CA’kTCA’,ki >.

Then, interaction part will be

Hipg = > (ACLCT + A7 CCia) + 0> <O Gl > (53)
k k

The summation ), < C’ik iCA'f;T > is equal to %, so Hamiltonian is

. JA A . . A2
HZE]%a—mﬁhﬁm+zxmipkﬁimlm@H+LLGW
k,« k 9
Now, we are ready to write the Hamiltonian in terms of the matrixes and

we can diagonalize it with using the Bogoliubov and Valatin transformation,

and find the new basis called quasi-particles. Hamiltonian can be written as
: AP
H:Z(hk+sk¢)+7 (55)

k

where hy is

Ekt A CkT
hy = ( CIJLT C_k > ; (56)
A* —€k| C—ki
ﬁ2 2

and energy dispersion relation is et = €x| = 5 fm = €k, €kt = €k — 44, and
ex| = ek — ). To diagonalize the 2 by 2 matrix in hj, we multiply the both

sides of the matrix with AT A where the matrix A is unitary matrix which is

A= jaf? + b =1 = |c* + |d|? (57)
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where a,b,c,d are complex numbers in general. This transformation preserves
the eigenvalues of the original matrix, and new quasi-particle operators must

obey the same anticommutation relations of the original operators Cy, and

A L I SN
Ck7 o~ Eigenvalues of the original matrix can be easly found
A* —eyg 1
from the determinant below
Ekt — A A
det | —0 (58)
A* —Efk 1l — A

which yields the characteristic polyinomial below
)\2 - )\(EkT - Eki) — Ekt€k| — |A|2 =0 (59)

Eigenvalues of the matrix are the roots of the equation above which are

A = —h+/ed + AP (60)

where h = L;!% for population imbalance case, and ex = e —p, p = &2’“
New quasi-particle operators are
Yt = aC’kT + bCik¢ (61)

'YT,kJ, = CCkT + dCT,IQ

New operators i+, ’yT_k 1 obey the anti-commutation relation {ykq, ’y;[{,a,} =
Ok k'0aas- The relation {7y, 7-k,} = 0 yields the restriction on complex
numbers a, b, ¢, d.

ac* +bd" =0 (62)
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The condition {71T<T7 VT—ki} = 0 also gives the a*c+b*d = 0. In addition to the

these conditions, {7, ’yltT} =1 and {y-x i,’yT_k i} = 1 gives the condition
jal? + b =1 = |¢[* + |df? (63)

This is also the condition for unitary matrix. Therefore, we choose the

transformation matrix A as

Uk —Vk
A= (64)
Ve Uy

So, our new operators that diagonalize the matrix in original Hamiltonian

are

Ykt = ukCir — kaim (65)

Vim = v Okt + Ulicim

Now, we can write the Hhamiltonian in diagonal form as

2
A

R By 0 Ykt A
H=>" <le Yokl ) o | e (69)
k 0 _Eki 7—k¢

Then, if we write the Hamiltonian in the original form same as in equation

(50), it will be in the form of non-interacting quasi-particles as
2
A

. AN
H= Z Ek,a')’lt,a'}/k,a + Z (ex) — EBx|) + ——
k,a k

(67)
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Where Ey 1 and Ej are the eigenvalues of the Hamiltonian. Unitary trans-

formation preserves the eigenvalues. Therefore, Ey + and Fy| will be
EkT:—h—l-\/Ei-FAz (68)
EkJ, =h+ \/612{+A2
For BCS theory p+ = p; (population balanced), so h = 0. Then, excitation

EkT:EkJ,:H@i‘FAQ:Ek (69)

Now, we can find the grand canonical partition function of the system @

energy will be

which is equal to T'r (e‘ﬁﬁ ) We use grand canonical ensemble because
number of the particles in the system is not fixed, and it is an intrinsic
property. Trace is independent of the basis. Therefore, we can write the @

in energy basis as

Q="Tr (e_ﬂﬁ) = Z < k,oz|e_ﬁﬁ|k,a > (70)
k,a

Where g = k:l%T and ﬁ\k,a >= > 1o Pralkelk,a > is an eigenvalue

equation of the Hamiltonian ), Ek,a’YlT{ oJk,a in equation (67) . Other

parts in Hamiltonian are constants. Therefore,
- _ _B,)-pll
Q= Ze B ke Bianica=B X (cki—Ei,y ) =B (71)
{nk}

