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ABSTRACT

Copositive optimization is linear optimization over the convex cone of copositive
or completely positive matrices. The term “copositive programming” was first in-
troduced in 2000. In 2009, Burer showed that mixed binary quadratic optimization
problems (MBQP), which comprises a rather large class of nonconvex and combinato-
rial problems, can be equivalently reformulated as a copositive optimization problem.
This seminal work has greatly increased the interest in copositive optimization.

It is not surprising, however, that since many combinatorial and nonconvex opti-
mization problems can be reformulated as a copositive optimization problem, copos-
itive programs are also NP-hard in general. The difficulty in the reformulation is
entirely due to the conic constraint. For this reason, many researchers have proposed
outer approximation hierarchies to the intractable completely positive cone. These
approximation hierarchies are composed of a sequence of tractable cones that yield
increasingly better approximations of the completely positive cone and are exact in
the limit.

By replacing the intractable cone by outer approximations in the copositive for-
mulation of nonconvex and NP-hard minimization (resp. maximization) problems, a
sequence of increasingly tighter lower (upper) bounds can be obtained for the original
problem. This provides opportunities to obtain near-optimal solutions and improve
the effectiveness of the algorithms for solving the original problem.

In this thesis, we study outer approximations of the copositive reformulations of
three classes of nonconvex and NP-hard optimization problems. We first study the

class of mixed binary programs (MBPs). We compare the lower bounds arising from
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outer polyhedral approximations to the lower bound provided by the linear program-
ming (LP) relaxation and establish that the lower bounds due to outer approximations
are at least as good as that of LP relaxation. We establish various necessary or suffi-
cient conditions under which the lower bound arising from the outer approximations
matches that from the LP relaxation. Our results illustrate the weaknesses of poly-
hedral approximations. On the other hand, we show that the non-polyhedral doubly
nonnegative (DNN) approximations, in general, yield tighter lower bounds.

Secondly, we focus on the specific 0-1 knapsack problem (KP) in the class of
MBPs. We study two different copositive formulations of the knapsack and compare
the upper bounds arising from outer polyhedral approximations to the upper bound
provided by the LP relaxation of (KP). We prove that upper bounds obtained from
outer polyhedral approximations actually coincide with the upper bound provided by
the LP relaxation until at least a certain and fairly large level of the hierarchy. On the
other hand, we establish that if the LP relaxation has a non-integer unique solution,
then the DNN relaxation gives a strictly better upper bound than the LP relaxation.

Finally, we consider the standard quadratic programs (StQP) and investigate the
instances of (StQP) for which the DNN relaxation is exact. We establish a com-
plete algebraic characterization of the (StQP) instances that admit an exact DNN
relaxation. We explicitly identify three different subsets of such (StQP) instances.
Furthermore, we propose a recipe for constructing instances of (StQP) with an exact
DNN relaxation.

In summary, our results reveal that outer polyhedral approximations, in general,
yield weak bounds for (MBP) and for the specific 0-1 knapsack problem, whereas

doubly nonnegative relaxations usually give rise to tighter lower bounds.



OZETCE

Koporzitif eniyileme, digbiikey kopozitif veya tamamen pozitif koni iizerinde tanim-
lanan dogrusal eniyileme problemidir. “Kopozitif programlama” terimi ilk defa 2000
yilinda ortaya atilmigtir. Daha sonra, Burer 2009 yilinda kombinatoryal ve konveks
olmayan problemlerin olduga genig bir sinifi olan karma ikili ikinci dereceden eniyi-
leme problemlerinin bir kopozitif eniyileme problemi olarak formule edilebilecegini
gostermigtir. Bu onemli ¢alisma, kopozitif programlama problemlerine olan ilgiyi
onemli olgiide arttirmistir.

Ne var ki, kombinatoryal ve konveks olmayan bircok problemin bir kopozitif eniyi-
leme problemine denk olmasi sebebiyle kopozitif formulasyonlarin da genel itibariyla
NP-zor olmasi sagirtici degildir. Buradaki zorluk tam olarak konik kisittan kaynaklan-
maktadir. Bu sebeple bir¢cok aragtirmaci zorlu olan tamamen pozitif koniye kolay
konilerden olugan digstan yaklagiklama hiyerarsileri onermistir. Bu yaklagiklama hiye-
rargilerinin temel prensibi, hiyerarsi seviyesi arttikca tamamen pozitif koniyi daha iyi
yaklagiklayan ve limitte ona egit olan bir koni dizisi iiretmeye dayanmaktadir.

Konveks olmayan ve NP-zor bir¢ok enkii¢iikleme (enbiiyiikleme) probleminin kopo-
zitif formulasyonundaki zorlu konik kisit digtan yaklagimlar ile degistirilerek problem
icin gittikce sikilagan alt (list) smurlar elde edilebilmektedir. Bu durum, asil problem
icin en iyi ¢ozlime yakin ¢oziimler elde etmek ve problemi ¢ozmeye calisan algoritmalar
geligtirmek acisindan firsatlar sunmaktadir.

Bu tezde, ii¢ farkli konveks olmayan ve NP-zor problem sinifinin kopozitif for-
mulasyonlarmin dig yaklagiklamalar1 incelenmistir.  Oncelikle karma ikili tamsay

problemleri (MBP) ele alinmigtir. Bu problemde dig yaklagimlardan elde edilen alt
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smirlar, problemin dogrusal programlama (LP) gevsetmesinden elde edilen alt sinir
ile kargilagtirilmig ve bu alt smirlarin en az LP gevsetmeden elde edilen alt simir
kadar iyi olacagi ortaya konmustur. Bu sonu¢ olumlu goziikmekle birlikte, ¢ok yiizlii
dis yaklagimlardan elde edilen alt sinirlarin belli bir seviyeye kadar iyilesmeyecegini
gosteren yeterli ya da gerekli kogullar ortaya konmustur. Diger yandan iki kat negatif
olmayan (DNN) gevsgetmelerin daha iyi alt sinirlar verdigine yonelik bulgular elde
edilmigtir.

Ikinci olarak (MBP) simifindaki 6zel bir problem olan 0-1 sirt ¢antasi problemi
(KP) incelenmisgtir. Sirt ¢antasi probleminin iki farkh kopozitif formulasyonu galigilmig
ve ¢ok yiizli dig yaklagimlardan elde edilen iist sinirlar LP gevsetmeden elde edilen
iist siirlar ile kiyaslanmigtir. Cok ytizli dig yaklagimlardan elde edilen tist siirlarin
LP gevsetmeden elde edilen st sinir ile en azindan belirli ve oldukca yiiksek bir
seviyeye kadar ayni alt siiri verecegi kanmitlanmistir. Diger yandan, problemin LP
gevsetmesinin tek ve tam say1 olmayan bir en iyi ¢ozlimii olmasi durumunda, DNN
gevsetmenin LP gevsetmeden kesinlikle daha iyi alt sinir verdigi ortaya konmustur.

Son olarak standart ikinci dereceden eniyileme probleminin (StQP) DNN gevset-
mesinin tam (ezact) oldugu érnekler incelenmisgtir. DNN gevsetmenin tam oldugu
ornekler icin cebirsel bir karakterizasyon verilmistir. DNN gevgetmenin tam oldugu
orneklerin kiimesi icin ti¢ farkl alt kiime belirlenmistir. Bu alt kiimelerin her birindeki
iiyelik problemi polinom zamanda ¢oziilebilmektedir. Ek olarak, DNN gevsetmenin
tam oldugu (StQP) 6rneklerini inga edebilmek igin bir regete sunulmaktadir.

Ozetle, sonuglarimiz genel itibariyle ¢ok yiizlii yaklagimlarin (MBP) problemi ve
0-1 sirt gantasi problemi i¢in zayif alt sinirlar verdigine igsaret etmekle birlikte, iki kat

negatif olmayan gevsetmenin daha siki alt simirlar verdigine igaret etmektedir.
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NOMENCLATURE

R n-dimensional Euclidean space

R7 Set of n-dimensional nonnegative real vectors (Nonnegative orthant)
Qr Set of n-dimensional rational vectors

N™ Set of n-dimensional nonnegative integer vectors

S" Set of n-dimensional real symmetric matrices

N Cone of entrywise nonnegative matrices

PSD  Cone of positive semidefinite matrices

CP Cone of completely positive matrices

COP  Cone of copositive matrices

DN Cone of doubly nonnegative matrices (PSD NN)
SPN  The dual cone of DN (PSD + N)

(-, ) Inner product

e Vector of all ones

e; i-th unit vector

E Matrix of all ones

E; The symmetric matrix 1/2(e;e] + eje])

Diag(-) Diagonal matrix with a specified vector

diag(-) Vector obtained from the diagonal entries of a given matrix
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Nomenclature (continued)

(MBQP) Mixed binary quadratic optimization problem
(MBP) Mixed binary integer optimization problem
(KP) 0-1 Knapsack problem

(StQP) Standard quadratic optimization problem

Rel(MBQP) Continuous relaxation of (MBQP)
Rel(MBP) LP relaxation of (MBP)

Rel(KP) LP relaxation of (KP)

MBQP-CP) Copositive reformulation of (MBQP)
MBP-CP)  Copositive reformulation of (MBP)
KP-CP)' First copositive reformulation of (KP)
KP-CP)? Second copositive reformulation of (KP)

(
(
(
(
(
(
(
(

Out), r-th level outer approximation of the related copositive program
Out) r-th level outer approximation of (KP—CP)1

Out)? r-th level outer approximation of (KP-CP)?

DN) Doubly nonnegative relaxation of the related copositive program
Feas(+) Feasible region of a given optimization problem

E() Extreme points of a given set

Conv(+) Convex hull of a given set

Cone(-) Conic hull of a given set

cl() Closure of a given set

int(-) Interior of a given set
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Chapter 1

INTRODUCTION

Copositive optimization (coined in [11]) is a special case of conic optimization,
which is concerned with the optimization of a linear objective function over the con-
vex cone of copositive or completely positive matrices subject to linear equality con-

straints. Therefore, it is a subfield of convex optimization.

In 2009, Burer [18] established that nonconvex quadratic programs with a mix
of binary and continuous variables and linear constraints, hereinafter referred to as
a mixed binary quadratic program, can be equivalently reformulated as a conic opti-
mization problem over the cone of completely positive matrices. This is a remarkable
result showing that a large class of nonconvex and NP-hard optimization problems
can be reformulated as a convex optimization problem. Nevertheless, Burer’s refor-
mulation [18] of mixed binary quadratic programs does not change the complexity
of the problem since the cone of completely positive matrices is computationally in-
tractable. For this reason, various inner and outer approximation hierarchies, which
approximate the intractable cone of completely positive matrices, have been proposed

in the literature.

These approximation hierarchies are based on obtaining a series of tractable cones
which yield increasingly better approximations of the intractable cone of completely
positive matrices as the level of hierarchy increases. Therefore, for a mixed binary
quadratic program (MBQP) with a minimization objective, one can obtain lower

bounds on its optimal value by utilizing outer approximations of the completely pos-
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itive cone in Burer’s reformulation [18].

We remark that obtaining a lower bound on (MBQP) is, in general, nontrivial since
the continuous relaxation of a given instance of (MBQP) obtained by relaxing the
binary constraints remains a nonconvex and NP-hard problem in general. Therefore,
outer approximations offer a good framework for finding lower bounds on the optimal
value of (MBQP). Given a feasible solution of (MBQP), these lower bounds can be
important in assessing the quality of the feasible solution. Moreover, good lower
bounds can be helpful for quickly identifying near optimal solutions and can thus
considerably improve the effectiveness of the solution methods such as branch-and-
bound algorithms.

Motivated by these observations, we focus on the following optimization problems,
all of which are special cases of (MBQP) and therefore can be equivalently formulated

as copositive optimization problems:
e Mixed binary integer programs (MBP)
e 0-1 Knapsack problem (KP)

e Standard quadratic programs (StQP)

In this dissertation, we focus on the bounds arising from outer approximations
of the copositive formulation of the aforementioned classes of optimization problems.
We refer the reader to [91] for a unified analysis on the inner approximations of the
completely positive formulation of mixed binary quadratic programs. In particular,
we attempt to shed light on the following questions regarding the bounds obtained

from outer approximations:

o Comparison of bounds: What is the quality of bounds arising from outer ap-
proximations compared to the bounds provided by the LP relaxations of (MBP)
and (KP)?
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e Fxactness: Under what conditions do the bounds given by the outer approxi-
mations match the optimal value of the original problem, i.e., what are the sets

of instances on which outer approximations are exact?

For (MBP) (resp. (KP)), we study the quality of lower (resp. upper) bounds
arising from outer approximations in comparison with the linear programming (LP)
relaxation of the related problem. We also investigate the extensions of our results to
the more general case of (MBQP) with a quadratic objective function.

