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Abstract

We analyze a two-sided decentralized search model with transferable util-
ity where heterogeneous sellers and buyers engage in costly search due to time
discounting under one-sided information asymmetry. We assume exogenous
type distribution which remains unaffected by the consummated matches in
the market throughout time. We prove that in such an economy where two
types of uninformed sellers and informed buyers are present, assortative match-
ing could be achieved as equilibrium. We show that supermodularity and log-
supermodularity of seller-, buyer-specific output functions and their sum along
with a higher spread rate for sellers’ output function compared to buyers’ is
necessary and sufficient for assortative matching under any search friction and
type distribution. We also find that one-sided information asymmetry does not
induce less restrictive asuumptions for assortative matching compared to com-
plete information setting where type heterogeneity is limited to two.
Keywords: assortative matching, information asymmetry, search friction, as-

signment, log-supermodularity



Ozet

Heterojen satici ve alicilarin zaman indirimi nedeniyle masrafli arayis i¢inde
oldugu fayda aktarimina izin veren gift-tarafli bir arama modelini tek-tarafli bilgi
asimetrisi altinda analiz ediyoruz. Zaman boyunca pazarda gergeklegen eslegmel-
erden etkilenmeden kalan disadayal tip dagilimi farz ediyoruz. Iki tipli, bilgisi
olmayan satict ve bilgisi olan alicilardan olusan bdyle bir ekonomide siralayici
eslesmenin denge olarak elde edilebilecegini kanmitliyoruz. Gosteriyoruz ki satic
ve aliciya 6zel {iretim fonksiyonlarimin ve bunlarin toplaminin siipermodiiler ve
log-siipermodiilerligiyle birlikte saticinin iiretim fonksiyonun dagilim oraninin
aliciya gore daha yiiksek olmasi herhangi bir arama friksiyonu ve tip dagilimi
altinda siralayici eglesme i¢in gerekli ve yeterli. Ayrica tip heterojenliginin ikiyle
sinirli oldugu durumda tek tarafli bilgi asimetrisinin siralayici eglesme i¢in tam
bilgi ortamina gore daha az smirlayici varsayimlar ortaya ¢ikarmadigini buluy-
oruz.

Anahtar Sozcikler: siralayic eglesme, bilgi asimetrisi, arama friksiyonu, tahsis,

log-siipermodiilerlik
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1 Introduction

The decision of two impatient agents whether to match is central to many
economic situations. The benefit is that when they match, they start to produce
and get a high payoff which is not obtainable when unmatched. The flipside is
that matching precludes further search and hence finding more suitable part-
ners. The agents then have to weigh the opportunity cost of an immediate match
against a delayed but possibly a more profitable match. Examples include the
decision of a man and a woman to marry, the decision of a firm and a worker to
enter into an employment relationship; or a home owner and a tenant to sign a
rental agreement. Therefore, economists have long been interested in markets
consisting of heterogeneous agents who differ in various dimensions searching for
suitable trading partners, and the matching patterns of those agents. Specifi-
cally, what leads to a sorting pattern was a question of maximal importance as it
induces an already decentralized efficient allocation without further mechanism
design.

Becker (1973) is first to analyze how competition in a marriage market sorts
males and females with respect to certain attributes such as wealth and ed-
ucation. Becker asserted that under any core allocation complementarities in
production -corresponding to supermodularity of production function- lead to
positive assortative matching which is the matching of individuals with similar
attributes. However, Becker’s model involved no search cost, hence agents were
patient enough to find the perfect match. Shimer and Smith (2000) are first to
prove the existence of a search equilibrium and to find the sufficient conditions
for assortative matching under any search cost and any type distribution. Their
finding is that supermodularity of production function does not suffice for as-
sortative matching in a search economy with discounting but its log first- and
cross-partial derivatives are also required.

In this paper, we extend Shimer and Smith(2000)’s model by incorporating
one-sided information asymmetry. In our model, sellers and buyers search over
the infinite horizon for match partners to maximize their total expected pay-
off. Each period sellers haphazardly match with buyers, then each seller makes
an offer to the buyer whom she is matched with. Although the distribution
of types are known by both parties, sellers do not observe the type of buyer
she is matched with whereas buyers do observe types of the assigned sellers.
Agents’ utilities are characterized by premuneration values meaning that their

value from the match is legally separated, that they are entitled to a certain



predetermined output for each contingency. We first show that when sellers are
entitled to zero output from any match, log-supermodularity of buyers’ premu-
neration value suffices for assortative matching along with the supermodularity
assumption. We then turn to the general case where both parties are enti-
tled to non-zero output and find the sufficient conditions for assortative match-
ing. In the following section, we discuss frictionless matching and find out that
Becker’s supermodularity condition suffices for assortative matching under one-
sided information asymmetry. We finally compare our assumptions with those
of complete information setting and observe that log-supermodularity assump-
tion suffices for assortative matching when only two types of sellers and buyers

are present.