Where {nx} denotes all possible microstates, and ny denotes the occupation

number of states which is 0 or 1 for fermions. Then,

Q = e XxleB) 8155 T (Z eﬁEk,am«> (72)

k,a nk
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We put the 0 and 1 for occupation number ny, and eventually grand canon-

ical partition function of the system becomes

2
Q = e F Tuler—Biey) 5155 I1 (1 + e*BEkﬂ) (73)
k,a
Now, we are ready to find the thermodynamic potential €2 which is equal

to —kpT'In@. Using the property In(ab) = Ina + Inb, and writing the

Bk, 1—tanh Piea

exponential term in terms of tanh functionase™ "7 = 721?, potential
1+tanh
will be
E
A 1 + tanh (e
Q=>"(c1, — Ficy) +’g’+TZl Q(QT)) (74)
k k,a

We can get any physical quantities from potential {2 which is also equal to
E—TS — N where S is entropy of the system. Differantial of the potential
is

dQ = —SdT — PdV — Ndy (75)

where dFE = T'dS + udN — PdV. Then, physical quantities S, P and N can

be found from the relations below

o0 o0 o

N=-2° __= po %
|TV S 6T|/—L7V 8V|T“u

i (76)

For population balanced case, ex; = ex = (ex — p), and Eyx| = Ex =
\/512(—1—7&2. Therefore, thermodynamic potential for population balanced

case will be

AP 1+ tanh (£
Q=3 (e — Ex) +’g’+2TZl ag(”’)) (77)
k
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We can obtain the gap equation from the condition 2 A A = 0 which yields

2\A\ OFx OB, 2
~ 2 g7a ol " (78)

We want to write Ef in terms of tanh function as 1 — tanh £ 57, and

e T +1
g‘EAk‘ = |A| . Therefore, gap equation will be

tanh (5%

- = Z (79)

We change the interaction term Vy with scattering length as with using
relation in (42) as usual. Eventually, gap equation becomes

—m k1 1
T 8T |tanh (BE/2) — — 80
Anh2a, / 213 2By [an (BEW/2) = 5 (80)

at finite temperatures.

2.4.1 Critical Temperatures

Now, we want to find the temperature T* when pair formation stars, In
the BCS limit, pairs are formed and condensate at the same temperature,
so T* = Tc. However, it is not true for strong interaction regime. In the
BEC side, T < T, so pairs are first formed, then condensate to the ground
state. Temperatures between these two values T*, T, there are pairs not
condensate to the ground state. In order to find 7™, we want to solve the
two coupled equations which are number and gap equations with setting

A = 0. Above the temperature 7™, we have a normal Fermi gas, so number
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of the particles in the system is given by Fermi-Dirac distribution.

Pr1
=2 [ o =1

This has to be solved simultaneously with gap equation. We set A = 0, and
in the BCS limit we insert p = Ep, and kras = 07 in the gap equation.

Then, critical temperature for superfluidity in the BCS limit is
Thes = Lo (82)

where €7=1.78, and A\ is the superfluid gap at zero temperatures in the

BCS limit given in (46). In the BEC limit where kfa; = 07, and chemical

—h2 _ = E
2ma? 2

potential p = where Fj is binding energy, temperature 7™ will

be

. | E|
Thpc = ————373 (83)

3/2
| £ |

2 (')

As we said before this is not the critical temperatures for superfluid transi-
tion, but it is a temperature when pairs start to form. We can find the critical

temperature T from the BEC transition temperature of non-interacting gas

of density n/2, and mass 2m that is

TR . 0.2E (84)
c=— ~ U.
m\2(3) !

This approximation holds for weakly interacting Bose gases with a small

error.
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2.5 Polarized Fermi Gases with Spin-Orbit Coupling Inter-

action

After spin-orbit coupling(SOC) has been realized recently in Bose gases
by using the varying laser fields, effects of the SOC have been studied for
two-component Fermi gases [17,18]. Utilizing the technique of Feshbach
resonance , the spin-orbit coupled ultracold atoms provide a clean environ-
ment to investigate the new phases of the condensed matter systems. In
the presence of the SOC, Fermi surface is changed, and many interesting
phases become possible. SOC enriches the ground state phases of the two-
component Fermi gas. In the absence of the SOC, mean-field approximation
is adequate to describe the correct physics of the whole BCS-BEC evolution
regime, and now we assume that it is also sufficient in the presence of the
SOC. We consider the uniform polarized two-component Fermi gas with

SOC, which is described by the Hamiltonian:
H = Hy+ Hso + Hin (85)

where Hy is kinetic energy term, Hgo is the spin-orbit interaction, and Hin

is the s-wave interaction between two fermionic species. They are

Hy = Z gk,aél];a-ék,cr

k,o

Hso =« Z k (6i9k C’LTCA'k7¢ + h.c)
k

E’int =g Z éﬂ¢éik¢é_k'¢ék’T

21.2
where {y , = h’QZ

— o CA'LU (CA'kJ) denotes the creation(annihilation) oper-

ators for a fermion with momentum k = (k, ky, k;) and spin o = {1, |}, o >
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0 is the strength of the Rashba type spin-orbit coupling, i = arg(ks +iky),
and g > 0 is the strength of the s-wave interaction which is LQO‘ Our main
aim is to find the thermodynamic potential of the system. Then, we can get
any physical quantities from it. In order to find potential, we have to write
the Hamiltonian in terms of the non-interacting quasi-particles, diagonaliz-
ing the Hamiltonian. We threat the interaction term flmt using mean-field
approximation through the same way that we did in section 4.2. We write

the field operators in terms of its average and fluctuation. Then, interaction

part will be

R o . A2
Hipy = — Z (AC’ik’ ¢CL¢ + A*Cy4+Cx, ¢) + ’g’ (86)
k

where A is the pairing energy that is equal to g ), < CA’k,TC'_k | >. Mo-
mentum summation in Hamiltonian compass both negative and positive k
values. Therefore, we can add opposite sign of the & terms into the Hamilto-
nian and divide it by 2 . This process does not change anything, but allows

us to write the Hamiltonian in matrix form. Then, our Hamiltonian will be

g1 A A A A S A A
Hy = g <£k,TCk,TCk7T 8t Ol Ot + 81 Oy | Oty + §k7ick7¢0k7i>

N 1 A A A A
Hgp = 5 Zk: (Skclt,TCk’i — SkCikVTC*k& + h'c)

Hit = =35> (BCT 4 Gl + 87 CgCracy + DL Oy + 87 C 141Gy
k

NG
_|_ -
g

where Sy = o (k; + ik,) is the Rashba type spin-orbit fields. Now, we can

write Hamiltonian H in the matrix form in the basis ‘IIL = (CA';LTCA';L iCA'_k,TCA'_k’ ¢)

35



as

Sﬁ {kd’ -A 0 ’ ’2

1 A
Uy + 5 ka,a +— (87)
0 —A* —&4 S o g

AN 0 Sk —Eky

Now, we have to diagonalize the Hamiltonian, and write it in terms of non-
interacting quasi-particles. After applying the Bogoliubav and Valatin trans-
formation in the same way that we did in section 4.2, Hamiltonian of the

system will be

g1 t AP
H=g g; By A 3 1en + zkz i+ + e (88)

where 711’)\ = (71];,T771L¢77—k¢’7—k,¢)7 A = (1,2,3,4) labels the quasiparti-

. . . . +

cle/quasihole excitation energies Exy, and & s = €x s—fts where p13 = L;’”,
and s denotes +. Excitation energies of the quasiparticles/quasiholes are
eigenvalues of the Hamiltonian matrix above. We can obtain the partition

function of the system using formula T'r (e*ﬁ[ ) . Trace is basis invariant,

so we use the energy basis. Then

2
Q= Z e_g Sin Broanie a—B> 1 §k7+_ﬁ% (89)
{nx}

which is similar to the case in section 4.2 . Using the same argument that

we did before, partition function of the system will be

— -B Zk gk,+7/5& 7:8Ek,>\/2
Q=c¢ 9 H 1+e (90)
kA
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Thermodynamic potential of the system is given by the relation Q = —T'In (Q).

By, a 1—tanh A

Using the property that In(ab) = Ina + Inb, and e 7 = 7213; po-
1+tanh =~

tential will be

Ex
0= ‘i +Z§k++ Zm(wm%()) (91)

where we take kp = 1. Following from the usual precedure, we obtain the

gap equation from the condition 2 I~ A = 0 that is

Z 66E|Z|A (tanh (Ey »/2T) — 1) (92)

Number equations are found from the relation Ny + sN| = g—ﬂ, so they are

Ny

Z a;;: (tanh (B \/2T) —1)  (93)

We can write the summation ), = iZk y- Then, number equations will

be

1 1+1) 0F
NTiN¢:4Z[( . ) 4 8/1:? (tanh (B, /2T) — 1) (94)
k)

These equations are self-consistency equations of the system, and there are 3
equations and 3 unknowns which are A, iy, ;1. These coupled equations can
be solved numerically. We check the stability of the mean-field solution using

the curvature criterion [19], which says that

8|A|2 have to be positive. When

0920
EINE

the curvature is negative, mean-field solution does not correspond the
minimum of the €2, and phase separation state is favored. However, solution
having positive curvature may corresponds the metastable state. This causes

minor quantitative errors in the phase diagram in 3 dimension. Curvature
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criterion is

P 1 1 0E, OFZ, | OB,
- = - . N 3 X _1 4t , Y 95
oIAF 4%[('“““ oiaf ) X T T3t B9

where Xy, = tanh (Ey ,/2T), and Y\ = sech?(Eyx,/2T). We need to

find the excitation energies of the system Fy ) which are eigenvalues of
the Hamiltonian matrix. It is almost impossible to find the eigenvalues of
the Hamiltonian matrix analytically. Therefore, we use computer program

Matematica to find Fy y that is

Exa = 3A\/€12<,+ + &+ IO+ Skl + 2pa Ak (96)

where Ay, = \/512(? (512(7+ + |A|2) F 18P 2, ISk[? = a2 (k2 + k2) = a2k2,
s1 = 89 = +, and s3 = s4 = —. Therefore, Ex 3 = —FEx 1, and Ex 4 = —Ei 2.

If we put this results into the gap and number equations, and use the prop-

erty that tanh (—z) = — tanh(x), gap and number equations reduce to
8Ek s Ek s
: 97
-3 L arar oo (5 )
1 (1£1) 0F, Exs
NyE+ N == = tanh :
TN 2;{ > o, M\t
sS
where Ey y = Ey 1, and Eix _ = Ei». Now, we have to find the partial
derivatives in equations above. %?Zf = % (1 + sék >, so gap equation
will be
- == -~ tan n
g A4 P At Tor Fiez At Tor
(98)



. o 2 +HAP
Partial derivative 883 ws — %‘k_ <1 + s W) so one of the number

equations become

fk +|A|
N¢—N\L Z Eé::l + tanh

k +| k‘

so other number equa-

g _ §k+ ’A’
Z E]l:g — tanh
slhg2l),

3 . OFy s _ _€k7+
Partial dervative Ot B 1

tion will be

(512(7_ + \Sk\Q)

1 Sk + Ex 1
Ny+ N, = = gkt [ A7 7 )| tanh [ =X 1
T+ Ny 221{: o + yn an <2T (100)
2
e (€2 i
2 Fro Ax A\ o

In order to solve the 3 coupled equations numerically, we have to scale them.
We choose the energy scale as the Fermi energy ey of E fermions such that
N = the same as before. We scale the £k, and k, with ky as k| = kj_]{f,
and k, = kzsz where k| 1, kz are now unitless. Scaled excitation energies will

be Ey s = efE\k;, and Ay = G?EC where

i — )2 2 em
Eps = ?‘2+<m2’”) +‘A’ +(a;m> + 524,
f

— —~ 2 — 2
Ay = <2 ) (7 +|A|>+< o)

and 7 = <<kz2 + 12:;2) — W) When we write the summation ), in

terms of integral, we have to be careful now. The terms in the integral
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depends on the k| and and k, where k% = kﬁ_ + k2, so we will use the cylin-
drical coordinates to evaluate integrals as Y, = Q [ [ %. Therefore,

our scaled equations will be

-2

[ee) OON . ~ — ~
e / / T i fi (R B i AL A (101)
f@s 0 —00

8(Ns — N [e’s) oo o —~ o~ __
8(Ny — Ny) :/ / kydkydi, fa(k L, ke g 11y, )
3N 0 —00

8 T R a i R R T A
3—/ / kJ_ko_dsz3(kJ_akzaMTaui’A)
0 —00

where f1, fo, and f3 are functions of 5 variables. Moreover, we replaced
the interaction term Vj for gap equation by the scattering length as using

the relation in (42). The functions inside the integrals above are the scaled

functions from the number and gap equations where T=L iy, =

€

K1l
ef

, and
A = %. These 3 coupled equations can be solved numerically using Matlab

fsolve function, and we can get unknowns iy, 1), and A for each solution.