As for (StQP), inner and outer polyhedral approximations have already been ex-
tensively studied. Yildirim [89] establishes tight error bounds on the gap between the
upper and lower bounds arising from polyhedral approximations. In [84], Sagol and
Yildirim give a complete algebraic description of the instances of (StQP) on which
lower and upper bounds arising from polyhedral approximations become exact at a
finite level of the hierarchy. They also identify the structural properties of the in-
stances of (StQP) for which the upper and lower bounds are exact only in the limit.
Therefore, for (StQP), we will focus on the instances of (StQP) that admits an ezact
doubly nonnegative relaxation.

In brief, our main goal in this dissertation is to investigate the quality of bounds
arising from the outer approximations of the completely positive formulation of the
optimization problems given above.

In this chapter, we first provide a background and a brief literature review on
copositive optimization in Section 1.1. We then present the motivation of this study
in Section 1.2. Finally, contributions and the outline of this dissertation are provided

in Section 1.3.

1.1 Background and Literature

In the world of optimization problems, there is a clear trade-off between generality and

algorithmic efficiency, meaning that, the more general a problem becomes, the less
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efficient algorithms exist to solve it and vice versa. In this context, linear programming
constitutes an example of extreme case, as there are very efficient algorithms for
solving LP problems (e.g., the simplex method [21], and interior-point methods [44]).
However, not every optimization problem can be formulated as LP, and in fact, LP

corresponds to a rather specific class of optimization problems.

Convex optimization, on the other hand, is a much broader class of optimiza-
tion problems, but it still enjoys a very rich duality theory similar to that of linear
programming despite some complications as to the strong duality property. By the
seminal work of Nesterov and Nemirovski [70], it has been shown that all convex opti-
mization problems can be solved in polynomial-time as long as they admit efficiently

computable self-concordant barrier functions.

Conic optimization is comprised of linear optimization problems over an affine
subspace of a convex cone. In fact, all convex optimization problems can be refor-
mulated as a conic optimization problem [71]. While still preserving the generality
and all strengths of convex optimization mentioned above, interpretation of the dual
problem in conic optimization is easier than that of a general convex optimization
problem. Moreover, many nonconvex and combinatorial optimization problems can
also be represented within the framework of conic optimization. Therefore, conic op-
timization occupies an important place in the world of mathematical optimization.
Copositive optimization, being a special case of conic optimization, is therefore an
attractive research area for many researchers, although the problems of this class are

NP-hard in general.

The term “copositive” can be traced back to a report in 1952 by Motzkin [67].
Later in 1958, Hall [36] coined the completely positive matrices which originated in
the study of inequality theory and quadratic forms. Since then copositivity and com-
plete positivity have been studied by many researchers (for surveys, see [6] and [41]).

However, introduction of these cones into optimization problems has emerged only in
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the last two decades.

Preisig’s paper [80] in 1996 was one of the early studies that establishes a relation
between the solution of a quadratic optimization problem and copositivity.

Quist et al. [81] proposed in 1998 that one can get a tighter version of the semidef-
inite programming (SDP) relaxations of the quadratic programs by utilizing the com-
pletely positive cone. Using the membership constraints of the copositive and com-
pletely positive cones in conic optimization firstly emerged in their study.

Bomze et al. [11] was the first to show that an NP-hard problem, namely standard
quadratic programs, can be formulated as an equivalent copositive optimization prob-
lem. Their paper [11] is also where the term “copositive optimization” is coined. After
their study, various nonconvex and combinatorial optimization problems have been
shown to admit an equivalent copositive reformulation. In 2009, Burer [18] extended
these results and showed that a rather larger class of optimization problems, namely
mixed binary quadratic programs, can be formulated as an equivalent copositive pro-
gram. The reader is referred to the surveys [9, 29] for further details in copositive
optimization. Copositive reformulations do not change the complexity of the prob-
lem, but these studies have inspired many researchers to construct approximation
frameworks and obtain bounds on the original problem.

Parrilo [73] was the first who constructed a sequence of convex cones satisfying

CPC...CQ1CQ=DN and CP=[)Q.

reN

Each of the convex cones Q,., r € N, can be represented by Linear Matrix Inequalites
(LMIs). Therefore a conic optimization problem over Q, is an SDP. There are also
several polyhedral approximation hierarchies satisfying the similar relations to those of
Parrilo’s hieararchy. However, unlike Parrilo’s approximations, problems arising from
polyhedral approximations amounts to solving an LP problem. Detailed information
on approximation hierarchies is provided in Chapter 2 (see also, e.g. [13, 17, 22, 24,

53, 54, 74, 89]).
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Approximations proposed to the intractable cones CP and COP gave rise to an-
other question: What is the quality of bounds arising from the outer approximations
of the completely positive formulations of (MBQP)?

A unified analysis on the behavior of inner approximations of the completely
positive formulation of (MBQP) has been done in [91]. Under the class of (MBQP),
quality of bounds arising from inner and outer polyhedral approximations of (StQP)
have been extensively studied [84, 89] as discussed in the previous section. Therefore,
we study the doubly nonnegative relaxations of (StQP).

Our theoretical results contribute to the literature in the assessment of the quality
of lower bounds arising from the outer approximatons of the copositive formulations

of three different classes of optimization problems: (MBP), (KP) and (StQP).

1.2 Motivation

There is no efficient algorithm to solve general nonconvex optimization problems in
general. Solution methods for this class of problems usually consist of dividing the
problem into smaller subproblems, solving a relaxation of the subproblem in order to
obtain lower bounds and employing some local search methods to obtain a feasible
solution and hence an upper bound. For some classes of nonconvex optimization
problems, straightforward relaxations of this class of problems even turn out to be
NP-hard. The continuous relaxation of an instance of (MBQP) can be given as an
example to this situation. It is easily verified that the continuous relaxation obtained
by relaxing the binary constraints of (MBQP) is still nonconvex and NP-hard in
general.

Therefore, obtaining bounds on the optimal values of these problems and investi-
gating the tightness of these bounds is a valuable effort. Finding near-optimal solu-
tions and good bounds can decrease the solution time by enabling solution methods

to work more efficiently such as decreasing the number of nodes that will be evaluated
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in branch-and-bound type algorithms or shrinking the search area for heuristics.

Prior to Burer’s result [18], various nonconvex and NP-hard optimization problems
were known to admit a copositive reformulation [11, 78, 79]. Burer [18] established
that copositive reformulation can be extended to a rather large class of optimization
problems, namely, mixed binary quadratic programs. This makes it possible to study
these nonconvex problems from the viewpoint of convex optimization. Although Bu-
rer’s copositive reformulation is still NP-hard due to the intractable cone CP, by
employing a hierarchy of tractable approximations, it paves the way for obtaining

bounds on the optimal value of the original problem in a reasonable time.

Motivated by this, we study the tractable cones that provide approximations to
CP. In particular, we focus on two specific outer approximations: a hierarchy of
outer polyhedral approximations and the doubly nonnegative cone. When CP is
approximated by a polyhedral cone, the resulting problem becomes an LP problem.
This helps in our analysis as the structure of the LP problem is well-known and
modern solvers can solve very large-scale LP problems. On the other hand, although
the doubly nonnegative cone is non-polyhedral, when we use it to approximate CP,

the resulting problem can still be solved in polynomial-time (see, e.g. [31, 48, 90])

In this thesis, we focus on the copositive reformulations of three classes of opti-
mization problems: mixed binary integer programs (MBP), 0-1 knapsack problem,
and standard quadratic programs (StQP). Unless P = NP, there does not exist an

efficient algorithm for solving these problems.

As for the reasons for studying these three problems, for (MBP), it is possible
to make a comparison with its LP relaxation. To be more precise, we can compare
the quality of lower bounds arising from outer approximations with that of the LP
relaxation. This provides a nice edge in our analysis. The LP relaxation of the
0-1 knapsack problem, being a special case of (MBP), has a closed form solution.

Exploiting that solution structure allows us to achieve even stronger results for the
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knapsack. Outer polyhedral approximations of (StQP) are already known to achieve
good lower bounds and have been studied in [84, 89]. Therefore, we focus on the
doubly nonnegative relaxation of (StQP).

In this dissertation, we attempt to shed light on the quality of outer approxima-
tions arising from the completely positive reformulations of certain nonconvex opti-
mization problem classes discussed above. We hope that our results serve as a basis
for studying the bounds for the general class of mixed binary quadratic programs in
the future. Furthermore, our findings may lead to more refined outer approximations
exploiting the strengths and avoiding the weaknesses of the outer approximations

studied in this thesis.

1.3 Contributions and Outline

This dissertation mainly contributes to the following classes of optimization problems:

Mixed Binary Integer Programs

We define the sign preserving outer approximations, which is a more general definition
that covers a large class of outer approximations of the copositive reformulation of
mixed binary integer programs. Under the assumption that the feasible region of the
original problem is nonempty, we show that outer approximations are unbounded if
and only if the original problem is unbounded.

We compare the lower bounds arising from outer approximations with that of the
LP relaxation of (MBP). Given an instance of (MBP), we show that lower bounds
arising from sign preserving outer approximations are at least as good as the lower
bound obtained from its LP relaxation. We also compare the feasible regions of outer
approximations with that of the LP relaxation of (MBP). We give a characterization
of the equality of these feasible regions. Note that this characterization is based on

enumerating the extreme points of the feasible region of the LP relaxation. As such,
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it may not work in polynomial-time with respect to the problem size. Therefore,
for outer approximations, we also give sufficient or necessary conditions that work in
polynomial-time to compare the feasible regions.

We then attempt to extend our results to the mixed binary quadratic programs.

We provide characterizations for the unboundedness of (MBQP), the continuous
relaxation of (MBQP), and characterizations (or sufficient conditions) for the un-
boundedness of outer approximations within our scope. We show that if continuous
relaxation of (MBQP) is unbounded, then the outer polyhedral approximation at
hierarchy level 0 must be unbounded as well. Furthermore, we provide illustrative
examples for different possible cases.

As for the doubly nonnegative relaxations, we show by examples that there is
no relationship with the continuous relaxation in terms of unboundedness. We next
show that, in contrast with (MBP), lower bounds arising from the outer approxima-
tions of the completely positive formulation of (MBQP) are not comparable to the
lower bound provided by the continuous relaxation, in general. However, we give a
sufficient condition in Proposition 7, under which lower bounds arising from outer
approximations are at least as good as the lower bound given by the continuous re-
laxation. We also present a sufficient condition under which outer approximations
provide strictly better lower bounds than the lower bounds given by the continuous
relaxation of (MBQP). We discuss the classes of optimization problems to which our

results apply.

0-1 Knapsack Problem

We study two alternative completely positive formulations of the 0-1 knapsack prob-
lem. We compare the outer approximations arising from the formulations with the
LP relaxation of (KP). We show that the upper bound given by the outer polyhe-

dral approximations of each copositive formulation is equal to the upper bound given
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by the LP relaxation of (KP) until at least a certain level of the hierarchy. We
argue that, at this level, the LP problem arising from these outer approximations
has already exponentially many variables. For that reason, we conclude that outer
polyhedral approximations perform poorly for the 0-1 knapsack problem and thus we
do not recommend using them as an approximation framework for the 0-1 knapsack
problem.

We also establish a sufficient condition that shows that, depending on the instance,
the equality between the upper bounds given by outer polyhedral approximations and
LP relaxation of (KP) can still persist in even at higher hierarchy levels. By that
sufficient condition, we also give a closed formula about how much this level can rise.

As for the doubly nonnegative (DNN) relaxations, we show that they give strictly
better bounds than the LP relaxation of (KP) if the LP relaxation has a non-integer
unique optimal solution. We also provide an example illustrating that the uniqueness

assumption cannot be relaxed in general.

Standard Quadratic Programs

For a given instance of (StQP), recognizing whether it admits an exact doubly non-
negative relaxation is important, because one can then solve the polynomial-time
solvable DNN relaxation instead of solving the NP-hard original problem and still get
the optimal value of the original problem.

In this study, we investigate the instances of (StQP) with an exact DNN relaxation.
We give a complete algebraic characterization for the set of instances with an exact
DNN relaxation (Q). By relying on the characterization of Q, we identified three
subsets of Q, all of which are convex cones with a polynomial-time membership oracle.
None of the three sets is a subset of the other two sets as we show by examples in
Section 5.5. We also show that there are still elements that belong Q and are not

members of any of the three subsets. Therefore, the complexity of the membership
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problem in @ is still unknown.

The remainder of the dissertation is organized as follows: We discuss copositive
and completely positive optimization in more detail in Chapter 2. We also introduce
various approximation hierarchies constructed for the copositive and completely pos-
itive cones. Chapters 3, 4 and 5 focus on the outer approximations of the copositive
formulations of mixed binary integer programs, 0-1 knapsack problem, and standard
quadratic programs, respectively. Finally, in Chapter 6, we conclude the dissertation
by a summary of our results and present some open questions.

The standard notation given in the nomenclature will be used throughout the
thesis. Also, at the beginning of each chapter, additional notations specific to that

chapter will be given if required.



Chapter 2

COPOSITIVE AND COMPLETELY POSITIVE
OPTIMIZATION

Copositive and completely positive matrices have various applications, including
control theory [42], block designs [37], economic modelling [33], a Markovian model of
DNA evolution, complementarity problems, and maximin efficiency-robust tests (see
[6] and the references therein). Recent applications also include clustering and data
mining [26], and dynamical systems [5, 65].

Recently, copositive and completely positive matrices have received significant
attention in the area of mathematical optimization since it has been proven that
many combinatorial and nonconvex quadratic optimization problems admit a copos-
itive reformulation. As all the other constraints are linear, this formulation transfers
difficulty entirely into the conic constraint. This has created a completely different
perspective on combinatorial and nonconvex quadratic optimization problems and
has greatly increased the interest in copositive and completely positive optimization

(see ]9, 29] for surveys on copositive programming).

This chapter is organized as follows: First, basic definitions from convex analysis
are provided. We define a set of convex cones including copositive and completely
positive cones, which will be of high importance throughout this dissertation. We
then introduce conic optimization and two special cases of conic optimization: copos-
itive and completely positive optimization. We present Burer’s completely positive
formulation of mixed binary quadratic programs. We discuss outer approximations

of the completely positive cone and the bounds arising from them. Finally, the scope
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of this thesis is presented.

2.1 Basics from Convex Analysis

In this section, we give some basic definitions from convex analysis. First we pro-
vide the definitions of a convex set and a convex combination, and then we give a

fundamental theorem about convex cones.

Definition 1. A set C C R" is called a convex set if for any x € C and y € C,
Ax 4+ (1 =Ny €C for all X € ]0,1].

Definition 2. Given z',...,2" € R" and k € N, a vector of the form
1’0 = )\1&71 + ...+ )\kxk,
where \; e Ry, 1 =1,...,k and Zle Ai =1, is called a convex combination.

Note that a set C € R"™ contains all convex combinations of its elements if and

only if it is convex. We now give the definition of a cone.

Definition 3. A set K C R"™ is called a cone if \x € K for all x € K and for all
A>0.

We next provide the following theorem which shows that convex cones are closed

under addition.

Theorem 1 ([82], Theorem 2.6). A cone K C R™ is convez if and only if the following

condition 1s satisfied:
reKandye K —= z+yeck. (2.1)

We now present the definitions of polyhedral, pointed and full-dimensional cones.
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Definition 4. A convex cone I C R"™ is a polyhedral cone, if it is the intersection of

a finite number of half-spaces, 1i.e.,
K={xeR": Ax > 0},
where A € R™*",
Definition 5. A cone KK C R™ is pointed if KN (—=K) = {0}.

Definition 6. A cone KL C R" is full-dimensional if it has a nonempty interior. As

a result, the dimension of KC is equal to n.

We now introduce the definition of proper cone, which has all the properties given

above.

Definition 7. A cone K C R" is a proper cone, if it is convex, closed, pointed and

full-dimensional.
We will give the definition of dual cone, but first we need the following definition.

Definition 8. An inner product space is a vector space V over R together with an

inner product, i.e., with a map
(,):VxV >R

that satisfies the following three properties for all vectors u,w,v € V and all scalars

AeR:

e Conjugate symmetry: (u,w) = (w,u).

e Bilinearity: (Au,w) = MNu,w) and (u+ w,v) = (u,v) + (w,v).

o Positive-definiteness: (u,u) >0 and (u,u) =0 <= u =0.
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Throughout this dissertation, the inner product in the n-dimensional Euclidean

space is defined as (u,v) := ulv = > i, u;v; and the inner product in the space of

m X n matrices is defined as (U, V) := trace(U"V) = 377", 37", Uy Vy;.

Definition 9. For a set C C R", the dual cone with respect to the inner product (-, -)

15 given by
C':={xeR":(x,y) >0 forally € C}
We have the following properties related to dual cones.

Proposition 1. Let K, I, Ko C R"” be cones. Then,

(1) K* is always closed and convex.

(i1) K1 C Ky implies K5 C K.
(i11) If K has a nonempty interior, then K* is pointed.
(i) If cl(K) is pointed, then IC has a nonempty interior.
(v) K* = cl(Conv(K)).

Suppose K is a proper cone. Then, by Proposition 1, K£* is also proper. Further-

more, since K is closed and convex, K** = .
Definition 10. A set C C R" is called self-dual if C = C*.

Among the self-dual cones, nonnegative orthant, positive semidefinite cone and
second order cone can be given. However, a cone does not have to be self-dual, e.g.,

copositive and completely positive cones.
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Definition 11. Given a set C C R"™, the convez hull of C, denoted as Conv(C), is the

set of all convex combinations of the elements in C, i.e.,

k k
Conv(C):{Z/\ixi:a:iEC, A >0, Z)‘izl’ kEN},
i=1 i=1

which is also the smallest convex set that contains C.

Definition 12. Given a set C C R", the conic hull of C, denoted as Cone(C), is the

set of all conic combinations of the elements in C, i.e.,

k
Cone(C) = {Z Mgzt eC, N >0, ke N} :
i=1

which is also the smallest convex cone that contains C.

2.2 Convex Cones

We first present the definitions of positive semidefinite, copositive and completely

positive matrices and cones.
Definition 13. A matriz X € 8™ is positive semidefinite if
u'Xu>0 for all u € R".

The cone of positive semidefinite matrices, henceforth referred to as the positive

semidefinite cone, is denoted by
PSD:{XES”:UTXuzO, VuGR"}.

Note that we do not include dimension information in our cone notations; however,

the dimension will always be clear from the context.

Definition 14. A matriz X € 8™ is copositive if

u' Xu >0 for allu € R%.



Chapter 2: Copositive and Completely Positive Optimization 17

The cone of copositive matrices, henceforth referred to as the copositive cone, is

denoted by
COP={XeS" :u"Xu>0, YueR}}.

Definition 15. A matriz X € 8™ is completely positive if it can be decomposed as
X =YY for someY € R, (2.2)

Given a completely positive matrix X € S", the smallest k& € N, for which the
representation (2.2) is possible, is called the cp-rank of X. Finding the cp-rank
of a given completely positive matrix still remains an open problem. To see some
established bounds on the cp-rank, the reader is referred to [14, 15, 86, 87].

The cone of completely positive matrices, henceforth referred to as the completely
positive cone, is denoted by

k

CP = {X eS": X = Zyi(yi)T, for some y' € R", i = 1,...,k},

i=1
Note that copositive and completely positive cones are dual to each other, i.e., (CP)" =
COP. Both cones are intractable cones, i.e., there are no known polynomial-time
algorithms for checking the membership in CP and COP. It has been proved that
deciding where a given matrix is in COP is co-NP-complete [69]. As for CP, the same
complexity is anticipated, and it was established that checking the membership in CP
is NP-hard [25, 69]. It is still an open question whether checking the membership in
CP is also NP-complete. Interested reader is referred to [4] for the open questions in
the theory of copositive and completely positive matrices.

We denote the cone of symmetric entrywise nonnegative matrices by N and refer
to it as the nonnegative cone. DA denotes the intersection of positive semidefinite and
nonnegative cones, and is called the doubly nonnegative cone, i.e., DN = PSDNN.

Lastly, we define the following cone

SPN := PSD + N = (DN)*.
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Each of the cones PSD, COP, CP, N, DN and SPN is a proper cone and the

following set of inclusion relations is satisfied:

N
CP C DN C C SPN CCOP.
PSD

We have CP = DN and SPN = COP if and only if n < 4 [23]. For the case n =5, a
well-known copositive matrix which does not belong to SPA is the Horn matrix [35],

which can be given as

H=|1 -1 1 -1 1| €COP\SPN.

By utilizing the Horn matrix, the following matrix satisfies (A, H) < 0

1100 1]
12100
A=101 2 1 0| EDN\CP,
00111
10013

which is taken from [4].

2.3 Conic Optimization

A general formulation of a conic optimization problem can be given as
(P) p*:=min (c,z)
st (aj,x)y="0b; i=1,...,m,

x e,
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where x € R" is the decision variable, c € R", a; € R", b; e R, ¢ = 1,...,m are the
problem parameters, and L C R” is a closed convex cone. Note that in (P), if the
cone K is replaced by the nonnegative orthant (R”) and the Euclidean inner product
is used, this gives rise to an LP problem. Therefore, linear programming is a special

case of conic optimization. The associated dual problem of (P) is given by
(D) d*:=max by

Z Yia; +8 = ¢,

i=1

se K,
where y € R™ and s € R" are the decision variables. The following lemma shows that
weak duality always holds between primal and dual problems.
Lemma 1 (Weak Duality). For all z € Feas(P) and (y, s) € Feas(D), we have

() > 0"y

Therefore, p* > d*.

Proof. For all x € Feas(P) and (y, s) € Feas(D)

() — ¥y = (e2) — 3 a2 = <—zy> (o) 20,
i=1 =1
since x € K, s € K* and by the Definition 9 of the dual cone. O]

Lemma 1 shows that the objective value of any primal (resp. dual) feasible solution
gives an upper (resp. lower) bound on the optimal value of the dual (resp. primal)
problem. Given z € Feas(P) and (y,s) € Feas(D), the nonnegative value (s,z) =
(c,z) — by is called the duality gap. Obviously, if the duality gap is zero, then x
and (y, s) are optimal solutions of (P) and (D), respectively. It is well-known that
the converse is also true in the case of linear programming, i.e.; all pairs of primal-
dual optimal solutions for an LP problem provides a zero duality gap (see, e.g. [85]).

However, this is not necessarily true for conic optimization in general.
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If the inequality p* > d* implied by Lemma 1 is satisfied as equality, then such a
situation is called the strong duality. Under regularity assumptions such as Slater’s
condition, it can be proven that strong duality is also satisfied between problems (P)
and (D) (see, e.g., [88, Theorem 2.7] for a proof). Let relint(-) denote the relative
interior [16]. Problem (P) satisfies Slater’s condition if and only if it has a strictly

feasible solution, i.e.,
3z s.t. (a;,2) =0b;, i=1,...,m, and & € relint(K).

Linear programming is a significant subfield of the conic optimization since there
exist efficient solution methods to solve LP problems both computationally and the-
oretically. For instance, the simplex method, developed by Dantzig [21] in 1947, was
the first efficient method to solve LP problems in practice, although it does not work
in polynomial-time in the worst case [50]. Later in 1979, Khachiyan [47] applied the
ellipsoid method to derive the first polynomial-time algorithm for solving LP prob-
lems. Although it works better than the simplex method in theory, it remains slow
in practice and is not competitive with simplex in general. Lastly, Karmarkar’s al-
gorithm [44], introduced in 1984, is another polynomial-time algorithm that falls in
the class of interior-point methods and works very efficient in both theory and prac-
tice [58, 59, 66]. It also has better worst-time complexity than the ellipsoid method.
Hence, linear programming has been an important class of optimization problems for
more than six decades.

Another well-studied conic optimization problem is the semidefinite programming
problem (SDP), which is defined over the positive semidefinite cone. After Kar-
markar’s interior-point method, Nesterov and Nemirovski [70] showed that this ap-
proach can be generalized to convex programming by employing self-concordant bar-
rier functions. Their remarkable result implies that a conic optimization problem,
e.g., SDP, can be solved in polynomial-time if the underlying convex cone admits a

self-concordant barrier function that can be evaluated in polynomial-time. Therefore,
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interior-point methods are regarded as the most robust and efficient way for solving
SDP problems.

LP and SDP are two of the most widely-studied problems in the optimization
community. We are now in a position to introduce two special conic programs that
constitute the theme of this dissertation, namely, copositive and completely positive

programs.

2.4 Copositive Programs

A completely positive optimization problem is given by

(CoP) min (C,X)
s.t. <A“X>:bl, /l.:l,...,m,
X eCP,

where X € 8" is the decision variable, and C € 8", A; € 8" and b; € R, i =
1...,m, are the problem parameters. The dual problem of (CoP), called a copositive

optimization problem, is given by

(CoD) max by

st > yAi+9=0C, (2.3)
i=1
S eCOP,
where y € R™ and S € 8™ are the decision variables.

Despite involving different cones, both problems are often referred to simply as
“copositive programs”. Througout the remainder of this thesis, we also adopt this
terminology.

Since (CoP) and (CoD) are both conic programs, the weak duality always holds
between them and the strong duality holds under regularity conditions such as Slater’s

condition. Recall that the copositive and completely positive cones are convex, and
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all other constraints and the objective function are linear in both problems. There-
fore (CoP) and (CoD) are convex optimization problems. However, as discussed
before, both cones CP and COP are computationally intractable. Furthermore, sev-
eral well-known NP-hard problems such as graph partitioning, maximum weighted
clique, quadratic assignment, and standard quadratic optimization problems can be
reformulated as an instance of (CoP). Therefore, as a consequence (CoP) and (CoD)
are NP-hard problems in general [11, 79].

Copositive optimization has received considerable interest in the Operations Re-
search community in recent years [9]. The main reason for this interest is due to an

important discovery given in the following section.

2.5 Burer’s Reformulation

In 2009, Burer [18] established that all mixed binary quadratic programs can be
reformulated as a completely positive optimization problem (as an instance of (CoP)).
Burer’s this result also forms the basis of this thesis. By using the [ifting procedure
(see, e.g. [57]), he constructed a relaxation of the mixed binary quadratic programs
but showed that it is, in fact, an equivalent reformulation. The problem he considered

was

(MBQP) min 27Qz +c'xz
st. alz=0b, i=1,...,m,
z >0,

z; €{0,1}, je€ B,

where z € R" is the decision variable; @ € 8", a; € R", b € R™and B C {1,...,n} are
the problem parameters. (MBQP) encompasses a rather large class of NP-hard prob-
lems, e.g., all mixed binary integer programs, all nonconvex (continuous) quadratic

programs, and specific problems such as the quadratic assignment problem. Linear
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portion of Feas(MBQP) is given by
L={zcR":a]v=0, i=1,...,m, v >0}

Without loss of generality, Burer [18] makes the following assumption, referred to as

the key assumption:
rel = 0<z; <1, jeBb. (2.4)

Note that if the key assumption does not hold, then it can always be ensured by aug-
menting (MBQP) with the constraints z; +s; = 1 and s; > 0, j € B. Under the key
assumption (2.4), Burer [18] showed that (MBQP) can be equivalently reformulated

as the following instance of (CoP):

(MBQP-CP) min (Q,X)+c'z
st. alr=b, i=1,...,m,
e’ Xa; =b2 i=1,....m,
vy =Xj5, JE€DB,
1 a7

z X

e CP,

where x € R" and X € 8™ are the decision variables. Burer’s main result in [18] is

the following:

Theorem 2 ([18], Theorem 2.6). (MBQP) and (MBQP-CP) have the same optimal
value. Furthermore, if (x*, X*) is an optimal solution for (MBQP-CP), then z* is in
the convex hull of optimal solutions for (MBQP).

By this result, it has been shown that a large class of mixed binary quadratic
optimization problems can be reformulated as a completely positive optimization
problem. Therefore, (CoP) is a computationally intractable problem in general. Since

the objective function and all the other constraints are linear, all the complexity is
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absorbed by the membership constraint of the cone CP. In [12], Bomze and Jarre
interpret Burer’s result from a topological perspective. They also discuss why the
feasibility of the copositive formulation implies the feasibility of the original mixed
binary quadratic program. We refer the reader to [12, 18] for further details. This
conic reformulation of Burer [18] paved the way for the recent studies in the field of

copositive optimization [10, 12, 27, 54, 84, 89].

2.6 QOuter Approximations

In this thesis, we focus on the outer approximations of the completely positive cone
since a comprehensive analysis on the inner approximations of copositive formulations
of mixed binary quadratic programs has already been done in [91]. Therefore, inner
approximations will be out of the scope of this dissertation. However, the interested
reader is referred to see [13, 89] for different works on the inner polyhedral approxi-
mations and [24, 53, 54] for those on the inner non-polyhedral approximations of the
cone CP.

Both CP and COP are intractable cones. Therefore, many studies in the literature
have proposed various tractable approximation hierarchies for these cones. Most of
these hierarchies are constructed based on the fact that a matrix M € 8™ is copositive
if and only if the polynomial

n n
Py(x) =Y Y Myaia) (2.5)
i=1 j=1
is nonnegative for all x € R".

We begin with the formal definition of an outer approzimation hierarchy.

Definition 16. Given a closed convexr cone KK C 8™, a sequence of cones C. C 8",

r € N, is called an outer approximation hierarchy if it satisfies the following relations:

Co2C2D...0K and ﬂcr:/c

reN
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By the properties of dual cones given in Proposition 1, this hierarchy can be

converted into a hierarchy of the dual cone as follows:

C:CCiC...CK" and c1<Uc:> = K.

reN
Therefore, approximation hierarchies devised for the copositive cone can also be con-
verted into an approximation hierarchy for the completely positive cone and vice
versa.

We now introduce outer approximation hierarchies that are built to approximate
the completely positive cone from outside. We start with a hierarchy of inner polyhe-
dral approximations to the copositive cone introduced by de Klerk and Pasechnik [22]
by exploiting the sufficient conditions for matrix copositivity. By duality, this results
in a hierarchy of outer polyhedral approximations to the cone CP. This section is

concluded with a review of non-polyhedral approximation hierarchies.

2.6.1 Polyhedral Approximations

By duality, outer approximations of the cone CP can be derived from the inner ap-
proximations of the cone COP. In the same manner, inner approximations of COP
obtained by de Klerk and Pasechnik [22] yield outer approximations to CP.

Let us define the following polynomial of degree 2(r + 2):

P(z) .= Py() (Z x?) , reN, (2.6)

where Pys(x) is defined in (2.5). Recall that M € COP if and only if Py (z) > 0 for
all x € R™. Observe that nonnegativity of Py (z) is already guaranteed if P}, (z) > 0,
r € N, for all z € R". By using the fact that Pj,(z) is nonnegative if all its coefficients

are nonnegative, de Klerk and Pasechnik [22] defined the following sequence of cones

(O0,)":={M € 8" : P;;(z) has nonnegative coefficients} , r € N,
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and established that

N =(0y)" C(0) C...CCOP and d (U(Oﬁ*) — COP. (2.7)

reN

Now, let us define

O(n,r) == {ZGN":izi:r—FZ}, r €N, (2.8)

=1

de Klerk and Pasechnik [22] also showed that (O, )* can be rewritten as
(0,) ={X € 8": (22" — Diag(z), X) >0 for all z€ O(n,r)}, reN. (2.9)

Therefore, O, (the dual of (O,)*) can be given as

O, = Z A. (22" — Diag(z)) : A\, > 0 for all z € O(n,r) p, reN. (2.10)

z€0(n,r)

By duality, this implies

CPC...COCO=N and CP=[)O,. (2.11)

reN
Therefore, this sequence of cones constitutes an outer approximation hierarchy to the
completely positive cone. As r € N increases, we get increasingly better approxima-
tions of CP, and in the limit they converge to CP.

It is easy to check that

n+r+1
r+2

|O(n,r)| = ( ) =0((n""?), reN (2.12)

By (2.12), O, has a finite number of extreme rays and thus is polyhedral for each
r € N. Since each cone O, is polyhedral, a linear optimization problem over these
cones is equivalent to an LP problem. However, by (2.12), it is important to note that

as 1 increases the number of variables in the related LP problem grows exponentially

with O(n"*2).
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Bundfuss and Diir [17] also proposed outer approximation hierarchies for the
copositive cone. Since they are adaptive and refined with respect to the objective
function, their behaviour change according to the problem instance. Therefore, they
are more algorithmic implementation-oriented and not appropraite for our analysis.
As a result, we investigate the outer polyhedral approximation hierarchy proposed by
de Klerk and Pasechnik [22].

We now discuss several hierarchies of outer non-polyhedral approximations to the

completely positve cone.

2.6.2  Non-Polyhedral Approzimations

Parrilo [73] was the first who employed an approximation approach for the copositive
cone by using a hierarchy of tractable convex cones in his thesis. He basically exploited
the fact that any polynomial that can be decomposed as a sum-of-squares (sos) is
necessarily nonnegative.

Consider the polynomial Pj,(x) given in (2.5). Parrilo [73] defined the following

sequence of cones:
(Q,)" :={M € 8" : P;;(z) has an sos decomposition}, r € N.

He then showed that these cones satisfy the following relationship:

SPN =(Q)" C(Q))" C...CCOP and cl (U(Q,,)*) — COP.

reN

By duality, this implies

CPC...CQ CQy=DN and CP:ﬂQT.

reN

Each of the convex cones Q, can be represented by Linear Matrix Inequalites (LMIs).
Therefore a linear optimization problem over these cones turns out to be a semidefinite
programming (SDP) problem. However, as the level of hierarchy increases, instance

size of the corresponding SDP problem grows exponentially.
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Exploiting a weaker sufficient condition than that of Parrilo, in 2007, Pena et
al. [74] constructed another hierarchy of convex cones satisfying CP C ... C K; C
Ko = DN. They also showed that Q, C K, C O,, where O, is defined in (2.10),
and I, = Q, for r = 0,1. Since each K, can be represented by LMIs, a linear
optimization problem over these cones is equivalent to an SDP problem. At levels
higher than zero, both Parrilo’s and Pena et al.’s hierarchies become inappropriate
for a theoretical analysis due to their complicated structures. Therefore, among the
non-polyhedral outer approximations we will only evaluate the cone DN = Ky = Q,.

We also point out that in literature there exist some other approximation hierar-
chies to the copositive and completely positive cones. For further details, the reader

is referred to [2, 27, 28].

2.7 Lower Bounds

By employing outer approximation hierarchies, one can approximate an intractable
conic optimization problem by a sequence of tractable optimization problems. Recall

that a completely positive program (CoP) is given by

v:= min (C,X)
s.t. <AZ7X>:bZ, izl,...,m,
X eCP,

where X € 8™ is the decision variable, and C' € 8", A, € S",and b, e R, i=1...,m
are the problem parameters. Since this problem is computationally intractable, we use
the outer approximation hierarchies to obtain the lower bounds on the optimal value
v. More precisely, we replace the intractable cone CP by a sequence of increasingly
better tractable outer approximations. By doing that, one can obtain increasingly
tighter lower bounds on v as the level of hierarchy increases. If we replace the conic

constraint X € CP by X € O,, where O,, r € N, is defined as in (2.10), then we get
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the following problems:

(= min (C,X)
st. (A, X)=b, i=1,...,m, (2.13)
X eO,,

where r € N. Recall that problems obtained by outer polyhedral approximations is
equivalent to linear programming problems. However, the number of variables in the
related LP problem grows exponentially. Therefore, as r increases, the corresponding
LP problem quickly reach beyond today’s computational capabilities. Hence, it is

crucial to obtain tight bounds at low levels of hierarchy.
Note that since (CoP) is a minimization problem, ¢,., r € N, constitutes a lower

bound on the optimal value. By (2.11), we also have

goéﬁ1§...<l/.

In [89, Theorem 3.1], Yildirim states that if both problems (COP) and (CoD)
(defined in (2.3)) have strictly feasible solutions, then bounds arising from his inner
approximation hierarchy and de Klerk and Pasechnik’s [22] outer approximation hi-
erarchy both converge to v in the limit. However, this assumption can be relaxed
when only outer approximations due to de Klerk and Pasechnik [22] are considered.

Therefore, we establish the following result which can also be derived from the proof

of [89, Theorem 3.1].

Proposition 2. If (CoD) has a strictly feasible solution and its set of optimal solu-

tions is nonempty, then

lim ¢, = v.
r—00

Proof. Consider the problem (2.13). By linear programming duality, its dual is given
by

ET:max{bTy:ZyiAi—i—S:C, S e ((’)r)*}, reN, (2.14)

=1
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A

where (O,)* is defined in (2.9). Let (7,5) € R™ x 8™ be a strictly feasible solution
of (CoD). By (2.7), there exists o € N such that S € (0,)* for all » > . This also

implies S is a feasible solution of (2.14) for all > ry. Therefore,
b’y <t <v

holds for all > ry. Since the optimal solution of (CoD) is attainable, let (y*, S*)
be an optimal solution of it. Let us also define (y, Sy) := A(y*, S*) + (1 — \)(4, S).
Observe that (yx, Sy) is also a strictly feasible solution of (CoD) for all A € (0,1).
Therefore, by (2.7), for any A € (0,1), there exists ry, € N such that (y,sy) is a
feasible solution of (2.14) for all » > r,. This implies that

blyy = ATy  + (1= M\b' ) < b, <v=>0b"y"
holds for all » > r,. Therefore, as A goes to 1 we have lim, _, ¢, = v. O

This proposition states that as long as (CoD) has a strictly feasible solution and
an attainable optimal solution, the seqence of lower bounds obtained from (2.13)
converge to the optimal value of (CoP).

In addition to the hierarchy of the outer polyhedral approximations proposed by
de Klerk and Pasechnik [22], we will also analyze the doubly nonnegative relazations
arising from the doubly nonnegative cone, which corresponds to the first cone in the
hierarchies of non-polyhedral approximations proposed by Parrilo [73] and Pena et
al. [74].

Replacing the conic constraint X € CP by X € DN, we obtain a doubly nonneg-

ative relaxation of (CoP) as follows:

KDN ‘= 1min <C, X)
s.t. <A“X>:bl, 'l.Zl,...,m,

X € DN,
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The resulting problem is not an LP problem, since the doubly nonnegative cone is
non-polyhedral. However, it corresponds to a semidefinite programming problem and

thus is still computationally tractable.

2.8 Our Scope

Optimization consists of finding a minimum or maximum value of an objective func-
tion subject to a set of constraints. There are various necessary or sufficient optimality
conditions that have been proposed for optimization problems in the literature. The
reader is referred to the books by Horst et al. [39, 40] for the related topic. However,
for some optimization problems, obtaining a globally optimal solution in a reasonable
time is not possible. Therefore, by employing various approximation techniques, ob-
taining tight bounds on the optimal value of such problems is a valuable pursuit for
many researchers.

In this dissertation, we consider three specific problem classes related to nonconvex
optimization: mixed binary integer programs, 0-1 knapsack problem and standard
quadratic programs. Note that all these problems are NP-hard in general, and they are
special cases of mixed binary quadratic programs. Nonconvexitiy of first two problems
is due to their discrete structures, whereas that of standard quadratic programs is due
to the quadratic objective function.

Mixed binary integer programs consist of a large class of optimization problems,
including the 0-1 knapsack problem. The 0-1 knapsack problem appears in many real-
world applications such as stock cutting, capital budgeting, portfolio selection, and
asset-backed securitization problems (see [46] and the references therein). Although
it is a special case of mixed binary integer programs, we can get stronger results for
it since the optimal solution of its LP relaxation has a special structure. Therefore,
we devote an entirely separate chapter to the 0-1 knapsack problem.

Standard quadratic programs have also many application areas, e.g., portfolio op-
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timization [61], population genetics [49], evolutionary game theory [8] and maximum
(weighted) clique problem [32, 68]. Therefore, we focus on these problem classes in
this thesis.

We also attempt to extend our results to the mixed binary quadratic programs.

Burer’s copositive reformulation opens up a new field of research for general non-
convex linear or quadratic optimization problems. Therefore, we study copositive
formulations of (MBP), (KP) and (StQP). Since these conic programs are still com-
putationally intractable due to the intractability of the underlying cones, we focus
on the outer approximations of them. We choose the hierarchy of outer polyhedral
approximations proposed by de Klerk and Pasechnik [22] and the doubly nonnegative
cone, which is the first cone in the hierarchies due to Parrilo [73] and Pena et al. [74].

Recall that replacing the conic constraint X € CP by X € O,, r € N, generates an
LP problem, whereas replacing it by X € DN generates an SDP problem. Therefore,
polyhedral approximation hierarchies are relatively easier to analyze due to their
simpler structures. However, we also obtain promising results from our analysis for
doubly nonnegative relaxations.

In this dissertation, for the given problem classes and outer approximations we

seek answers to the following questions:

e What is the quality of bounds arising from outer approximations compared to

the bounds provided by the LP relaxations of (MBP) and (KP)?

e Under what conditions do the bounds given by the outer approximations match
the optimal of the original problem, i.e., when do outer approximations become

exact?

Our research concentrates on the comparison of bounds for (MBP) and (KP) problems
in Chapter 3 and Chapter 4, respectively. For (StQP) problems, we consider the

exactness of their doubly nonnegative relaxations in Chapter 5.



Chapter 3

OUTER APPROXIMATIONS OF MIXED BINARY
INTEGER PROGRAMS

3.1 Introduction

We consider mized binary integer programs (MBP). (MBP) can be given as

(MBP) v:= min 'z
st. alz=0b, i=1,...,m,
(3.1)
z >0,

z; €{0,1}, je€B,
where z € R” is the decision variable; a; € R", b € R™ and B C {1,...,n} are
problem parameters. Throughout this chapter, without loss of generality, we assume

that Burer’s key assumption [18] holds. Under that assumption, (MBP) can be equiv-

alently formulated as

(MBP-CP) v:= min 'z

st. afxr=0b, i=1,...,m,

where x € R™ and X € S™ are decision variables. Both (MBP) and (MBP-CP) are
NP-hard problems. Although (MBP-CP) is a convex optimization problem defined

over the completely positive cone, the difficulty here is transferred into the conic
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constraint. In fact, for a given matrix X € §", deciding whether X € CP is even
NP-hard [25, 69]. Therefore, CP is intractable. Suppose, we replaced the intractable
CP in (MBP-CP) by a tractable convex cone K O CP. Then, the new problem
constitutes an outer approximation of (MBP-CP) and gives a lower bound on v since

(MBP-CP) is a minimization problem.

In this chapter, we aim to evaluate the feasible regions and optimal values of the
various relaxations obtained from replacing CP in (MBP-CP) by certain outer approx-
imations. In comparison with the relaxations of (MBP-CP) arising from outer ap-
proximations, we will also analyze the linear programming (LP) relaxation of (MBP),

which is given by

Rel(MBP) frp:= min 'z

Note that we do not need the constraints z; < 1, 7 € B, since they are already
implied by Burer’s key assumption [18]. Since (MBP) is a minimization problem,
optimal value of Rel(MBP) constitutes a lower bound on the optimal value of (MBP),

i.e., KLP S V.

This chapter is organized as follows: We will define our notation in Section 3.1.1.
In Section 3.2, we will give a definition for sign preserving outer approximations
(SPR). Given an instance of (MBP), we will compare the optimal values and feasible
regions of (SPR) and Rel(MBP). In a similar manner, we will compare the relaxations
arising from outer polyhedral approximations and Rel(MBP) in Section 3.3. Section
3.4 is devoted to the comparison of the doubly nonnegative relaxation of (MBP-CP)
and Rel(MBP). We define mized binary quadratic program (MBQP) in Section 3.5
and investigate the extensions of our results to (MBQP). We conclude the chapter in

Section 3.6 by discussing the implication of our results.
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3.1.1 Notation

e will denote the vector of all ones of appropriate dimension and £ = ee’ will denote
the matrix of all ones. e; will denote the standard unit vector whose i** element is
equal to 1 and all others are equal to 0. If A is an n x n matrix and o, 8 C {1,...,n},
then Afa|f] is the submatriz lying in the rows o and columns /. For brevity, the
principal submatriz Ala|a] will be denoted by Ala]. Also for a vector z € R™, z[a]
will be the subvector of length |a| which consists of the elements of = indexed by
«. Diag(-) returns a square diagonal matrix which consists of the entries of a given

vector on the main diagonal.

Feas(-) will denote the feasible region of a given problem. Set of extreme points
of a given set will be denoted by £(-). Conv(-) will denote the convex hull of a given
set. Given two matrices X, Y € R™*" (X,Y) will denote the trace inner product,

ie.,

m n

(XY) =) > XYy

=1 j=1

3.2 A General Case: Sign Preserving Outer Approximations

In this section, we present a more general definition of outer approximation for (MBP-
CP). We compare this outer approximation with Rel(KP) in terms of their feasible
regions and the lower bounds they provide. Note that the results established here will

also apply to the following sections and will serve as preliminary for our main results.

Suppose K is a closed convex cone such that IC O CP. Recall that IC constitutes

an outer approximation for CP. Replacing CP by K in the conic constraint, we get a
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relaxation of (MBP-CP). Now, we define the following convex optimization problem:

(SPR) (g, := min 'z

st. alx=0b, i=1,...,m,
aiTXai = bi2a L= ]-7 , M,
(3.4)
ZL’] = X]’j, j € B,
1 a7
ek,
r X

where K O CP. (SPR) will be referred to as the sign preserving outer approximation

of (MBP-CP). We make following assumption regarding the cone K O CP:

1 27

z X

e = z>0. (3.5)

Note that if this assumption does not hold, then without loss of generality, nonnega-

tivity of « can always be achieved by adding the constraint = > 0 to (SPR).
Since (SPR) is a relaxation of (MBP-CP), it follows that ¢y, < v. We define the

following set:
Fyp:={z € R": (x,X) € Feas(SPR)}. (3.6)

F, is basically the projection of the feasible region of (SPR) onto R". Arising from
the projection of a convex feasible region onto R™, Fj, is also convex. By (3.6), since
the objective function of (SPR) is only dependent on z € R™, as an immediate result,

observe that (SPR) is equivalent to the following problem:
ly =min{c'z:z € F,,}. (3.7)

This simple observation will help us while establishing our results.
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3.2.1 Comparison of the Feasible Regions and Lower Bounds

In this section, we aim to compare the lower bounds given by (SPR) and Rel(MBP).

Note that /;p can be given as follows:
(rp = min{c’x : x € Feas(Rel(MBP))}. (3.8)

First, we give the following proposition which establishes a characterization for the

unboundedness of the problems under consideration.

Proposition 3. Suppose Feas(MBP) is nonempty. Following statements are equiva-

lent:
(1) (MBP) is unbounded, i.e., v = —oc.
(i1) Rel(MBP) is unbounded, i.e., {;p = —00.
(111) (SPR) is unbounded i.e., {5, = —o0.
(iv) There exists d € R such that ¢'d <0, a;'d=0,i=1,...,m and d[B] = 0.

Proof. 1t is easy to confirm that (MBP) and Rel(MBP) are bounded if and only if
item (iv) holds. Now we will show (iii) <= (iv). (iv) = (i) follows from
(1) = (di1), since (SPR) is a relaxation of (MBP). Conversely, suppose (SPR)
is unbounded. Since Fj, is a convex set, from (3.7), there exists d € R™ such that
T

c’d < 0 and due to sign restriction of z, d > 0. Since a;” x = b; implies x; < 1 for all

j € B, d[B] = 0 follows. This completes the proof. O

Proposition 3 is important in terms of showing that unless (MBP) is unbounded,
(SPR) and Rel(MBP) always give finite lower bounds. Now, we will establish a
relation between ¢;p and /s, Next lemma establishes a relation between Fj, and

Feas(Rel(MBP)), which also enables us to compare ¢y, and £,p.
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Lemma 2. Fy, C Feas(Rel(MBP)). As a result, {s, > {1p.

Proof. Observe that together with the assumption (3.5) all the constraints of Rel(MBP)
are implied by the constraints of (SPR). Therefore, we conclude the given inclusion.

From (3.7) and (3.8), {5, > {1p directly follows. O

This is a promising result, since Lemma 2 clearly establishes that the lower bounds
given by sign preserving outer approximations of (MBP-CP) are at least as good as
the lower bound given by Rel(MBP).

Given z € Feas(Rel(MBP)), in the next lemma, we establish a characterization to
determine if x € F§, or not. This is a simple characterization, which directly follows
from the formulation of (SPR), but later on we will use this lemma to produce more

useful results.

Lemma 3. Let L O CP be the cone in the formulation of (SPR). Let & be in the
feasible region of Rel(MBP). & € Fy, if and only if the following problem is feasible:

(P;) min 0
st. aTXa;=b2 i=1,...,m,
Xj' == IIAZ']', j & B,
1 2T
e K.
T X
Proof. This result is easily derived by the formulation of (SPR). O]

By Lemma 3, it follows that Fy, = Feas(Rel(MBP)) holds if and only if (P,) is fea-
sible for all x € Feas(Rel(MBP)). This does not say much to us since Feas(Rel(MBP))
will highly likely have infinitely many points. However, suppose Feas(Rel(MBP)) is
bounded. Observe that Fy, C Feas(Rel(MBP)), Fj, is a convex set and Feas(Rel(MBP))
is a polyhedron. Therefore, to confirm that Fy, = Feas(Rel(MBP)), it would be suf-
ficient to solve (P,) only for all z € &(Feas(Rel(MBP))). From this observation
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and Lemma 3, we give the next corollary to check the equality between Fj, and

Feas(Rel(MBP)).

Corollary 1. Suppose Feas(Rel(MBP)) is bounded. Consider (P;) given in Lemma 3.
F, = Feas(Rel(MBP)) if and only if (P;) is feasible for all = € £(Feas(Rel(MBP))).

Proof. Suppose Feas(Rel(MBP)) is bounded and F, = Feas(Rel(MBP)). Therefore,
assertion follows from Lemma 3. Conversely, suppose (P;) is feasible for all & €
E(Feas(Rel(MBP))). Then, by Lemma 3, & € F, for all # € £(Feas(Rel(MBP))).
Since Feas(Rel(MBP)) is bounded, and Fy, and Feas(Rel(MBP)) are both convex

sets, by Lemma 2,
F, = Feas(Rel(MBP)).
O

Based on Corollary 1, if the feasible region of Rel(MBP) is bounded, one needs to
confirm that (P,) is feasible for all z € £(Feas(Rel(MBP))) for reaching the conclu-
sion Fy, = Feas(Rel(MBP)). Since Feas(Rel(MBP)) is a polyhedron, it will have finite
number of extreme points. However, it still potentially has too many extreme points
and therefore this creates a difficulty. In the next sections, depending on the type of
the considered outer approximation, we try to overcome this difficulty by giving suffi-
cient (or necessary) conditions for Fy, = Feas(Rel(MBP)) or Fy, C Feas(Rel(MBP)).
We close this section with the following two examples illustrating that the inclusion

between Fj, and Feas(Rel(KP)) can either hold strictly or as equality.
Example 1. Let
Feas(Rel(MBP)) := {x € R? : 2z, + 2p =3, 21 +215 =3, x>0}

and B = {1,2}. Observe that Feas(Rel(MBP)) = Feas(MBP) = {(1,1)}. If write
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(P;) for z =(1,1) and K =N

(P;) min 0
st 4Xy +4Xyg + Xog = O,
Xi1 +4X19 +4X0 =9,
X =1,
Xop =1,
1 z7

z X

eN,

observe that E € S§° is a feasible solution for (P;), where E is the matriz of all

ones. This implies & € F,, by Lemma 3. Therefore, by Lemma 2, we conclude that

Feas(Rel(MBP)) = Fj,.

In the next example, we show that the inclusion in the Lemma 2 can also hold

strictly.
Example 2. Let
Feas(Rel(MBP)) :={x € R* : 2z, + 2o =1, 21 +215=1, x>0}

and B = {1,2}. Observe that Feas(Rel(MBP)) = {(1/3,1/3)} and Feas(MBP)
If write (P;) for &= (1/3,1/3) and K =N

0.

(P;) min 0
s.t. 4X11 + 4X12 + XQQ = 1,
Xi1 +4X1p +4X9 =1,

X1 =1/3,
Xop =1/3,
1 z7
eN,

T X
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observe that (P;) is infeasible since X5 cannot take a negative value. Therefore, by
Lemma 3, & & Fy,. This implies Fy, = () and thus Fy, C Feas(Rel(MBP)) by Lemma
2.

3.3 Outer Polyhedral Approximations

In this section, we will establish our results based on the hierarchy of outer poly-
hedral approximations proposed by de Klerk and Pasechnik [22], which are already
described in Chapter 2. More specifically, we will evaluate the relaxations of Burer’s
reformulation [18] arising from these outer approximations of CP, and compare their
feasible regions and optimal values to those of Rel(MBP).

Recall that de Klerk and Pasechnik [22] established

CPC...CO,CO =N, and CP=()O, (3.9)

reN

Let us define the following problems:

(Out), ¢, := min =z
st. afx=0b, i=1,...,m,
aiTXai:bf, izl,...,m,
(3.10)

ZEj = ij, ] - B,

1 27

€Oy,
r X

where 7 € N. Observe that (Out), is also a sign preserving outer approximation
since, by (3.9), nonnegativity restriction on x € R" is already implied for all » € N.
Therefore, all results established in Section 3.2 apply to this section as well. Clearly,
for a given instance of (MBP), (3.9) implies that

Eogﬁlg...<y.
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Furthermore, by Proposition 2, if the dual of (MBP-CP) has a strictly feasible solution

and an attainable optimal solution, then

lim /4, = v. (3.11)

r—00

3.3.1 Relation Between the Feasible Regions

We define the following set:
F,:={r eR":(z,X) € Feas(Out), }, reN. (3.12)

By Lemma 2, we already know that F, C Feas(Rel(MBP)) for all » € N. In the
following lemma, we will establish the relations between F,, Feas(Rel(MBP)) and
Conv(Feas(MBP)).

Lemma 4. Feas(Rel(MBP)) D Fy, O F; O ... D Conv(Feas(MBP)). Furthermore,
if the dual problem of (MBP-CP) has a strictly feasible solution and an attainable

optimal solution, then

ﬂ F, = Conv(Feas(MBP)). (3.13)

reN
Proof. Feas(Rel(MBP)) D Fj, is implied by Lemma 2. Also, Fy 2 F; 2 ... D
Conv(Feas(MBP)) follows from (3.9) and Burer’s result [18, Corollary 2.4].

We now show that (3.13) is also true under the given assumptions. For a contra-
diction, suppose (3.13) is not true, which implies that (.. y > O Conv(Feas(MBP)).
Then there exists x € (). F» such that x ¢ Conv(Feas(MBP)). It is easy to verify
that Conv(Feas(MBP)) is a closed set. Therefore, by strict separation (see, e.g., [16]),
there also exists a hyperplane that strictly separates x and Conv(Feas(MBP)). Then,
by choosing an objective function such that its improving direction is perpendicular

to that hyperplane, it can be guaranteed that

l, <z <,
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for all » € N. However, due to Proposition 2, this contradicts with the fact that
lim, o ¢, = v. Therefore, we conclude that (3.13) is true under the given assumption.

[]

3.3.2 A Sufficient Condition for the Fquality at Level 0

In this section, we will analyze the relation between Fy and Feas(Rel(MBP)) in more
detail, and we will establish a sufficient condition for the equality between these sets.

Note that by (3.9), Oy = N. Therefore, as Example 1 and Example 2 il-
lustrate, the inclusion between Fy and Feas(Rel(MBP)) might hold strictly, i.e.,
Fy C Feas(Rel(MBP)) or equally, i.e., Fy = Feas(Rel(MBP)). If one needs to de-
cide whether F = Feas(Rel(MBP)) or not, then due to Lemma 3, feasibility of the
following LP problem should be confirmed for all & € Feas(Rel(MBP)):

min 0

st. a’Xa;=b2 i=1,...,m,
Xjj =15 JED,
1 z7

T X

eN,

which can be simplified to

min 0
st. aTXa; =02 i= 1,....m,
(3.14)

X eN,

where X € §™ is the decision variable. However, this cannot be confirmed by solving
for all # € Feas(Rel(MBP)) since Feas(Rel(MBP)) most likely includes infinitely
many points. On the other hand, if Feas(Rel(MBP)) is bounded, then, by Corollary
1, it would be sufficient to solve (3.14) only for extreme points of Feas(Rel(MBP))
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to decide if Fy = Feas(Rel(MBP)). However, this is still hardly practical since there
might be too many extreme points of Feas(Rel(MBP)). Therefore, in this section, we
will establish a useful sufficient condition to confirm the equality of these two sets,
namely Fy and Feas(Rel(MBP)). Moreover, unlike Corollary 1, this result is valid
even though the boundedness assumption on Feas(Rel(MBP)) does not hold.

Before that, we will make a last minor modification on (3.14) for the simplicity.
Without loss of generality, assume B = {1,...,k}, where k < n. Then, (3.14) can be

rewritten as

min 0
st. a’Xa;=b2 i=1,...,m,
(3.15)
Xi;=&;, j=1,...,k,
X eN.

By Lemma 3, F, = Feas(Rel(MBP)) if and only if (3.15) is feasible for all & €
Feas(Rel(MBP)). Therefore, we want to find a condition so that (3.15) will be feasible
for all # € Feas(Rel(MBP)). To do that, we will utilize the dual problem of (3.15).

Now, given an arbitrary & € R"™, the dual problem of (3.15) can be written as

max 6(w,y) (3.16)

where w € R*, y € R™ and

m k
O(w,y) = )fgleljf&{z yi (07 = (X, ai0,")) + Y (i — ij)} :
P =1

m k m k
_ 2 - : T
= Zyibi +ijxj —i—)r(neljr\lf{<X,—Zyiaiai > — ijXj]} .
=1 J=1 =1 7j=1
Define
W := Diag([w; ... wg 0...0]).

Then, #(w, y) can be written as follows:

m k m
i=1 j=1 i=1
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Note that both (3.15) and (3.16) are LP problems. Therefore, if (3.15) is feasible,
then, by strong duality, O will be the optimal value for both of them. Clearly, from
(3.17)

m k m
Z ylb? + Z wji“j, if Z yiaiaiT + W S 0
O(w,y) = ¢ i=1 j=1 i=1

—00, otherwise

Hence, (3.16) can be rewritten as

m k
max f(w,y) = Zyzbf + Z w;T;
ik 7=1 (3.18)

s.t. ZyiaiaiT + W <0,

i=1
where w € R¥ and y € R™ are decision variables. Since (3.18) is the dual problem
of (3.15) and (w,y) = (0,0) is always a feasible solution for it, one can easily see
that (3.18) will either be unbounded or bounded with the optimal value 0. Therefore,
(3.15) is feasible if and only if (3.18) is bounded. If we write the constraints of (3.18)

that include wyq, ..., wy, they are
Zyi(ai)ﬁ—l—wjg(), ]:1,,k
i=1

Since & € Feas(Rel(MBP)) (and thus & € R’} ), multiplying them with Z; would give

us

Zyi(ai)jQ:ﬁj+wj:%j < 0, ] = 1,...,]{7.
i=1

If we sum them up, we get the inequality,

m k k

Dowi ) (a) i+ ) wi; <O0. (3.19)

=1 j=1 j=1
We will try to specify a condition that ensures the implication

m k k

Z?Jz‘ Z (az’)jzfj + ijij <0 = f(w,y) <0.

=1 j=1 j=1
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Now, let
A= || eR™™ (3.20)

Let A; be the j™ column vector of A, j = 1,...,n. By taking the Hadamard product

of each pair of column vector A; o A; such that 1 < 57 < { < n we obtain a matrix

n
mX

2
TeR , which is given as follows:

T .= [AloAQ AloAn AQOA?, AnfloAn] (321)
Let, also
I":={ie{l,...om}:aq; eR}}and I :={1,...,m}\I". (3.22)

We will use (3.19), and definitions (3.21) and (3.22) in the proof of following the-
orem. Next theorem establishes a sufficient condition for the equality of Fj and

Feas(Rel(MBP)).

Theorem 3. Let T, It and I~ be defined as in (3.21) and (3.22). By changing the

order of the rows and columns in T, suppose it can be put into the form

Pl

I~ D,

: (3.23)

where Dy € R™™ s a diagonal matriz with strictly positive diagonals, Dy € RIIXII7]

n
mXx —m—|I~|

2
is a diagonal matriz with strictly negative diagonals and G € R 8

any matriz with no restriction. Then, Fy = Feas(Rel(MBP)). As a result, ly = {1p.
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Proof. Suppose T can be put into the form (3.23). Observe that due to the special

form of T, we have the following constraints on (3.18):
y; <0, Vi€ ITandy; =0, Vi€ 1.

Recall that (3.19) is also implied by the constraints of (3.18). Observe that (3.19)

can be rewritten as

m k m k
SN S MRS NED
? — ] J « ? j J ]J
iclt <o J=1 S
- ﬁ—/ (.
<b,? =0

which implies that

m k
i=1 j=1

for all z € R"}. Since (w,y) = (0,0) is always a feasible solution for (3.18), this implies
that the optimal value of (3.18) is 0 for all € R". This also implies (3.15) is feasible
for all & € R}. Therefore, by Lemma 3, we conclude that Fyy = Feas(Rel(MBP)). O

Remark 1. Observe that T can be put into the form (3.23) if and only if both of the

following conditions hold:

(i) For each i € {1,...,m}, there exists (j,1), j # I, such that (a;);.(a;), > 0 and
alj.a?; =0, forallp=1,...,m, p # 1.

(it) For each i € I~, there exists (j,1), j # I, such that (a;);.(a;); <0 and aP;.a?; =
0, forallp=1,...,m, p #1i.

We next give an example, in which 7" defined in (3.21) can be put into the form

(3.23).
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Example 3. Consider an instance of (MBP). Let

asz_o 2 0 4 0],
a2T=;1 300 0],

)
w

Il
N

S
N
~
I
@]

00 -1 2}»
5—201}-

(3.24)

For brevity, we will not write the other problem parameters, since (3.23) in Theorem

3 depends only on a;, i =1,...,m. Now, A defined in (3.20) is

0
1
4
0

o0 OO W N

Accordingly, T

~
I
o o w o

0
0
0
0

0 4 0
0 0 0
0 -1 2
-2 0 1

0 0
0 0
—4 8
0 0

0
0
0

—10

o O

0

efined in (3.21) is

o o o O

o o o O

By changing the order of the columns of T', observe that it can be put into the form

(3.23) as follows:

o o O o
o o w o
o oo o O

where

o o O

Dy

o O w O

o o o o

o o o O

o o o O

0 0
0 0
0 -2
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Hence, if an (MBP) instance consists of the vectors a;, i = 1,...,4, given in (3.24),
then, by Theorem 3, F, = Feas(Rel(MBP)) holds regardless of the other problem

parameters and therefore by = (1p.
We close this section with the following example showing that the sufficient con-

dition given in Theorem 3 cannot be relaxed, in general.

Example 4. Consider the following instance of (MBP):
ch = [4 —6 —2 0 0],
a’ = [9 110 0}
ay’ = [10 -1 -1 0 0}
az’ = [1 00 1 0}
as” = [0 100 1}
bt = [9.1 9.9 1 1}
x1, 29 € {0, 1},
T3, x4, T5 > 0.
Observe that (i) in Remark 1 is violated and thus T' cannot be put into the form (3.23).
Optimal values and optimal solutions of (MBP), Rel(MBP) and (Out), respectively,
are as follows:
v=38 ="=[10 01 0 1
lp =34, ap,’" = [1 0.1 0 0 0.9}

(1 0 010 0|
0 001 0 0 0
(o = 3.76, :c;;T:[1 0.01 0.09 0 0.99], X;=101 0 0 0 o0
0 0 0 0 0
(0 0 0 0 099

Hence by > Lp, which implies that Fy C Feas(Rel(MBP)).
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3.3.3 Higher Levels

Note that throughout this section we assume that dual problem of (MBP-CP) has
a strictly feasible solution and an attainable optimal solution. Therefore, (3.13) holds.
Given 2 € Feas(Rel(MBP)), there are two possible cases: either € Conv(Feas(MBP))
or otherwise. In the first case, by Lemma 4, £ € F, for all » € N. Otherwise, if the
dual problem of (MBP-CP) has an attainable optimal solution and a strictly feasible
solution, then due to Lemma 4, it is certain that there exists rqg € N such that x € F,.

for all »r < rg and = &€ F, for all r > ry. Let us define
Fp., = Feas(Rel(MBP)) \ Conv(Feas(MBP)). (3.25)

Given 2 € Fy,,, one can always solve (P;) in Lemma 3 to check if € F, or not at any
level r € N. Moreover, (P;) gives an LP problem when K = O,. However, observe
that its size grows exponentially with respect to r. In this section, we will investigate
until at least what level » € N, 2 € F,. holds, and after at most what level r € N,
z ¢ F, holds.

First, we will give a sufficient condition, under which & € F,. holds until at least
a certain level of r. Next, at any level » € N, we will give a necessary condition for
z € F,.. What makes our conditions useful is that computational effort required to

check them does not change depending on the level » € N at all.

A Sufficient condition

We first present our sufficient condition. Suppose & € F,, consists of only rational
elements, i.e., £ € Q™. Then, there obviously exists k¥ € N such that k& € N". Let
ul = [k+ 1 k;;}T} € N**L, Let

=

1 o 1
M = ———(uu" — Diag(u)) =

k(k+1) ¥ L5(kii" — Diag(#))
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Observe that M € O, until at least r = (k — 1) + ke” . Let us define another matrix

M := M + Diag(y), (3.26)

k+1 E+1

k+2 k
where y € R"*! is such that y; =0, y;11 = <L) Tj— < > z; for j € B and
Y1 = 0forj € {1,...,n}\ B. Observe that M € O, until at least r = (k—1) +ke’2

as well. Also, the diagonal entries of M satisfy M, 41 = &; for all j € B.
Let H :={2,...,n+ 1}. Consider an instance of (MBP). Then,

a;" M[H]a; = a;f M[H]a; + a;" (Diag(y)[H])a;

1 k42 k
- T A N ~92
— <azal 7k——|—1 (k’l‘l’ Dlag > + E (IZ (k n 1I'] — kot 1l’j>

JjEB
k = 1 k+2 k
= — p2_ , ’ P 72
k1" Zk+1 j +;“ (k+1% k+1ﬂ)
k 1 2. k 2.2
F b+ D (@) = ) (@); 5 = ) @)y 45
k1 jeB je{l,...n}\B kit jeB kt1
for i = 1,...,m. Therefore,
2 Ty 1 2 2. 2 [ . ko
bi_ai M[”H]azzk—ﬂ bz + Z (ai)j I’j — (Cl,i)j l’j— k+1$’] s
je{1,...n}\B jeB
t=1,...,m. If we define the following,
G=0+ Y (@), i=1...,m, (3.27)
je{1,..n}\B
R ko
Wi :Z(GZ)JQ (Ij_k:—kl ?), i=1,...,m, (3.28)
jeB
Observe that
v? — a;" M[H]a; = p i T (3.29)

In the following theorem, we construct a matrix M that fills the gap (3.29) and
whose z-component is equal to Z. It also satisfies M € Feas(Out), until at least
r = (k— 1) + kel'Z. The construction of such a matrix becomes possible by an LP

problem with m constraints and only n — | B| variables given in (3.30).
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Theorem 4. Let & € F,,;. Suppose & € Q" and let k € N such that k& € N". Let (;
and p; be defined as in (3.27) and (3.28). Suppose there exists a feasible solution to
the following LP problem

min 0

2 .
s.t. Z (Clz‘)j w; = ko1 — i, t=1,...,m, (330)

where wj, j € {1,...,n} \ B are decision variables. Then & € F,, until at least

r=(k—1)+ke'z.

Proof. Suppose w;, j € {1,...,n} \ B, is a feasible solution to problem (3.30). Let

M be defined as in (3.26). Define 2 € R™! such that z; = 0, zj41 = w; for j €

{1,...,n} \ B and z;4; = 0 for j € B. Let us define M := M + Diag(z). Observe

that M € O,, until at least r = (k — 1) + ke’ 4. If we write M in more explicit form
- 1 z

M = + Diag(y) + Diag(z).

#7 L (k22" — Diag())

Since a-component of M is &, M satisfies first set of m constraints in (Out),. Recall

that H :={2,...,n+ 1}. Now, observe that

aj M[H)a; = a] M[H]a; + a! Diag(z)a;
= af M[Ha;+ > (a);"y

je{l,.n\B

T Gi
= ] H i — M4
a; M{Hla: + 577 —

for i = 1,...,m. Therefore, by (3.29), aiT]\Z/[H]ai = b2, which implies that M sat-
isfies second set of m constraints in (Out),. Also, observe that the diagonal entries

M1 j11 = 25, for all j € B. Therefore M e Feas(Out),, which implies that & € F}.,
until at least 7 = (k — 1) + keTz. This completes the proof. O
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Remark 2. Observe that problem (3.30) can possibly be infeasible due to following
two reasons: Firstly, it has a linear system of equations (l.s.e) with m equations
and n — |B| variables. It is likely that the l.s.e is overdetermined if m > n — |B|.

Secondly, its variables have nonnegativity restriction and it is not guaranteed that
G

k+1

(a;),%, if there exists i € {1,...,m} such that

j )

pi > 0,7 =1,...,m. Since each w;, 7 = {1,...,n} \ B is multiplied by

G
E+1
becomes infeasible. Therefore, in all these cases Theorem 4 remains inconclusive.

— p; < 0, then (3.30) again

However, an advantage of Theorem 4 is that (3.30) is an LP problem and its size

(3.30) is not dependent on the level r € N.

Following example includes an (MBP) instance, for which we can reach to a con-

clusion by using Theorem 4.

Example 5. Consider the following (MBP) instance.

" =-1 0 1 9
a1T=[1 11 4},
aQT:[1 3 4 5},
bT:[1 2},
z >0,

T € {0, 1}

Optimal values and optimal solutions of (MBP) and Rel(MBP) are respectively as
follows:
v=0, o7~ [0 0.4286 0 0.1429},
lrp=—05, 5,7 = [0.5 0.5 0 o] € Fre-

Note that Rel(MBP) has a unique optimal solution. Let & = xj,,. Observe that
kx € N for k = 2,4,6,.... If we solve (3.30) for this instance, it continues to be
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feasible until k = 8, which implies that & € F,, until at least r = (k— 1) + kel = 15.
Therefore, we conclude that £, = {1p = —0.5 for all r = 0,1,...,15. However, if we
solve (Out), for this problem, it turns out that ¢, = {1 p = —0.5 until r = 112, and
(115 = —0.4674.

This example is important since it shows that for the considered instance, the
lower bound given by (Out), does not improve until » = 112. However, at r = 112,
the resulting LP problem has 7,673, 835 variables! Although the number of variables
increased dramatically and more than 7 million variables are added to (Out), starting
from r = 0 to r = 112, the resulting lower bound does not improve. This is obviously
not a desired result for outer approximations. Moreover, our computational efforts
indicate that this is not uncommon among (MBP) instances.

In Chapter 4, we will also establish important theoretical results for the 0-1 knap-
sack problem which is a special case of (MBP). Those results will also show that lower
bounds resulting from (Out), do not improve until at least a certain level of r € N
for the 0-1 knapsack problem.

Given € Fp,;, in Theorem 4, we established a sufficient condition that ensures
2 € F, until at least a certain level r € N. Now, we will establish a necessary condition

that holds true if € F,.

A Necessary Condition

Given & € Fp,, and level » € N, suppose & € F,, which implies there exists M €
Feas(Out), such that

1 i7"
M = = > (22" - Diag(2)), (3.31)
T X z€0(n+1,r)

where A\, > 0 for all z € ©(n + 1,r). We can partition z € ©(n + 1,7) so that

1= [ 2 ‘ 2T } (3.32)
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where z5 € N and 2; € N”. Now, let us define the following two sets:

Sii={z€0(n+1,r):2 >1},

Sy ={2€0(n+1,r):2 =0}

Obviously S1 NSy = 0 and S; U Sy = ©(n + 1,7). Now suppose [O(n + 1,r)| =

|Zi| = h and w.l.o.g. assume first h vectors of O(n + 1,7), i.e., 2%, k =1,... h, are

in the set S; and the remaining vectors of O(n + 1,7), ie., 2¥, k=h+1,...

in the set Sy. Since M € Feas(Out),, we can write the following equalities resulting

from (3.31):

h p
Z)‘k ((Z{C)J - (Zf)] + Z Ak (Zf)] - (ﬁ)y) =Xjj, Jj=1,...,n. (3.35)
k=1 k=h+1
=Yj; >0
h p
S (G + D0 (G GEh) = X, 1<i<i<n.
k=1 k=h-+1
=2 %

In the next lemma, we will establish a result that will be useful for the following

theorem.

Lemma 5. For all z € ©(n+ 1,r), consider (3.32), (3.33) and (3.34).

i , eli+1
Z Akzo = + 1 ’
k=1 "

where e € R™ 1is the vector of all ones.
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Proof. 1f we sum (3.34) over all j = 1,... n,

n h
i = > M (a(a))
7j=1 k=1
h n
= D Nz (s
k=1 j=1
——
=r+2—zpk
h h
= (r+2) (Z )\kzg> — Z/\k(zg)z,
k=1 k=1
h
k=1
i [ c Lasgl
Then, Z/\kzo ey 4 O
k=1

Before giving our next result, we will make two more definitions. Let

T2 41
5= 7 3.37
“ r+1 ( )

where e € R™ is the vector of all ones and

Q”:{xER”:QxlmQng—i—---—i—xi, xl,xQZO}. (3.38)

Note that Q" is a second-order cone. Given & € Fp,;, next theorem establishes that
if £ € F}., then it is possible to define a problem which includes two different types of
conic constraints and a nonempty feasible region. Note that the size of this problem
also does not change depending on the level r € N.

Theorem 5. Suppose I defined in (3.22) is nonempty. Let & € Fp,, where Fi,, is
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defined as in (3.25). If & € F,, r € N, then the following problem is feasible:

(DC) min 0
n n—1 n
s.t. Z (CL,‘)]‘QUJ]‘ + Z Z 2(ai)j(ai)lZﬂ S bi27 1€ ]+, (339)
j=1 j=11l=j+1
Zjl—O, lzl,...,n;j:jj:(), (340)
ij < ws, )= 1 ,n, (341)
wj = L%j, j € B, (342)
n =0, (3.43)
(1/2(1@,(ij+77]‘),7]]') S Q37 ] =1,...,n, (344)
Qg
1 a"
+ Diag 71 € DN. (3.45)
T Z ;
_nn_

where w € R", Z € R™™ n € R™ are decision variables, and oz is defined in (3.37).

Proof. Suppose € Fp,,. If & € F,, then we know that there exists M € Feas(Out),
such that (3.31) holds. Let us define

=Nzl k=1, 00 +1,7),
(Z_f)] =D, k=1,...00n+1r), j=1,...,n

Due to (3.33), (3.34), (3.35), (3.36) and Lemma 5,

(0 =1+ s,

B
Il =
—

[]=
o
—~~
D
e
N—
<

|
s
o
(S

[l
B

T
I

(1=
ESll
no
h<
_|_
o
2
=
]
=
¢
o
I
o
M-
I
>
Eoy
N
=
&
<
I
v}—‘
S

=

sl
—

B, =Yy 1<j<i<n

—~
N
=
~—
S,
—~
I
=

B
Il
—
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Define the following vectors:

u’ = [z_l . z_g},
@) =[Gy e @B)], i=1m
j ] b ) b b
Then,
14+ a; = uTu,
Z; =u', j=1,...,n,
Y= (T, 1<j<l<n.
T
Accordingly, if G := |y o' ... v"] [u ol L. v”] , then
Az
1 z7
G = + Diag &
T Y :
and it is completely positive by definition. Let A := [,/ Ao )\h}. Recall that

Bj =341 Me(zF);. Then,
B = AT, j=1,...,n

[All[lv || cos(ang(e”, A)), 5 =1,....n

where ang(-,-) denotes the angle between two given vectors. Observe that

h h
IAIP =) "M <Y N of =0 = A < Vas,
k=1

k=1 >1
Therefore,
Bj = JIAll [I[v7] cos(ang(v’, A)),
~— —_ z
SSVER <1

< yaa(Yj+ B), (3.46)
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since [|v7||> = Yj;+8;, 5 = 1,...,n. Now, we will show that (w, Z,n) = (diag(X), Y, 3)
is a feasible solution for (DC), where X = M[{2,...,n+ 1}]. Since M € Feas(Out),,
a;" Xa; = b2, i =1,...,m. Therefore (3.39) holds since Y < X. If Z; = 0 for any
j €{1,...,n}, then, due to (3.34) and (3.36), Y;; = O since 2§ > 1 forallk =1,..., h.
Hence, (3.40) is satisfied as well. Due to (3.35), Y;; < Xj; and thus (3.41) is satisfied.
Since X;; = 2;, (3.42) is satisfied. Since 5; >0, j =1,...,n, (3.43) is satisfied. Due
to (3.46), (3.44) is satisfied. Lastly, since G € CP and CP C DN, (3.45) is satisfied.
Finally, we conclude that (diag(X),Y, f3;) is a feasible solution to (DC). O

Remark 3. (DC) is a conic optimization problem with two types of conic constraints,
n? + n wvariables and less than |IT| + (|B| + 2)n + |B| constraints. By taking the
contraposition of the assertion in Theorem 5, if (DC) is infeasible, then it follows

that & & F,.

Example 6. Consider the instance of (MBP) given in Example 5. Starting from
r = 0, if we solve (DC) for z = (0.5 0.5 0 0| and increase r until it becomes
infeasible, observe that it first becomes infeasible at r = 2151. This implies & & Foy51,

although from Fxample 5 we know that smallest level r such that & &€ F,. is equal to
113.

3.4 Doubly Nonnegative Relaxations

Recall that the doubly nonnegative cone is equal to the intersection of the positive

semidefinite and nonnegative cones, i.e., DN = PSD N N. We define the following
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problem:
(DN) /py:= min c'x
st. alx=0b, i=1,...,m,
aiTXai = bi27 v = 17 ) T,
(3.47)
C(Zj = ij, j - B,
1 27
€ DN.
r X

Since DN D CP and the nonnegativity restriction on x € R" is implied by the conic
constraint, (DN) is another sign preserving outer approximation of (MBP-CP). Hence,
all the results established in Section 3.2 will apply to this section as well. Unlike CP,
DN is a tractable cone in the sense that it admits polynomial-time membership
oracles. Therefore, (DN) can theoretically be solved in polynomial-time in general.
In this section, our aim is to compare the feasible regions and optimal values of
the problems (DN) and Rel(MBP). Before beginning our comparison, we shall state
the clear relationship between the feasible regions and optimal values of (DN) and

(Out),. Observe that the only difference between these two problems is their conic
) 1 a7 1 a7 )
constraints. (DN) has € DN, whereas (Out), has € N. Since
r X r X

DN C N, obviously Feas(DN) C Feas(Out), and thus ¢py > £p.

3.4.1 Comparison of the Feasible Regions

Let us define the following set:
Fpy :={x € R": (x,X) € Feas(DN)}. (3.48)

By Lemma 2, we already know that Fpy C Feas(Rel(MBP)) and thus {py > {pp.

Given Z € Feas(Rel(MBP)), to determine whether & € Fpy or not, one needs to solve
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the following by Lemma 3:

min 0
s.t. aiTXai :biz, 1= 1,...,m,
Xjj =%, Jje€B, (3.49)
1z’
€ DN.
r X

By Lemma 3, we know that & € Fpy if and only if (3.49) is feasible.

We will show that, as long as Z[B] has 0 or 1 in some of its entries, this problem
can be reduced to an equivalent problem of smaller dimension. To make it easier to
understand, w.l.o.g. assume that B = {1,...,k}. Also, w.l.o.g. assume &; = ... =
Zy=1and T4y = ... =2, =0, p < k. Obviously 0 < z; <1lfor j=p+1,... k.
Let N:={1,...,n} and P:={1,...,p} C B.

N:={1,...,n}, (3.50)
P:={1,...,p} CB,), (3.51)
v; = ;[N\ Pl e R"P =1 ... m, (3.52)
w:=Z[N\ P] € R"P), (3.53)

Note that throughout Section 3.4.1, these assumptions will be made. Under these

assumptions, we give the following lemma.

Lemma 6. Given & € Feas(Rel(MBP)), let v;, i = 1,...,m and w be defined as in
(3.52) and (3.53). & € Fpy if and only if the following problem is feasible:

(PPYN) min 0

st. v Xv;=0, i=1,...,m,
ww? + X €N,
X € PSD,

where X € S™P) s the decision variable.
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Proof. We will show that for every feasible solution to (3.49), there exists a feasible
1 z

3.49

AT
solution to (PPY) and vice versa. Suppose M := .| is a feasible solution to
X

T
(3.49) . We can always write M as

&meMeIwyU:<X—wﬂezmm.Nw”mmmmeUw\me
Feas(PPN). From the second constraint of (3.49), we know that ij =1, j € B.
Since Z; is either 0 or 1 for j € P, observe that ij = z; = i?, j € P. Since
Uj; = ij — :i"?, J € N, this implies U;; = 0, for j € P. Since U € PSD, this implies

that first p columns and rows of U are equal to all 0. Therefore,

v, /UN\ Plv; = a;Ua;,
= CLZ‘T (X — i‘JAZT> a;,

= P =0,

i=1,...,m. We showed that U[N\ P] satisfies the first constraint of (P”"). Observe
that for j=1,....k—p

(UIN\PDji = Ujipjtp

_ A2
= Xjipjt+p Litp

. .2
= Tjtp = Ljips

— a2
= w; —wj,

and thus second constraint of (PPV) is satisfied. Since ww” +U[N\P] = X[N\P] e N
third constraint of (PPN) is satisfied. Since U[N\ P] € PSD, last constraint of (PP)
is also satisfied. Therefore, we showed that U[N \ P] € Feas(PP").

Proof of the reverse implication is done by using the same arguments. Therefore,

we conclude that for every feasible solution to (3.49) there exists a feasible solution
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to (PPN) and vice versa. By Lemma 3, this implies & € Fpy if and only if (PPV) is

feasible. O]

By exploiting the structure of the problem (PP"), in the following corollary, we

will establish some sufficient conditions that ensure its infeasibility.

Corollary 2. Letz € Fy,,, where Fp,, is defined as in (3.25). Letv;, i =1,...,m and
w be defined as in (3.52) and (3.53), respectively. (PPN) is infeasible, i.e., & ¢ Fpn,

if at least one of the following conditions holds:
(i) There exists v;, i € {1,...,m}, h € {1,...,k — p} such that (v;), # 0 and
(vi);(vi); = 0, if wjw, = 0,
(vi);(vi), =0,  otherwise

foralll1<j<l<n-—p.

(ii) Null(VT) =0, where V = vy vy ... vy and Null(:) denotes the null space.

Proof. Suppose (i) holds. Then, due to third constraint of (P?") observe that X; > 0

if wyjw, = 0,1 < j <1l <n—p If wewrite first constraint for that specific

ied{l,...,m},
n—p
2
v Xvp = (), Xg 4+ ) 0D (i), X (vi), + ) 0> (v); Xja(vi), > 0
j=1 j ] \— j ] \—
S———— ijl>0 =0 ijlzo 20

>0

which implies that first constraint is violated. Therefore, (PP") is feasible.

Suppose (7)) holds. For a contradiction, suppose there exists X € Feas(PPY).
Since & € Feas(Rel(MBP)) \ Conv(Feas(MBP)), observe that X # 0. Since X €
PSD"™ P then X = LLT. Then

v’ Xv; =0 = (v,/L)?*=0
— L =0

—>  All columns of L are orthogonal to v;
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forall i =1,...,m. Since X # 0, L # 0 as well. This contradicts with the fact that
Null(VT) = 0. m

Note that Corollary 2 is a technical result, but later on, it will be useful for us
in the proof of an important result (see Proposition 10) for the doubly nonnegative

relaxation of the 0-1 knapsack problem in Chapter 4.

3.5 Extensions to Mixed Binary Quadratic Programs

In this section, we consider the mized binary quadratic program (MBQP), which is

given by

(MBQP) 19 := min 27Qz + 'z
st. afx=0b, i=1,...,m,
4 (3.54)
'r — Y

z; € {0,1}, je B,

where z € R” is the decision variable; @ € 8", a; € R", b € R™ and B C {1,...,n}
are the problem parameters. Note that (MBP) is a special case of (MBQP) with
() = 0. Under Burer’s key assumption [18], (MBQP) can be equivalently formulated

as the following completely positive optimization problem:

(MBQP-CP) v%:= min (Q,X)+ 'z
st. alz=0b, i=1,...,m,
aiTXai:bf, i:17...,m,

=Xj;, jJ€DB,

(3.55)
Zj
1 27

z X

e CP,

Note that the only difference of (MBQP-CP) from (MBP-CP) is its objective function.
Although its objective function is still linear, now we have an additional term (@, X).

Both (MBQP) and (MBQP-CP) are NP-hard optimization problems. Similar to LP
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relaxation of (MBP), if we relax the binary variables of (MBQP) so that 0 < z; <1,

Jj € B, we get

Rel(MBQP) {gp:= min z7Qz + "z

st. alx=0b, i=1,...,m, (3.56)
xz > 0.
Recall that we do not need z; < 1, since it is already implied by a] z = b;, i = 1,...,m,

due to the key assumption. However, unlike Rel(MBP), Rel(MBQP) is not an LP and
it is still an NP-hard problem in general (unless @) is positive or negative semidefinite).
If we write the lower bounds for (MBQP-CP) (or (MBQP)) arising from the previously

discussed outer approximations,

(2 :=min{(Q, X) + c"z : (v, X) € Feas(SPR)},
(¢ == min{(Q, X) + ¢’z : (v, X) € Feas(Out) }, 7 €N,

(9 :=min{(Q, X) + ¢’z : (x,X) € Feas(DN)}.

Recall that (Out), and (DN) are special cases of (SPR). Fy,, F, and Fpy remain the
same as defined in (3.6), (3.12) and (3.48), respectively. Now, consider Lemma 2.
Note that Fy, C Feas(Rel(MBQP)) still holds. However, unlike the previous result
in Lemma 2, this does not imply ESQP < lop in general. This is because objective
functions of Rel(MBQP) and (SPR) are now different: Rel(MBQP) has 27 Qx + 'z,
whereas (SPR) has (@, X) + ¢Tx as its objective function.

In this section, we investigate the lower bounds arising from the outer approxi-
mations of (MBQP-CP). We will give characterizations for their unboundednes. We
show that unlike our results on (MBP), those lower bounds are incomparable to that
of Rel(MBQP), in general. However, we achieve to establish a sufficient condition,

under which any (SPR) gives a lower bound which is at least as tight as the lower

bound provided by Rel(MBQP).
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3.5.1 Characterizations for the Unboundedness

In this section, we present characterizations for the unboundedness of outer approx-
imations. We also give examples that indicate different possible cases for when the
unbondedness of outer approximations and that of Rel(MBQP) is considered together.
First, let us characterize the unboundedness of (MBQP).

Proposition 4. Suppose Feas(MBQP) is nonempty. (MBQP) is unbounded if and

only if at least one of the conditions given below is satisfied:
(i) There exists d € R'L such that d*Qd < 0, a]d=0,i=1,...,m and d[B] = 0.
(i) There exists v € Feas(MBQP) andd € R such that " Qd = 0, (2Qz+c)"d < 0,
a;’d=0,i=1,...,m and d[B] = 0.

Proof. Suppose Feas(MBQP) is nonempty. If (MBQP) is unbounded, then there
exists © € Feas(MBQP) and a direction d € R™ such that

(x + A\d) € Feas(MBQP) (3.57)
for all A > 0. Now, let us define the following function:
fO) = (@ +M)TQ(x+ M) +c(x+Md), A>0

Then, due to unboundedness of (MBQP), as A — +o0, f(A) = —oo. Then, since

f(X) is a polynomial function whose degree is at most 2, then either

(A <0 (3.58)
or

f"(A\) =0and f'(\) <0. (3.59)

for all A € R. (3.58) implies d”Qd < 0, whereas (3.59) implies d’Qd = 0 and
(2Qx + ¢)Td < 0. Together, (3.57) and (3.58) imply (i), whereas (3.57) and (3.59)

imply (i1).
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Converse argument is trivial. Therefore, we conclude that (MBQP) is unbounded

if and only if (i) or (i7) holds. O

Now, we give the characterization for the unboundedness of Rel(MBQP), which
is very similar to that of (MBQP) with a minor difference: item (i7) in Proposition
4 requires the existence of an x € Feas(MBQP), whereas item (ii) in the following

proposition requires the existence of an = € Feas(Rel(MBQP)).

Proposition 5. Suppose Feas(Rel(MBQP)) is nonempty. