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ABSTRACT

Abundance of heat makes it a good candidate as an energy resource, but our ability
in manipulating heat is so limited. As a new way of heat control, thermal analogs of
non-reciprocal electronic devices, such as a diode, transistor, etc., caught attention in
many works. Recently, these works started to propose devices in the quantum domain,
and the proposed quantum thermal devices, especially diodes as our focus in this
thesis, still have optimization problems. In the cases of two interacting qubits diodes,
heat rectification is absent for resonant qubits. In this thesis, we consider a quantum
thermal diode composed of two interacting qubits, coupled with an optomechanical-
like coupling. We derive the global master equation and calculate the heat current
for both flat and Ohmic spectral densities to show the diode behavior. Quality of the
diode is quantified by a measure, called rectification factor. We numerically calculate
the rectification factor for a wide range of system parameters, including weak and
strong coupling regimes. We show that the unit rectification factor is obtained for
various parameters both in high and low temperature ranges. Most importantly,
almost unit rectification is possible even when the qubits have resonant transition
frequencies. We explain the physical mechanism leading to all these results, and we
show that the mechanism relies on allowed transition and/or bath couplings being
asymmetric. We also demonstrate that the asymmetry in transitions is achieved by
an asymmetry in free Hamiltonians of subsystems and/or interaction among them.
Demonstrations for the sources of asymmetry are carried with two toy models. One
of them is a single qubit, which is the smallest possible diode, and the other is a
three-level atom. Even though these two systems show diode behaviors, there is very
little control of the rectification direction, and two interacting qubits provide versatile

control of the diode.
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OZETCE

Is1 bollugu onu enerji kaynagi olarak iyi bir aday yapar, ancak 1siy1 manipiile
etme kabiliyetimiz ¢ok sinirhidir. Yeni bir 1s1 kontrol yontemi olarak, diyot, transistor
vb. gibi karsilikli olmayan elektronik cihazlarin termal analoglari, bir¢cok ¢alismada
dikkat ¢ekmistir. Son zamanlarda, bu ¢aligmalar kuantum alaninda cihazlar 6nermeye
baglad: ve onerilen bu kuantum termal cihazlari, ozellikle bu tezde odaklandigimiz
diyotlar, hala optimizasyon problemlerine sahiptir. Iki etkilesimli qubit diyotu du-
rumunda, rezonans qubitler i¢in 1s1 yonlendirmesi yoktur. Bu tez c¢aligmasinda, op-
tomekanik benzeri bir kavrama ile birlesen etkilesim icindeki iki qubit olusturdugu
bir kuantum termal diyodu ele aliyoruz. Global mastir denklemini tiiretiyoruz ve
diyot davranigini gostermek icin hem diiz hem de Ohmik spektral yogunluklar icin
181 akimini hesapliyoruz. Diyotun kalitesi, diizeltme faktori olarak adlandirilan bir
olcii ile olctiltiyor. Zayif ve giiclii qubit etkilesim rejimleri de dahil olmak tizere ¢ok
gesitli sistem parametreleri i¢in diizeltme faktoriinti sayisal olarak hesapliyoruz. Birim
diizeltme faktoriiniin hem yiiksek hem de diigiik sicaklik araliklarinda cesitli parame-
treler icin elde edildigini gostermekteyiz. En onemlisi, qubitler rezonant frekanslara
sahip olsalar bile neredeyse birim diizeltme mimkiindiir. Tim bu sonuglara yol acan
fiziksel mekanizmay1 agikliyoruz ve mekanizmanin izin verilen enerji gegisleri ve/veya
qubit-1s1 banyosu etkilegimlerinin asimetrik olmasina bagli oldugunu gosteriyoruz.
Ayrica geciglerdeki asimetrinin, alt sistemlerin serbest Hamiltonlularinda bir asimetri
ve/veya bunlarin aralarindaki etkilegimi ile elde edildigini de gostermekteyiz. Asimetri
kaynaklarini iki oyuncak modeli ile 6rneklendiriyoruz. Bunlardan biri, miimkiin olan
en kiiciik diyot olan, tek qubit sistemi digeri ise ii¢ seviyeli bir atomdur. Bu iki sistem,
diyot davraniglar1 gosterse de, diizeltme yoniiniin ¢ok az kontrolii vardir ve etkilegim

icindeki iki qubit sistemi, diyotun ¢ok yonli kontroliinii saglar.



ACKNOWLEDGMENTS

I am grateful to Prof. Dr. Ozgiir Esat Miistecaphoglu beyond words, first of all
for giving me the opportunity to be a member of QuEST group and most of all for his
guidance and patience in every stage of my M.Sc. degree. His invaluable guidance in
research, teachings in the courses, and the collaborations he introduced always helped
me to find true inspiration and motivation. Finally, I will always feel in debt to him
for his extraordinary kindness and generosity in times of real need.

I thank hospitality of CTAMOP group in Queen’s University of Belfast and
Nanophysics group of Reykjavik University where some parts of this work had been
completed. I, beyond words, thank to Prof. Dr. Mauro Paternostro and Prof. Dr.
Andrei Manolescu for always helping in many stages by various means, including their
reviews on my reports and drafts. In addition to their academic support and excel-
lence, their kind and supporting personalities gave me motivation and self-esteem in
my works. I also thank to Asst. Prof. Dr. Nege Aral for useful discussions on many
biological systems.

I thank each and every member of the QuUEST group, useful discussions with them
taught me a lot. Emre Kose was always there to help in any means I need, and [ am
thankful to have such a teammate, colleague, and a good friend. M. Tahir Naseem
always intrigued me with the most interesting and useful discussions. I thank many
colleagues and friends from Kog¢ University for their friendship and support.

I especially thank my fellow OFT members, Kerim Demirel, Birkan Ugar, Oguzhan
Ozcan, and Tugsad Cavuser. They are a second family to me, and with such good
friends a person would not need anything else. I am very lucky to have them

I finally acknowledge the financial support from the Ko¢ University TUPRAS
Energy Center (KUTEM) through an M.Sc. degree scholarship.

vi



TABLE OF CONTENTS

[List of Figures| X
[Chapter 1: Introduction| 1
[Chapter 2: Background| 3
[2.1 A Short Description ot Open Quantum Systems| . . . . . . . ... .. 3
[2.2  Mathematical Background| . . . . . .. ... ... ... ... ... .. 5
[2.2.1 Hilbert and Banach Spaces|. . . . . . . ... ... ... .... )

[2.2.2  Solution to a System of Differential Equations| . . . . . . . .. 6

2.3 Quantum Mechanics| . . . . . ... ... o000 7
231 PureStated . . ... ... .o oo 8

[2.3.2  Mixed States and the Density Matrixl . . . . . ... ... ... 9

[2.3.3  Time Evolution ot Density Matrix|. . . . . ... ... ... .. 10

[2.3.4 Composite Systems| . . . . . . . . . . ... 11

[2.4  Classical and Quantum Statistical Mechanics|. . . . . . . . .. .. .. 12
[2.4.1 Boltzmann Probability Distribution|. . . . . . . . .. ... .. 13

[2.4.2  Density Matrix of a System in Thermal Equilibrium|. . . . . . 14

[2.4.3  Density Matrix ot a Bosonic Thermal Bath|. . . . . . ... .. 16

[2.5  Derivation of the Markovian Master Equation| . . . . . . . . ... .. 18
[2.5.1 Quantum Dynamical Semigroup| . . . . . . . . . . . ... ... 19

2.5.2 Interaction Picturel . . . . . ... ... o000 20

[2.5.3  Master Equation in the Interaction Picture]. . . . . . . . . .. 22

2.50.4 Dindblad Form| . . . . ... ... .o oo 24

2.6 Quantum Thermodynamics| . . . . .. ... ... ... ... ..... 32

vil



[2.7  non-Markovian Techniques| . . . . . . . .. .. ... .. ... ... .. 33
[Chapter 3: Application and Numerical Implementation of Marko- |
[ vian Master Equation| 34

[3.1 Two-Level System Thermalization|. . . . . . ... ... ... .. ... 34

[3.1.1  System Description| . . . . . . . .. ... ... ... ... ... 35
[3.1.2  Pure Dephasing Term| . . . ... ... ... ... ....... 37
[3.1.3  Population Dynamics| . . . . . . ... ... ... ... ..... 38
[3.1.4 Solving the Equations of Motion|. . . . . . . . ... ... ... 40
B.1.0  Heat Currentl . . . . . .. ... ... . oo 45

[3.2  Non-Equilibrium Two-Level System| . . . . . .. ... ... ... ... 48
[3.2.1 Master Equation] . . . . . ... ... o000 49
[3.2.2  Observable Dynamics|. . . . . . ... ... ... ... ... .. 51
[Chapter 4: Local vs Global Markovian Master Equations| 54
[4.1 Local Approach| . . . . . . . . . ... ... ... ... 54
[4.1.1 Three Interacting Qubits| . . . . . . . .. .. ... ... .... 54
4.1.2  Two Interacting Qubits{. . . . . . . . . ... ... ... .... 59

[4.2  Global Approach| . . . . . ... ... ... 61
[Chapter 5: Quantum Thermal Diodes| 65

[b.1 A Single Qubit as the Smallest Diode| . . . . . . . .. ... ... ... 66

0.2 Diode Behavior form a Three Level Atom | . . . . ... ... ... .. 68

(5.3 Two-Qubit Quantum Thermal Diode} . . . . . . ... ... ... ... 70

[5.3.1  Dressed System Description| . . . . ... ... ... ... ... 71
[5.3.2  Model Realizations, Comparisons, and Explanations|. . . . . . 73
[5.3.3  Heat Currents and Thermal Diode Quality Measurel . . . . . . 75
[>.3.4 Asymmetry in the Heat Current{. . . . . . . .. ... ... .. 75
[5.3.5 Asymmetry due to Transition Frequencies| . . . . ... .. .. 83

viii



[Chapter 6: Conclusion and Outlook]|

[Chapter 7: Appendix|

[7.1  Quantum Dynamics of Three Interacting Qubits . . . . . . . . .. ..

[7.2  Dressing Two Interacting Qubits . . . . . . . ... ... ... ....

(7.3 Dynamics of the Dressed Two Qubits| . . . . . ... ... ... ....

[7.4  Heat Currents of the Dressed Two Qubits| . . . . . .. ... .. ...

[7.4.1 Flat Spectrum)|. .

[7.4.2  Ohmic Spectrum)|

(Bibliography|

X

88
89

90
90
91
93
94
94
96

99



LIST OF FIGURES

PRI

Open Quantum System. Effects of the environment, which ex-

changes energy with the system, is described by MME. System plus

environment is considered as a closed composite] . . . . . . ... ...

B

Two Level System (Qubit) Cases. (a) Qubit with a transition

frequency w is couple to a thermal bath at temperature 77, with a rate

kr. (b) It is also coupled to a second thermal at temperature Tg with

arate Kr. . . . . L

B2

Qubit Thermalization. Populations converges to the Gibbs distri-

bution of the bath temperature. Three different cases are as shown in

the legends. Colored dots show analytical result, black solid lines are

numericall . . .o

[3.3

Qubit Thermalization. Coherences dies away in every case, and this

plot shows the imaginary part. Three difterent cases are as shown in

the legends. Colored dots show analytical result, black solid lines are

numericall . . . . L

B4

Qubit Thermalization. Coherences dies away in every case, and

this plot shows the real part. Three different cases are as shown in

the legends. Colored dots show analytical result, black solid lines are

numericald . . . ...

[3.5

Qubit Thermalization. Heat flows from hot to cold. Three different

cases are as shown in the legends. Colored dots show analytical result,

black solid lines are numericall . . . . . . . . . . . . . .. ... .. ..

36

Steady State Heat Current. When 1y > 17, J3° is positive. |. . .




4.1 Three and Two Interacting Qubits. Left (L) and right (R) qubits

are coupled to their local baths at temperature 77, and Ty with the

rates Ky, and kg, and right qubit interacts with left qubit/s with a

x1

coupling strength ¢.|. . . . . . . .. . ... ..o 0. 55

[4.2 Three Interacting Qubits. Steady state heat currents from (a) hot |
and (b) cold baths sum to zero. Heat current maximizes at an opti- |
mized temperature as the (c¢) correlations, and (d) first qubit always |

[ thermalizes with its Tocal bathl) . . . . ... ... ... .. ... ... 57
(4.3  Fourier Law of Thermal Conduction. Steady state heat current |
through a single qubit increases as the temperature bias Tyo — L colq 18 |
ncreased. ... ..o 58

[4.4 Local MME Comparison. a: When, left bath is always hotter than |
the right bath, which is at temperature (6.);, = —1 (0 K), everything, |
deceivingly, seem consistent. b: When right bath has a finite tempera- |

ture, that is (0.);, = —0.5, heat current direction of (b) dipole-dipole |
coupling is always from hot to cold, which is violated in the (a) opto- |
mechanical like couplingcase . . . . ... ... ... ... ... ... 60

4.5 Global MME for Two Interacting Qubits. Steady state heat |
currents have the correct direction, and its non-reciprocal.| . . . . . . 64

(7.1 ORQ Flat Spectrum Low temperature. . . . . . . . . . ... .. 94
7.2 ORQ Flat Spectrum High temperature. . ... .. ... ... . 95
(7.3 RQ Flat Spectrum Low temperature.| . . . . . . . . .. ... .. 95
(7.4 RQ Flat Spectrum High temperature., . . ... . ... ... .. 96
7.5 ORQ Ohmic Spectrum Low temperature. . . .. ... ... .. 96
7.6 ORQ Ohmic Spectrum High temperature. . . . . . . . . . . .. 97
(7.7 RQ Ohmic Spectrum Low temperature. . ... ... ... ... 97
7.8 RQ Ohmic Spectrum High temperature.| . . . . . . . . . .. .. 98






Chapter 1

INTRODUCTION

Nature is fundamentally quantum mechanical. Yet, intricate quantum mechanical
behaviors, such as quantum coherence, are not present in everyday life, and our
macroscopic experience is dominantly classical. This is because ”quantumness” is
preserved only in isolated systems (or at least in low temperatures with very small
levels of noise). Therefore, quantum effects in biology [1, 2, B3] are quite surprising,
since these systems are open to noisy environments. One extraordinary effect is the
observation of long-lived quantum coherence in the excitation energy transfer (EET)
through photosynthetic pigment-protein complexes (PPCs) [4] [5] 6] [7, [8].

Techniques from theory of open quantum systems [9, 10, [11], 12], [13] are applied to
EET through PPCs to understand the effects of noise on the transport [14] 15| 16, 17,
18, 19, 20, 21]. Tt is shown that the exciton transport through dissipative quantum
networks (at zero temperature) can be enhanced by local dephasing [15], and an op-
timized interplay between free Hamiltonian evolution and thermal noise is shown to
increase the transport efficiency [16]. Enhancement of transport efficiency by the opti-
mization of dynamical interplay between the Hamiltonian of a disordered system and
pure dephasing is attributed to prevention from localization in disordered system [22]
with fully coherent dynamics [I7, 18] and quantum Zeno effect of highly incoherent
dynamics [I7, 18], and to line broadening [I8, [19]. For the ordered systems, there is
no localization to overcome, yet fully coherent dynamics is not again more efficient
than the dynamics with an optimized noise [20]. This is related to an optimization be-
tween the destruction of dark states by noise and quantum Zeno effect caused by the

excessive amount of noise [19, 20]. Also, a structured noise, that is a non-Markovian
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environment composed of local oscillators on each transport site, has also shown to be
beneficial for the transport efficiency [19] 23], 24 25, 26, 27, 28], 29]. It is argued that
the vibrational modes open up additional transport pathways, or dynamically adjust
the resonances to provide directionality in the transport network [24], 26 27, 2§].
These vibrational modes are also shown to support the lifetime of coherences to the
observed time-scales [23] 24], 25] 29, [30].

The noise-assisted transport idea proved in the works above is experimentally
tested and verified in various platforms |31 32, 33], [34], 135, 36], yet there is still debate
on the role of coherence on the transport in Photosynthesis [37, 38]. Also, it has been
shown that introducing a sink, which is the common point in almost all of the above
studies, contradicts the second law of thermodynamics [39]. Therefore, adopting
the thermodynamical measures [40] to analyze the transport [28, 2I] in a thermody-
namically consistent way, we shift our attention to quantum thermal non-reciprocal
devices, which are required to turn waste heat into useful resource [41], 42, 43, 144]
not only in energy-harvesting [45, 46], but also in information processing [47), 48]
and heat engines [49, [50]. Quantum non-reciprocal devices are theoretically pro-
posed [51], 52], 53], 541 [55] [56], and experimental works realized a single-photon optical
diode [57], a heat switch from coupled superconducting qubits [58], and photonic heat
valve [59].

This thesis first presents the background required for open quantum systems and
the derivation of Markovian master equation (MME), which is the main tool used
in almost all of the above theoretical studies. Then, toy model examples of MME
are presented to demonstrate what is MME and how to solve it. Finally, the working
principle of a quantum thermal diode of two interacting qubits [54] 53] [56] is explained
together with a discussion on how would a non-Markovian environment affect the

diode behavior.



Chapter 2

BACKGROUND

This chapter presents the required background from both quantum and statistical
mechanics. It starts with very basic but useful mathematical definitions and also
presents a method to solve coupled first order linear homogeneous differential equa-
tions. Then, density matrix formalism is introduced by considering ensemble average
of an observable for a mixed state, which is a statistical ensemble of pure states. Rig-
orous terminology divides the naming into two as density operator and density matrix,
which is a matrix representation of the operator in a chosen basis, we use the name
density matrix for both cases. It is already obvious that the statistical ideas play a
key role here. Therefore, this chapter also introduces required background from both
classical and quantum statistical mechanics. Another use of them is to reduce the dy-
namics of system-environments composite to only the system of interest by removing
the environment degrees of freedom with the use of their statistical properties. This
is done by deriving the quantum master equation in Born-Markov approximation.
Finally, a short review of quantum thermodynamics and non-Markovian methods are

presented.

2.1 A Short Description of Open Quantum Systems

Generic example is a system interacting with an environment at temperature T, as
shown in Fig. The whole configuration, the system S plus the environment, is
closed, and its dynamics is described by the Liouville - von Neumann equation, which

is derived in the subsequent sections,

ot = [1.600)] (2.1)
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Environment

Figure 2.1: Open Quantum System. Effects of the environment, which exchanges
energy with the system, is described by MME. System plus environment is considered

as a closed composite

where p is the density matrix introduced in the subsequent sections, and H is the

total Hamiltonian given as
H = Hs + Hy + Hj, (2.2)

where f[g, H R, and H; are respectively the system, environment, and system-environment
interaction Hamiltonians. When only the system S is of interest, its state pg(t) is ob-

tained by tracing out the environment degrees of freedom

ps(t) = Trr [p(t)] - (2.3)
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However, obtaining 5(t) requires Eq. to be solved, and it is not possible for most
systems. Therefore, Markovian master equation technique is developed to describe the
time evolution of pg by applying second order perturbation to 2.1 under Born-Markov
approximations, which is justified in weak system-environment coupling. Subsequent
sections present the derivation and description of involved approximations. Once the
environment degrees of freedom are traced out, dynamics of the system S is given by

an equation of the form

d o T 1 A
ih—ps(t) = |Hs, js| + L[], (2.4)

where £ is called Liouville super-operator (Liouvillian) adding the effects of environ-
ment to the unitary dynamics of S. Here, the term super-operator means an operator
(Liouvillian) that acts on other operators (density operator/matrix). The rest of this
section is basically all about obtaining the super-operator £ both in its general form

and for specific systems.

2.2 Mathematical Background

This section involves two parts. The first part summarizes the mathematical defini-
tions used in the Quantum mechanics, which are also useful in rigorous mathematical
approaches to open quantum systems. The second part introduces a method to solve
coupled differential equations, which is adopted in solving the Quantum master equa-

tions.

2.2.1 Hilbert and Banach Spaces

A vector space V is a set that is closed under vector addition and vector multiplication,
and it is defined by a set of axioms [60] 61, 62, [63]. A Banach space B is a complete
vector space with a norm ||.|| [12] 60} 63], and Hilbert spaces H are Banach spaces
with a norm given || f|| = \/(f, f), where (f, g) is an inner product of the two vectors
f and g [60, 62 [63]. Completeness of a vector space means that all Cauchy sequences

converge to a limit [60], 63].
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An example of Hilbert spaces is the space of square integrable functions L? [64],
meaning that the integral of f? over the whole real line is finite for any function

f € L2 The norm for L? is

(o) = [ st 25)

where f, g € L2 Such functions are used as the wave functions (solutions to Schrodinger
equation) of quantum systems [64]. A More abstract version is to use a ket |.) to rep-
resent the state of a system, and an element in the dual space called bra (.| is used
to define the inner product(.) [65].

Observable of a quantum systems, more precisely the expectation value (O> of an

operator O, is obtained by applying the corresponding operator O of an observable
to a state |.) and then taking the inner product with dual of the state (.| [61], 64 65]

~

(0)=(I01). (2.6)

Operators form a Banach space with an operator norm, which tells the unitarity of an
operator [12], 63]. T do not present the definition of operator norm here, but unitary
operators have norms equal to 1. If an operator has a norm less than 1, it is called

as contraction [12], 63].

2.2.2  Solution to a System of Differential Equations

Here, solution for a specific system of differential equations (SDE) is presented to be

used in solving the MME. Consider the following SDE

&y = Muyxi+ - +Mia,,
(2.7)
Ty = Mnl«rl—i_ T +MnnIn7
which can be written in the matrix form as follows [66], 67, [68]
b's M b's
—~ = % ~—~"~=
1 My - M, | |21
- — X =MX. (2.8)



Chapter 2: Background 7

There are two ways to solve the Eq.[2.8 First solution is written trivially as
X =M, (2.9)

where C' is a column matrix (a vector) of constants to be determined from the initial
values [66] 67, [68]. If the matrix M is diagonal, which means the equations are
not coupled to begin with, the matrix exponential and the solution is trivial. For
a coupled system, there are two ways to proceed after this point. First one is to
expand the exponential as a power series, which can be used easily in the numerical

calculations
eME=N" MY (2.10)

Second method is to first diagonalize the matrix M and then exponentiating it [60),
67, [68]. Diagonalization of a matrix can be performed by finding its eigenvalues,
which is a part of the second way to solve Eq. 2.8 Using the eigenvalues k; and
eigenvectors k of the matrix M, we can also write the solution of Eq. as

X =) ¢k, (2.11)
j=1

where ¢; are integration constant to be determined from initial conditions. I will use

and further explain these techniques in the subsequent chapters.

2.3 Quantum Mechanics

There are three equivalent ways to describe the dynamics of a quantum mechani-
cal system. These are commonly called as Schrédinger, Heisenberg, and Dirac (or
interaction) pictures. In this thesis and in general, Schrédinger picture is used ex-
tensively, but interaction picture is useful in the derivation of MME and is explained
in the subsequent sections. I do not present these pictures in detail, but it can be
found in standard text books [61, [65, 69 [70]. In the Schriodinger picture, state of

a closed quantum system is represented by its wave-function, which evolves under a
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unitary dynamics determined by the system Hamiltonian. Quantum mechanics is in-
trinsically probabilistic and the probability of an observable to have a certain value is
obtained by its expectation values. However, in realistic systems, there are also clas-
sical uncertainties, and these are incorporated into quantum mechanics with density
matrices [65, [71), [72] (73] [74].

In this section, pure and mixed states are introduced to lead our way to density
matrix formalism, and then the dynamics of this statistical treatment is derived.
Also, density matrix of a composite system and its reduction to a subsystem density
matrix with a partial trace operation is described. This section is a combination of

summaries for the topics from standard books [61], 64 [65] [69] (70}, [71], [72] 73], (74}, [75].

2.3.1 Pure States

For a closed quantum system with a given Hamiltonian H, eigenstates [¢;) of the
Hamiltonian (i.e. energy eigenstates) describe a basis for the Hilbert space of states.

Eigenstates are obtained form the eigenvalue equation
H |¢3) = E; |v3) , (2.12)

where E; is the eigenenergy for the eigenstate |¢;). A pure state |¥) is a normal-
ized superposition of the eigenstates, which can be written for a Hilbert space with

dimension d as

d
W) = Z ¢ |1i)
i=0

where the ¢; are complex numbers, and the normalization condition is

d
(T)T) =1 <= e’ =1.

=0

Time evolution of a pure state is given by the Schrodinger equation
L0 -
zha |W(t)) = H(t) |¥(t)) . (2.13)

Schrédinger equation will be used to obtain Liouville - von Neumann equation, which

describes the time evolution of density matrix. In order to introduce density matrix
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formalism, final concept needed from the pure state description is expectation value

for an observable O, which is calculated as

(0) = (¥|0] D).

2.3.2  Mixed States and the Density Matriz

If a quantum system is a statistical ensemble of pure states |¥;) with corresponding
weights w;, state of the system cannot anymore be described by a single state vector.
Yet, using the statistical weights w;, we can write the expectation of an observable

as the ensemble average
0] = ij (W;|01%,) . (2.14)
Using the completeness relation for a basis of the Hilbert space
Do 1b)
v

Eq. can be rewritten as

0] = ij@j! DYoL D)@ 1wy)

b//

= ZZ(Z% (v 1w;) \If~\b’>) w0
= ZZ<b”r<ij|%><w> V) (IO - (2.15)

At this stage, we can define the density matrix as
p= wi ;) (V. (2.16)
J

As shown below, this operator is used to calculate the ensemble average of a mixed
state for any observable. Also, elements of the matrix representation, called the

density matrix, in any basis |b') is found as

e ij 0" |W;) (W50 . (2.17)
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Diagonal elements of this matrix give population for the corresponding eigenstate, and
off-diagonal elements are the correlations between eigenstates, called coherences.Now,

using the density matrix, we write ensemble average as

1

A 1m0 oA "o Ny A4
OT=D > ®1pl) BTAP) Y (" |pAP") = Tr(pA). (2.18)
b/ b// b//
Final relation tells that the ensemble average of a mixed state for any observable A

is found by the trace of ,5121 in any basis.

2.3.83 Time FEvolution of Density Matrix

We have introduced the formalism that properly describes a mixed state. Now, we use
this formalism to describe the time evolution of mixed states. Here, we still consider a
closed system so that dynamics of the pure states are described with the Schrodinger
equation. Then, from an initial state p(to), density matrix at a later time ¢ is written
as

plto) = ij W5, t0) (W5, tol — pt) = Z%‘ Wy, t) (Wt (2.19)

J

Taking time derivative of both sides in the second expression of Eq. [2.19, we write

d . 0 0 0
3Pt = Zj:wj§ (15, 8) (W, t]) = zj:%‘ (5 (15, 0) (1] + [, 1) ((‘I’j,ﬂ)) :
(2.20)
We have the time derivative for a ket in Eq. [2.13] and it is given for a bra as
L0 -
—zha (U(t)| = (U(t)| H(t). (2.21)

Then, by multiplying Eq. with ¢h and substituting time derivatives of bra and
ket states Eq. and [2.20, we obtain the following relation

d

L d
"

() = Dy B9, 8) (Wt = [9,,8) (Wt | = = [0.8] = [A,5], (222

called the Liouville - von Neumann equation describing time evolution of a quantum

statistical system.
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2.3.4  Composite Systems

Almost all systems of interest comprise multiple components. Therefore, this sec-
tion is about the density matrix of composite systems. State of a system with two

constituents, A and B, is written as (by direct product)
(Wasn) = D aiylaiby) (2.23)
1,3

where, o, ; = (a;,0;|Vayp) and |a;,b;) = |a;) ® |b;). Normalization of the composite

state |5 ) means that

Z |Oéi’j’2 = 1.
1,7

If the factorization «; ; = ozl(A)oz;B) is possible, then

= |Ua) ® |Up),

[Uasp) = [Z a |ai>] [Z )

i J

factorization of the state into states of the subsystems is also possible. The state of
a composite system that cannot be factorized into a product state of its subsystem
states is called an entangled state. Finally, the density matrix of the composite system

is just again the outer product of system states pasp = |Vasn) (Vaipl.

In the open quantum systems, we are interested in dynamics of the system in a
thermal bath, and MME is derived by tracing out the bath degrees of freedom by
taking partial trace. Assume that we are interested in the properties of system A,

and let Trg denote the operation of trace only over the subsystem B (partial trace).
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Density matrix of system A (so the state) is obtained as follows

(;ailai>;ajlbj>> (z M <bl|>]

= Y o |a;) (ag] Trg <Z aja; [bj) <bz|>
ik al
= > lai) {ar] D cieyagaidjy
ik il
= > ai) ] D e, = cir lai) (| = pa, (2.24)
j

———

Cik

— Trp [ﬁA+B] = /A)A. (225)

Trg [|Ways) (Parsl] = Trp

One additional assumption above is that the composite state is factorisable, which
guarantees that Tra [pasB] @ Trg [pars] = Pars, but procedure is the same for any
composite state.

In above calculation, it may seem unambiguous whether or not the c;;’s give the
correct matrix coefficients. Assume that expectation value of an observable O, of
system A is calculated as

(On) = (UaslOal¥aysn) = > afjai; (axlOlas) (blb;) = ai jou s (ax|Olas)

0,3,k 50 0,3,k

(Oa) = Z cir (ar|Oalas) . (2.26)
ik

By using the density matrix of system A given by the Eq.[2.24] this expectation value

is also calculated using the Eq. as

0a] = Tr (50 ) = Y~ (il paOalas) = D (alpalar) (@nlOalas).  (227)

In the second line, resolution of identity is used. Comparing Eq. and [2.27], it is
seen that (a;|palar) = cix, which is the same in Eq. [2.24]

2.4 Classical and Quantum Statistical Mechanics

This section firstly presents a derivation for Boltzmann probability distribution, and

then, by introducing a measure of disorder for the density matrix together with the
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defining properties of equilibrium, it is shown that the elements of density matrix in
thermal equilibrium are simply Boltzmann probabilities. Finally, density matrix for
a thermal bath of bosons is defined. This section is a combination of summaries for

the topics from standard books [65, [74] [75] [76, [77, [78), [79].

2.4.1 Boltzmann Probability Distribution

In classical thermodynamics and statistical mechanics, entropy is defined respectively

as
JQTBV
s = =, (2.28)
S = kpln(Q), (2.29)

where d(Q),., is the infinitesimal heat reversibly given to the system at the temperature
T, and Q = e5*5 is the number of possible micro-states for a given macro-state for
discrete systems and phase space volume containing the states satisfying macroscopic
constraints for continuous systems. Total energy U = Ur + U, of a system A and
its environment R is constant, and the number of states is written as a function of

system energy Uy as
Q(UA) = QA(UA) X QR(UT — UA) (230)

The first law of thermodynamics, which is about the conservation of energy, is math-

ematically stated as
AU = dQ + dWw, (2.31)
dU = dQ+ ) Jidw;, (2.32)
where J; are generalized forces with their conjugate general displacements dx;, and
d() is infinitesimal heat. Then, using the entropy definition given in Eq. [2.28, we

obtain a relation for the number of states for a specific energy U by firstly obtaining

a relation for the temperature as follows

oS 0ln
A

= eU/ksT, (2.34)

5 =
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Then, for a particular energy F; of the system A, we have the number of states from

Eq. as
Q(E;) =1 x Qp(Up — Uy) = nelVr=F/ksT, (2.35)

From this relation, we write the total number of accessible micro-states of a discrete

system as

Niotal = Z QE;) = ’YGUT/kBT Z e FilksT, (2.36)
7 .

j
The basic assumption of classical statistical mechanics is that all the possible quantum
states are equally probable, equal a priori. Therefore, the probability of system A
having the particular energy Fj; is the ratio of number of micro-states with this energy
to total number of micro-states, which is given by

Q(E) o—Ei/kpT o—FEi/kpT

T WE) T S e BT T 7 250

where the partition function Z = Zj e Fi/ksT is defined. Eq.[2.37|is the Boltzmann
probability distribution, and it will give us an intuition about the elements of density
matrix for a system in equilibrium with a thermal bath through their structural

similarity.

2.4.2  Density Matriz of a System in Thermal Equilibrium

Defining properties of equilibrium include, maximized entropy, definite system energy,
and steady probability distribution. We make use of these properties to derive the
density matrix of a system in thermal equilibrium. For this purpose, let us first

introduce a measure of disorder for the system
o=—-Tr(plnp). (2.38)
Meaning of ¢ is rather clear if we use the basis in which p is diagonal

dia dia,
o ==Y " . (2.39)
J



Chapter 2: Background 15

is a real number between 0 and 1, o is positive semidefinite.

Since each element p§§iag)

For a completely random ensemble, every state (with N number of them) is populated

equally p*8 = +, then

JJ

o==> % In (%) . (2.40)

Jj=1

diag

If the state is normalized | i Pjj 1, the maximum value is ¢ = 1. For a pure state,

o has its lowest value 0, because only one of the states j is occupied, the rest of pdi.ag

23
(diag)

)

=1 = Inpi* =0, so

will be zero and for that one particular occupied state p i

Opure = 0. Simply by stating that entropy is a measure of this order in thermodynamic,

here is a good position to introduce von-Neumann entropy
S = kgo. (2.41)

Now, we use the properties of thermal equilibrium stated above

e Entropy is maximized = do =0,
e Energy is definite = [H] = Tr(pH) = U,

e Probabilities are steady = dTrp=>", 6per = 0.

We can combine all there conditions with the use of Lagrange multipliers as

oo BO[H] ~otrp
- % N /=
Z O prr 10 prg + O prr + O prrBE + Y0 i, (2.42)
k

which is equal to zero and is written as
Z Sprk (I prr + 1+ BE, + 7] =0, (2.43)
k
Eq. is zero independent of dpg,. Therefore, we must have
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which gives the following relation for diagonal density matrix elements
Since the partition function is a normalization factor the probabilities, and diagonal
density matrix elements are populations, we define Z from the normalization condition

as

ijj — ] =l (Z eﬂEj> 7 = vt — <Z eBEJ) . (2.46)

Then, diagonal density matrix elements in Eq. are written as
e BEk e~ BEk
Pkk = 7 = Zj T

(2.47)

These matrix element have the same form as in Eq. [2.37} which means that probability
distributions in the thermal state are the same. Therefore, we can identify g as kgT
and finally write the density matrix of a system in thermal equilibrium as
exp (— BFI )

7 (2.48)

p=

with the partition function defined as Z = Tr (e‘ﬁﬁ )

2.4.8  Density Matriz of a Bosonic Thermal Bath

This bath model can be used for a bath of photon or phonon gas. Let us consider a

bath of bosons at temperature T, the probability p,,, that a certain mode of the field

is excited with n photons is obtained from Boltzmann probability distribution as
o—EnkpT

DPn = W- (2.49)

Here, E, = hw, (n + %) is the quantized energy levels of the bosonic field, and the

% term is called the zero-point (or vacuum) energy. Using the short hand A =

hwn,

exp (— kBT) together with the geometric series relation

a
1—r

atar+ar®+ .. = Zark = for |r] <1, (2.50)
k=0
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n

we first write the probabilities as p, = ZA and use ) A™ = =3 to write te

m )
mA

probabilities as

—(1—A)A" = [1 —exp (—Z:—;)] exp (—ZZ;‘) , (2.51)

Therefore, the density matrix for a single-mode thermal filed, which is a mixed state

of number states with the Boltzmann is given by
. hewy, nhw,,
Pthermal — ;pn |TL> <n| = |:]- — €xp <_ka_T):| ;exp (_ k‘BT) |TL> <TL|
hw, hwnata
= {1 — exp (——kBTﬂ zn:exp (— T ) |n) (n|

hw,, hw,al a,
A - |1= __n ——n . 2.52
Pthermal |: €xXp ( kBT>:| €xp ( kBT ) ( 5 )

This can be put into more compact form as in Eq.

_ ata
e Bhwna'a

N RN

Another form of the thermal bath density matrix is obtained by first calculating the

average number of photons as

no= ;mpm—(l—A);mAm_ ZAml_ 0?4 (LA>

- (1_’4)(1:1?4)2:11—414
exp( h‘;g) - 1

(2.53)

i
|

1—exp( ﬁ“’") exp(ﬁ“’")—l

Then, using the probabilities in Eq. [2.49] density matrix of a thermal field is written
as

AT

. n
Pthermal = Z W In) (n|. (2.54)

n

This can be generalized to multi-mode thermal bath of bosons using the multi-mode

Fock states, [nj) ® [nf) @ [n}) @ -+ = [njnini ... nk...) = @, |nk) = [{ni}), where
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subscript represents a certain multi-mode state, and superscripts are for the individual

modes. Then from the basic definition of density matrix, it is written as

Proulti = Zpk |{nk}> <{nk}\ ) (2~55)

where the probability of a certain multi-mode state is just multiplication of the prob-

abilities for individual modes py, = p} X p x --- = [, p} also written as

Dk = H [1 — exp (—::—})} exp (—ngj;l> . (2.56)

l

Substituting this Eq. in, multi-mode thermal bath density matrix is written as

s = {%rl[[l—exp (—p )| exo (02 ) o)t 250

Pt = Hefhwldgal/kBT (1 . efhwl/kBT) _ (2.58)
!

Finally, the average number of excitations for a certain mode is calculated by the sum
of excitation number in a multi-mode state times the probability of that multi-mode

state over all the multi-mode states as
nl = Z nk pr. (2.59)
k

We will make use of this density matrix and the average excitation number when we

are tracing out the environment degrees of freedom deriving the MME.

2.5 Derivation of the Markovian Master Equation

This section first summarizes the quantum dynamical semigroup [10], 111, 12, 80}, 811, 2]
and then provides the microscopic derivation of master equation in Born-Markov
approximation (MME) using the interaction picture [78, 79, 83, 84]. Finally, by
considering a specific model, harmonic oscillator in a bosonic thermal bath, the MME
is put into Lindblad form [80, 81], 84]. This section is a combination of summaries for

the topics from above references.
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2.5.1  Quantum Dynamical Semigroup

Dynamical semigroup concept is used for classical Markov processes, and the word
”semi” means that the process is irreversible. In other words, one-parameter family
describing the conditional transition probabilities of a Markov process is defined only
for positive time differences 7 = t5 — t;, where to>t;. Quantum dynamical semigroup
is the direct generalization of the same ideas to quantum Markov processes used to
describe the open quantum systems (OQS). Using this direct analogy, quantum MME
is written from the classical master equation of a Markov process by replacing the

classical probability distribution with a density matrix as
< p(t) = L(t). (2.60)

Formal solution of the Eq. is just A(7)p(timitia1), Where T = tgnal — tinitial. One-
parameter family of maps {A(7),7 > 0} are used to describe the dynamics of an OQS,

and they satisfy the following properties

o A(t1)A(te) = Aty + t) - semigroup property (Markovian)
o Tr (A(7)p(tinitia)) = Tr (p) - Trace preservation

o A(7T)p(tinitia1) > 0 - Positivity (for p > 0)

° }_ILI[I) A(T) p(tinitial) = P(tinitial) - Continuity

Positivity is replaced by a stronger condition, complete positivity, to properly treat
the entangled states. After this point, I just summarize the quantum dynamical semi-
group technique by writing the MME for a single qubit, but more detail on quantum
dynamical semigroup can be found in Refs. [10, 11, 12} 80, 8], 82]. Considering a
open quantum system associated with a n-dimensional Hilbert space H, completely

positive dynamical map (omitting (¢iniia1)) is written by a Kraus decomposition as

Ar)p=>Y WapW, (2.61)
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where W, are bounded operators on H with > W;Wa = 1. Then, using the above
properties of the dynamical mapping together with this decomposition and a complete
basis of orthonormal operators {E,z = 1,--- ,n?} for the Liouville space [85 [86]

corresponding to the considered finite dimensional H, most general form of £ is derived

to be
D[F]
n?—1 < f o
Lp=—i [H,ﬁ} + 5 Ky (FiﬁF} — 5{]:;[57/6})7 (2.62)
i,j=1

where H is Hamiltonian of the system, ﬁ[ﬁ] is the Lindblad dissipator of the op-
erator F, ki; are positive constants to be determined from environment correlations

and system-environment coupling strength, and the identity operator 1 of {Fl,z =

1,---,n%} is discarded in the sum. For a two level with the following Hamiltonian
Hris = 55, (2.63)

basis of the corresponding Liouville space can be {1, 6, 6_, 7.}, where ¢’s are Pauli

spin operators. Then, master equation of a two level system is written as
. (s . A AT a A
p=—7 [fris.p| +k-Dlo-] +k, Dloy] + k. Do), (2.64)

where x’s are determined by bath correlations, which obey the (Kubo-Martin-Schwinger)
KMS conditions for a thermal bath. Terms in this equation are detailedly discussed

in the subsequent chapter.

2.5.2 Interaction Picture

Until this point we made use of Schrodinger picture, and now interaction is introduced
to be used for the derivation of MME. As the name suggests, interaction picture is
useful when there is interaction such tthat the total Hamiltonian can be split into a

free part Hy and an interaction part Hi(t)

~

H(t) = Hy + Hy(t). (2.65)
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Evolution of a pure state is unitary for a closed system, and it is described by the

unitary-evolution operator U(t, ty) as
[W(t)) = U(t,to) [(to))  with  Ulto, to) = 1. (2.66)

Using this relation, time evolution of a density matrix is rewritten in terms of unitary

evolution operator as

plt) = D pi [T t) (Tt = paU(t ko) [W5, t0) (U5, 10| UT (£, 1)
J n
= U(t,10)p(to) U (t, to). (2.67)

Substituting the unitary evolution relation Eq. into the Schrodinger equation

Eq. we get the equation of motion for unitary evolution operator as

ih%f](t, to) = H)U(t, t), (2.68)

which has a solution in terms of a Hamiltonian, that commutes at different times, as

U(t, o) = exp [% /t dt/]{l(t/)] . (2.69)

to
Then, by partitioning the Hamiltonian as in Eq.[2.65, the unitary operation is divided

into two parts as

Uo(t,to) Ul(j\yt())
A SR 1/t (2.70)
U(t, to) = exXp —Ho(t — to) exXp | / dt Hl(t ) s
ih ih Jy,

Now, we are in a position to define the observables and density matrix in the inter-
action picture using expectation value of an observable 0. Using partitioned unitary

operator, expectation value of an observable O(t) is written as

(O(1))
(0), = T (OUs(t, t0)Un(t, to) pto) U (1, 1)U (1, 10) ) (2.71)

(0), = Tr(Op(t)) = tr(OU (t,t0)p(to) U (t, o))
rt

t Using the cyclic property of trace that is Tr(ABC) = Tr(BCA) = Tr(CAB), we get

(0), =Tt (Oi())
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where Oy(t) = Ul(t,t0)OUy(t,to) and pi(t) = Ui(t, to)p(te)U] (¢, to), or alternatively
pi(t) = U(t, o) p(t) Us(t, to).

These equations are constructed in a way that at time ¢ = % interaction pic-
ture observables and density matrix coincide with the corresponding operators in
Schrodinger picture. Above relations tell that, in the interaction picture, observable
operators are evolved by free Hamiltonian, and density matrix is evolved by interac-
tion Hamiltonian, which can also be obtained by the transformation of Schrédinger
picture density matrix using free evolution unitary operator. It is straightforward to
show that the interaction picture Hamiltonian IEII(t), which evolves the interaction

picture states, is obtained from the interaction Hamiltonian by the transformation

ﬁ[(t) = UJ(t, to) H(t)Uo(t, to = US (¢, o) (Ho + Hu(t))Us (¢, to)

= Ui (t,t0) HoUs (¢, to) + US (¢, o) (1) Uo (2, 1)

S [\ J/

-~

Ho i (t)

H(t) = Ho+ Hit). (2.72)

In the third line, free unitary evolution operators had no effect on free Hamiltonian,

because they commute, and the order can be changed to cancel unitary operators.

2.5.83 Master Equation in the Interaction Picture

In Schrédinger picture, we have ihp(t) = [ﬁ , ,6(25)} for the time evolution a den-
sity matrix, and the density matrix transforms into interaction picture as, pi(t) =

Ul (t,t0)p(t)Us(t, to), more explicitly,

A ~

Hg(t—to) Ho(t—to)

pr(t) = exp(—————)p(t) exp(———).

Differentiating the both sides of this relation and substituting the relation for p to-
gether with the interaction picture Hamiltonian in Eq. 2.72] we obtain the equation
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of motion for the interaction picture density matrix as

O3 E ()00, 00p05 |= % [Ifl(t),ﬁI(t)]

A\

plt) = _% o, ()] + exp(_Ho(tm— to))agit) eXp(Ho(?;h— fo),
= % [N (t) — 1—:[0,,51(15)] = % [[ffl(t),ﬁl(t)} (2.73)

From this equation, we will obtain the master equation by a direct (formal) integration

and substitute it back to get

plt) = mow% /Ot [ﬁf1<t’),ﬁ1(t’)] dt’, (2.74)

i) = 3 [10.000)] — 3 [ [0, [0 @l 270

In addition to the approach that we follow to derive the MME here, time-dependent

perturbation by means of Dyson series (essentially the same with our method but

with a subtle difference), projection operators approach, and other methods are also
used [87) 88 [89], 90].

Now, consider that pr(t) represents the state of a system S plus an environment

R composite, and we are interested in the subsystem S. Then, we obtain the density

matrix of subsystem pg, (¢) by tracing over environment degrees of freedom as

. t . .

s (0) = = e [H(t), n(0)] — 2 /O Trg [E(), [0 0] [ . (276)
After this point, we will make a set of assumptions to simplify the master equation.
First, we will assume that [If_fl(t), [31(())] = 0, which may not be considered as an
approximation, since it could explicitly be included in the derivation by removing
a term from interaction Hamiltonian and adding it to system Hamiltonian. Second
assumption is the Born approximation, which depends on the coupling between system
and environment being weak so that no further correlation is build up between S and R
other than the initial correlations, and the environment density matrix is practically
not affected by the interactions, i.e. stays the same over time. This assumption

enables us to factorize the density matrix pi(0) at ¢ = 0 and pi(¢) at any later time,
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if it is initially separable as

:61(0) = ﬁSI(O)R()? (277)

p1(t) = ps; (t) Ro, (2.78)

where Ry is the density matrix of the environment, which does not change over time
scales of observation. Last assumption, namely Markov approximation, is to reduce
the master equation into a true (time-local) differential equation. Assumption is that
the correlation functions of the environment vary at a time scale much shorter than the
characteristic time of the dynamics of S. In other words, environment memory time is
much shorter than system response time. With this assumption, time-nonlocal part
of density matrix is removed by the replacement ps, (t') — ps,(t). Then, we finally

obtain the master equation in Born-Markov approximation as

A

pu) = 5 [ T [ Ft), [F0), s (1) o) | (2.79)

2.5.4  Lindblad Form

Despite being derived with critical assumptions, Eq. has a rather general form,
and it is applicable for many systems, since it makes no assumptions on the type
of system-environment interaction. In this part, starting from the master equation
only in Born approximation, that is Eq. without the commutator and with a
separable pi(t), we first make us of a specific model to further simplify the form of

master equation, and then we will put it into Lindblad form.

Before continuing with the derivation, a digression to motivate all these long cal-
culations seems appropriate here. For a single quantum system, deriving the master
equation with all these details is useful to ease the derivation of MME for composite
interacting quantum systems. Details on this are presented in the subsequent chap-
ters, but we highlight the key points, which give useful insights and intuitions for the

derivation of composite system MMEs, along with the derivation.
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A Specific Form of Interaction

Before focusing on our specific model, let us first assume an interaction Hamiltonian

of the form
=Y sb (2.80)

where 3; are system, and I'; are environment operators. Then, the master equation
in Born approximation is obtained by transforming the interaction Hamiltonian into

interaction picture and substituting it into Eq. as

]:_]I(t) — hz e(i/h)(I:IS“!‘HR)tgif‘ie_(i/h)(HS+HR)t
gg(f) f/(\)

_ hz( i/ ) (Fis +-HR)t (/) (Hs+Hr) )( i/B)(Hs+Hr)t ] ef(z/h)(Hs+HR)t)

p(t) = =Y /O "o [§i(t>ﬁ-(t), [§j(t/)1:“j(t/),ﬁsl(t/)ROHdt/
=2 / t at' { (505 )s, (¢) = 558 )ps, (£)5:(8)) (DT (¢
)55(E)54(8) = 505, (1)55(8)) (TS0 (2.81)

where we have used the cyclic property of trace, and the correlation functions are

given as

A Harmonic Oscillator in a Bath of Bosons

Now, we will make us of the above approach for a harmonic oscillator in a bosonic

thermal bath for which the Hamiltonian is

H = Hs + Hg + Hj,
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where free system Hamiltonians are respectively given for the system and bath as

A~

Hy = hwila, (2.82)
Hy = Zhw]bTb (2.83)

and the interaction between them are given as Hy = > ; hgj (dT[;j + d@;). Here, a and
a' are respectively bosonic annihilation and creation operators of the Harmonic oscil-
lator system, and they obey the commutation relation [d, dq = 1. These operators
for the bosonic bath are respectively b and b'. Finally, w and w; are the frequencies
of Harmonic oscillator system and jth mode of the bosonic bath, respectively.

Our interaction Hamiltonian includes two pairs of operators, so the summation
index ¢ in Eq. runs from 1 to 2. Therefore, when the summation in Eq.
is distributed explicitly into the integral, there appear 8 terms in parentheses of
environmental correlations, but only 4 of them would have non-vanishing correlations.
In order to explicitly calculate them, let us first identify the related operators and
transform them into interaction picture, and then let us write the full form of master

equation. First, we identify the operators as
Si=a and I =TT=) gl
J
§2 = (Aljr and fz = f‘ = Zgjbj
Then, transform the operators into interaction picture,

gl (t) — eiwo&Tdtde—iwodet — de—iwot (284)

)

So(t) = eodlatgto—iwoatat _ gi piwot (2.85)
() = f‘T = exp ( an f bt ) (Z gle)}) exp <—2’ani)jni)mt>
- Zgij iwjt ] m (2.86)
Ty(t) = f‘ = exp ( an T bt ) (Z ;b ) exp < ani)ini)mt>
=S g, m (2.87)
J
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where we used the fact that operators of different environment oscillators commute.
One of the most useful point in this derivation is the identification of interaction

picture coupling operators Eq. 2.84] and 2.85] Importance of this identification is

apparent in the end result, and we emphasize its importance there.

Finally, by substituting the Eq. - in Eq. 2.81] we obtain the master

equation as

t ’ 2 2
psi(t) = — / dt’{ (a&ﬁsxt’)—aﬁs[(t’)&) RN NI (I
0

+ (st = s, (1)) e DT (1)

+ (aalps,(t') = alps, (1)) e 0D T OT(E )y,

+ (st — aps,()al) e 0O (EET )y,

+ (s, (t') — aps,()al) e (POTHE )y

+ (s, (#)aa" — atps, (1)) €0t (F1 () T(1))

(@115, (1) = s, (1)) 0O )y

+ (s (t)atal = @l s, (£)al ) €0 O (T ET )y, } (2.89)

where four distinct correlation functions are

o (LTIt = >k 9igre’ite st Trg (Ro[;;gl)?

o
Ly R3S

d < (t) (t/)>R - Zj’k gjgkeiiw]’teiiwkt TI'R <R0l;jl;k>7

A

o (I'(1)

o

() r = 200 959K e~k Trg (ROI;;I;k),

(D)) = 3 g1k e Ty (Robb] ).

o

*

First two of these correlations are zero, and they eliminate the first and last two terms

in the master equation Eq{2.88 They (two are given below the others are calculated
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similarly) are calculated using multi-mode Fock states as

T (RoblBL) = 3 (nal RobbE i) = 3 (lnad Roy/nd + 1y/nk + 1] {ng)49+1)

—heorbl by /kpT

— Z \/(nf + 1) (nf +1) {n}] H i e_ P I |{ni}k+1,j+1>

—hanZk+1J+1/k T

- Yl V0t + 1) {1 o

=0

= ("OT'() = 0, (2.89)

where we used the orthogonality of multi-mode Fock states. Also, orthogonality of
multi-mode states is used in a way that superscripts read the modified mode of the

certain state [{n;}), and +/— means excitation number is increased/decreased.

Other correlations are related to the average excitation number of the bath and

are calculated as

Trg (fzoz};i)k) = Z({ni}mol;;l;k]{ni}):z {m}\Ro\f \/’ TERUSEEEN

—mliﬁél/kBT

— Z nfn {nz}|H By |{ni}k_17j+1>

ﬁwmlk W kT .
(2
4

=0,k

-~

Pik—1,5+1

e i kBT el RN "l = 6 4m (2.90)

)

— o (Roblly) =

)

In above calculation, the exponential part is due to probability correction, and Kro-
necker delta is deliberately kept, since there is a further sum on j and k. Finally, the

correlation function becomes

(CHOT () g = Y | gigre™d'e™ ™" 6;,m) = Z g5 €1 Oy, T).
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Similarly, the others are calculated as

COTE )y = 0, (2.91)
TR = Dl e Onlwy 1), (2.92)
COMENR = Y losl e [y, 7)1, (293)
(OO = 3 g2 e [a(w;, T) + 1]. (2.94)

The non-vanishing environment correlation functions still involve a summation over
the modes. Since there are infinite number of modes, sum is changed to an integral
by introducing the density of states g(w) such that g(w)dw is the number of modes
with frequencies in the interval w to w + dw. Then, defining t —¢ = 7, non-vanishing

correlations are written as

COFE =y = [ doc7gtw) o . ), (295)
D= DE O = [ deoeg(w) gl ol T) + 1), (2.96)
FO - = [ dee o)l @D+, (207
(F(e =IO = [ doe"gl) lgul* (. T). (299)

Then, the master equation in Born approximation with non-vanishing correlations is

e (t) = — /0 df{ (adtps (t — 7) — atps, (t — 7)) e (PHE)D(E — 7))
(s, (t — ™)l — aps, (t — 7)al) e (D(t — 7)DT (1))

+ )
+ (aaps, (t — 7) — aps, (t — T)at) e (DTt — 7))
+( )

ps,(t — T)aat — atps, (t — 7)a) 0™ (T (t — 1)T(1)) } (2.99)

Markov Approximation

With out any detailed discussion on time scales, stating that if 7 is in the order of

environment memory time, Markov approximation, which is to assume that ¢t >> 7,
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will be the replacement of pg (t — 7) — pg,(t) and the extension of 7 integration
to infinity as the limit ¢ — oo. With these replacements, master equation in Born-

Markov approximation is written in a more compact form as

A = sheal — atase — deaal + albed (61 b6 — ait e — edta 4 apeal

Psy ki(aps,a’ — a'aps, — ps,aa’ +a' psa) + ki(a' ps,a — aa' ps, — ps,a'a + apsa')
thalapsal — alaps,) + w3(aps,al — ps,ala), (2.100)

where the coefficient are given as,

t o0
k1 = lim dT/ dwe™ @m0 () g |7 (2.101)
t—oo Jo 0
t o0
Ky = lim/ dT/ dwe™ @907 () | go|* Aw, T). (2.102)
t—oo Jo 0

These integrals are easier to carry, if time integral is taken first. Then, with the use
of Cauchy principal value of an improper integral and residue theorem, these factors

are found to be

k1 = 7g(wo)|guw|” +iA = g + A, (2.103)
Ky = Tg(wo)|guw |’ Alw, T) +iA" = gﬁ + A, (2.104)

where we defined

| 2

A = P/ PRI (2.105)
0 Wy — W
00 2

A = P/ PRI (2.106)
0 Wo — W

Substituting these in and reorganizing the master equation Eq. [2.100, we get
X . At a Rooaa o A A ata
ps; = —iA [aTa, ps} + 5(2(zpslaT —alaps, — ps,a'a)
ki(aps,al + alps,a — alaps, — ps,aa’).  (2.107)
Lindblad Form

The density matrix in Eq. is still in the interaction picture, and it is transformed

into the Schrodinger picture as

ps, = el/MAst o (1)~ (/M st (2.108)
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Then, its time derivative is written as

. 1 ~ ~ i Tt ~ —(i 3

Substituting the Eq. [2.108| and [2.109] into the Eq. [2.107] and reorganizing it to leave

only ,55 on the left hand side, each right hand term gets multiplied by unitary operators
from both sides. Commutator relation would not be effected by that, and the other

operators transform as
6—(i/ﬁ)Hst&ﬁSIdTe(i/h)ﬁst — 6—(i/ﬁ)Hst& (e(i/ﬁ)ﬁstﬁse—(i/ﬁ)ﬁst> &Te(i/ﬁ)ﬁst
<€—(i/ﬁ)ﬁstde(i/ﬁ)ﬁst> b (e—(i/h)ﬁst&Te(i/h)ﬁst>

= apsal. (2.110)

Finally, the master equation in Born-Markov approximation becomes

A

ps = —iwg lata, ps] + =

2
+ wn(apsa’ + a'psa — ataps — psaal). (2.111)

(2apsa’ — alaps — psi'a)

where wlo = wg + A is the shifted energy level due to system-environment coupling,
called Lamb shift. Finally, it will be put into Lindblad form by using the commutation
relation of harmonic oscillator creation and annihilation operators. Also, neglecting

the energy shift, it is written as

g = —— | H. ]+
Ps h[ S, Ps

K

2

K

2@(2&*,33&—@&*/38 — psaal).

(n+1)(2apsa’ —ataps — psa’a) +

(2.112)

This form is important mainly because of two points. First is the meaning of each
term on the right-hand side. Unitary evolution Eq. of the system-environment
composite is reduced to the unitary evolution of the system plus the second and third
terms both of which have dephasing effects while the latter de-excites and the former
excites the system. They reflect the environmental effects on the open system, and
their role is demonstrated in the next chapter using the single qubit case.

The second and more important point is better explained by writing the MME
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Eq. 2.112] in a more compact form with Lindblad dissipator, defined in Eq. [2.62]

ps =+ [ Hs, ps| + w(n + 1)(Dla]) + rn(Dla]), (2.113)
where Lindblad dissipator are respectively written using the operators in Eq. and [2.85]
and the average excitation number 7 is calculated using the frequency of their phase
in Eq. and Since, they are not used at any other point in the derivation, if
we identify the interaction picture coupling operators of a composite system by dress-
ing it, we trivially write the MME using those operators as above with coefficients
(1 +n) and 7 for negative and positive phases, respectively. Deriving the MME of
a composite system, an additional approximation is used in some cases, called the

secular approximation. All these are detailedly discussed in the subsequent chapters.

2.6 Quantum Thermodynamics

In this section, we briefly introduce the quantum counter-parts of classical thermo-
dynamical laws and definitions. We do not detailedly discuss them, but more details
are presented in many works [91], 00, ©2], 03, ©4], O5]. Zeroth law of thermodynamics
is about the transitivity of thermal equilibrium and enables the definition of temper-
ature. In quantum thermodynamics, it is imposed by the requirement of no energy
flow between subsystems in thermal equilibrium, which is equivalent to tensor product
state of subsystems satisfy the KMS condition. First law is again on the conserva-
tion of energy, which requires definitions of heat and work. These are defined for a

quantum system by writing the expectation value of its Hamiltonian as

A

(H) = constant = Tr [,6]:1] : (2.114)

and imposing that its time derivative should be constant

% () =Tv [ph] + T [ﬁf[} , (2.115)
— ——
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where J and W are respectively defined as heat and work. With these definitions at

hand, finally we define second law, which is about the direction of heat flow, as

as(p) Z Ji(t)

>0 2.116

i=1

which impose that sum of all the steady state (entropy is maximized, so S = 0) heat
currents to the system should be zero. This form of second law also satisfy the heat

current direction, which is always from hot to cold.

2.7 non-Markovian Techniques

We will not make use of non-Markovian techniques in this thesis, but we present
a short discussion on the implications of non-Markovianity on the quantum ther-
mal diode. Therefore, very short review together with some key references on non-
Markovian master equations is presented here. MME is derived by considering a
weak system-environment coupling, and non-Markovian approach is adopted, if the
system is not weakly coupled to its environment. An exact solution would be non-
Markovian, and there are techniques to carry non-Markovian analysis without exactly
solving it. Two extensive reviews on non-Markovian dynamics are Refs. [96], [O7],
and a very short list of non-Markovian methods is: (i) perturbative approaches, like
time-convolutionless (TCL), Nakajima-Zwanzig time-nonlocal ME [98], (ii) a non-
perturbative method [99], (iii) method of correlated projection superoperators [100],
(iv) dynamics using time-evolving matrix product operators [101], and (v) Quantum-
trajectory approach [102]. Among many works on non-Markovian ME’s, particularly
important ones for quantum thermal diode analysis are Refs. [103] [104] for two inter-

acting qubits and Refs. [105] 106], T07] for a single qubit.
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APPLICATION AND NUMERICAL IMPLEMENTATION
OF MARKOVIAN MASTER EQUATION

In this chapter, MME is analyzed using two different cases of a single two-level
system (qubit), as shown in Fig. , to better understand its structure and to exem-
plify the numerical implementation method. The first case is a qubit coupled with
a single thermal bath, which demonstrates the thermalization process and is shown
in Fig. (a). Second case is with two thermal baths at different temperatures, as

shown in Fig. (b), and it is a good example to introduce steady state heat currents.

3.1 Two-Level System Thermalization

In this part, we consider the case depicted in Fig. (a). MME for a two level system
(qubit) is obtained by mathematical means in Eq. with some undetermined
coefficients, k4, k_, k.. After deriving the MME for a harmonic oscillator Eq. [2.113]
we claimed that the coefficients are determined by the interaction picture operators
with which the system couples to the environment. Qubit-bosonic field interaction
Hamiltonian obtained in rotating wave approximation is called as Jaynes-Cummings

model [I08] and is given by
Hy =hg(6,®a+06_@a"), (3.1)

where ¢ is the qubit-field coupling strength. By a straight transformation of the
coupling operators ¢_ and 6 to interaction picture, we would see that the coefficients
k_ and k4 should respectively be kp (1 + ny,) and ki, if our claim is true. Here, the

constant ky, is determined by the qubit-environment coupling strength ¢g. In order to
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(a)

<1

(b)

<

Figure 3.1: Two Level System (Qubit) Cases. (a) Qubit with a transition fre-
quency w is couple to a thermal bath at temperature T, with a rate kp. (b) It is also

coupled to a second thermal at temperature Tr with a rate kg.

demonstrate that these are indeed the correct coefficients, we use the fact that qubit
has to equilibrate with its environment at temperature 71,. Before doing that, we first
describe the qubit system more detailedly and then show that the term with k, in

Eq. is a pure-dephasing term, which is energy conserving.

3.1.1 System Description

In all the below qubit thermalization calculations, we use the matrix representation
of density matrix, and we calculate the dynamical evolution of the matrix elements.
Since we look for a thermal qubit at the end, it is better to use energy basis for which
the eigenenergy probabilities, in this case, diagonal elements, have to satisfy the Gibbs

distribution of temperature 71,. We start by defining the ground and excited states
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of the qubit, respectively, as follows

1 0
le) = , and lg) = ,
0 1
with their respective eigenenergies as F, = %hw and F, = —%hw. Then, creation and

annihilation operators are defined as

X 0 00
oo=lg = | (1 0)= ,
1 10
R 1 01
oo =lovtgl=| | (01)=
0 0 0

Using these, we write the matrix representations of the other Pauli spin operators in

the chosen basis as

1 0
6z - (3+(3+ - (3'76'4, == y (32)
0 -1
. o . 0 —i
6, = il6-—bs)= , (3.3)
¢t 0
01
636 — 5’+ + 6_ — ; (34)
10

Finally, we write a pure qubit state as the super-position of energy eigenstates as
() = Cele) + Cylg)

where C, and C,, are complex numbers such that |C.|>+|C,|* = 1. Then, the elements

of this density matrix is calculated as follows

pee = {elple) = |Cel*  peg = (elplg) = C.C;
pu = |0) (¥ =
poe = {glple) = CoC: gy = {glplg) = |C,[*
As mentioned earlier and is seen from above equation, diagonal elements of the den-
sity matrix are the corresponding populations, and off-diagonal elements, called co-

herences, contain phase information of the state. What an environment cause is
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the erasion of this phase information, which is called as de-phasing, and change the
pure state to a mixed with populations satisfying the probabilities imposed by the

environment temperature (for the thermalization case).

3.1.2  Pure Dephasing Term

Qubit MME Eq. contains the term /@Zf)[&z], which is an energy conserving pure
dephasing. This means that it has no effect on populations of the density matrix
written in energy basis, and it only erases the coherences. Such terms are easily
identified by the commutation of the operator in Lindblad dissipators, &, in this
case, and the system Hamiltonian, gw&z in this case, being zero. In other words, if
an operator O commutes with the Hamiltonian H , meaning [I:I ,OA} = 0, then the

Lindblad dissipator 25[0] only dephases the system. Now, we show that this is indeed

the case by writing the dissipator explicitly in the matrix form as

1 1
- " an 1l —/~. .~/
D[Uz] = 000, — i(o-zo-z p+ pazaz)
(10 Pec  Peg 1 0 [ Pee Peg
0 —1 Pge  Pgg 0 —1 Pge  Pgg
. Pee _peg . Pee peg
“Pge  Pgg Pge  Pgg
0 pe
— Pe ] (3.5)
Pge 0

On the left hand side of the MME Eq. [2.64] we have
pee peg
pge pgg

?

then we see that the Eq. contributes only to the equations of motion for the

coherences, and it is given as

Peg = f(ﬁ) — 2K eg,

Pge = g(p) — 2K Pge,
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where f(p) and g(p) represent the terms due to other parts of the right hand side
of MME, which are examined in the subsequent section. Here, it is obvious that the

term 15[672] brings a damping term into the coherence equation of motions.

3.1.3  Population Dynamics

Here, effects of the remaining terms in MME are shown by calculating each individual
parts of the terms in their matrix form. An example of such calculation for the first

term in D[5_] is as follows

o 00 Pec  Peg 01 0 0
L0 Pge  Pgg 00 0 pee
After calculating all such parts of the terms and combining them all, effects of the

terms are obtained as

A 0 —pe
—i [HTLS,;@] = —w Pes ; (3.6)
Pge 0
AT A nA  An aA A A An A _2pee _peg
k. Do ] = K (26_p6,—06,0_p—po,6_)=kK_ , (3.7)
_pge 2pee
AT A A An A A A An A 2pgg —Peg
kiD0oy] = k(204006 —6-64p— po_64) = ks , (3:8)
—Pge _2pgg

where, also in the rest of the thesis, we take A = kg = 1. One remark here is that
all the right hand side terms Eq. - have zero trace, and the populations are
uncoupled from the coherences. Therefore, each term, so does their sum, is trace
preserving, which means sum of the diagonal terms remains the same. It is obviously
seen and also well-known that the unitary part Eq. brings an oscillatory behavior
to the coherences. The other two terms Eqns and 3.8 on the other hand, gives

population equations of motion as

Pee = —2K_pee + 264 pgq, (3'9)

Pgg = 2K_Pee = 2K Pgq- (3.10)
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Since the dynamical mapping is completely positive and trace preserving, probabilities
are conserved, meaning pgq + pee = 1. This can be used to easily uncouple and solve
the differential equations in Eq. and [3.10l However, we are interested in their
steady state solutions, which are obtained again using the condition pgyg + pee = 1

with pee = pgg = 0 and are given as

sS_ Ry
pee - Ky 4+ K

ss _ K_
pgg K + K

Imposing that the qubit have to thermalize at the temperature T, we write their

ratio, which have to satisfy Gibbs distribution, as

SS
Pee _ K+ _ o(Ba—Ee)/Tu _ ,~w/Tk
)

Pog k-
which is also know as detailed balance. Again with the use of pyy + pee = 1, we

easily find that p¥ = cny, and p¥ = ¢(1 + nr), where ¢ is a constant required for
normalization. Then, using these we find the rates as K, = ki, and Ky = k(1 +
ny,), which agrees with our claim, and we drop the subscript L after this point.
So far, we show that the unitary part and the last term of Eq. are energy
conserving terms and have no effect on population dynamics, and the other terms of
right hand side of Eq. determine the population dynamics. Therefore, we write
MME by ignoring the energy conserving terms and keeping the other terms with their

determined coefficients as
. . L —k(1+7n)pee + KNp —1k(1 + 20)p,
p=r(l1+n)D[o_|+raD[64] = ( X ) 9 ol )Pes
—5k(1 4 20)pge —K(L + 1) pee + KNpgy
(3.11)

Now, we further investigate these terms, and their effects are best understood by

considering them individually. For example, if the only right hand side term of MME

~

was k(1 + n)D[o_] term, it would read as

pee pe KR, _2pee —Pe
= Em) g

[\]

Pge Pgg —2pge  2pee
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It is quite obvious here that the excited stated population is decreasing while the
ground state is getting populated with the same rate. Also, it is obvious that the
coherences die, since their rate is proportional to the negative of them. In short, this
term de-excites and de-phases the system. Similar approach to x(72)D[6.] term is
used to understand its effects. Starting with the assumption that only right hand

~

side term was k(n)D[6|, master equation would read

2099 —Peg
—2pge  —2py

pee p@g _
n

K
poc Pag) 2

We here see that this term does exact opposite of the x(1 + 72)D[5_] term to the
populations, which means it populates excited states. However, the coherences again
dies away. In short, this term excites and de-phases the system.

To sum up, D[6_] and D[G,] respectively de-excites and excites the system, while
both of them erase the coherences. Their coefficients (1 4+ n) and 7 determines a
balance between the de-excitation and excitation processes, which is also known as

detailed balance. Combined effect of all the terms on coherences is that they die away

(gets damped) with an oscillatory behavior (under damping).

3.1.4  Solving the Equations of Motion

In the previous part, we obtained equations of motion for each density matrix element,
and we can easily solve the equations of motion by straightforward decoupling. Even
though the process to obtain equations of motions and solving them is straightforward
algebra, it is a rather long one even for such a small system, whose matrix is just two-
by-two. Therefore, other approaches, either numerical or analytical, are required for
bigger systems, especially for the ones, like a harmonic oscillator, with an infinite
number of density matrix elements.

One of the analytical approaches is to obtain the equations of motion for the
expectation values of the relevant observables, which is discussed and demonstrated
in the next section. For a system of coupled first order ordinary differential equations,

we already introduce a method in the Sec. [2.2.2 and we show in above analysis that
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density matrix elements make up such a system. Only difference here is that, instead
of the variable vector X and coefficient matrix M, we here respectively have the
density matrix p and the Liouville super-operator (Liouvillian) L.

The Liouvillian £ and the density matrix p become respectively a matrix and
vector in the Liouville (super)space [85, [86] corresponding to the system Hilbert space
H. This transformation is known as vectorization (vecing or flattening) of the density
matrix [109, 110} 111, [1T2], and its derivation starts by projecting the master equation
into the basis used to write the density matrix, which is energy basis in our case. The
detailed calculations and explanations about the vecing are given the Refs. [109, 110,
117, [112].

We here describe the vectorization method by considering an n-dimensional Hilbert

space H and apply it to the two level system example. In the method, we first flatten

the n x n density matrix p to an n? vector p by moving columns of the p below each

other as
P11
Pin
P11 0 Pin
~ . Pk1
Pkn
Pnl  --- Pnn
pnl
_pnn_

In the general form of MME Eq. [2.62] there are three types of the (super)operations
constructed from an operator O together with its Hermitian conjugate Of acting onto

the density matrix p: O and O' acts together on j from (i) left or (ii) right, or (iii) one
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acts from right, the other from left. Such type of super-operators are shown below,

and they are transformed into Liouville space operators acting on vector p as

00t = (ON' 2 0)p, (3.13)
010p — (1®(0'0))7 (3.14)
pO'0 = ((0'0)®1)p, (3.15)

where superscript T means matrix transpose, and ® is just the direct product. Then,

we write MME in the Liouville space as
—p = Lp, (3.16)

where L is an n? x n? matrix given as

n2—1
N N A o 1 Ar A N
L=—ileoH-H'01)+> & (Fj@ﬂ - 5<1®ETE~+ (ﬂ*ﬂ)%l)) . (3.17)

i=1
In Sec. 2.2.2] we show the general solution for this type of differential equations to be

the exponentiation of L as

j=eC, (3.18)
where C is included constants of integration determined by the initial conditions.
After this point, numerical implementation is quite possible and easy. We either
make an matrix exponentiation, which is easily done a power series expansion, or
diagonalize L, which corresponds to uncoupling of the equations.

Diagonalization can be carried by finding eigenvalues of the matrix. This approach
has another use in MME. L is a trace preserving map, which makes its rows (or
columns) linearly dependent and ensures det(L) = 0. Therefore, there exists at least
one zero eigenvalue, and its eigenvector determines the steady state. In other words,
we are now able to obtain steady state solution by obtaining the zero eigenvalue and
its eigenvector.

Now, let us apply this technique to qubit example of this section. The matrix L
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of the qubit MME (without the dephasing term) reads

L

A A A A 1 PPN PPN
~i(1® Hris — Hhyg @ 1) +s(1+0)(F @ F - 5(1e FE + (FF)" ©1))

—k(1+n) 0
0 iw—%(1+n)
0 0

| K(L+7) 0

0
0

—iw — 5(1 4 2n)
0

R

0

—KN

(3.19)

The eigenvalues with corresponding eigenvectors of L are respectively calculates as

{0, —k(1 4 2n),iw —

5(142n), —iw — 5(1+2n)}

~1| [o| o

ol |1] [o
A

ol |o] |1

1] [o] |o

Then solution of the Eq. is written in the form given in Eq. as

Pee H_Lﬁ -1

e _ 0
Pg = e +626—n(1+2n)t tege
Peg 0 0

(iw— 5 (14+2) )t

.
1
0

_O_

+cqe

(3.20)

(3.21)

(—iw—5 (1420))t

which obviously show that coefficients of all the other eigenvectors converges to zero

as t — oo, and steady state is determined by the zero eigenvector. Only remaining

calculation is to find ¢;, which is easily be calculated from steady state solution by

imposing the probability conservation pe. + pgsg = 1 as

_pee- _ﬁ__ff - CQG_K(H_Qﬁ)t-
iw— " (1427)t
5 Pge C3€ 2 .
plt) = = (i = Ps =
Peg C4e—zw—§(1+2n)t
L can n 1 1+n
ee o — Ch = C g —,
P Pos =117 74 T 1t om

pee
Pge
Peg

Pyy |

. (3.22)

(3.23)
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_n_

which expectedly gives the detailed balance of the populations as pe. = 175-

and pgg =

1+n
1420

. Also, density vector at any time ¢ is easily obtained from above by imposing the
initial conditions, and its transformation to density matrix is quite straightforward.
These techniques are implemented in a Python library called Qutip [113]. Qutip
offers several ways to use these techniques and handles numerical error details, both
of which are out of the scope of this thesis. Qutip is extensively used in this thesis,
so it is reassuring to present some results calculated by the master equation solver of

Qutip for qubit system and compare them with analytical solutions.

Numerical vs Analytical Results

We consider three different bath qubit configurations. In order to explain these cases,
we first introduce an effective temperature definition by means of spin polarization,
which is defined as the expectation value of &, operator, (6.) = pee — pgg- In ther-
mal equilibrium, populations satisfy the Gibbs ratio zﬁ = ¢/T then we define an

effective (for non-equilibrium cases) temperature from the populations as

—Ww —Ww
T = = _ (3.24)
Pee 1+<0’Z>
In Pgg In 1—(62)

With this equation, we convert any polarization value to corresponding temperature
and then to average excitation number. In below explanations, we indicate temper-
atures with the corresponding polarization values. In the calculations, we fix the
bath temperature to (6,) = —0.5, and create three initial pure qubit states with
(6,) = —0.2, (6.) = —0.8,(6.) = —0.5, which are respectively colder (green), hot-
ter (red), and at equal temperature (blue) compared to bath. Other parameters are
w=1and Kk =0.2

Fig. shows the population evolution over time. In all there cases, populations
converges to the Gibbs distribution imposed by the bath temperature,(5,) — —0.5. In
the analytical calculations, we see that the coherences die away, Fig. [3.3]and Fig. [3.4
show respectively that both imaginary and real parts of the coherences converge to

zero. In all the plots, numerical results perfectly agrees the analytical calculations.



Chapter 8: Application and Numerical Implementation of Markovian Master Equation 45

I 1T 1 1 I 1T 11 I 1T 1 1 I rr =+ttt
Q‘D‘ I ! ! —o- Ts>Tg 4
-@- Tg>Ts
—— Ts=Tg .

Q’b s=Tsp

Pee

Pgg

06 [ T N T T T T Y O I O O
0 5 10 15 20 25

Time

Figure 3.2: Qubit Thermalization. Populations converges to the Gibbs distribution
of the bath temperature. Three different cases are as shown in the legends. Colored

dots show analytical result, black solid lines are numerical.

3.1.5 Heat Current

Now, we make use of the heat current definition Eq. [2.115| to show that the thermo-
dynamical laws are satisfied. Heat current for the qubit is calculated by using the

matrix form of its MME Eq. as

R —k(1 4 N) pee + KN —Lk(1 4+ 27)p.
7 = Tr [ﬁH} Ty ( )P Pag 5 ( )/09

[esIENNTES

_%“(1 +27)pge — k(1 + 1) pec + KTipgg
= li(ﬁpgg - (1 + ﬁ)pee)~ (325)
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5 10 15 20 25
Time

Figure 3.3: Qubit Thermalization. Coherences dies away in every case, and this

plot shows the imaginary part. Three different cases are as shown in the legends.

Colored dots show analytical result, black solid lines are numerical.

In the steady state, which is the thermal equilibrium by the zeroth law, there has to
be zero heat current by first laws of thermodynamics. By substituting the detailed

balance result of the populations into Eq. [3.25, we find Js = 0.

We also check the second law by the heat current directions. If Tg > Tg, then

n

1+2n

n

Pec = Tion- Lherefore, let pe. =

+ ¢ with some non-negative number § > 0,

which of course should not violate probability requirements, then p,y = 775- — 0.
Substituting these into Eq. we get J = —kd(1+2n), which is a negative number.
This means that heat flows out of the system. With the similar line of arguments, it

is easy to show when Ts < Tg, J becomes positive, which means heat flows into the
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Figure 3.4: Qubit Thermalization. Coherences dies away in every case, and this
plot shows the real part. Three different cases are as shown in the legends. Colored

dots show analytical result, black solid lines are numerical.

system. These situations are shown in Fig. for the three cases considered in the
previous part.
Also, D[6_] and D[6.] terms of the MME, which shown to respectively de-exites

and excites the system, can be analyzed with the heat current by them as

J. = Tr [(1 + ﬁ)f)[(}_]ﬁ} = k(1 +7)pee <0 (3.26)

~

J. = Tr [mﬁ[m]ﬂ] = Kiipgg > 0. (3.27)

This mean that D[6_] and D[6] terms respectively drains and pumps heat into the

system, as expected. With a similar calculation, heat current for the unitary part and
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Figure 3.5: Qubit Thermalization. Heat flows from hot to cold. Three different

cases are as shown in the legends. Colored dots show analytical result, black solid

lines are numerical.

the pure-dephasing term, which are shown to be energy conserving, are shown to be

Z€ero.

3.2 Non-Equilibrium Two-Level System

Two-level system (qubit) coupled to two thermal baths, shown in Fig. 3.1} does not
reach to thermal equilibrium, unless of course Tg = T1,. Yet, it reaches to a steady
state, and total steady state heat current into the system is zero, which means that it
gets heat from the hot bath and dumps the same amount into the cold bath as required

by the first and second laws of thermodynamics. First law requires the conservation of
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energy, which is satisfied by total zero current, and the second law enforces that heat
flows from hot to cold. In this section, we show that the dynamics under MME satisfies
the second law, and we introduce another approach to calculate the heat current
together with the expectation values of the system observables without explicitly
calculating the density matrix elements. First, we present the MME and solve it with

the differential equation approach of the previous section.

3.2.1 Master Equation

In this scenario, MME in its closed form reads as
p=—i|[H.p| + Lup+ Lnp = Lp. (3.28)

The second and third terms on the right hand side of the master equation are super-
operators describing the effects of left (L) and right (R) baths, respectively. They are

given in terms of Lindblad dissipators as
Ly = kp(1+ng) |D[6_] + e "Ds,]]| , (3.29)

where B = L, R stand for the baths, and S = 1/Tp is the inverse temperature
for bath B. Using the energy basis and the matrix approach of the previous section,

equations of motion for the density matrix elements are written as

—(A B)pee + (AT 4 Berf)pyy - —(5(14e7) + S(1+ ) 4 iw)pey

-
I

(A4 ) 4 B(L ) —iw)pe (At B)pe — (A 4 Be Py,

where the constants are defined as A = k(1 + ) and B = kr(1 + nig). Using the
techniques introduced in the previous section, dynamics of the each element can be
obtained. It is obvious that coherences again dies away, and the uncoupled equations

of motion for the populations are given as

Pee = — (A(1+e %) + B(1 4 e %)) .. + Ae P19 4 Be PR (3.30)

Pgg = — (A1 + e_ﬁLw) + B(1+ e_ﬁRw))pgg + A+ B.
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Both of these equations are in the form: af(t) + b = f, which has a solution of the
form f(t) = ce® —¢. The constant a is the same for both, and it is a negative number.
Therefore, their steady state solution converges to the constant part —¢. Then, we

directly write steady state solution for the populations as

AePew 4 Be=huw

= 31

Pee A(l+ e Bew) + B(1 + e Paw)’ (3.31)
A+ B

s = ) .32

Pos = A1 T e Poo) + B(L + ¢ Puv) (3:32)

Since e 8% < 1 for positive temperatures, Pay > Pee, Which means that there occurs
no population inversion, unless one of the temperature is negative. Also, it is easy to

see that pg; + pgy = 1.

0.0 0.2 0.4 0.6 0.8 1.0

TR

Figure 3.6: Steady State Heat Current. When Ty > T3, Jg5° is positive.

In order to check the consistency with first and second laws of thermodynamics,
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we calculate the total heat current from both baths to the system as

A N ~

Frowa =T [(Ly,+ LR)P)H| = Tr |Loph | +Tx |Eopll | = T+ Tne (3.33)

Then, substituting the steady state solutions of populations Eq. and in, we

find the heat currents in the steady state as

(.L)FLLKR(ﬁL — ﬁR)

S = T |:'CA AIA{} =wA e — Pee) = ) 3.34
s A oAfr] _ —Brw . wliLliR(fLR - ﬁL)
o= I [‘CR’)H} = wBpa =€) = ) T (L 4 2 )

Sum of these two terms gives thermodynamically consistent total steady state heat
current, that is Jrota = J7° + Jiy° = 0 as required by the first law. Also, heat current
direction enforced by the second law is from hot to cold bath, which is shown in
Fig [3.6] by plotting J3°. Parameters of the Fig[3.6| are w = 100k, = 100kg = 1

Heat flow into system is positive by our convention, and Fig |3.6| shows that J3°
is positive when right bath is the hotter than left bath Tg > T. Since we show
above that the total steady state heat current is zero, this means that heat flows into
the system from the hotter bath (right one), and the same amount leaks into the
cold one (left bath). When the temperature configuration is changed Tg < 71, heat
current becomes negative, which shows the consistency with second law. One other
observation, which is detailedly discussed in the diode chapter [f is that this heat

current can be non-reciprocal.

3.2.2  Observable Dynamics

One other approach of MME is to use it in Heisenberg picture to calculate expectation
values of observables. They can be used to calculate heat currents, which is demon-
strated below. This approach is especially useful in the infinite density matrix cases,
like harmonic oscillators. Matrix approach is still useful and can be called as the
last resort, if the observable dynamic approach is not possible [IT1], which requires a

closed set of coupled differential equations of observable expectations.
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MME in Heisenberg picture reads for an observable operator O (its expectation

value to be precise) as [110} 1T1], T12]

n2-1

X AL A A A AL A A 1 A0~ =

O=L0=i [H, 0] + Y kg (FJOFj — §{F;Fi, 0}) . (3.36)
5,5=1

We equivalently write the equation of motion for the expectation value of an observ-

able O as

0y = Ly [ﬁé} . (3.37)

4
dt dt

Now, we apply these techniques to obtain the heat current expression for the non-

equilibrium qubit without explicitly calculating its density matrix. We start by writ-

ing the heat current due to one of the baths B as
Is = k(1 + 7ig) Tr [ﬁ[&_]ﬁ] + ki Tr [15[@]1%} . (3.38)

An example calculation for the elements in this expression is given as

. 1 1
Tr [D[&,]H} - %Tr (&;3@—5@6/3—5/3@&)&4
: 1 1
- gTr po10.6- — 50466, —&Za—#})}
: 1 |
- %}Tr o606 —6-6.)5- — ~G45_5, — E&Z@a_)}
w11
= 3 Tr |p(—6,6_6,0_ — 50+0-646- — §O'+O'_O'+O'_)
w " .~ m A a w N A w N
= T p(-2040-6.6.)] = D Te[p(~20,6)] =~ Te[p(o + 1)
W, .
= —5((6:) + 1), (3.39)

where we used the definitions and commutation relations of Pauli operators together
with the cyclic property of trace. With very similar lines of calculations, other terms

are calculated to give the total heat current expression for bath B as

w

Jp = —gnB(l + 2ng) (6.) — 5 hB: (3.40)
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Then, all we need to calculate is (G,) to find the heat current, so we calculate it using

the approach in Eq[3.37 as

% (6.) = Tr [5&4 — k(14 7y)Tr [ﬁ[&_]&z} + wpg, T [25[@]&4
trr(l+ fig) Tr [ﬁ[&_]&z} + kg Tr [T)[m]&z} .

w

5 factor of the Hamiltonian. Therefore, by

Terms of this equation misses only the

the same approach of Eq. |3.39 we write the equation of motion for &, as

d
i

~

O'Z> = —HR(l + 2T_lR) <(3'Z> — KR — /<LL<1 + 27_ZL) <6'Z> — K1, (341)

which has the solution given as

KL + KR
kr(1+ 2AR) + k(1 + 27aL)’

(6.) = Ce~ (hr(I+20R)+rr (14+271))E

(3.42)

where C is the integration constant to be determined by the initial conditions. Steady
state solution of this equation is the constant term at the end. Then, by substituting

it into the Eq)3.40 we obtain the steady state heat currents as

wI{LIiR(fLL — ﬁR)
S8 = = 5 3.43
I kr(1+ 27ig) + K1, (1 + 20y (3.43)

(.UKJLKJR(fLR — 77LL)
L : 3.44
I rr(1 + 27R) + (1 + 27y (3:44)

which are the same as in Eq. [3.34. This method proves to be useful in the way
that it does not require for us to explicitly calculate the density matrix. However, it
requires a closed set of equations, which is obtained for other models in the subsequent

chapters, and it may not always be possible.



Chapter 4

LOCAL VS GLOBAL MARKOVIAN MASTER,
EQUATIONS

In this chapter, we present two different approaches of MME adopted for the
multipartite quantum systems, namely local and global approaches [89, 114, 115, 116,
117]. In the previous chapter, we consider a single quantum system coupled to thermal
baths and analyze its thermodynamical consistencies. Now, we turn our attention
to composite systems and show that local approach may give thermodynamically
inconsistent results [I15], 116]. Then, we derive the global MME, which corrects the

inconsistencies.

4.1 Local Approach

Local (or phenomenological) MME relies on a weak coupling among the subsystems,
and it is obtained by summing the individual MME of subsystems due to their local
baths and including the interaction Hamiltonian of subsystems to unitary dynamics
part. In this section, we exemplify this approach by writing the local MME for two
and three interacting qubits systems shown in Fig. 4.1 Then, we show a parameter
independent failure of the local approach, which also does not follow the Fourier law

of thermal conduction.

4.1.1  Three Interacting Qubits

We consider a system of three interacting qubits, with transition frequencies wr, and

wgr, as shown in Fig. (a), described by a Hamiltonian with an opto-mechanical
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Figure 4.1: Three and Two Interacting Qubits. Left (L) and right (R) qubits
are coupled to their local baths at temperature 71, and Ty with the rates ki, and kg,

and right qubit interacts with left qubit/s with a coupling strength g.

like coupling of strength g between the left (L) and two right (R) qubits,

H = 2257 + 515 + 63) — 907(63 + 07). (4.1)

We take h = 1 and kg = 1. Also, 6f reads as the Pauli j = x,y,z matrix of the '

qubit, and the tensor products, &{ 1l 1® 65 ®land 1®1® &{ are implicit
above and rest of the thesis.

Left qubit is coupled to the left bath with the coupling constant xr,. The right

qubits are connected to the right bath with the coupling constant kg. Local GKLS

Master equation [80], 81, 89, 1T4] then reads as
p=~Lp = —i[H, ] (4.2)
+#, (1 + 1y (w))DI67 ] + w7 (wr)) D67 ]
+rr(1+ 1r(wr))DI6y ] + kr(r(wr))DI6Y]

+rr(1 + r(wr))Dlo7 ] + kr(Ar(wr))D[67]
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The first term on the right hand side of Eq. is unitary evolution of the system,
and the local effects of the bath on their corresponding qubits are included to unitary

dynamics by simply adding them. The Lindblad dissipator [80, [81] is given by
A N A 1/ 0 & PN
DIA] = ApA' - 3 (ATAﬁ + ﬁAUl) . (4.3)

As discussed in Ref. [I18], for the subsystem whose free Hamiltonian commutes with
the total Hamiltonian, steady state is invariant. In our model, left qubit satisfies this
condition, and its invariant state is a thermal equilibrium state at temperature 77..
Therefore, we can check the validity of numerical results by the steady state of left
qubit.

We carry the further calculations of the model by considering the right bath at
zero temperature, i.e. n = 0, and we vary the left bath temperature. In this case, the

master equation becomes
p=—i[H,p] + k(1 + nL(wy)) D67 ] + ku(nL(wn)DI6Y] + krDI6T ] + krDl6y ]

We present the results obtained by the numerical solutions of the MME in Fig.[4.2] In
the numerical calculations, we use a scaling with wy, = 1. Then, we vary the inter-site
coupling strength g from 0.005 to 0.05, and we fix wg = 0.05. Environment couplings
are k;, = kg = 0.01. In our calculations, variation of the left temperature is carried
as a function of spin polarization (6,) approach presented in the Sec. m
Analytical heat current expressions are obtained in the Appendix by using the
operator expectation value method. A closed set of equations describing the dynamics
governed by this MME and the steady state relations among them are also presented
in the Appendix This set of equations is easily solvable to obtain an expression
for the heat current, which completely agrees with the numerical results. Analytic

expressions for the heat currents are given as

= = k(14 2 (wn))g (67, S%) (4.4)

ss ?

Je = —ru(l+2n0(w))g (67,57, (4.5)
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Figure 4.2: Three Interacting Qubits. Steady state heat currents from (a) hot
and (b) cold baths sum to zero. Heat current maximizes at an optimized temperature

as the (c) correlations, and (d) first qubit always thermalizes with its local bath.

where the sum of heat currents correctly gives zero, and the correlation is defined as
(61,5%) = (615%) — (o7) (57) - (4.6)

Numerical calculations of the heat currents Eq. - are respectively shown in
Fig. (a) and (b) together with the correlation Eq. in Fig. (c). In our
parameters, right bath is always colder (C) than the left bath (H), so steady state
heat current from right(Jc)/left(Ju) bath to system have to be negative/positive.
Fig. (a) and (b) show that this is indeed the case, and their sum is zero. Also,
Fig. (d) shows that the left qubit always thermalizes to the temperature of its



58 Chapter 4: Local vs Global Markovian Master Equations

— 0.100

- 0.075

0.050

0.025

0.000
-1 -0.8 -0.6 -0.4 -0.2 -0.0

< 05 > (Hot Bath)

Figure 4.3: Fourier Law of Thermal Conduction. Steady state heat current

through a single qubit increases as the temperature bias Ty — Tcolg 1S increased.

local bath, so the numerics gives the expected results. Therefore, everything seems
thermodynamically consistent expect that the heat currents do not follow Fourier’s
law of thermal conduction. However, as we explain below, local MME for this model

actually completely fails.

Heat currents in Fig. [4.2] (a) and (b) does not always increases as temperature
bias increases, but the bias has an optimum value. Steady state heat current of the
non-equilibrium qubit, obtained in the previous chapter, obeys the Fourier’s law, as
shown in Fig. . Independent of the qubits initial state (y-axis), steady state heat
current increases as the bias between hot and cold (at 0K) is increases (x-axis). In

single qubit case, we use the same parameters w = 1, k;, = kg = 0.2, and Toq = 0K.
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However, this is not a strong violation compared to first or second law, which is
also violated by the local MME of three interacting qubits case. In Fig. right
bath is at zero temperature and colder than left. If we make the right bath hotter of
the two and use MME in Eq. [£.2] heat current direction does not change, independent
of g or any other parameter. We do present it graphically here, and we show this
violation by only numerical means for two interacting qubits, which is the model for

quantum thermal diode, in the next part.

4.1.2  Two Interacting Qubits

We consider the two interacting quibts model shown in Fig. 4.1| (b) with two different
interaction Hamiltonians between the qubits, dipole-dipole and opto-mechanical like

coupling. The Hamiltonians for these two cases are given as

& WL ., WR .. AZAT

Hy = 7L‘71 + 7R<72 + g(0102), (4-7)
N WL .,  WR., A

Hy = %01 +7R02 + g(6705 +0763), (4.8)

and the master equations read as

p=—i [Hip| + Lo+ Lnp, (4.9)
with

Lrp=rp(l+ L) [75[5—;] + e*ﬁhwﬁ[m] , (4.10)
and

Lrp = kr(1+ fin) {ﬁ[&;] + e—ﬂRwﬁ[&;}] , (4.11)

where 61 = 6' ® 1 and 6, = 1 ® 6 are the Pauli operators for the first and second
qubit, respectively.

Numerical results for the heat currents of the two cases are presented in Fig. [1.4]
with correlations (o7, 03) and (o7, 03), relevant to the interaction Hamiltonians. Our
parameters for the calculation are wy, = wg = 1 and kg = kK¢ = 0.1. We see that heat

current, unlike the single qubit case, again has an optimal temperature in every case.
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Figure 4.4: Local MME Comparison. a: When, left bath is always hotter than
the right bath, which is at temperature (&Z)TR = —1 (0 K), everything, deceivingly,
seem consistent. b: When right bath has a finite temperature, that is (&Z>TR = —0.5,
heat current direction of (b) dipole-dipole coupling is always from hot to cold, which

is violated in the (a) opto-mechanical like coupling case.

In the first case, shown in Fig. , temperature of the right bath is fixed to (¢,) =
—1, and temperature of the left bath is varied. As in the three interacting qubits case
of the previous part, everything seems consistent for both opto-mechanical like and
dipole-dipole coupling of the qubits, respectively shown in Fig. (a) and (b).
However, in this case, right bath is always colder than left, and if we make the
temperature of right bath (6,) = —0.5, we expect a change in the heat current sign

(direction) before and after left bath reaches the temperature (6.) = —0.5.

As seen from Fig.|4.4Db| (b), local MME of the dipole-dipole coupling give a negative
steady state heat from left bath to system for the case Ty, < —0.5, which is zero at
equal temperature point, and it becomes positive for the range Ty, > —0.5. We do
not present here but the sum of currents give zero. Therefore, it is consistent with
thermodynamical laws. On the other hand, as seen from Fig. |4.4b| (a), local MME of

the opto-mechanical like coupling do not change, only the magnitude of heat current
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changes but the direction is from left to right. In the next section, we derive global
MME for the two qubits with opto-mechanical like interaction and show that it fixes

the inconsistencies.

4.2 Global Approach

In the previous section, we show that, independently of coupling strength g between
the qubits, local MME approach to the opto-mechanically like interacting qubits
violate the second law of thermodynamics. Local MME for dipole-dipole coupling of
the qubits, on the other hand, does not violate the second law, yet it is limited to the
weakly interacting qubits. Global MME for dipole-dipole or 6,6, interaction between
two qubits are derived and used in many works [119] 120} 121} 122, 123], including
quantum thermal diode proposals [54, 55, [56].

In this section, we consider a system of two interacting qubits, with transition
frequencies wy, and wg, described by a Hamiltonian with an opto-mechanical like
coupling of strength g between the left (L) and right (R) qubits,

A= %&f + %&ﬁ +goion, (4.12)
which is called as the bare Hamiltonian. We derive the global MME for this system
by dressing it. The first step of obtaining GME is to diagonalize (dress) the system

Hamiltonian, which done by using the unitary transformation
. 9 AZ A y
U :=exp ( — Z§‘7L‘7R)7 (4.13)

where the angle 6 is defined as

2 2
sinf := ﬁg; cosf = %; tand := w—f{, (4.14)

such that © := y/w? + 4g%. The transformed (or dressed) operators then read
of = UGLU" = cos 067 + sin 067 6%, (4.15)
o) = UGLU" = cos05) — sin 06763, (4.16)

oi = U6siU" = o7, (4.17)
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and

o2 = UGLU' = cos 068 — sin 067 6%, (4.18)
oh = UsjU' = o, (4.19)
of = UGRU' = cos 067, — sin 06765, (4.20)

The back transformations from dressed operators to bare operators reads from the
Egs. (4.15)-(4.20) by switching dressed operators to bare operators and vice versa
with 6 replaced by —f. Then, with the transformation Eq. (4.13)), the diagonalized

(dressed) Hamiltonian is given as

2 n Q.
= %55 + 55 (4.21)

Exemplary calculations regarding this diagonalization process and operator transfor-
mations are given in the Appendix [7.2] Eigenstates of the dressed Hamiltonian are

given by the individual eigenstates of the qubits as

1) = cosg [++) — Sing |+—), (4.22)
|2) = sing |++) + Cosg +—), (4.23)
13) = cosg |—+) + sing -, (4.24)
|4) = cosg |——) — sing |—+), (4.25)

with their corresponding eigenvalues wi = £ (w,+Q), ws = 2 (w,—Q), w3 = 2 (—w,+€2),
and wy = 3(—wy, — ), respectively.

Now, we try to write the global MME by identifying the coupling operators in the
interaction picture. After deriving the MME for a harmonic oscillator Eq. we
make a claim on how to directly write the MME from interaction picture couplings
and, in Sec. 3.1, we show that it works. We here use the same argument to write
global MME.

Qubits are coupled to two baths of temperature Ty and 711, via the the Hamiltonian

Hip=0'® PG +al), where gi. are the coupling strengths to baths, and aZ (a.)
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are the creation (annihilation) operator of the k& mode of the bath i = L R, whose
Hamiltonian is H; = >k wkak a. To calculate the master equation, we move to the

interaction picture, and the coupling terms to baths evaluate to

—iwr,t

GE(t) = cosboye — sin 5] o e (et (4.26)
+sin 0oy Gpe (et L Hoe,
GE(t) = cosfope M+ % sin 05765 + H.c. (4.27)
Hence, the GME in interaction picture straightforwardly evaluates to
/;7 = »CAL + ﬁR + ﬁ?{eph;
where three Liouville super-operators are explicitly given in terms of Lindblad dissi-

pators [80], 81] as follows: the dissipative one due to left bath,

A

L1, = Gi(wy)cos®0D[67] + Gr(—wy) cos? 0D[o1] (4.28)
+  Gu(—wag3)sin?0D[o7 5] + GL(was) sin? 0D[67 67
+ Gu(wiq)sin? 0D 65] + Gr(—wi4) sin? 0D67 57t],
the dissipative one due to right bath,
Ly = Gr(Q) cos? D[65] + Gr(—9Q) cos? 0D[a7], (4.29)
and the pure-dephasing due to right bath

fievh — %GR( ) sin? 9D[5252], (4.30)

where 6 = arctan(2g/wg). In other words, the first two terms in Ly, respectively,
dissipate and drive the system through dressed-left qubit, while the two terms in Lr
dissipate and drive the system through dressed-right qubit, respectively. The remain-
ing four terms of £y, are the global channels of the left bath interacting simultaneously

with the two dressed qubits. The coefficients G;(w) are given as

7

Ki(w)[1 4+ n;(w)], w>0
Gi(w) = ¢ ki(|w)7(lw]), w<0, (4.31)

0, w=~0

\
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Figure 4.5: Global MME for Two Interacting Qubits. Steady state heat currents

have the correct direction, and its non-reciprocal.

where 7;(w) := m is the average excitation number and ? = L,R.

This model is the main diode model of the next chapter 5| and we further explain
and analyze it in there. For the moment, we just present the heat current from
right bath to system and show that it now satisfy thermodynamical laws, including
Fourier’s law, as shown in Fig. [L.5] Yet, it is non-reciprocal and we explain its basis
in the next chapter p] Fig.[4.5is plotted using the off-resonant parameters, which are
given in the next chapter, with the coupling strength between qubits g = 0.02.



Chapter 5

QUANTUM THERMAL DIODES

In the previous chapters, we present the MME tool from the theory of open quan-
tum systems and apply it to different cases with its two approaches, local and global.
We show that the local approach gives thermodynamically inconsistent results, and
they are fixed by adopting the global approach. Additionally, we find an asymme-
try in the heat currents under switching of bath temperatures, a diode behavior. In
other words, when two thermal baths are connected via a lead, heat flows from hot to
cold bath. However, switching the bath temperatures changes just not the direction
of steady state heat current but also the amount, if the lead behaves as a diode, a

non-reciprocal device.

In this chapter, we explain the mechanism leading to quantum thermal diodes [54,
59, [56] by considering three different models, a single qubit, a three level atom, and
two qubits interacting with an opto-mechanical like qubits. First two models are
presented to gain intuition about the involved mechanism, which is the interplay
between coupling of energy levels to baths and qubit-bath coupling strengths. In
other words, as in the case of heat valve in Ref. [59], the tunable diode behavior
depends on the interplay between with qubit-bath and qubit-qubit couplings. We
analyze such an interplay to demonstrate working mechanism of the quantum thermal
diodes, and the absence of rectification at resonance in Ref. [56] is understood from
the mechanism. We show that there are three separate places in which an asymmetry
can be introduced to enable diode behavior namely, free Hamiltonians of subsystems,
interaction among subsystems, and bath couplings. Therefore, in our analysis, we
consider an asymmetric coupling between the two qubits and two other toy models,

a single qubit and a three-level atom.
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5.1 A Single Qubit as the Smallest Diode

We start by demonstrating the effects of qubit-bath coupling strengths. We already
give the MME and calculate the heat current for a single qubit coupled to two baths in
Sec.(3.2.1] Analytical expressions for the steady state heat currents are given Eq.
as

_ whLRR(TL/R — nL/R)
/iR<1 —+ 27—7}1{) -+ HL(l + 2T_lL) ’

Sign of this heat current depends on the average excitation numbers, and it give a
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Figure 5.1: Asymmetric coupling of a single qubit. (a) Magnitude of the heat
currents for low temperature, 71, = 27Tg = w is asymmetric if environmental couplings
are not symmetric. (b) Asymmetry in heat current gets stronger in high temperatures

T, = 207k = 10w, as also seen in their respective rectification factors (c¢) and (d).
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direction from hot to cold, as expected. However, we can already be seen that it is an
asymmetric function of environmental coupling strengths, kg and k. Fig. shows
that the heat current amount is asymmetric under the exchange of temperatures,
unless k1, ~ kr. We plot the amplitude of heat currents, and Figs. (a) and (c)
show the asymmetry at Ty, = 2T = w. Figs. (b) and (d) present the asymmetry
at Ty, = 207g = 10w, and exhibit that better rectification values are obtained at high

temperatures.

This sort of an asymmetric environmental coupling is obtained for the two in-
teracting qubits by different number of local environments with the same couplings
strengths in Ref. [55], and they have a diode behavior with the resonant qubits, even
though at resonance their system Hamiltonian become completely symmetric. This
observation on the asymmetric bath-qubits coupling strengths explains one side of
the interplay. The other side, namely asymmetric coupling of energy levels to baths

is demonstrated in the next section with the artificial three level atom scenario shown

in Fig. 5.2

Figure 5.2: Elements of the models. For a symmetrically coupled system k1, = kg,

asymmetric coupling of energy levels to baths enables the diode behavior.
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5.2 Diode Behavior form a Three Level Atom

In order to clearly demonstrate that the asymmetric coupling of energy levels to baths

leads to the rectification even when the bath coupling strengths are symmetric, we

consider the simplest, yet artificial, case of a three-level atom depicted in Fig. [5.2]
Hamiltonian and master equation of such configuration are given [124], [125] re-

spectively as
H = w 1) (1] + w2 |2) (2] + w3 |3) (3] (5.2)

and,

~

p=—i|H,p| + £15) + Lnlf). (5.3)

The second and third terms on the left hand side of the master equation are super-

operators describing the effects of left and right baths, respectively. They are given

Gl = e (2= 50D 1)+ (1) 0= § (1202100 )
o (o331 5 000 11 ) s (a0 01 = 509 6101
and,
ﬁﬂm::n@Qmmwa—éﬂz2|w)+&ngu<m—§ﬂ$@um)a®
where k;; = kp(1 4+ n(w;;)) and /-f = kpn(w;j) with wj; = w; —w; and B = R, L.

Then, by explicitly writing the matrix representations, the heat current expressions

in terms of the populations calculate to

= + - +
JL = K1 priwi2 + Koy Paowal + Kz p11wWis + Kap P33wsn
- +
TR = KgoP2owa3 + K3 P33W32. (5.5)

By calculating the steady state solution for the populations with symmetric environ-

mental couplings, that is kK, = kg = Kk, we write the heat current Eq. as,

Kwsa R

R (T Tua) L+ 2 (T Tr)) + 20 T, ) 20 T Tg)” )

Jr =
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where .ﬁ, = f(TL,27 TR73) — f(TL,g, TR,Z) and f(TB,:tja TB/;I:j) = exXp <% + %) .

w> =1.5ws le—1 w> =2.5ws le—1
10
o (1.
1.2
0.6 2
0.0 0

1.0 1.0
(d)
0.5 0.5
0+ T . 0.0 T . 0.0
0 5 10

0 5 10
In

Figure 5.3: Asymmetric heat current of a three-level atom. Rectification is
stronger, if the asymmetry in energy levels is strong (a) ws = 1.5w3. Asymmetry in
heat current and the rectification value weakens as the asymmetry in energy levels
decreases (b) wy = 1.5ws. This comparison is also seen in the respective rectification

factors (c) and (d).

We plot magnitude of the heat current Eq. together with the rectification values
in Fig. for high temperature limit using w3 = 1 as the scaling parameter, and we
use two different values for wy while fixing w; = 3k = 3ws. In this configuration,
baths are energetic enough to properly support all the transitions, so being coupled
to a big transition determines the rectification. Since the left bath is coupled to the

transition |1) < |3), which is the biggest one, rectification is always from left to right,
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as seen in Figs. [5.3| (a) and (b). We first consider wy = 1.5ws5 in Fig. [5.3 (a), and show
that, when |wss|, the transition supported by right bath, is small compared to both
the other transitions and Tj,.., right bath is not able to give its energy away due to
the transitions supported by it being small. This lead to high rectification values for
a bigger range of temperatures compared to the second case in which wy = 2.5ws3, as
seen in Figs. (c) and (d). In the second case, |wa3| = |wis| > |wiz|, both baths
have big enough transitions coupled to them, and the one with bigger transition (left
bath), also with small but the additional |w;s| is still able give more heat than the
other bath. As a result, rectification direction does not change, but diode quality

decreases, as shown in Fig. [5.3| (d).

Asymmetric coupling of the energy levels is the main cause of the rectification in
Ref. [56], and such asymmetry vanishes for resonant qubits in their model. Therefore,
their model do not show diode behavior when qubits are resonant to each other.
In our model of two interacting qubits, the energy levels are coupled to baths as
shown in Fig. 5.4 and the asymmetric coupling does not vanish with resonant qubits
because its mainly due to the asymmetric qubit-qubit interaction term in the bare
Hamiltonian Reason for the choosing above three level configuration is that it

resembles dressed transitions of our two qubit model, shown in Fig. [5.4]

5.3 Two-Qubit Quantum Thermal Diode

We derive the global MME for two qubits interacting with each other by an opto-
mechanical like coupling in Sec. [£.2] and we give an example of the asymmetry in
steady state heat currents of this model in Fig. f.5] In this chapter, we start by
explaining the dressed system with its global MME, and then we demonstrate that

behavior of our model agrees with the above explained interplay mechanism.
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5.8.1 Dressed System Description

The dressed system Hamiltonian and the global MME are respectively given as
=68+ 564 (5.7)
and
p =L+ Lr+LE"

where three Liouville super-operators are explicitly given in terms of Lindblad dissi-

pators [80), 81] as follows: the dissipative one due to left bath,

A

Ly = Gu(wy)cos®0D[o7] + Gr(—wy) cos? #D[o1] (5.8)
—|— GL(—Wgyg) SiIl2 0115[8';8'1—{] —|— GL (LUQ73) SiIl2 025[3'{3’1;_{]
+

GL(wi4)sin? D67 67] + Gr.(—wi 4) sin? 0D[o7 51t
the dissipative one due to right bath,
Ly = Gr(Q) cos? D[o5] + GL(—Q) cos® #D[51], (5.9)
and the pure-dephasing due to right bath
Adeph 1 2 NV Rz Az
L = iGR(O) sin® 0D[ogoR], (5.10)

where § = arctan(2g/wg).

Dressed system can be though in two way: (i) an effective four level system and (ii)
two uncoupled qubits communicating through global channels derived by the baths.

Fig. illustrates the four level system case and shows the couplings between
baths and the allowed transitions. Colored lines with two arrowheads show the allowed
transitions, colored wavy lines indicate the baths that they are coupled to. Eigenkets
of the dressed-system, |1), |2), |3), and [4), and the corresponding eigenvalues are
given in the Sec. 1.2l The transitions, |1) S |4), |1) S [3), [2) S [4), and [3) S |4)
are coupled to left bath, and the corresponding transition frequencies are w; — wy =

wig = wr, + Q, w1z = wey = wr,, and woeg = wy, — §2. The remaining two transitions
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are coupled to right bath, and their transition frequencies are wis = w3y = 2. This
asymmetric coupling of energy levels to the baths play a key role in the diode behavior,
and it is due to the asymmetry in the system Hamiltonian, specifically in our case in

the interaction part.

1)
Q /\/\/\/\/\
2)

f\\

Figure 5.4: Dressed Levels. Allowed transitions between the dressed states |i) with

1=1,2,3,4, coupled to the baths with the dissipation rates xr,, kg.

Uncoupled qubits case and the global dissipation, derive, and dephasing channels
are depicted in Fig. The first two terms in ﬁL, respectively, dissipate and drive
the system through dressed-left qubit, while the two terms in Lr dissipate and drive
the system through dressed-right qubit, respectively. The term in Eq. is pure
dephasing by the right bath. The remaining four terms of Ly, are the global channels
of the left bath interacting simultaneously with the two dressed qubits.
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Gr(twr)

Gr(£(wr — Q)

Gr(x(wr +9)) Gr(£0)

Figure 5.5: Dressed Qubits. Dressed qubits, with frequencies wy, and €2, are uncou-
pled but heat transfer occurs via global dissipation channels with spectral response
functions G(£(wr, — Q) and G(£(wr, + ©)). The channels with G(+wy, and G(££2

are local dissipation channels.

5.3.2  Model Realizations, Comparisons, and Fxplanations

The quantum thermal diode of two qubits interacting with an opto-mechanical like
coupling is similar to single bosonic excitation limit of an opto-mechanical system [126],
off-resonant Raman transition [I127], and quantum walk on a cycle [128] [129], which
suggest that the diode behavior will we apparent in opto-mechanical system close to
its ground state and can be realized in these platforms. Therefore, we consider a
parameter set, named off-resonant qubits (ORQ) with one qubit frequency (Right)

much smaller than the other (Left), similar to opto-mechanical systems.
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In the Ref. [50], rectification optimization is considered for a system of two qubits
interacting with each other by the symmetric coupling 67 6. In the proposed model of
Ref. [56], diode behavior is absent when qubits have the same transition frequencies.
Thus, by using a parameter set named resonant qubtis (RQ), we show that almost
unit rectification is realizable with an asymmetric coupling (opto-mechanical like) at

resonant case.

This difference is related to THE involved mechanism. Environmental couplings
determine the baths ability to support any transition induced by them, meaning that
higher the environmental coupling strength for a bath the more heat will flow away
from it. First toy model, a single qubit, constitute the smallest possible diode, if the
environmental coupling strengths are asymmetric. When the environmental coupling
strengths are symmetric, asymmetric coupling of the energy levels to baths enables
the diode. In order to exhibit this case, we use the artificial scenario of a three-level
atom as in Fig. [5.2] which has a similarity to the dressed-system couplings shown in
Fig.[5.4. Even though these two constitute the smallest quantum diode examples, they
offer very little control over the rectification direction and the heat current amount.
On the other hand, system of two interacting qubits offer various control schemes, so

it might be considered as the smallest useful diode.

Above explanations mean that, in the case of two interacting qubits, an asymme-
try in the Hamiltonian and/or environmental coupling strengths enables the diode.
For example, our coupling, which does not include o{ 05, is asymmetric, and the cou-
pling part of the Hamiltonian in Ref. [56] is symmetric, as well as the environmental
couplings. Therefore, only remaining asymmetry source, which is the free Hamiltoni-
ans of subsystems, is lost, unless the transition frequencies of qubits are non-resonant.
This explains why there is no rectification at resonance in Ref. [56]. Since we consider
an asymmetric coupling, it allows us to have symmetry in both the free Hamiltonians
and environmental couplings yet still have rectification. Finally, if we have a totally
symmetric Hamiltonian, asymmetric environmental coupling strengths are required,

which can also be achieved by introducing a third thermal bath as in Ref. [55].
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5.8.8  Heat Currents and Thermal Diode Quality Measure

In this part, we first present the analytical expression of the heat current [40], which

is given by
Ty = Tr[Lr) H, (5.11)

from right (left) bath to system. We calculate the heat current expression by the
observable dynamics technique introduced in Sec. Heat current from the right

bath to two interacting qubits is given in terms of bare picture operators as,
1
TR = —§/<;RQ cos? 01 + (2ng + 1)(cos 0{6%) + sin O(G76%))], (5.12)

Relation for [Jp, and closed set of equation for the relevant expectation values are
given in Appendix The Eq. also shows that ¢ and transition frequencies
play roles on the diode behavior, and we examine those roles.

To characterize diode behavior, we use a measure, namely the rectification factor

[43], defined by,

_ |Tr(Tw, T1,) + Tr (11, Tr)|
Max(|Tr(Tw, T0)| , | Tr (T, Tr))|

where the Jr (TR, T1,) is the heat current from right bath to the system when Tg > 71,

(5.13)

and Max function picks the biggest of its arguments. Thus, its value is between 0 and

1 describing from a symmetric heat current to a perfect diode, respectively.

5.8.4  Asymmetry in the Heat Current

In this part, we illustrate the quantum thermal diode behavior by showing that switch-
ing the bath temperatures changes the magnitude of steady state heat current.

In order to demonstrate and explain how the interplay explained above leads
to the diode behavior, we vary bath temperatures and calculate the magnitude of
heat current Eq. along with the rectification factors Eq.. The analytical
solution to heat current Eq. is easy to obtain, but the solution is complicated to

make any deduction. Thus, we analyze the model numerically to show the asymmetry
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in heat current and to explain the control schemes of the rectification direction. We
report the results of extensive numerical calculations for both flat and Ohmic spectral
densities and present only some key results graphically. We plot magnitudes (absolute
values) of the heat currents from right to the system for consistent comparison of the
heat current amounts with the color scales. We also present all the heat current

calculation with the correct signs in Appendix [7.4]

We run our simulations by using scientific python packages and some key libraries
of QuTiP python [I13]. We chose wy, = 1 as the scaling in both off-resonant (ORQ)
and resonant-qubit (RQ) parameters. Unless the otherwise is stated in the text or
on the plots, ORQ parameters are wg = 0.05, g = 0.005. We define k;(w) as rates,
which are independent of frequency for the flat spectrum, and kg (w) = kr/Lw for
the Ohmic spectral density, and we fix the rates kg = 0.005 and x;, = 0.2. RQ
parameters are wg = 1, kg = Kk, = 0.01, and g = 0.005. In the text, we describe
behavior of the diode with these parameter, but the Appendix present the results
for kg = k1, = 0.01 even in the ORQ case. Reason for this is to prevent an objection
to consider a high rate, x, = 0.2, in ORQ parameters. Plots in the Appendix [7.4]

show the same behavior described in the text but at different g values.

Flat Spectral Density

We divide the analysis into two temperature ranges, high and low. Former means that
Tax is one order of magnitude bigger than Max(wr,wr, g), and the latter is when
Thax is in the order of Max(wr,, wg, g). Fig. shows the asymmetry in heat current

for ORQ parameters in both temperature ranges for two different values of g.

In the low temperature range, diode behavior is dominant when ¢ is weak for
ORQ parameters, and rectification direction is left to right, as shown in Fig. |5.6| (a).

Rectification direction is reversed when g is increased, as seen in Fig. |5.6[ (b).
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Figure 5.6: ORQ parameters with flat spectral density. Magnitude of the
steady state heat current from right bath to the system Jg is asymmetric under the
switching of bath temperatures. Magnitude plot is suited for the ease it brings into
the visualization of asymmetry by use of color scales. In the low temperature range
(a) and (b), rectification direction is reversed by changing g from 0.4wg to 4wg. High

temperature ranges for the same parameters are shown in (c) and (d).

This change in the rectification direction is understood from its cause, which
is the asymmetric coupling of energy levels to thermal baths (originating from the
asymmetry of third term in the Eq.) and abilities of baths to support the tran-
sitions. ORQ parameters (wg = 0.05wy,) with an even smaller g = 0.4wg cause the
transitions induced by right bath, which are wis = w3y = €, to become too small

(almost negligible) compared to other transitions. Also, the transition frequencies,
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W14 A Wog A Wiz = Woy = wi, supported by the left bath are in the order of T,..
These mean that the transitions supported by right bath are too small to adequately
receive and transfer the available energy at any temperature, resulting in almost zero
heat current. On the other hand, left bath supports its transitions as the temperature
is increased. By increasing g, () increases, and the two transitions due to left bath,
w14, Wz, become respectively bigger and smaller than the T},... As a result, right
bath starts to properly transmit its energy, while ability of left bath to support wiy
and capability of the transition wsz to transmit the available energy are decreased.
Thus, the asymmetry first weakens, and the further increase in ¢ brings back the

asymmetry with a change in rectification direction.

Since bath-spin coupling strengths of OR(Q) parameters are not symmetric, clear
connection of rectification direction change to transition energies and baths abilities
to support them is not obvious here. Therefore, we present an artificial scenario
of a three level system with symmetric coupling strength to baths and asymmetric
coupling of energy levels to baths, and we make the clear connection in the previous

section.

Finally, asymmetry becomes negligible at very strong g, because the transitions
become so big (jwr, — 2| &~ wr, +Q ~ Q > wy) compared to temperatures, so both the
amount of heat current and rectification are decreased. The reduction of asymmetry
at very strong g is common in both parameters (ORQ and RQ), spectral densities,

and temperatures.

Rectification values corresponding to Figs. 5.6/ (a) and (b) are given in Figs. [5.7(a)
and (b) and are closer to unity over a bigger range of temperatures in the weak

coupling.

Results for the RQ parameters in the low temperature are presented graphically
in the Appendix[7.4] and they are listed as follows. Rectification is left to right at any
g and do not reverses direction when ¢ is increased. The fixed rectification direction
of RQ parameters is due to €2 > wy, for any g. Rectification of OR(Q parameters is

from higher dressed frequency side to lower. However, even though the right dressed
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Figure 5.7: Rectification values for flat spectral density. Parameters are the

same as in Fig.

frequency of RQ parameters is bigger than the left to begin with, rectification is left to
right. As discussed above, this is because the rectification direction is not only related
to the transition frequencies but also how good are the baths to support them. ORQ
parameters includes a transition (2) much smaller than T}, for the right bath and
one other transition (wr,) comparable to Ty,.x for the left bath. Thus, both transitions
are supported easily by the baths. However, when both frequencies are comparable
t0 Trnax, the smaller transition is better supported. Another way to understand this
effect is to change the rates k;(w). For example, the small g regime rectification of
RQ parameters (left to right) is reversed by increasing xg, which enables right bath

to better support its transitions €2 > wr,.



80 Chapter 5: Quantum Thermal Diodes

Figs. (c) and (d) show the high temperature range for the ORQ parameters.
In this case, there is little asymmetry at low g, because, as discussed above, baths
become energetic enough to make the asymmetry induced by eigenvalues negligible.
In other words, all the transitions, not just €2, are now order of magnitude smaller
than Ti.x. Diode behavior is realized back by increasing g, because it increases
the required energy for the transitions. Rectification gets better as g increases, but
asymmetry again starts to weaken after a threshold is reached and eventually fades

away at strong couplings. Rectification values for Figs. (c) and (d) are presented
in Figs. (c) and (d).

Again we present the results for RQ parameters graphically in Appendix [7.4] and
list them as follows. For the resonant case, asymmetry is apparent even at weak g in
high temperature range, and the rectification direction is left to right at low g, i.e.
from lower frequency to higher. Since we relate the low temperature behavior of RQ
parameters to energetic requirements of the transitions and baths abilities to support
them, this might seem contradicting. Because, baths are energetic enough to easily
support the transition at small g. However, left bath also has another transition, that
is w14 = Q + wr,, which is not supported properly at low temperatures, and left bath
is now energetic enough. If we increase g, ) increases, making left bath insufficient
to support wyy, while €2 > wy, is still in the order of T,.«, and rectification switches
direction. In other words, transitions induced by right bath were bigger than T},.
in low temperature regime, so the bath was unable to properly support it. However,
high temperatures made the right bath more energetic, and it is now able to give
the more energies to already available big transition. Again, further increase in g
results fading away of asymmetry in heat current, because it increases €2 excessively
to the levels where both bath again becomes insufficient to support the transitions

depending on it.

These results suggest that ORQ parameters provide a better control of the diode
at low temperature range, and RQ or near resonant parameters are better at high

range. This is simply because ORQ parameters has a really small transition which
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is the only transition supported by right bath and is modified by changing either the
qubit-qubit coupling strength or transition frequency of bare right qubit.

Ohmic Spectral Density

In this part, we follow the same division of temperature ranges, and Figs. ((5.8) and (5.9))
show the asymmetries and rectification values for both ORQ and RQ parameters. The

numerical investigations give the following results.
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Figure 5.8: Asymmetry in heat current for Ohmic spectral density. In the
low temperature range (a) and (b), magnitudes of the steady state heat currents from
right bath to the system show asymmetries in both ORQ (titled wy, > wgr) and RQ
(titled wy, = wgr) parameters, for ¢ = 0.02wr,. High temperature ranges for the same

parameters are shown in (c¢) and (d).
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In the Ohmic spectrum case, behavior of the rectification direction is the same
as above for OR(Q parameters, but the parametric regimes of g are different. For
example, at low temperatures, asymmetry is not strong at the same value of ¢ for
which there is strong asymmetry in the flat spectrum case, shown in Fig. 5.8/ (a). This
difference is due to the frequency dependence of k;(w), because now it is not just the
transitions that are changing with g but also the rates x;(w). In other words, abilities
of baths to support the transitions has dependence not only to their temperature but
also to the transitions. Numerical investigations show that rectification direction is
left to right at smaller coupling constants such that ¢ < 0.02wy, and it is reversed

when g > 0.02wr,.

W, > Wg W, = WR
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Figure 5.9: Rectification values for Ohmic spectral density. Parameters are

the same as in Fig.
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For the resonant case, behavior at low temperatures is the same with flat case in
the way that rectification direction is always from left to right for any value of ¢g. In
other words, it shows a rectification from left to right as shown in Fig. |5.§ (b), and
it does not change direction with changing g. Comparison of the low temperature
results shown in Figs. (a) and (b) suggest that the diode can be controlled by
changing the transition frequencies.

Above behaviors of ORQ parameters for low the temperature range become more
dominant at high temperature range as shown in Fig. [5.8| (c¢). Rectification values for
high and low temperature ranges of the ORQ parameters are shown in Figs.|5.9|(a) and (c).
In the case of resonant transitions, rectification direction is unidirectional for the low
temperature range. However, numerical analysis shows that it becomes controllable
at the high temperatures. This is explained by the same argument above on de-
pendence of the rates to transition frequencies and the bath temperatures. In the
low temperature case, numerical analysis shows that bath temperatures have a minor
effect on supporting the transitions compared to the rates x;(w). This is because
both transition frequencies are in the order of T},... However, high temperatures are
effective, and the rectification direction is now controllable by changing g. Also, even
though Figs. (c) and (d) (or (a) and (b)) have different rates k;(w), their com-
parison suggests that by changing the transition frequencies rectification direction is
controllable.

All these numerical observations for both spectral densities suggests that the con-
trol scheme for the diode to switch rectification direction or turn on/off the heat
current is quite versatile and depends on the considered spectral density, and any op-
timization of rectification need to the interplay between transition energies and bath

coupling strengths.

5.3.5 Asymmetry due to Transition Frequencies

In the previous part, we show that the heat current is not symmetric by varying

temperatures, and the qubit-environment couplings play role in the diode behavior.



84 Chapter 5: Quantum Thermal Diodes

In this section, we focus on the effects of transition frequencies on the rectification.
We first present the analysis of our main model to demonstrate that it does not have

the previously reported drawback [56], then we used an artificial case for a three-level
1
io
1

Figure 5.10: Variations of transition frequencies. Rectification values for flat
(a) and (c) and Ohmic spectral densities (b) and (d) at low (T, = 1) (a) and (b)
and high (Thet = 10) (c) and (d) temperatures (with a cold bath at Tioq = 0.5.)

system in Sec. [5.2] to clarify the physical mechanism.
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In the previous part, we show that the rectification of two interacting qubits system
is controllable by changing g and/or transition frequencies. In this part, we explicitly
examine the effect of these parameters on diode behavior by fixing the temperatures.
We again consider two temperature regimes. In the cases here, temperature of the

colder bath is fixed to the value 0.5wr,, and temperature of the hotter bath is wy, for
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low and 10wy, for high temperature ranges. Unless wy, is varied, we consider its default

value given in Sec. [5.3.4] and the scaling of the parameters is again in terms of the

wy, in Sec. [5.3.41
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Figure 5.11: Variations of g at low temperature regime. Heat currents for flat

(dash) and Ohmic (dash-dot) spectrum for both cases of TR = 1 > T, = 0.5 (red

and green) and 7, = 1 > T = 0.5 (black and blue) are given in (a) and (b) for

off-resonant and resonant parameters, respectively. The corresponding rectifications

are given in (c) and (d).

The low temperature heat currents and the corresponding rectifications are pre-

sented in Fig. for both ORQ and RQ parameters. In Fig. |5.11| (a), we see that

there exist optimal values for ¢ in flat and a range of g for the Ohmic spectrum

with OR(Q parameters that maximize the heat current. In the flat spectrum, the
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optimal value for maximum current is close to the point where asymmetry switches
(also vanishes). Thus, the rectification and heat current seems to have a trade-off in
the flat spectrum. However, this observation is misleading since it is calculated for a

particular temperature configuration.
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Figure 5.12: Variations of g at high temperature regime. Plot styles, colors
and parameters are the same as in Only difference is in the temperatures, here
Tr =10 > T3, = 0.5 (red and green) and 71, = 10 > Ty = 0.5

In the high temperature range, almost unit rectifications are obtainable at the
optimum values of g for the flat spectrum, as shown in Fig. (a). Also, the depen-
dence on transition frequencies affects the rectification values drastically. Fig.|5.11|(b)
and Fig. [5.12| (b), suggests that RQ parameters with flat spectrum has higher heat

currents, yet they give very weak rectifications in both temperature ranges. Again,
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this is an inaccurate deduction because it is obtained for particular values of tran-
sition frequencies. In Figs. [p.10] (a) and (c), it is shown that better rectification
values are realizable with different resonant transition frequencies at both low and
high temperatures, respectively. Yet, this time, g is fixed to 0.4wy,, and even higher
rectification values are obtainable by changing it. In short, comprehensive numerical
analysis shows that almost unit rectification factors can be obtained around the opti-
mal g at which the current is maximized, and rectification direction can be reversed
by changing the transition frequencies.

As presented by all the discussions so far and especially in Fig. [5.10] results of the
flat spectrum are different from the Ohmic case. Without any further discussions on
results, we emphasize the difference of our model from previously proposed diode [56].
Figs. (a) and (b) and Figs. (a) and (b) show that heat current for the Ohmic
spectral density is larger for RQ parameters than ORQ for both temperature ranges,
and the rectification factors can be for high heat currents. In other words, there is
no trade-off between heat current and rectification value when higher heat current
values are obtained by changing the ratio between transition frequencies. Also, the
resonant transition frequencies show almost unit rectification factors especially at high
temperature range, as also shown in Figs. [5.10] (b) and (d). The reason behind these
differences is that the asymmetry introduced to the Hamiltonian is in the interaction
term, which lead to asymmetric coupling of energy levels to baths, so rectification
is obtained even when qubits are resonant, and their coupling to environments is

symmetric.
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CONCLUSION AND OUTLOOK

We analyzed a quantum thermal diode composed of two interacting qubits together
with two other toy models. We analyzed the interacting qubits model by deriving
the global master equation. We have calculated an analytical expression for the
heat current and carried numerical examinations of it for various cases of variable
variations. We have used the rectification factor to quantify the diode quality and

carried our calculations for both flat and Ohmic spectral densities.

We found that the rectification direction is controllable by changing the coupling
strength between qubits and/or their transition frequencies, and we described the
ways to control the diode for different parameters and ranges of temperatures. We
identified the mechanism behind our results as the interplay between transition fre-
quencies and bath coupling strengths, and we demonstrate it by using two toy models.
We connect the mechanism to an asymmetry either in system Hamiltonian or bath
couplings. The main result of our paper is the establishment of the mechanism, which
suggests that the same results will be apparent in corresponding bosonic models, which
include harmonic oscillators instead of qubits. It is trivial to calculate and see that
a single harmonic oscillator has rectified heat, if it has asymmetric environmental

coupling.

To sum up, we conclude that the physical mechanism enabling the diode behavior
is the transitions between dressed eigenstates and abilities of the baths to support
these transitions. Thus, an asymmetric coupling, either to bath or among the subsys-
tems, empower the two interacting resonant qubits to behave as a diode, and allow

more control on the parameters to optimize the diode quality without any trade-off.



Chapter 6: Conclusion and Outlook 89

6.1 Outlook

The interplay leading to rectification is analyzed by using Markovian master equa-
tions, which relies on weak environmental couplings, but environmental couplings
comprise an important part of the involved mechanism. Thus, non-Markovian ap-
proach is required to properly analyze the mechanism, and we plan to carry these
analyses using two interacting qubits. Also, we are going to analyze the smallest
possible diode, which is a single qubit.

For the two interacting qubits with the Hamiltonian,

W w
H = ?laf + ?205 +glofoy, +oy07), (6.1)

the non-Markovian master equation is present in the literature for zero temperature
baths [I03] and for single-excitation limit [104]. Thus, we will modify these derivations
for finite temperature baths. The reason for choosing this symmetric Hamiltonian
(Eq. is to better understand the effect of bath asymmetry on diode behavior in
non-Markovian case. Also, the non-Markovian master equation for a single qubit is
present in Ref. [105].

Finally, quantum thermal diode models lead to design of quantum thermal tran-
sistors [51], 52} 53], and advantages of our opto-mechanically interacting qubits diode

model motivates an analysis on diode models with such coupling.
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APPENDIX

7.1 Quantum Dynamics of Three Interacting Qubits

Total heat current to the system is sum of the heat currents from the left and right

baths, and they are calculated and given respectively as

JL IR
Frow = T ﬁ[,a]ﬁ} — Ty [ﬁL[ﬁ]fl} Ty [ﬁR[ﬁ]ff}, (7.1)
o A B . AD ... BD, . .
J = Tr ﬁL[P]H} = QWL Sl (61) + - (S*) + N (615%), (7.2)
[ A 17 ¢ Oz CD ~z Qm
Jn = Tr ﬁR[p]H} = —Cur — gwr (§°) + =~ (65757), (7.3)

where A = k1, B = k(1 + 2n1,(w)), C = kg, and D = 2g. Also, equations of

motions for the operators needed to calculate these heat currents form a closed set of

equations and they are given as

Clety= —A-BD), (7.4
gy = 0 (24(89) D (101,98 + 1) (5Y) (7.5)
Sy = D(618)+ (611 (5) = 5 (8 +un (87, (7.
SIE = —5 (8 —un (), &
Clo15) = —(B+O)61 &) + Do) (61.8%) — DL~ (671%)(5Y), (78)
o= —B+9) 618 +un(ei. 80+ DU~ G (E)  (79)
~D{57) (57.57).
Clon 8 = (B ) (01,87 —wn (57,9). (7.10)

where we have used the collective operators S = ob+06% and the correlations (67, S”> =

(6757 — (67) (6%).
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Steady state relations among the operators and correlations are

69 = ~1rg = Ao (7.11)
(%) = —2—A((67, %) + A0 (S) ) (7.12)
(SY)., = 24,(S%) +2A, (67,57 + 44,40 (57,
(%), = —24,(SY), (7.13)
(67,57 = As((1— A7) (SY)y — A0 (67, 5Y).), (7.14)
(67,5%) = As(67, 5%+ As(1 — A) (5% — A5 A (67,97,
(67,5% = —As(67,9") + As(1 — A7) () — A4 (67, 5%),, (7.15)
where we have defined A; = 5, Ay = “B A3 = CJFLB, Ay = % and, A; = 03—[2)3‘

Then, using these relations, steady state heat currents from hot and cold baths to the

system is obtained respectively as

T = kil +2nL(w))g (67, 5% (7.16)
T = —ru(l+2ng(w))g (67,97 . (7.17)

which checks that the total heat current is zero.

7.2 Dressing Two Interacting Qubits

We dress the Hamiltonian in Eq. using the unitary transformation given in
Eq. A13] We write this transformation in terms of rotation operations around the
related axis by g degrees, so let us first give the definition rotation operator [65] by

an angle ¢ around the o = x, y, z axis as
D, () = e, (7.18)

We put this into another form, which is more useful for our purpose here, as

@a(g) _ e =3 <‘7w)k&a _ (1_% (2)2(5,@)2 +)

k=0
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1, for even n
which is rewritten, by using the fact that 67! = for the Pauli x,y,z,

0o, foroddn

operators, as

cosg sing
0 f 1 /6\? \ (0 1[0\ ‘A
©a<§) — (1-5(5) +)1_2<§_§(§) +"‘>O’a
= (cos g)l — i(sin g)&a. (7.19)

Other two useful identities that we use below are given as

1

cos(pd,) =1 — 5 (0)* (62)* + - = (1 — = () +-- ) 1= (cos¢p)l (7.20)

Sin(090) = 060 — 3 (6)° (6" + - = (¢> @ ) 1= (sing)oe (7.21)
Then, using these identities together with the expression for rotation operator in
Eqn , we transform any Pauli spin operator 67 of left (L) or right (R) qubits

as the below 67 transformation.

. 0 0

op = UstU" = DL(5o0)on((D2)1(567))
0 0 0 0
= ((cos 5)1 — i(sin 5)6%)&%((008 5)1 + i(sin 5)&%)
cos 6 %sin@
le 0 - 0\ /_QH

= (cos? 5 sin? 5) o1, +isin 5008 5 (6161 — 0707) o

—_—
[O'L O'L] —220’L
= (cos®)at + (sinf)ogoy, (7.22)

where we also use the fact that the operators of left and right qubits commute. Rest
of the operators are transformed similarly. Then, we write the dressed Hamiltonian
with the same transformation as

H=UHU' = %6f + (% cos — gsinf)of, + (% sin+gcosf)ofog,  (7.23)

which is given in terms of the dressed operator as

H= %3f + (7 cosf + gsin0)o + (—% sin +g sin 0) o7 0% (7.24)
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We want this Hamiltonian to be diagonal, which means that the last term should

has a zero coefficient. Therefore, we choose a 6 such that gcosf = “3*sinf), which

gives the angle given in Eq{4.14, and we obtain the diagonalized Hamiltonian given

in Eq. .21}

7.3 Dynamics of the Dressed Two Qubits

Equations of motions for the relevant dynamical observables of our system are deter-

mined from the master equation, Eq. (4.28)), and given by

%(3@ = cos? O[GL(—wL)(A) — GL(w)(B)] + % sin 0G, (w1 ) (AD) — G, (—w;)(BC)

+G1L(—w2){AC) — Gy (w2)(BD)]

SR = cos? O1CR(~)(E) — Ga(@)(D)] + 5 sin® 6[~Gi(w1) (AD) + Gu(~)(BC)
+G1(~wn)(AC) ~ G () (BD)]

—{0ioR) = cos”O[GL(—w)(AdR) — GL(w)(BaR) + Gr(~Q)(Dof) — Gr()(Coi)],

where we use the operators A = (1 — %), B = (1 +67), C = (1 — %), and
D= (1+53).

The heat currents evaluate to

T = %WL cos” O[Gr.(—wr)(A) — Gr(wr)(B)] + iSiHQ Olw1 GL(—w1)(BC) — w1 Gr(w1){AD)
— MQGL(w2)<IBID> + LUQGL(—CU2><AC>], (725)
Tn = 59005 0[Gr(~0)(C) ~ Gr(){D)]. (7.26)

Substation of transformed operator relation Eq. to Eq. gives the heat
current relation in terms of bare operators, Eq. . Even though, the Eqgs. —
are easy to solve, the analytical expressions are too bulky to present. We do
not provide them here, but we just state that J;, + Jr = 0 at the steady state.
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7.4 Heat Currents of the Dressed Two Qubits

Here, we present numerical results for the steady heat current from right bath to
system Jr for both ORQ and RQ parameter. Only difference is that we consider
the rates kg = Kk, = 0.001 for both parameters, and we state qubit-qubit coupling
strengths ¢ at the title of each plot. We present the flat and ohmic spectrum sep-
arately, and we divide each of them into two parts, which give the ORQ and RQ

results.

7.4.1 Flat Spectrum

off-Resonant Qubits

The low temperature regime heat currents for the ORQ parameters are given as

a: Heat Current Jr b: Rectification R

Figure 7.1: ORQ Flat Spectrum Low temperature.

The high temperature regime heat currents for the ORQ parameters are given as
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a: Heat Current Jgr b: Rectification R

Figure 7.2: ORQ Flat Spectrum High temperature.

Resonant Qubits

The low temperature regime heat currents for the RQ parameters are given as

g=0.0001 g=0.0001

10

- 0.5

- 0.0

TLl . l l ' 'TL

a: Heat Current Jgr b: Rectification R

Figure 7.3: RQ Flat Spectrum Low temperature.

The high temperature regime heat currents for the R() parameters are given as
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Figure 7.4: RQ Flat Spectrum High temperature.

7.4.2  Ohmic Spectrum

off-Resonant Qubits

The low temperature regime heat currents for the ORQ parameters are given as

a: Heat Current Jgr b: Rectification R

Figure 7.5: ORQ Ohmic Spectrum Low temperature.
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The high temperature regime heat currents for the ORQ parameters are given as
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Figure 7.6: ORQ Ohmic Spectrum High temperature.

Resonant Qubits

The low temperature regime heat currents for the R(Q parameters are given as
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Figure 7.7: RQ Ohmic Spectrum Low temperature.
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The high temperature regime heat currents for the RQ parameters are given as
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Figure 7.8: RQ Ohmic Spectrum High temperature.
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