2 Model

Consider a discrete time, infinite horizon search model where there are un-
informed sellers and informed buyers trying to match with potential trading
partners and matching is time-consuming. They incur an implicit search cost
through a common time discount factor 6 € (0,1) at each period. Types are
exogeneously given. Assume the economy is at steady state and solely consists
of unmatched agents. Let z = [zp, zg] represent the steady state probability
density functions of buyers and sellers. Each period sellers haphazardly match
with buyers, then each seller makes an offer to the buyer whom she is matched
with. Although the distribution of types are known by both parties, sellers do
not observe the type of buyer she is matched with whereas buyers do observe
types of the assigned sellers. A match is formed only if buyer accepts the given
offer and matched agents leave the market. However, we assume that the distri-
bution of unmatched agents is not affected by the buyers’ acceptance sets, new
substitutes for the matched agents arrive in the market at each period and z

remains unchanged throughout time.

Preferences: Each agent maximizes her expected present value of payoffs.
Agents’ utilities are characterized by premuneration values meaning that their
value from the match is legally separated, that they are entitled to a certain
predetermined output for each contingency. Note that use of premuneration
values rather than a common output function as in Shimer and Smith(2000)
and Atakan(2006) is a necessary move when asymmetric information is present
as otherwise uninformed sellers would not know their exact value for different

contingencies.

Let f:Osx0BOp > Rand g: Og x O — R where Og and Op are type

sets, denote the premuneration values of sellers and buyers, respectively.

We assume that the utility of each party from a consummated match is
us = f(s,b) + t(s) and up = g(s,b) — t(s) where ¢(s) is the transfer payment
demanded by the type s seller.

Strategies: We assume that sellers and buyers use time-invariant strategies.
A strategy for seller s is a transfer payment t, € RT while a strategy for buyer
b is a measurable set A(b) C ©g that represents the type of sellers b is willing to
accept, we assume buyers accept the offers at the indifference points. Although

what buyers accept is the offer ¢(s) made by a certain type of seller rather than



the types of sellers themselves, the fact that buyers observe the types of sellers
and that the buyers are aware of this fact prevent any mimicking by the sellers
and for every type of seller there is a distinct corresponding offer that is perfectly
representative of her type. Hence we take interest in types of sellers as buyers’
strategies for a more convenient analysis of assortative matching. Per-period-
payoff of a buyer b using the stationary strategy A(b), when matched with a
seller s using the stationary strategy ¢(s), is

g(s,b) —ts if se A(b)
0 if s¢ A(b)

Similarly, per-period-payoff of a seller s using the stationary strategy t(s),

(s, b, ts, A(b)) = {

when matched with a buyer b using the stationary strategy A(b), is

f(s,b)+ts if se A(b)
0 if s¢ A(b)

Given that sellers use the strategies {¢(s)}scos, €ach buyer solves the opti-

ms(s,b,ts, A(b)) = {

mization problem

Ezs Z (Siﬂ'B(Si, b, t(Si), A)

=0

(1)

vp(b) = max
A

while each seller, given that buyers use the strategies {A(b)}pco,, solves

E.p, Y 8'ms(s,bits, A(bi))

=0

vg(s) = max
ts

(2)

Note that b; and s; are random draws from the steady state type distribu-
tion z = [zp, 2g] if there has been a rejection in the preceding period ¢ — 1 and

mp = mg = 0 for all the periods following an acceptance.

It naturally follows that a match is consummated if and only if it generates
non-negative surplus for the buyer. Therefore, matching set M (b) for a type b
buyer is exactly her acceptance set A(b) as any match with a seller she accepts

is already such a match, hence
M) = A(b) ={s:g(s,b) —t(s) > vp(b)} Vbe Op

Symmetrically, matching set M(s) for a type s seller consists of buyers that



accept seller s,
M(s)={b:s€ Ab)} ={b: g(s,b) — t(s) > vp(b)}

Buyer’s value function is her expected gain from future matches

vp(b) = 0| E.,max{g(s,b) —t(s),vp(b)} (3)

As we are in search of a stationary strategy in an environment with exogenous
probabilities waiting for another period is never optimal for the seller. Hence
seller’s value function is just the discounted value of her optimized present payoff

[seller solves the monopolist’s problem]

us(s) = dmax [ /M(S) (F(s,b) + t(s) — vs(s))dZp(b) + vs(s)] (4)

Search Equilibrium: A search equilibrium E = [vp,vg, A(+),t(-)] composed
of functions vg : O — R and vg : ©g — R, the maximized values for each
buyer b and seller s of participating in the economy; and strategies A(b), t(s)
for each b and s where A(b) is an optimizer for vg(b) and #(s) for vg(s) for each
beBOp, s€BOg.

Assortative Matching

Definition: Let ©p, ©g be ordered sets. There is assortative matching if the

matching sets form a lattice in Op X Og i.e. for any (b,s),(¥,s') € |J {b} x
beOp
M(b) C Op x Og, we have

(min{b,b'}, min{s, s'}), (max{b,b'}, maz{s,s'}) € U {b} x M(b)
beOp

Our definition is simply an adaptation of Shimer and Smith’s lattice defini-
tion for assortative matching which is a generalization of Becker’s definition. In
a frictional environment, individuals are willing to accept sets of agents; mis-
match is acceptable unlike Becker’s definition. However, the mismatch should
describe a preference for matching with similar types. In our definition, if a high
type seller matches with a low type buyer and a low type seller matches with a
high type buyer in equilibrium, then the sellers should also be willing to match
with their own types. The cases that this does not hold do not fully represent



a preference for the same or higher types and that is the main motivation for
this definition.

The following are the assumptions that we use to prove assortative matching.

Al: The premuneration values f and g are non-negative and increasing in
s, b.

A2: The premuneration values are strictly supermodular i.e. if s1 > so and
by > by where s € Og and b € Op , then f(s1,b1) + f(s2,b2) > f(s1,b2) +
f(s2,b1); and g(by, s1) + g(b2, s2) > g(b1, 52) + g(b2, 51).

A3: The premuneration values are strictly log-supermodular i.e. if s1 > $o
and by > by where s € ©g and b € Op , then

logf(s1,b1) +logf(sa,b2) > logf(s1,b2) + logf(sa,br)

or alternatively

f(s1,b1)f(s2,b2) > f(s1,b2) f(s2,b1)

Corollary. If we assume f, g to be twice differentiable along with Al, then

log-supermodularity condition implies supermodularity condition.

Proof. Let f be log-supermodular.

Dlogf 1 (’)fo_gg -0
dsob  f2 \ 0s0b ds 9b ) —
As f and its first partial derivatives are non-negative, g;gb is non-negative. [



3 Analysis for Two Types

3.1 Zero Value for Sellers

We proceed by investigating the simplest case where there are only two types
of sellers and buyers, namely high and low for each, and the premuneration

values of the sellers are taken to be zero, that is
Os={H,L} and ©p={hl}, f(b,s)=0V(s)€eOpx0Os (5)
Let z be a density function such that

zp(H)=p z2s(h)=q where p,q€(0,1)

Theorem 1: If g satisfies A1 to A3, then matching is assortative for any z and
0.

Proof. We prove the theorem case by case
Case 1: A(h) = A(l) = {tu,tr}
Continuation values of buyers:

v(h) = d[p(gun —tu) + (1 —p)(grn — tr)]
v(l) = 6[p(gmr — tu) + (1 —p)(grs —tL)]

As we are in search for a competitive equilibrium in which both types of

buyers accept both types of sellers, the following must hold:
g —ta > v(h), gon —tr > v(h)

g —tag > v(l), g —tr > v(l)

Assume that sellers make their offers in order to be accepted by both types
of buyers. Observe that under supermodularity assumption any utility maxi-
mizing offer made by high type seller tg that is accepted by low type buyer is
also accepted by high type buyer as there is no better match for high type buyer
other than high type seller.



Claim: For any tg < gm; and tr, < gri, g — v(1) < ggn — v(h).

Proof. Suppose not true. Then

v(h) —v(l) = d[p(9an — 9m) + (L = p)(gLn — 9r1)] > gun — 91

Hence 501
1> (1-p) > 9Hh — gHIL
1—=0p ~ grh —9gu
which contradicts supermodularity of g. O

However, low type seller’s any utility maximizing offer ¢, that is accepted by
low type buyer is not necessarily accepted by high type buyer as high type buyer
h could always wait another period to possibly match with a high type seller H
instead of accepting low type seller’s offer ¢;,. Hence, we require a lower bound
on high type buyer’s relative gain from a match with low type seller compared
to the gain from matching with a high type seller that makes an instant match

more desirable i.e.
grn —tr S op

gun —tH 1—5(1—p)

Indeed, this lower bound is an increasing function of the probability of meet-

ing a high type seller p and the level of time friction §.

Now we solve the utility maximization problem of sellers under these as-
sumptions. At an optimum we have tgy = gg; —v(l) and t;, = gr; — v(l) because
ug =ty < g —v(l) and uy, = tr, < gr; — v(l). Substituting the offers ¢y,
tz, in continuation values, we have v(l) = 0 and v(h) > 0. Hence t}; = gm; and

t7 = g1 is an equilibrium candidate.

We further need to ensure that the sellers do not deviate by increasing their
offers at the expense of not matching with low type buyers. Suppose low type
buyer deviates from ¢t} = gr; by offering tr = grn — v(h) as this is the best
deviation from the candidate equilibrium offer while high type seller offers t3; =
g If we revise the continuation values, we have

op

tr = 9grh — m(th = gm1)



Similarly, if H deviates while ¢t = gr; , her best deviation is

5(1__5?(th —9gr1)

E\I;:th_ 1

Observe that no-deviation-constraint for low type seller

- - 1-96
ur(ty) > ur(ty) = g > qtr + (1 —q)ogny = ¢ < w
tr — gL
Similarly, no-deviation-constraint for high type seller
. N — 1-9§ 1
up(ty) > up(ty) = gm > gty + (1 —q)dgm = ¢ < (Nﬁ
tg — 0gm

Set

o {(1 — &g (1— 5)9Hz}
g = mins = ,
tp —0gr1 tg —o9m

Hence for any ¢ < ¢ and strictly supermodular g s.t.

grh — 9LI > op
gan —9m 1 —=6(1—p)

we have an equilibrium that is trivially assortative.



Case 2: A(h) = {tH},A(l) = {tH,fL}

Consider a matching structure where high type seller H is matched with
both type of buyers whereas low type seller L is only matched with low type of
buyer.

Buyers’ continuation values are

v(h) = 0[p(gun — tu) + (1 — p)v(h)] (6)
v(l) = d[p(gm — ta) + (1 —p)(grs — tr)] (7)

Note that
gun —ta > v(h), gon —tr <v(h)

g —tag >v(l), g —tr >v(l)

Sellers’ utility maximization problems yield ¢ = gz; and t3; = gg;. Observe
that ty and t, respect each type of buyer’s constraints under our construction

if we assume
9grLh — 9L op

gan —gm 1 —90(1—p)

Note that H might increase his offer to ty = g rr—v(h) and get accepted by only
high type buyer while t; = gr;. Then no-deviation-constraint for H becomes
q < %. Low type seller L cannot increase his utility by matching with

high type buyer. Suppose t;, = gr; — v(h) while ty = t%. Then

~ )
tL =9gLh — 729(91% — gH1)
1-46(1-p)

L e . - * 9grLh—9grLi op
. This amount is always less than ¢t} due to s —or < To5(i=p)

1-5 .
Hence for any ¢ < ﬁ and strictly supermodular g s.t.
grn — 9L op

gan —gm 1 —90(1—p)

we have an assortative equilibrium in which A(h) = {tg}, A(l) = {tg,tr} with

i}, = gL, ty = gHi-

10



Case 3: A(h) = {tH, tL}, A(l) = {tL}
Consider a matching structure where high type seller H is only matched with
high type buyer h whereas low type seller L matches with both types of buyers.

Buyers’ continuation values are

v(h) = d[p(gun —tr) + (1 —p)(grn —tr)] (8)
v(l) = 6[pv(l) + (1 = p)(gr1 — tr)] (9)

Note that
gun —tg > v(h), gon —tr > v(h)

gl —ta <v(l), g —tr >v(l)

Low type seller L’s utility maximization problem yields ¢t; = gr; and v(l) =0
Moreover, H only matches with high type buyer so H offers ty = gup, — v(h) to
maximize his own utility. Substituting ¢y and t;, in explicit form of v(h), we
have 5
ty = gHn — 1(1_5?(%}1 —gri)

Observe that ty and t; respect each type of buyer’s constraints under our
construction. Note that H might reduce his offer to thy = g — v(l) and get
accepted by both type of buyers as in previous case while ¢t; = gr;. Then

no-deviation-constraint for H is

5 15
gty + (1= q)u(H) > g where v(H) a TN (= d)gm

T 1-6(1—gq =t — ogm

Low type seller L could also increase his utility by only matching with high type
buyer. Suppose t;, = grn — v(h) while t = t%,. Then

ép  6(1-p)
1-6(1-p) 1-4p

tr = grn — (9n — 9r1)

No-deviation-constraint for L is

_ 1—
gr1 > qtr + (1 — ¢)u(L) where v(L) =dg = ¢ < w

tr, — 6gri

Note that such q exists iff

1—p) dp

d(
_ >~ -7 _ - -
9gHRYLl — 9HIGLh = 1—op (th ng)(ng 1 5(1 p)ng)

11



Hence for any such ¢ and strictly supermodular g, we have an assortative equi-

librium in which A(h) = {tH,tL},A(l) = {tL} with tz = ng?t*H = gHn —
5(1*20)1(9;;1*9“) ]
—op

12



Case 42 A(h) = {tH, tL}, A(l) = {tH}
Consider a matching structure where low type seller L is only matched with
high type buyer h whereas high type seller H matches with both types of buyers.

Buyers’ continuation values are

v(h) = d[p(gun —tr) + (1 —p)(grn —tr)] (10)
v(l) = 0[p(gmm — tu) + (1 = p)o(l)] (11)

Note that
gun —tg > v(h), gon —tr > v(h)

g —tag > v(l), g —tr <v(l)

High type seller H’s utility maximization problem yields ¢§; = ggy and v(l) =

0. Moreover, L only matches with high type buyer so L offers ¢, = grn — v(h)
to maximize his own utility. Substituting ¢ and ¢, in explicit form of v(h), we
have

tL = 9grn — 67}9(th — gm1)

g 1-6(1-p)
Observe that ty and tj respect each type of buyer’s constraints under our
construction. Note that L might reduce his offer to t;, = gr; — v(l) and get
accepted by both type of buyers as in previous case while t; = gg;. Then

no-deviation-constraint for L becomes

g 1-46
qt7, + (1 = q)v(L) > g1 where v(L) q )tz — ¢ > (1 —0)gu

T 1-4(1-gq =t —dg

High type seller H could increase his utility by only matching with high type
buyer. Suppose tny = gun — v(h) while ¢, =t} . Then

1—6(1—p) 1—op 9Hh — JHI

tn = gmn —

No-deviation-constraint for H is

grL > bt + (1 =b)v(H) where v(H) =d6gm — ¢ < w

tr — 0gm

Note that such ¢ does not exist due to log-supermodularity assumption since

op 6(1 —p)

— < e — — _— =7
9HRILI + JHIILK 1—3(1—p) (9rn = 9m1)(gm 1= 6p gr1)

13



Case 5: A(h) = {ty}, A(l) = {tr}

Consider a matching structure where high type seller H is only matched
with high type buyer h and low type seller L is matched with low type of buyer
l.

Buyers’ continuation values are

v(h) = 6[p(gun — tu) + (1 — p)v(h)] (12)
v(l) = dlpo() + (1 — p) (gL — t1)] (13)

Note that
gun —ta > v(h), gon —tr <wv(h)

g —ta <v(l), g —tr >v(l)

Sellers’ utility maximization problems yield 3 = gr; —v(l) and t3; = gun —v(1),
hence v(l) = v(h) = 0. But then Al is contradicted

grn —tr <v(h) = grn— 9 <0

Therefore such an equilibrium does not exist.

14



Case 6 : A(h) = {tL},A(l) = {tH,tL}
Consider a matching structure where high type seller H is matched with only
low type buyers whereas low type seller L. matches with both types of buyer.

Buyers’ continuation values are

v(h) = d[pv(h) + (1 = p)(grn — tL)] (14)
v(l) = 6[p(gm — ta) + (L —p)(grs — tL)] (15)

Note that
gun —tg <v(h), gon —tr > v(h)
g —ta > v(l), g —tr >v(l)

Sellers’ utility maximization problems yields ¢ = g, —v(l) and t}; = g —v(1),
hence v(l) = 0 and v(h) = %(gu} — gr1). But then the supermodularity

of g is contradicted

_ §(1 —
9Hh 9Hl< ( p)

<1
9grh — 9L 1—ép

gun —tg <v(h) =

Therefore such an equilibrium does not exist.

Case 7 : A(h) ={tL}, A(l) = {tu}

Consider a matching structure where high type seller H is matched with only
low type buyer whereas low type seller L. matches with only hight type buyer.

Buyers’ continuation values are

v(h) = d[pv(h) + (1 = p)(grn — tL)] (16)
v(l) = d[p(gm — tu) + (1 = p)o(l)] (17)

Note that
gan —tg <v(h), grn —tr > v(h)

g —ta > v(l), g —tr <v(l)

Sellers’ utility maximization problems yield t5 = grn, —v(l) and 3, = g —v(1),
hence v(l) = v(h) = 0. But then Al is contradicted

gun —ta <v(h) = gun —9m <0

Therefore such an equilibrium does not exist.

15



Claim: tr,,tg € A(b) for some b in any equilibrium.

Proof. Suppose, wlog, t;, ¢ A(b) Vb in some equilibrium. Then ¢, > gr, Vb
and uy, = 0. But then, there exists a more profitable deviation ¢;, = ¢;; where

b = maz b making uy, > 0. O

By the claim, the only case left is
Case 8: A(h) = {tm,tr}, A() =10

Buyers’ continuation values are

v(h) = 0[p(gun — tu) + (1 —p)(grn —t1)] (18)
v(l)=0

Note that
gun —tg > v(h), gon —tr > v(h)

gm —ta <v(l), g —tr <v(l)

Hence t3; = gup and 7 = grn are candidate equilibrium transfers. No-

deviation-constraints are

q> (1 - 5)9Hz
gHK — 0gHI
and 15
> ( - )ng
gHI — 0gL1
Set

_ { (1—-0)gm (1 —-9)gn }
q = max ,
guh — 091 gHI — 0911

Hence for any ¢ > ¢ and strictly supermodular g, such equilibrium exists.

O
The strategy profile of sellers can be written as
. -5
(9rns 9Ln) if q> %
* _ d(1-p) . s (1-0)gr1 (1-0)gm
(t;I’tL) = (th 1-dp (th ng)’ng) Zf grh—909grLi > q Z th*(Sfl:ai) (9Ln—gr1)—d0gm
(g1, 9r1) otherwise

When probability of meeting a high type buyer ¢ is sufficiently high, sellers

9 (1-8)gri

96 grr—do < 0, this lower

propose as to match with only high type buyers. As

16



bound increases along with level of friction and that requires a much higher

probability ¢ for proposing as to match with only high types. When ¢ is below
(1-8)gr1

gLh—0gL1’
high type buyers, so she deviates and makes an offer as to match with low

low type seller cannot afford to be proposing as to match with only

type and hope to be accepted by high type buyers if possible. Low type seller
deviating reduces high type seller’s expected payoff through continuation values.
Although high type seller could still afford to match with only high type buyers,
high type buyer’s continuation value has increased as matching with a low type
seller is now more valuable for her. However, high type seller also deviates when
(1-08)gm

< —
q gyh—‘;{l_sﬁ) (9Ln—grL1)—dg9m

buyers. Although seller’s strategy remains the same below this level of ¢, high

, they both propose as to match with both types of

type buyer’s strategy depends on whether the instant gain from a match with a

low type seller exceeds the value of waiting. Hence if 2:=9LL > __ 92 {eg
9HR—9HI 1-6(1-p)

not hold, high type buyer deviates and only match with high type seller.

Therefore the following equilibrium matching structure arises

; (1-8)gri
[{H,L},0] e zif g)Z Jin—dgnr
; —9)gri > —9O)gH1
HH’L}’ {L}] if gLn—0gLi ~a= th—‘sfl_gi) (9Ln—9L1)—89m
; (1—=8)gm (1-6)(9Ln—9gr1)
[{H}’ {H7L}] Zf QHh*il(‘l;sg) (thIing)*ﬁgHz > q) AP 2 5(9Hh*ngL*thL+9Lz)
: (1-6)gm (1-0)(gLrn—gr1)
[{H7L}’ {4, L}] if an—éfl:«sz) (9Ln—gL1)—0gm1 Za)h 5arn—ami—gin+ar) ~ P
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Graph 1: Equilibrium Matching Structure when f =0

q
11
[{H, L}, 0]
(1=8)grr |
grh—909gr1
(1=08)gm I [{H,L}, {L}]
T =3t —gL) =0 G e S (1=8)gm
9HR—0gHI
[{H,L},{H,L}| {H},{H,L}]
(1-8)(gun—g11) 1

0(geh—9HI—9gLR+gLL)
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3.2 Non-Zero Value for Both Parties

Now we turn to the general case where f(s,b) # 0 V(b,s) € ©p x Og.

Theorem 2: Assume f,g satisfy A1 and A2.

If
gun + frn o gm
grn + fun 9L
gun + fun o Jm
grh + fun — fu
and
9n - Jun
JdLh frn

then matching is assortative for any z and 6.

The first condition is that high type buyer’s marginal contribution to total
value by matching with high type seller (instead of low type seller) is higher than
low type buyer’s marginal contribution to her own value by matching with high
type seller (instead of low type seller). The second condition is high type buyer’s
marginal contribution to total value by matching with high type seller (instead
of low type seller) is higher than high type seller’s relative gain by matching
with a low type buyer compared to a low type seller. The third condition is
high type buyer’s marginal contribution to her own value by matching with a
high type seller is higher than high type seller’s relative gain by matching with
a high type buyer compared to a low type seller.

Proof. Note that the proof is only different in terms of the utility of sellers which
is now ug = f(s,b) + t(s).

Case 1: A(h) = A(l) = {tu,tr}

Observe that no-deviation-constraint for low type seller

ur(t}) > ur(ty) = gutpfint+Q-p)fri > q(t+fin)+(1—q)d(gritpfrn+(1-p)fri)

(1 —0)(grt +pfrn+ (1 —p)fri)
T to+ fon —0(g 4+ pfon + (1 —p)frr)

Similarly, no-deviation-constraint for high type seller

up (thy) > up(ty) = gm+pfunt0—p)fu > q(ta+Ffun)+(1—q)8(gm+pfan+(1—p) fu)
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(1= 6)(9m1 +pfrn + (1 —p) fm)
~ tu + fun — (g + pfun + (1 —p) fm)

Set

g=m { _ (1 —=06)(9rt +pfrn + (1 —p)fL1) _ (1= 06)(9m +pfun + (1 —p) fmr) }
tr + fon — (g +pfrn + (1 —p)fr1) ta + fan — 0(gem + pfan + (1 = p) fmi)

Hence for any ¢ < ¢ and strictly supermodular g s.t.

grn — gLl > op
gah —9gm 1 —6(1—p)

we have an equilibrium that is trivially assortative.
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Case 2: A(h) = {tH},A(l) = {tH,fL}

Sellers’ utility maximization problems yield ¢t7 = gr; and t}; = gg;. Observe
that ty and tr respect each type of buyer’s constraints under our construction

if we assume
grLn — 9Ll op

gan —gm 1 —90(1—p)

Note that H might increase his offer to tg = ggn — v(h) and get accepted
by only high type buyer while t; = gr;. Then no-deviation-constraint for H

becomes
(1 —0)(gm +pfan + (1 —p)fm

<
= gun + fun — 0(gm +pfan + (1 —p) fm)
Low type seller L cannot increase his utility by matching with high type buyer.

Suppose t1, = grn — v(h) while t = t3;. Then

~ 1)
tr = g9Lh — —r (9En — 9m1)
1-6(1—p)

: : * grLh—gri Sp
This amount is always less than t7 due to gmr—gnt < To5(i=p)

Hence for any

g < (1—=0)(gm +pfun+ (1 —p)fm)
=~ gun + fan — 0(gm + pfan + (1 = p) fm)

and strictly supermodular g s.t.

grLh — 9Ll op
gan —9m 1 —06(1—p)

we have an assortative equilibrium in which A(h) = {tgx}, A(l) = {tg,tr} with

t1, = g, ty = gmi.
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Case 3: A(h) = {tu,tr}, A(l) = {tr}

Low type seller L’s utility maximization problem yields ¢t} = gr; and v(l) =
0. Moreover, H only matches with high type buyer so H offers ty = g — v(h)
to maximize his own utility. Substituting ¢z and ¢z, in explicit form of v(h), we

have
6(1—p)

m(gm - ng)

Uy = 9mn —

Observe that ty and tj respect each type of buyer’s constraints under our
construction. Note that H might reduce his offer to tg = gm — v(l) and get
accepted by both type of buyers as in previous case while t; = gr;. Then

no-deviation-constraint for H is

dq

= m(ﬁq-i—fffh)

q(tg+fun)+(1—qv(H) > gm+pfan+(1-p) far where v(H)

(1 =06)(9m1 +pfun + (1 —p) fm)
= ti + fun — (g + pfun + (1 —p) fm)

Low type seller L could also increase his utility by only matching with high

type buyer. Suppose t;, = gr;, — v(h) while ty = t};. Then

dp _ 5(1—p)
1-6(1—p) 1-96p

tL = grn — (9Lh — 911)

No-deviation-constraint for L is

goipfont(1-p) fu > q(tL+fon)+(1—q)v(L) where v(L) = 6(gri+pfrrt+(1-p)fLi)

1-9 1-—
— < = ( )L +pfon + (1 —p)fu
tr + fon — (g +pfon + (1 —p)fri)
Note that such ¢ exists iff

(9un+fan)gri—gm(gon+fon)+o(frngan—Ffangon)+A—p)[(fan+gmn) fri—fai(fontann)]

S 00 —p)

219 (th—ng)(9L1+prh+(1—p)sz—1_(;zzlj_m(9H1+prh+(1—p)sz>

Hence for any such ¢ and strictly supermodular g, we have an assortative

equilibrium in which A(h) = {tg,tr}, A(l) = {tL} with t; = gri,t}; = gun —
5(1—20)1(5713}1—ng)_
—&p
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Case 4: A(h) = {tu,tr}, A(l) = {ty}

High type seller H’s utility maximization problem yields ¢§; = gz and v(l) =
0. Moreover, L only matches with high type buyer so L offers ¢, = g, — v(h)
to maximize his own utility. Substituting ¢z and ¢z, in explicit form of v(h), we
have

op

1 = - -
L=Y9Lh = 7 51 —p) (9mn — 9m1)

Observe that ty and tp respect each type of buyer’s constraints under our
construction. Note that L might reduce his offer to t;, = gr; — v(l) and get
accepted by both type of buyers as in previous case while t}; = gg;. Then
no-deviation-constraint for L becomes

. dgq .
q+frn)+(A=q)v(L) = gritpfrat+(1-p) fri where v(L) = m(tLJrth)
(1=6)(gri +pfrn+ (1 —p)fr1)
+ frn — 0(grr + pfrn + (1 —p) fri)

High type seller H could increase his utility by only matching with high type

:>qzt*
L

buyer. Suppose tg = ggn — v(h) while t7, = t%. Then

1—5(1—p) 1—op 9gHh — 9HI

tAI;r = 4dHh —
No-deviation-constraint for H is

gmApfan+1=p) fim > q(ta+fun)+(1—q)v(H) where v(H) = 6(gm+pfan+1—p)fim)

— g< N(l —0)(gm +pfan + (1 —p) fm)
tg + fan — 0(gm + pfon + (1 —p) fr)

Note that such g does not exist due to the additional assumptions we make

—(gun+rfun)gri+gm(gon+fon) —p(fongman—Ffangon)—A=p)[(fan+9mn) fri—fm(fon+gon)]

(1 —p)
1-9dp

< (Sp_p)(th_ng)(ng+prh+(l_p)le_

1- (1 (ng—H?th-f—(l—P)sz)
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Note that Cases 5-7 do not represent an equilibrium irrespective of the value
of f.

Case 8: A(h) = {tm,tr}, A() =10

Note that t7; = gmn and t] = gr, are candidate equilibrium transfers

No-deviation-constraints are

0> (1—=0)(gm +pfun+ (1 —p)fm)
=~ gun + fan — 0(gm + pfan + (1 = p) fm)

nd
) Vo (=0 +pfin + (1= p)fu)
“gm+ fm—0(gr +pfrn + (1 —p)fr)

Set
qmax{ (1 —0)(gm + pfun + (1 —p)fm) (1—08)(gr1 +pfrn + (1 —p)fr1) }
gun + fan — 0(gm + pfan + (1L = p) fm)” 9m + frr — 6(9ee + pfon + (1 —p) fri)
Hence for any ¢ > ¢ and strictly supermodular g, such equilibrium exists.
O
The strategy profile of sellers can be written as

: (1=9)(grit+pfrnt+(1—p)fr1)
(th’gLéh()l | (1—8)(gna+pfont{1—p) o) if ¢z gL}(ll-i_féL)}E_géiu];:;fi?l—i_(l)_f;;éu)

* kN -p ; —o0)(grLiTPJLh —PpP)JjLt —90)(gHITPJHR —P)JHIL
(tH’tL) - (th T 1-dp (th - ng)’ng) if gen+fon—90(9gni+pfon+(1—p)fri) >q=z ty+fan—0(gmi+ofun+(1—p)fu1)
(9m1,9L1) otherwise

And the equilibrium matching structure is as the following

: (1-8)(gri+pfrn+(1—p)fri)
[{H’ L}’Q]] (18 (gt pfont (—p)fra) if a2 QLi(L1+f§)h(,*g(iu];]ﬂfig;r(l)}z));u)

; - gLl TPJLh —P)JjLt — 9HITPJHhR —P)JH!
[{H’ L}, {L}] if grnt+frn—9o(gri+pfon+(1—p)fr1) >q= ti+fun—0(gm~+rfan+(1-p)fm)

A(h),A(l)| = : (1=8)(gmtpfant+A—p)fm1) (1-9)(9Ln—gr1)
[ ( ) ()} [{H}’{H’L}] if ty+fan—90(gm+ofun+(1—p)fu1) >q|AN\p=z 0(9grh—9HI—9LR+9LI)
: (1=8)(gri+pfEn+(1—p) fr1) (1-8)(9rn—9r1)
[{H’ L}’ {H’ L}] Zf tfi+th,—ﬁ;m-g;}mr%(l—glfm) >q A 5(9Hh_ngL_thhL"lfng) =P
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Graph 2: Equilibrium Matching Structure when f #£ 0

(1-8)(gri+frn)
[{Hv L}v@] IRRRRIRTEREEEE “--thJrth*géngLJrhth)

(1=0)(gri+fr1) 1
grr+fon—9o(gLi+fri)

............ (1=8)(gui+Frn)

(1=0)(gui+fH1) BTN gun+fan—0(gmi+fun)

grn—0(gLh—gr)+fan—0(gm+fm) |

[{H, L}, {H,L}] [{H},{H,L}]

(1—=6)(9rn—9gr1) 1
0(9rn—9gH1—9LR+gL1)

3.3 Frictionless Matching under One-Sided Information
Asymmetry

If there is no search friction due to time discounting, then sellers are patient
enough to search for the highest profit generating partner. Since the proba-
bilities are exogenous and constant, supermodularity assumptions on f and g

suffice for Case 8 to be the unique assortative equilibrium as in Becker’s.
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3.4 Comparison to Complete Information

If we remove one-sided information asymmetry and take a common output
function, then our model is reduced to Shimer and Smith(2000). Our initial
guess was that one-sided information asymmetry could induce less restrictive
assumptions on assortative matching compared to complete information setting
as uninformed sellers are bound to make less scrutinized offers due to lack of
information. For that purpose, we analyze a two-type-case under complete
information but we find out that log-supermodularity assumption still suffices
for assortative matching.

Theorem 3: Assume a common output function g under complete infor-
mation. If g is supermodular and log-supermodular, then any equilibrium is

assortative.

Proof. Observe that the only non-assortative equilibrium that could occur under

supermodularity assumption are the following
Case 1: A(h) = {h,i}, A(l) = {h}

Let us write the Bellman equations for each type

o(h) = 3(5 (gun — v(k) + v(h)) + —= (g = v(1) + v(h))

o(1) = 8(5(gn = v(h) + v(1) + (1 = p)o(1))

where
gnh > 2v(h), g > v(h) +v(l) and 2v(l) > gy

Then

o(l) = 20p(1 — 8 + 0p)gn — 0°pgnn
4 — 66 + 202 + 25p(2 — 26 + dp)

Hence by log-supermodularity

20p(1 — 0+ 0p)gn — %P2 gnn _ gu _ 9y

4 — 66 4 262 + 26p(2 — 26 + dp) 2 29nn
It follows that

1 20p(1—6+6 §2p?
0>§(@)2 p( + dp) ghi P

As A <0 V6, p, we have a contradiction.

26

ghn’ A — 60 + 26% 4 20p(2 — 26 + 0p) ghn | 4 — 66 + 262 + 26p(2 — 26 + p)



Case 2: A(h) = {1}, A(l) = {h,{}
The Bellman equations for each type

o(h) = 6(po(R) + =L (g — v(1) + v(h))

2
(1) = 8(5 g — o(h) + 0(0)) + L (gu — v(1) + v(1))
where
gnn < 2v(h), gn > v(h) +v(l) and 2v(l) < gy
Then

26(1 — p)(1 — 6p)gn — 6%(1 — p)?gu

v(h) = 4— 25 — 48p + 26%p?

Hence by log-supermodularity

20(1 —p)(1 = dp)gn — 8*(L = p)’gqu _ gnn S 9
4—26 — 45]? + 252]?2 2 29”

It follows that

0>1(@)27 26(1 —p)(1 —0p) g §2(1 — p)?

As A <0 V4, p, we have a contradiction.

27

2 gu 4— 20 —46p + 20%p% gy | 4 — 26 — 40p + 262p?



4 Conclusion

We analyzed a frictional dencentralized search model under one-sided infor-
mation asymmetry. We found that assortative matching is achievable under
log-supermodularity assumption when sellers value from the match is zero. If
sellers are entitled to a non-zero value from the match, then more restrictive
assumptions are needed in order to restore assortative matching. We compare
our model with Shimer and Smith(2000)’s model in order to see how binding
our assumptions are and we find out that log-supermodularity also suffices for
assortative matching under complete information meaning that incorporating
one-sided information asymmetry does not induce less restrictive assumptions
when sellers value are taken to be zero. However, our model is limited in terms
of type heterogeneity and distribution endogeneity. Hence a full and healthy
characterization is only possible through extending our model to a continuum
of types and allowing the distribution of types to be affected by the acceptance

sets of agents.
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