(N7=Ny )

~—» interaction L

k‘fa57

When we write the numeric program, polarization
SOC term % , and temperature T are the parameters that we can control
them, and we are able to construct the phase diagrams of the systems. We
want to find the ground state phase diagrams of the system, so we will take
the T=0 in the numeric code. If we set the polarization, and SOC term to

the zero, we reproduce the same results in Figure 3.
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2.5.1 Conditions For Gapless Superfluid

We know that superfluid phase of the system is gapped without SOC ef-
fect. This means that excitation energy of the system does not equal to zero
in any case. In chapter 4, we calculated Ey equal to \/512{ + A2 for pop-
ulation balanced case. Therefore, system is gapped superfluid through the
BCS-BEC evolution. However, picture is different when we add the SOC in-
teraction to the system. Excitation energies of the system are zero in certain
conditions, and we will find these conditions. We found excitation energy
using computer program Matematica, and we know that Ey 3 = —F) 1, and
Ey4 = —FEx . Therefore, it is enough for us to look at just 2 excitation

energies for gapless condition. They are

Bies = /6o + & + 0P +[Sul + 254 (102)

where Ey | = Ey 1, and By _ = Ey 2. We can easly see that Ey ; > 0, so it
is gapped. However, Fy 5 can be zero under certain conditions. Condition

for gapless Fy o is:
Sk T8k HIAP + ]S = 24k (103)
This yields 2 conditions which are
1Sk =0 and Gerb ey +|AP =0 (104)

|Sk| = ay/k2 + k::?/ =0, so k; = k; = 0. This means that gapless Ex 2 occurs

at real k, values in momentum space. Second condition gives the restriction
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on k. values which is

k:is = 2mpg + 2msy/ p? — \A\Q (105)

There are 2 possibilities. k, might have 2 solutions, and 4 solutions in k-
space. These 2 distinct conditions correspond to the different phases. We
define these phases as GSF(I) and GSF(II). Excitation energy Ej o equal
to zero at 2 k, points for GSF(I), and at 4 k. points for GSF(II). These

conditions are

| > A uy >0 and oy > —[AP for GSF(IT)

ol > 18] and < — AP for GSF()

We will use these conditions to separate the different phases of the system

when we construct the phase diagrams.

2.5.2 Ground State Phase Diagrams

Without SOC o — 0, number, and gap equations in (101) are sufficient to
describe the BCS-BEC crossover, and we assume that mean-field formalism
is also applicable to the system with SOC interaction. Then, we analyze
the ground state phase diagram of population-imbalanced as a function of
SOC parameter. There are 3 phases in the ground state which are nor-
mal state(N), uniform superfluid, and non-uniform superfluid(Phase Seper-

ation). Normal phase is charecterized by A = 0. Uniform, and non-uniform

020 %0
FING EINE

with A # 0. Futhermore, Besides the gapped superfluid(SF), there are

superfluid phases are described by > 0, and < 0 respectively

two different regions in the uniform superfluid phase which are GSF(I) and

GSF(II). These two distinct regions correspond to the gapless superfluid
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with different momentum space topology of quasiparticle excitation energy

spectrum. Depending of the number of zeros of Ey >, we distinguish the 2
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Figure 4: Ground state phase diagrams of the system as a function of P =
M and «, where 1/kras set to the 0, 0.5, 1 and 1.5 respectively

distinct GSF phases: GSF(I) where Fy o has 2 zeros, and GSF(II) where
Ey > has 4 zeros in the momentum space spectrum shown in Figure 3. Triv-
ial superfluid phase(SF) corresponds to the phase where both Ey ; and Fy 2
are gapped. In the phase diagram, we see that SOC stabilizes the GSF
phase against normal phase N at low population-imbalanced P, and desta-
bilizes the GSF against normal phase N at high P. Competition between
population-imbalanced and SOC stabilize the GSF and SF against phase
separation(PS). Therefore, at any P, system will be reach GSF or SF phase
if we increase the SOC parameter . Furthermore, SOC stabilizes the GSF

phase around unitarity although system is unstable against phase separation
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without SOC effect a — 0. Therefore, GSF phase is stable for large parame-
ter region, and this may allows us to realize the GSF phase with coldatoms in

the experiments. There is a phase transition going from GSF(I) to GSF(II).

EkZ at P=0.8 and amykf=0.38

Ek2 at P=0.8 and arm/kf=0.275

kZ/k F RE kz/k £
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s
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Figure 5: Quasi-particle excitation spectrum of Rashba type SOC for
GSF(I), GSF(II), and SF phase.

We can see the signature of the transition from the sharp difference of the

momentum distributions which is shown in the figure 4.

NT = anﬁ and N¢ = anyi (106)
k k

We see that major chages occur for ny | at the GSF(I) and GSF(II) transition
boundary, where the sharp peak disappear suddenly when the transition

happens.
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Figure 6: Momentum Distribution of the system for GSF(I), and GSF(II).
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2.6 System in Optical Lattice

Ultracold gases in an optical lattice have attracted much research inter-
est recently. Physicists believe that ultracold fermionic gases confined into
the optical lattice with population imbalance and tunable interaction might
provide a significant model to understand more about the High-Tc super-
conductivity. Therefore, besides solving system in vacuum that we did it in
section 4.3, we also want to solve the system in optical lattice. In the BCS
limit, lattice and continuum model describe the same physics since size of
Cooper pairs is much larger than the lattice spacing. As we increase the
interaction, and pair size becomes comparable to the lattice spacing, then
difference starts between these two models. In the BEC limit, there can only
be single Bose molecule on any lattice site with high binding energy. They
become heavier with increasing the interaction, and critical temperature for
BEC drops to the zero whereas critical temperature for BEC is finite in con-
tinuum case. We consider a polarized Fermi gases with SOC interaction in
2D square lattice. Hopping contribution of the Hamiltonian may be written

as

. cosa sino Cit
HiIntso = —tz < CiT+§:T CiT—‘rii ) .
i —sina  cosa Ciy
cosf  isinf Cit
—tZ(c.TA of ) + h.c
i ot T isinf3  cosf Cji

where summation i counts the all lattice sites, and CiTTvCiT creates and anni-
hilates the fermions on lattice site i respectively [20]. Complete Hamiltonian
can be obtain with including the interaction term. After we treat the inter-

action term using mean-field approximation same as in section 4.2, complete
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Hamiltonian will be

H = Hginiso+) A [CJTCL + CiiciT] > [(M +h) Gy + (n—h) Cf Gy,
’ 1 (107)
where A = g < Cj,Cyy > is the BSC pairing energy which we take it real
for simplicity, and g > 0 is the attractive interaction between fermions and
constant term in Hamiltonian is neglected. Pairing energy A is not an
external parameter, we have to find it self-consistently same as before. h is
the population imbalance term, (44 — p)) /2. Hamiltonian above is written
in the real space. Now, we want to write the Hamiltonian in momentum

space. In order to do that, we need to write creation, and annihilation

operators in terms of their Fourier transforms as

1 s 1 s
CT _ = § :efzk.JCT and CT _ cik: 1CT
i kt il E k|
\/ﬁ k \/ﬁ X

We put these transformations into the Hamiltonian above, and use the re-
lation ) ; e ikk)i N0y yr» where Ny is the total number of sites in 2D
lattice. Then, we can write the Hamiltonian in momentum space, and it can
also be written in the matrix form in the basis \I/L = (CA’IJL’TCA'IT(7¢CA’_1(,¢CA’_1(,¢)

same as before. Hamiltonian will be

g 1 i A
H=3 zk: Ul H Uy + Zk: €x + N7 (108)
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where Hy 4 by 4 matrix that is

a—h S 0 A
Sk ac+h  —A 0
Hk _ k k
0 -A —(ex—h) Sk
A 0 S: —(ac+h)

The dispersion relation and SOC term read

ex = —2t (cos acos ky + cos fcosky) —

Sk = 2t (sin Bsink, + i sin asin ky)

Now, we need to diagonalize the Hamiltonian , and write it in terms of new
quasi-particle/quasi-hole creation and annihilation operators (’YILT’ 71‘; 10 Y=kt Y-k, 1)
using the Bogoliubav and Valatin transformation which allows us to diago-
nalize the matrix Hy with preseving the eigenvalues same as before. Hamil-

tonian of the system will be

g 1 i s
A= > Eoroamao+ D act N= (109)

k,\ k

where Ej ) are the eigenvalues of Hamiltonian matrix Hy. Then, we can
obtain the partition function of the system with using the relation @ =

Tr (e‘ﬁﬁ) that is

2
Q — 6_6 >k Ek—ﬁN% H (1 + 6—5Ek,/\/2> (110)
k,\
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Thermodynamic potential of the system can be found from the @ via the

relation Q@ = —T'In (Q) which is

Ex 2

g T 1 + tanh (=52)
=N—+> S In|—— 2= 111
Q=N 7 + a €k + 2 2 n 5 (111)

Eigenvalues of the Hamiltonian matrix Hy can be found from computer

program Matematica.

By = say/ep + h2 + |A] + | Sk|* + 2pa Ak (112)

where Ay = \/h2 (ei+ ]A|2> + |Sk|2612{, $1 = s9 = +, and s3 = 54 = —.
Therefore, Fy 3 = —Fy 1, and Fy 4 = —Fy 2. Condition for zeros of Fy s is
given by

€2+ h?+ |AP + |Si? = 24x (113)

This yields 2 conditions which are

1Sk =0 and e —h2+ AP =0 (114)

For o = g = w/4, |Sk| = 2t\/sin2 ky +sin’k, = 0, so k, = k, = nm, and
—V2t = py £+ /p® — | A |? are the condition for zeros of Ej 3. We obtain

the number and gap equations using the relations Ny + sN| = gTZ’ and
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g—g = 0 which yields following results.

N 1 (1+h?/Ax) W (B (1—h?/Ax) o (B2
g 4 Ex1 2T Ex» 2T
(115)
2 2
1 h <6k+ |A| ) Ex 1
Ny =N =2y — [1+>———Z | tanh [ =2 11
T 2zszk,1 AL a (2T> (116)
2
+1Z " <€i+|A|) tanh ( 22
- —_ — n
2 2~ T Ax W er
2 2
. 1 €k (h + ‘Sk‘ ) Ek,l
NT+N¢—2zk: 2—Ek71 g | tanh { S (117)
2
_EZ LI (h —HSk‘) tanh P2
2 Fi Ay 2T
k tl

In order to solve the 3 coupled equations numerically, we have to scale
them. We choose the energy scale as the hopping energy ¢. Scaled excitation

energies will be Fy ; = tEZS, and A = tzjﬁlvk where

T\ 2 ~12 —2 —
Ek,sz\/af+<’”2“¢) + |B] ISkl + 524

— 2
— - _ 2
Ay = \/<M2MT) <5k2 + |A|2> + .2 | Sk|

where the term ¢, = — (2 cos avcos k; + 2 cos B cos ky + (M;M)), 3; =
2 (sin Bsinky +isinasink,), and Ey () = Ey 2. When we write the
summation ), in terms of integral, we have to be careful now. There is no

cylindrical symmetry in the problem, so we need to use cartesian coordinates

different from the case in section 4.3, >, = N [ [ déﬂ”:)];y. We should take
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Figure 7: Superfluid gap and chemical potential for balanced case in an 2D
optical lattice.

the integral in the first Brilliouin zone, a uniquely defined primitive cell in

the momentum space. Therefore, our scaled equations will be

1672 [T — =~ X
o z/ / dkydky f1 (ke ky, 107, 1y, D) (118)
g —7mJ—7
(]TVU _ / / by ley fo (s by i 17, D)
812N [ — = A
T—’_ :/ / dkmdk’ny(kaj7ky7MT7u\L7 A)

where f1, f2, and f3 are functions of 5 variables, and N, = Ny + N|. These
functions are scaled functions from the number and gap equations where
T = %7/7?, 1 = %, and A = %. We can obtain any physical quantities
from solving these 3 coupled equations self-consistently. We will find the
superfluid gap A, and chemical potential p for balanced case(pr = ) in
the ground state T' = 0 shown in the figure 7. Now, we construct the ground
state phase diagrams of the system. Firstly, we look at the phase diagrams
of population imbalance P versus interaction g at T' =0, F = w =1,

and a = 8 =m/4,7/6.

In these phase diagrams, there are 3 phases which are normal phase is
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Figure 8: Ground state phase diagrams of the system as a function of P and
g in 2D optical lattice, where o = 3 set to the 7/4 and 7/6 respectively.

charecterized by A = 0, uniform and non-uniform superfluid(Phase Separa-
tion) as before. Uniform, and non-uniform superfluid phases are described

by 85‘)2?2 > 0, and 3‘?32 < 0 respectively with A # 0. There are 2 regions

in uniform superfluid phase that are gapped and gapless superfluid phases.
In the gapless superfluid region, excitation energy of the system vanishes
at the some points in momentum space shown in the figure 10. In 2 di-
mension, gapless superfluid phase does not occupy the region, and it occurs
just on the line shown in the figure above. We see that if we increase the
SOC interaction, system become superfluid at the larger parameter region,
and SOC also stabilizes the superluid phase allowing the realization of these
phases in the experiments in the future. Secondly, we look at the phase
diagrams of population imbalance P versus SOC interaction «, 8 at T = 0,
F="0% 4 and g = 6,12t

As we increase the interaction g, we see from the phase diagram above that
Cooper pairing starts to form for large parameter region and creates su-
perfluid phase, and increasing interaction also stabilizes the both gapped
and gapless superfluid phase. However, we know that stability condition

correctly discards the unstable solutions, but metastable solutions may still
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Figure 9: Ground state phase diagrams of the system as a function of P and
«, B in 2D optical lattice, where g set to the 6¢ and 12t respectively.

survive in the phase diagrams, phase diagrams have minor quantitative er-

rors in the phase diagrams boundaries especially in 2 dimension.
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Figure 10: Excitation spectrum of the system in gapless and gapped super-
fluid phases in 2D optical lattice respectively.
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3 Conclusion and Outlook

3.1 Conclusion

In this thesis, we focused on the fermionic superfluidity that can be seen in
superconductors, neutron stars, nuclear matter, and ultracold atoms vs. We
first studied that fermions with opposite spins and momenta on top of the
non-interacting Fermi level can form a bound state if there is an arbitrarily
attractive interaction between them [6]. Bound fermions are called Cooper
pairs that can condense to the ground state like bosons. In superconduc-
tors, crystal vibration (phonon) causes the induced attractive interaction
between electrons [5]. Then, we studied the BCS theory that proposes vari-
ational wavefunction describing the Cooper pairs, loosely bound and largely
overlapping, at ground state, and this theory is successful to explain criti-
cal temperatures of the some superconductors. However, it fails to explain
the high-Tc¢ superconductors, and ultracold fermionic systems having small
Cooper pairs. Therefore, we generalized BCS theory to analyze the strong
interaction regime. If we increase the interaction between fermions, we can
smoothly pass from BCS limit of loosely bound and largely overlapping
Cooper pairs to the BEC limit of tightly bound Bose molecules. There is
no phase transition in this process, so it is called BCS-BEC crossover for
balanced case, where both components have equal number and mass. How-
ever, for imbalanced case, Fermi levels of the fermionic species are distinct,
and we need stronger interaction to bound fermions. Therefore, system is
normal Fermi gas in the BCS limit. As the attractive interaction increases,
distinct fermion species gain enough energy to pair with each other but re-
pel the excess atoms leading the phase separation between superfluid paired

fermions and unpaired, excess fermions. As interaction is increased further,
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the pairs become tightly bound and repel excess fermions less, so system is
mixed with superfluid and excess fermions. Therefore, there are 3 phases for
imbalanced case which are normal phase, phase separation and superfluid
phase.

Physicists study more complicated systems to find new phases of matter,
and spin-orbit coupled (SOC) atomic Fermi gas is one of the most attracted
system after it was recently achieved first with bosonic than fermionic sys-
tems [17, 18]. We constructed phase diagrams of the system with SOC,
and we found that SOC enriches the ground state phases. Besides normal
phase (N), phase separation (PS), and superfluid phase (SF), there are two
new gapless superfluid phase, GSF(I) and GSF(II). Moreover, SOC stabi-
lizes the GSF phase against normal phase N at low population-imbalanced
P, and destabilizes the GSF against normal phase N at high P. Competition
between population-imbalanced and SOC stabilize the GSF and SF against
phase separation (PS). Therefore, at any P, system will reach GSF or SF
phase if we increase the SOC parameter a. SOC stabilizes the GSF phase
around unitarity although system is unstable against phase separation with-
out SOC effect @« — 0. Therefore, GSF phase is stable for large parameter
region, and this may allows us to realize the GSF phase with coldatoms in
the experiments. These new phases might be seen also in the laboratory in
the future.

In the last part, we solve the system in 2D optical lattice, and construct
the ground state phase diagrams. We also found stable new phase in the
ground state with SOC effect. However, this phase can be seen on the line in
2 dimension whereas it occupy the region in 3 dimension in the ground state
phase diagrams. Increasing SOC effect stabilizes the phases, so it allows to

the realization of these phases in the experiments.
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3.2 Outlook

It is significant to extend the analysis given in the thesis. First, we need
to solve the system in 3D optical lattice and construct the phase diagrams
of the systems which are more reliable. We can also solve the system for
finite momentum pairs that we check the stability of the phases at finite mo-
mentum pairing rather than Cooper pairs at rest. Furthermore, rather than
solving uniform system, we can also add a harmonic trap, and investigate

the effect of the trap on the system.
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