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ABSTRACT

The thesis is devoted to the initial-boundary value problem for the Burgers’ original
model of turbulence. The problem of existence and uniqueness of initial-boundary value
problem for Burgers’ original equations modeling turbulence in fluid flow is studied. Uniform
estimate of solutions and stability of a stationary state is established under some restrictions

on parameters of the system.



OZETCE

Bu tez Burgers’in orijinal tiirbiilans modeli i¢in baglangic-sinir deger problemi ile ilgi-
lidir. Tirbiilansh akisi modelleyen Burgers’in orijinal denklemleri icin baglangic-sinir deger
probleminin ¢oztimiiniin varligi ve tekligi incelenmigtir. Diizgiin kestirimler elde edilmisg ve

denge noktasinin iistel kararliligi ispat edilmigtir.
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Chapter 1: Introduction 1

Chapter 1

INTRODUCTION

In his paper [1] Burgers simplified the Navier-Stokes equation

%u(m,t) +u(x,t) - Vu(z,t) = —=Vp(x,t) + vAu(z,t),

V- u(z,t) =0,

and got the following so called Burgers equation:

2

0 0 0
au(@ t) + u(m,t)%u(x,t) = V@U(ﬂ?ﬂf) + F(x,t) (1.1)

Generally, this equation is considered without external force F'(z,t). This equation is non-
linear, however it was shown by Hopf |7] and Cole [3] that the solutions of the equation does
not depend on the initial conditions. Also the equations can be simplified by Cole-Hopf

transformation:

into linear heat equation. In the same paper [1|, Burgers introduced and studied another
model describing dynamics of fluid flow.This model consists a coupled system of nonlinear

ordinary differential equations of the form

dUu

%:P—I/U_'U2,
d
d—;}:UU—Vv,

where U represents the velocity of the mean motion, and v turbulent motion. P,v are
constants representing the external force and a kinematic viscosity, respectively.

Later on in his famous paper [2] Burgers proposed a more sophisticated system that consists
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of an ordinary differential equation and a nonlinear second order parabolic equation:

d v b
biE =P — YU — 1 [ v2(t,y)dy,

ov 1 9%v v
ot = EUU+V87y2 721)8731

Here, U(t),v(t,y) are the unknown functions:

u(t) is the analogue of the primary or the mean motion in the case of a liquid flowing through
a channel, v(t,y) represents the secondary motion. The case v # 0 describes turbulence
in the system. The variable y that occurs in v plays the part of the coordinate in the
direction of the cross dimension of the channel. P,v are given constants. P represents the
exterior force acting upon the primary motion, and v stands for frictional effects. Burgers
considered the case when the domain of y is an interval (0,b), and v vanishes at both ends
of the interval.

There are many studies of the Cauchy problem and the initial boundary value problem for
the viscous Burgers’ equation

82

gu(m,t) + u(x,t)aaxu(a:,t) —v—u(z,t)=0, ze€R, t>0. (1.3)

ot Oz2

This equation is a special case of the Burgers’ original equation. For the results on the local
and global existence of solutions to the initial boundary value problems of this equation,

we refer to the books [9], [8]. There are also some publications on generalized Burgers’

equations:
%v(:c,t) = p(;"t) 88—;21(:1:,75) - v(:c,t)a%v(:c,t), L4)
%p(m, t)+ %(p(x, t)v(z,t)), (p is a positive constant), '
see e.g [10].

Further study of initial boundary value problem for the Burger’s original model of tur-
bulence is done in the paper [5] and the book [6] of Eden. In the paper, the author found
an estimate for the dimension of the attractor of the problem which is of the same
order as the square root of a Reynolds number. Also, in the book the author proved that
the initial boundary value problem for the Burger’s original model generates a continuous

semi-group in a proper phase space R x L2(0,1). Moreover it is shown that the semi-group
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has a finite dimensional exponential attractor.

We are going to study the system of equations:

d(éit) =P—-vU(t) — /QUQ(t,x)dw, z € (0,m), t>0, (1.5)
v, T 2u(t, x
. E?tt - Ult)olt,z) +“8a(xté) - a%(vQ(t,:v)), z e (0,m), t>0, (1.6)

under the following initial and boundary conditions

U(0) = U,
v(0,z) = ¢(x) for x € (0, ),

v(t,0) =v(t,m) =0 for t >0,

where U = U(t) : [0,00) — R,v = v(t,x) : Q — R are unknown functions. Here and in

what follows we use the notations
Q=0 x(0,00), Q:=(0,m).

This system is called in the literature Burger’s original model of turbulence. Following
[4] we prove theorems on global unique solvability of initial boundary value problem for
the system ,, obtain uniform estimates for solutions of the problem. Finally we
prove that under some restrictions on parameters the equilibrium solution of the problem

is exponentially stable.
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Chapter 2
EXISTENCE AND UNIQUENESS
In this chapter we consider the following system of equations
d[cjiit) :P—VU(t)—/v2(t,m)dz x € (0,m),t>0, (2.1.1)
Q
ov(t, x) 0*v(t,x) 0, ,
_ - = 2.1.2
5 U(t)v(t,z) + v 502 5 (v°(t,x)), =€ (0,m),t>0, ( )
under the following initial and boundary conditions
U(0) = Uy,
v(0,2) = ¢(x) for x € (0,7), (2.2)

v(t,0) = v(t,m) =0 for t >0,

where U = U(t) : [0,00) — R,v = v(t,x) : @ — R are unknown functions.

what follows we use the notations

Q :=Q x (0,00), Q:=(0,m).

Here and in

Definition 2.1. A pair of functions (U,v) is said to be a weak solution of the problem

(2.1.1), (2.1.2)) if U is absolutely continuous function on each interval [0,7],7 > 0, and

Ut) = U + /0 (P — vU(r) /Q (7, ) dz)dr,

v e L*0,T; HY () N L>=(0,T; L*(Q)) VT >0, and,

<V w > 4va(v,w) + 2b(v,v,w) = (U, v, w)
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for any function w € H}(€2), where v/ = ?ft’, and

v(0,2) = ¢(z) = vo(z) € L*(Q), (2.5)

where a, b, ¢ defined as follows:

a(f,h) = g@d = (Af,h),

q Oz Oz
bf 1) - /dex— (f.h).1),

an ::/thld:n:<0(f,h),l).

Here and what follows (, ) stands for (, )r2(q)-

Proposition 2.2. For any functions f € H}(Q), h,1 € L?(2), the following inequality holds

true:
1/2) #111/2
| / fhida] < 1N FI5E Il 2
Proof The following estimate is the consequence of Cauchy-Schwarz inequality and the

fact that H}(Q) C L>®(Q):

| [ shtda] < o] [ hide] < o bl 0z

For any f € C(9), we have:

_ /x Dsf(s).f(s)ds—k/m Dsf(s).f(s)ds
/ Dsf(s s)ds
< [ p.ss)as

< Dz flle2 M1 £l

<A lggllf 1z,

Since it holds for all f € C1(Q2), it also holds for all f € H}(2). Moreover, for the functions
fih € HY(Q), and | € L*(Q) the following should be noted:

Remark 2.3. [b(f,h,0)] = | fo, fDuhlda| < || £ 11 NDab 212 22



Chapter 2: Ezistence and Uniqueness 6

Remark 2.4. For any function v satisfying definition [2.1] we have
9(v,v) € 12(0,T; H-\ ()

Indeed, if w € H} (), we get:

1/2
Hy

1/2

1 1
[{g(v, ), w)| = [b(v, v, w)| = S[bv, w, V)| < Sl IVl llwl g llvll 2

1 3/2
< S ol lwll gy ol 22

Lemma 2.5. For any weak solution (U, v) of (2.1.1)), (2.1.2)), v' € L*(0,T; H=%()).

Proof Let w € H}(Q), and consider (v/,w). From condition (2.4]), we have:

’/QUI(QUyt)w(a:)dx’ = ’ - V/Q avéia t) 815(;)611’

—Q/QU(x,t)av(x’t)w(x)dac—i—/QU(t)v(x,t)w(x)dx’

ox

3/2
< vlollgg el g + Iollg ol 101557 + Tullcolloll 2 el 12

3/2
< vlollgy el g + ol ol g 101557 + Nllco ol gy el -

Lemma 2.6. Any weak solution v is almost everywhere continuous from [0, 7] to L?(12).

Proof follows from theorem [5.24]

Now, we start to prove the existence of the weak solution of the problem (2.1.1)), (2.1.2)

using the Galerkin method.

Theorem 2.7. There exists a weak solution of the problem (2.1.1), (2.1.2) in the sense of
definition [2.1].

Proof We are looking for the function v(z,t) as the limit of the approximate solutions

of the form

Um(t7$) = Zcmk’(t)wk(:v)a (26)
k=1

where
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are eigenfunctions of the Sturm-Liouville problem

—w"(z) = w(z) z€Q,

w(0) = w(m) =0.
It is clear that they satisfy:
<w]777>Hé = a(wjan) = )‘]<wj777>7 .7 =12, ..

for any n € Hg (). The functions ¢, (t) and U,,(t) satisfy the system of (m + 1) ordinary

differential equations

d
aUm(t) =P —vUp,(t) — va(t)H%Q, (2.7.1)
(Wl wp) + va(vm, wy) + 20(Vm, Vi, wy) = U (U, wy), 1=1,...;m (2.7.2)
and the conditions
Um(O) = U()m, U()m — U(), Um(O) = Vom, Vom — V0 n L2<Q), (2.7.3)

where the convergence of the sequence {vg,,} follows from (2.6)).
By classical existence theorem we ensure that U, and {c;,;}]" exist for any m. cpi
exists in the intervals [0, ¢,,x) and U, exists in [0, ming t,,x).

Now, we will show that U, and {c;,;}7* exist on the whole interval [0, T], and
Up, is bounded in L>(0,T),
U, is bounded in L*(0,T; H (Q)) N L>(0,T; L*()).
We multiply by Up,, and integrate over (0,t), where ¢t € [0, T

/Ot Um(T)%Um(T)dT = /Ot PU,,(t)dT — V/Ot U2 (r)dr — /Ot U (7) v (7) | 227

;/0 ddTUan(T)dT—i—V/O UTQ,L(T)dT:P/O Um(T)dT—/O Upn(T) |0 (7)||22d7 (2.8)
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Multiply(2.7.2) by ¢, integrate over (0,¢), and sum over [:

m t m t m t
Z/ cmlUm<vm,wl)dT—Z/ cml<v;n,wl>d7—i—l/2/ Cm1@ (U, wy)dT
=1 70 =170 =170
m
+ 2 Z / leb(vm7 Um, wl)dT
1=1 70
t m t m t m
/Um<vm,Zcmlwl>dT:/<v,’n,Zcmlwl>dT+u/ a(vm,Zcmlwl)dT
0 =1 0 =1
t m
+2/ (Vs vm), Z CmiWi))
0 —

t t t
/Um<vm,vm>drz/ <v;n,vm)d7'+l// a(Vp, Uy )dT
0 0 0
¢
+2/ (9(Vim, Um)s U YdT
0

t 1 td t
| Unlonr)iadr =5 [ Llon et +v [ fontr)ligar — 29)
0 0o ar 0 0

Adding ([2.8)) to (2.9)) we get:

¢
/U2 dT+y/ U2( dr+= /d |vm (T )||L2d7+y/ lvm (T HH1dT— /Um(T)dT
0

1

1 1 t 1 ¢
SURD + 5lon(0l + v [ WA + o)) = 5020 + gloonlEs + P | Vn(rir

Using Young’s inequality:

1 1 t 1 eT 1 [t
U4 [om(D)]F2+v /0 U2+ lom (1) ldr < SU20)+ 5 loml2a+ 5 P4 / Up(r)dr

1., 1 9 t 5 1 b, 1., 1 o €T _,
SUn @45 lom@[z2tv | Nom(n)[[gdr+(v—o) | Un(r)dr < SUR(0)+5 lvomlz2+-P
2 2 0 0 26 0 2 2

If we choose € such that (v — %) > 0, we get:

Up,(t) < Up(0) + [|voml|Z2 + TP,
t
V/ lom (7)1, dr < UR(0) + [lvom|[72 + €T'P?,
0

lom 2 < Un(0) + l[vom 172 + eT'P2.
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Hence {U,,} is bounded in L>(0, T), and {v;, } is bounded in L?(0, T; H (2))NL>°(0, T; L*(Q)).
By theorem these estimates guarantee the existence of {U,,} and {v,,} on the inter-
val [0,T] for any T > 0. Since the sequence {v,,} is bounded in L?(0,T; H}(12)), we
can extract a subsequence by remark still denoted {v,,}, that weakly converges to v in

L2(0,T; HY (). Now, let ¢ € C°(0,T; H}(Q2)) which is a dense subset of L?(0, T; H}(2)).Then,

/0 / dsm (z,t)(x, t)dxdt = / / dvm Y(x, t)dtdr
= _/Q/OTvm(x t)ccl;/}(x t)dtde — — / / (x, t x,t) dtdr and,
_/ /T (z, t)ccl;’f(x ) dtdz // D yb(a, t)dtda so,

/ / dsm (z,t)(x, t)dxdt —)/ / x, t x,t) dtdx,
ie

vl converges weakly to v’ in L2(0,T; H~1(£2)), hence {v/,} is bounded in L2(0,T; H~1(f2)).
Now, choosing appropriate subsequences at each step, by remark and theorem we

get:

Uy — vg in L2(0,T; L*()), and, v, — v3 weak® in L>°(0,T; L*(Q)).

Notice that L>(0,T; L3(Q2)) C L?(0,T; L*(2)), so one can easilly show that vy = v3. Same

argument works for v, and vs. So, we have:

Uy, — v weak in L2(0,T; H} (Q)), (2.10)
Uy — v weak® in L°(0,T; L*(Q)), (2.11)
U — v in L2(0,T; L*(Q)), (2.12)
vl — v weak in L?(0,T; H1(Q)). (2.13)
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After extracting an appropriate subsequence, we will show that v satisfies
(W', w) + va(v,w) + 2b(v,v,w) = (U, v, w)
for any function w € H}(2). We know that
(vh, W) + va(vg, wj) + 2b(V, Vi, wj) = Upy (U, w;) for 1 < j <m,
and it holds for any w € 5>’pa,n{wj}j]‘i1 where M < m. So, we have
(), w) + va(vm, w) + 2b(vm, Vm, w) = Up, (U, w) for all w € span{wj}j]\il.

We multiply the last equation by ¢ € C$°(0,7) and integrate over the interval (0,7") with
respect to ¢t and get:

T T T
/0 Uy, wy)p(t)dt + 1//0 a(vm, wj)p(t)dt + 2/0 b(Vrm, Um, wj)p(t)dt
T
= | Gult) v wettrar (3.14)

Our aim is to pass to the limit as m — oo. In order to do that we will deal with each term

separately. First, notice that

w(z)p(t) € C2°(0, T: C™(Q) N HY(R) C L*(0,T; HY(%2)).

T&iirlm/()T/Qv;n(a:,t)w(x)cp(t)dmdt: /OT/Qv/(x,t)w(x)go(t)da:dt

(i)

lim Ta(vm,w) dt = hm/ /&U (2, ! (&) op (8 dacdlt

m— 00 m— 00

:—%i_r)noo/ /vm x, t)w”( t)dxdt = / / v(z, t)w” (z)p(t)dzdt
—/0 /anv(a;,t)w'(x) ()daudt/0 a(v,w)p(t)dt
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(iii) For fOT b(Vm, Um, w)p(t)dt, first we need to show that v2, converges weakly to v? in
L?(0,T; L?(£2)). As in the proof of proposition for f € C[0, n], we have the inequality:
max,c(oq | f(@)]* < | fllmaollfllz2() that holds for all f € Hg(9).

T T
0 0 O 0

and v, — v almost everywhere in L?(0,T;L?()), so v2,

L?(0,T; L?(£2)). Therefore we have:

T
v} dadt
Q

— v? almost everywhere in

T
lim b(vm,vm,w) = lim / /vm x, t U (x, t)w(z)p(t)dzdt

m—0o0 m—0o0

= _W}i%nloo/ / (x)p(t)dxdt = —/ / (z,t)w'(x)p(t)dzdt
/ / x, t (z,t)w(z)p ()d:cdt—/o b(v, v, w)p(t)dt.

(iv) Notice that

JgTL%A £) (U, w)p(t)dt = l/“‘/m“m v (E)w(@) @ (t) dadt = (WU, vm) -1 g1 -

We know that v, converges weakly to v in L%(0,T; H}(2)) and if we can show that
w(z)@(t)Um(t) converges to w(x)p(t)U(t) in L2(0,T; H=(Q)), we are done. First, we need
to show that U, — U uniformly in [0,7]. Recall that U, satisfies

Un(t) = U (0) + /0 [P — vUn(7) — lom(7) 22

U(®) = Ual8)] = |0(0) = Ual0) = [ V() = Unr)ar = [ (oI = fonir) e )ar
<G%@—%@+%M+Aﬂ%@—%@%g

< (|Un(0) = Un(0)] + €mm)e”” — 0 as m,n — o0,

since €y = \vaH%Q — |lvnll32 Q)‘ — 0, and U,,(0) is convergent. So, U, is uniformly

convergent to U in [0, T]. Now, we will show that w(x)p(t)Up,(t) converges to w(xz)p(t)U(t)
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in L2(0,T; HX(Q)).

(@) () Un(£) — w(@)e (U D201 100,
T

::A (@) (U (£) — w() (U ()21 dt
T 2

s/\wﬂw—WMHM@Mm%aﬁ
0

T
< U =Vl [ fsplyoac.

The term on the right hand side of the last inequality tends to zero as m — oo since

||lwe|| -1 is bounded and U, uniformly convergent to U. So,

T
li_r}n Upn () (U, w)(t)dt = lim (wepUp,, vm,)

0 m—00 H_I’H(%

= <U}<,0U, w>H—1,H01
T

_ / / w(@)p(O)U (t)o(x, t)dudt
0 Q
T

:/o U(t) (v, w)p(t)dt.

Putting 7 — iv together and passing to the limit in [3.14] we get:
T T T
/ / V' (z, )w(z)p(t)dedt = 1// a(v,w)p(t)dt +/ 2b(v, v, w)p(t)dt
0o Jo 0 0
T
- [ v
0

for all ¢(t) € C§°(0,7) and for all w € [Jy> span {wg}L,. Since this holds for all
p € C§°(0,T), we get:

W' (1), w) + va(v(t),w) + 2b(v(t),v(t),w) = U(t){v(t), w).

for almost every ¢ € [0, 7] and for all w € Hg ().
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Next, we need to show that v(0,z) = vo(z). Let p(t) € C([0,7T]) where ¢(0) = 1, and

o(T) = 0.

[ et

/OT | e utayptt)dadt

/w /OT t)dtda

/w (—vme) /Tvm(x ) ()dt)d:n
/Qw( vmedx—// x)vm (x, 1) (t)dtdx.

o)

)

Passing to the limit,

/ / x, t)w(x)p(t)dzdt = —W}gnoo w(a:)vm(x,O)da;
/ / o/ (t)dtd,
/ w(z)v(x,0)edr —/ / o' (t)dtdx = —n%gnoo w(:n)vm(m, 0)dz

/ / S (t)dtdz,

—/Qw(x)v(x,O)cp(t)dm: — lim w(z)vm(x,0)dx

m—00 Q

= /Q w(z)vo(z)dz.

Hence we get: v(0,z) = vo(z).

Theorem 2.8. The weak solution of the problem (2.1.1)), (2.1.2)) is unique.

Proof Let (U1, v1), and (Usa, v2) be two different solutions of (2.1.1)), (2.1.2)), and let

U="U, —Us, U(0) =0,

v =w1 — vy, v(0,z) =0 in L*(Q).

Then, U and v satisfies

U'=—vU — |13z + [lv2]|32  (almost everywhere, when U’ exists), (3.15)
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(W', w) = Uy (v, w) + Uve, w) — va(v,w) — 2b(vl, v, w) — 2b(v,ve, w) for all w € H ().

(3.16)
We multiply by U, and get:
UU'(t) = —vU?(t) — U(t) /Q(v%(:v,t) —v3(z,t))dx
(%UZ(t))' = —vU?(t) — U(t)/ v(z, t)(v1(x,t) + ve(x,t))dx
Q
QU + U0 < ST () + 0a®le + 5 lo@E (317

Now, since v is an element of H} () for almost all ¢ € [0, 7], we can put w = v in (3.16)).

Then, we get:
(v, v) = Up(v,v) + Ulvy,v) — va(v,v) — 2b(vy,v,v) — 2b(v, v2,v)
(W', v) = Ui®)llv(®)lZ2 + U(t){v2,0) = vllo(®)||7; — 2b(v1,v,v) + 4b(v2, v, )

1d

1
- S )2

— w122 + vilv®l 7 < ello®)7e + < 2 S U Ol @172 + 5

+ [2b(v1, v, v)| + |4b(ve, v, v)]. (3.18)

Note that €1, and €3 follows from Young’s inequality, and €3 comes from the fact that U(t)

is bounded.Also, by propositon [2:2] and Young’s inequality, for i = 1, 2:

|b(vi, v,v)| = ’/Qvi($,t)v’(x,t)v(x,t)dm|
< o3 o) g i 0l 2 llos()]] 2

0 1
< Sl I los@)IF + g 0@l mglleito) .

0; 0ii 1
< SO IO + S 10O + 5 IOl

)
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We add - ) to , and get:

(GU2@) + (Gl®IZ:) < 2@ (= v+ L) + @l + L leae)2)

+ o)l ( — v+ allr(®)I72 + 20 lv2(t) 172 +

1 1 bu 6
2 o =
+\|v(t)HL2(2 teato oy T 51>‘

1
201611

We can choose constants to satisfy

€ €
a1 = —v + ess supp( [|o1 (1) + v2(B)l|Z2 + 3 e2(1)lI72) > 0,

1 n 1
201011 02022

oz = —v + ess supp(d1 o1 ()| 22 + 20a[|va(t) 72 + 55— ) > 0.

Let a3 = (5 -t e+ 253 + 2(151 + (%) Then, we get:
Loy L 2\ 2 2 2
QU@ + Gllv@)lze)” < eaU™(t) + allo(®)l[7y + asllo@)lz.-

Now, we integrate the last inequality over [0, ¢], and using the fact that U(0)
in L%(Q), we obtain:

1
2

t
< constcmt./ (U2(7) + [[lo(n)1Z2) dr-
0

Finally, by Gronwall’s lemma, we conclude that U?(t) 4 ||v(t, 2)||3. = 0 on [0,T].

= 0,v(0, z)

1 t t t
SV + 5 lo®I3: < ar [ UHr)dr 4o [ olgdr + s [ oldr
0 0 0

1

t 5,022

)

=0
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Chapter 3

STABILITY

In this chapter, we will study the stability of the solution (w ) of - - As
the solution we mean the functions U, v in the sense of definition [2.1] . (t) satisfies
in the classical sense and the function z(¢) := ||lv(t, 2|3, is continuous. We let w = v in

and integrate from 77 to 7T5:

/ / :L‘tdxdt / / (z,t)v :ntd:ndt—{—y/ / —vact d:ndt—{—
/ / (x, t (z,t)dxdt,

1 2

2(1) — 30 = [ U@st - / o, ) g,

T

and we use (2.1.1) to obtain the following system:

dU(t) =P —vU(t) — 2(t),

2(T) = 32(Ta) = [, U2t — v [ [|o(z,1)|[3dt.

N)\H

with the conditions

U0) =Us, 2(0) = [lvol|72 = 2o,

where 0 < T < T5 arbitrary.
We want to show the global exponential stability of the solution (%) of (3.1)) when % <v.
Using the transformation W (t) = U(t) — £, we have the problem of the stability of the zero

solution (0, 0) of:

d
Lyve) = () =) (2)

T T
%Z(T2) - %Z(Tl) _ /T (W(t)+f)z(t)dt—u/Tl Jo(a, 1) 2, (3.3)
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with the conditions

Theorem 3.1. When % < v, the solution of (3.2)), (3.3)) is uniformly bounded.

Proof We multiply (3.2) by W and integrate over [T, T5]:

Ty Ts T3
W)W (t)dt = —v | W2(t)dt — W (t)z(t)dt,
T T T
1 1 15 Ty
WD) — =W(T)) = —v | W2(t)dt — W (t)z(t)dt,
2 2 7 7

adding the last equality to (3.3]), we get:

T T>
;Z(TQH;W?(TQHV/TI (o) 3+ WOt = 5o+ ;WA E) ) [ st (34

1% il

Since £ < v, and z < [|v(t)]|%,1, it follows that:

2
HY

%Z(Tz) + %WQ(TQ) < %Z(Tl) + S WA(TY)

for every 0 < Ty < T, so if we let Ty = 0, and M := z(0) + W2(0), we get:
2(t) < M, and W?(t) < M for any t > 0.

Also, notice that h(t) := $2(t) + $W?(t) is a decreasing function.

Lemma 3.2. For v — g := > 0 the solution (0,0) of (3.2)), (3.3) exponentially decays to

Z€ero.

Proof From (3.4) we have
1 1, T N ) 1 1, p [T
5z(Tg) - 5W (Tx) +v [Hv(t)HHé + W2(t)]dt = 5z(Tl) + 5W (Th) + — z(t)dt.
T

1% T
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So,

Ts
ool +wHoat+ 5 [ sar

< h(Ty) — I//T2 [2(t) + W2(¢)]dt + P e z(t)dt

v T

= h(Ty) — Z//T2 W2(t)dt — fy/TQ 2(t)dt

T

< h(Ty) — e [(W2(t) + 2(t)] dt
Ty

T

= h(Tl) — C1 h(t)dt,
Ty

where ¢; = min{v,v}. Let f(t) = h(0)e “1'. We want to show that h(t) < f(t). We can
write f(t) = h(0) — 1 fg f(r)dr, and we let g(t) = h(t) — f(t) to be the difference. Recall
that

h(t) < h(0) — e /O h(r)dr.

So,

bit) = 50 < h0) —er [ h(r)ar = 10
o(0) < —cr [ h(r)dr +h(0) ~ 10
g(t) < —c1 /Ot h(T)dr + 1 /Otf(T)dT
g(t) < —c1 /Ot g(T)dr.

Suppose that g > 0 in (0, @), then fg g(7)dT < 0 for any t < v which leads to a contradiction.
Changing 0 to t1, and « to t2 gives the same contradiction. Hence we get g(t) < 0 for any

t > 0. So, we have:

i.e.
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So, we conclude that h(t) tends to zero with an exponential rate as t — oo.

Definition 3.3. A solution Uj of a problem is called globally asymptotically stable if it is

stable and all solutions tend to Uy as t — oc.

Theorem 3.4. When % = v, the solution (0,0) of (3.2)), (3.3) is globally asymptotically
stable.

Proof We will consider three cases:

(7) W(t) <0 for all t > 0,
(i) W(to) = 0 for some ty > 0,

(¢4 )W (t) > 0 for all ¢ > 0.

For the second case, we know that W (t) < 0 for all ¢ > ¢y if W (tg) = 0. So we will consider
first and second case together. Let T} denote maxz{0,%y}. By (3.3))) we have:

T2 T2

(W(T) + g)Z(T)dT — 1//

Th

%Z(Tg) _ %Z(TI) +/

Jo(r) 3 r
T

T Ty
= %z(Tl) +/ (W(r) +v)z(r)dr — U/Tl ||U(7-)”§{éd7-

T
1 Ts Ts
- §z(T1) + A W(r)z(r)dr — u/Tl (H’U(T)H?Jé — Z(T))dT
1>
< %z(Tl) [ WE)ar)dr (3.5)
T

We showed that z(t) is decreasing when t > Tj. So, it has a limit a > 0.

If a > 0, by (3.2) we get:
W' (t) < —vW(t) — % for sufficiently large ¢ > 0.
It follows from the last inequality that

W(t) < —% for sufficiently large t.
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Really:
(eutur(t))/ < _%el’t
vt ot o
Wi(t) — W < —_
c ®) (0) = 21/6 2v
o o
W) <W —vt —vt
() < W(0)e 2v 2u€

W(t) < —43 for sufficiently large t.
v

But then implies that Z(T3) — —oo as T» — oo which is a contradiction since z > 0.
Hence, a = 0.

Now, we continue with the third case: W(¢) > 0.

From (3.2)) we deduce that W'(t) <0 V¢ > 0, i.e. W is strictly decreasing. Thus, it has a
limit o > 0. If o > 0, using again , we get:

So, W(t) — —o0 as t — oo, which is a contradiction since W (t) > 0. Hence, a = 0, i.e.
W(t) — 0 as t — oco. We also need to show that z(t) — 0 as ¢ — oco. For a contradiction,
assume not.

Then, there exists ¢y > 0 such that for all Ty > 0 there exists T > Ty with z(71) > 2¢.
For some ¢p, let the last condition to be satisfied. We know that W (t) decreases to 0 as

t — 00, so there exists a 7 > 0 such that
W(r)=46, W(t)<dforalt>r (3.6)
, where § > 0, 6% < %, M = z(0) + W2(0), and
(1) < €. (3.7)

If (3.6) and (3.7) are not satisfied together for any 7 > 0, then z(t) > ¢y for sufficiently
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large t, and by (3.2) we have:

dw
E < —vW — €0

(W(t)el’t)/ < —eget

vt € e, €0
W(t)e wW(0) < € + »

W(t) < W(0)e ™ = 04 Dt

14

W(t) < —26—0 for sufficiently large t,
v

which is a contradiction. Thus, we ensure the existence of 7 which satisfies (3.6[) and ([3.7))
together. Now, by (x), there exists T, > 7 such that z(7;) > 2¢. We try to find a
sufficiently large interval (¢, 7 ), with z(t) > €p, which will make W < 0. From (3.5)

Loy < [ Wis)a(s)ds + Lo(t) < (T — )05 + Lo(t)
2 =/ 9?\= 9 *\")

the estimate W (t) < § follows from (3.6)), and we showed earlier that z(¢) < M. If we can
show that
—2(T7) — =2(t) < (Tr —t)M < —, (3.8)

we get z(t) > €p in some interval (¢, 77 ) since z(17) > 2¢p. In order to satisfy (3.8)), we must
have T —t < 5305, Let D := [TT — ﬁ] Clearly, for t € D, (3.8 holds. Now, if we can

show that W < 0 in D, we get the desired contradiction, and we are done. We have:

€0 Tx
wW(T,;) =W(T; — 4M(5) +/ W'(s)ds

T, s
W(T,) < W(Tr — —2 ) 1 max W(t). — (3.9)
= T 4AMS teD AMS’ '

and from (3.2)), we know W’ = —vW — z. Since W > 0, we get:

W'(t) < —2(t)) = —minz(t) <
max W'(t) < max(—z(t)) = —minz(t) < e
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J.e. W< —¢yin D. So, by (3.9)

€0 €0
W < W — — €.
(T = W(Tr = 35) ~ 0 Tar
2
€
W <5__%
(Tr) <0 aMs S 0

which is a contradiction. Hence z(t) — 0 as t — co.
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Chapter 4

CONCLUSION

A lot has been done on the Burgers’ equation since its first appearance in 1939 [1].
In 1948 [2], Burgers introduced a more sophisticated model describing dynamics of fluid
flow. This model consists of an ordinary differential equation and a nonlinear second order

parabolic equation:

b
b =P —FU = Jyv*(t.y)dy,

ov __ 1 9%v v
9t — EUU+V87?J2 —20@

In this paper, we considered the problem:

it) =P—-vU(t) — / v (t,x)dz, x € (0,7), t>0,
dt o
ov(t,z) Pu(t,z) 9, ,
5 = U(t)v(t,z) + Ve %(U (t,x)), ze€(0,m), t>0,

under the following initial and boundary conditions

U(0) = Vo,
v(0,z) = ¢(x) for x € (0, ),

v(t,0) =v(t,m) =0 for t >0,

where U = U(t) : [0,00) = R,v = v(t,z) : Q@ — R are unknown functions, and

Q=0 x (0,00), Q:=(0,m).

We proved theorems on global unique solvability of initial boundary value problem for
the last system, obtained uniform estimates for solutions of the problem. Finally we proved
that under some restrictions on parameters the equilibrium solution of the problem is ex-

ponentially stable.
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Chapter 5

APPENDIX

Definition 5.1. Let f be a real valued function on a compact interval [a, b]. We say that f

is absolutely continuous if there exists a Lebesgue integrable function g on [a, b] such that

for all x on [a, b].

Definition 5.2. Let X be a real Banach space. The space L(X,R) of all linear functionals
on X is denoted as X* and called the dual space of X.

Definition 5.3. Let X be a Banach space. A sequence x, € X converges weakly to x ,
written

T, =z in X,
if f(xn) — f(z) for every f € X*.

Definition 5.4. Let X be a real Banach space, and X* be its dual. A sequence f, € X*

converges weakly-* to f, written

fn =" f,
if f(z) — f(zx) for every x € X.

Theorem 5.5. (Alaoglu weak-* compactness) Let X be a seperable Banach space and

let fn be a bounded sequence in X*. Then f, has a weakly-* convergent subsequence.

Theorem 5.6. Let X be a reflerive Banach space and x, a bounded sequence in X. Then

Ty has a subsequence that converges weakly in X.

Remark 5.7. Since any Hilbert space H is reflexive, a bounded sequence in H has a weakly

convergent subsequence.

Sobolev Spaces
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Definition 5.8. Let © be an open set in R®,u € L}OC(Q), and a = (a1,a9,...,a,) be a
multi-index. The a-th distributional derivative or weak derivative of w is a linear functional

T:C*(2) — R defined by

T(p) = (~1)! /Q u() D ()

for all p € C°(Q). We say v € L},.() is the a-th weak derivative of u if

that is,

for all ¢ € C°(Q).

Definition 5.9. The Sobolev space W#P(Q) is defined as
WEP(Q) := u: D € LP(Q) for all 0 < |a| <k,

with norm

1/p
uuuwk,p:( 5 umuu@p) |

0<a|<k
When p = 2, we have W2 = H*. H* is a Hilbert space when equipped with the inner

product
(u,v) g = Z (D%, D) 2.

0<]al<k

The H* norm corresponding to this inner product is

1/2
IUHHk=< > HD%H%2> :

0<|a|<k

Definition 5.10. The Sobolev space H*(12) is defined by

H*(Q) := {u: D% € L*(Q), for all 0 < |a| < k}.
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Definition 5.11. The space of test functions CZ°(2) is defined as
C(92) :=={p € C() : supp(yp) is a compact set in Q}.

Proposition 5.12. C°(Q) is dense in LP(Q2) for any 1 < p < oo.
Definition 5.13. The space H} (1) is the completion of the space C>°(Q) in H*(Q).
Definition 5.14. The space H¥(Q) is the dual space of HF(Q).

Proposition 5.15. (Poincare’s inequality) Let €2 be a bounded domain. Then, there is

a constant C such that

|u||2 < C||Dul| 2 for all u € H(Q)

Remark 5.16. Now, we have the above inequality, we can use

lullZy = S 1Dl = | Dull;

er|=1
as an alternative norm on H&(Q), equivalent to the standart H' norm. This follows since
lllZy < Nl = lullZs + ul%y < (1 +C)lull%y

Theorem 5.17. (Rellich’s compactness theorem) Let Q) be a bounded domain in RY.

Then HE () is compactly embedded in L*(Q).

Remark 5.18. As a consequence of the Sobolev embedding theorems, we have:

H(Q) c C°(Q) ¢ L>(Q) for bounded Q € R

HY(Q) C LP(Q) for p > 1.
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Vector-valued functions
Suppose that X is a real Banach space with norm ||||x and dual space X*. Let 0 < T < oo,

and consider functions f: (0,7) — X.

Definition 5.19. A simple function f : (0,7) — X is a function of the form,

N
f = Z CjXEja
=1

where E1, Es, ..., En are Lebesgue measurable subsets of (0,7) and ¢1, ¢, ...,cny € X.

Definition 5.20. A function f : (0,7) — X is strongly measurable, if there is a sequence

{fn : n € N} of simple functions such that f,,(¢t) — f(¢) strongly in X for a.e t € (0,T).

Definition 5.21. For 1 < p < oo the space LP(0,T; X) consists of all strongly measurable
functions f : (0,7") — X such that

T
/0 1t < o,

equipped with the norm

T 1/p
| £l o.1x) = </o ||f||§(dt> .

The space L>°(0,T; X) consists of all strongly measurable functions f : (0,7) — X such
that

I fllLe0,m;x) = sup [|f(t)]lx < oo,
te(0,T
where sup denotes the essential supremum.

Theorem 5.22. 1 Let X CC H C Y be Banach spaces where X, and Y are reflexive. Sup-
pose that u, is a sequence that is uniformly bounded in L*(0,T; X), and du,, /dt is uniformly
bounded in LP(0,T;Y), for some p > 1. Then there is a subsequence that converges strongly

in L?(0,T; H).

Proposition 5.23. Suppose that v € WP(0,T; X), 1 < p < co. Then

t
d
u(t) = u(s) +/ d—?(T)dT for every 0 < s <t < T,
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and u € C°([0,T]; X)(for almost every t € [0,7]). Furthermore we have the estimate

sup |lu(t)|lx < Cllullwrromrx)-
0<t<T

Theorem 5.24. Suppose that
u e L*(0,T; HY(Q)) and du/dt € L*(0,T; H(Q))

Then

(i) w is almost everywhere continuous from [0, T into L*(Q), with

sup [u(t)] < C(||ull 20.7:m1) + lldu/dt|| 120 1:1-1))
te[0,7

and

(i) L|u|? = 2(du/dt, u) for almost every t € [0,T), that is,

lu(t)[* = u(0)? +2/0 (du/dt(s), u(s))ds.

Existence and uniqueness of solution of ODE’s

Theorem 5.25. (Cauchy-Picard) Suppose that G : R? — R? satisfies

IG(y) = G )lre < L(B)lly = ¥/ lIpa;

for all y,y' in any bounded set B C R:. Then there exists T = T(yo) such that the initial

value problem
dy _

5 = G, y(0) =

has a unique solution defined on the interval [0,T)].

Theorem 5.26. A solution y(t) of the initial value problem

Y~ Gy, v(0) = w

has a finite mazimal interval of existence [0,S*) if and only if ||y(t)||ge — o0 as t — S*.



Chapter 5: Appendix 29

Some inequalities

Cauchy-Schwarz Inequality Let H be an inner product space. Then for any u,v € H,
the following inequality holds:

[{w, 0)| < [lull[]v]]

Holder’s Inequality Suppose that p € [1,00) and 1/p + 1/¢ = 1. If v € LP(Q) and
v € LI(Q), then uwv € L*(Q) and

|uvllpy) < llulle@)llvllinao)

Young’s Inequality If a, b are nonnegative real numbers and p, g are positive real numbers

such that 1/p+ 1/g = 1, then

aP  b?
ab < — + —.
p q

Young’s inequality with ¢ If a,b, and € are nonnegative real numbers, then

a?  eb?

Gronwall’s Inequality Let f(¢) € R satisfy the differential inequality

dif(t) < g()f(t) + h(t).

Then
£(t) < £(0) explG(1)] + / explG(t) — G(s)]h(s)ds,

where

G(t) = /Otg(r)dr.
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In particular, if @ and b are constants and

then
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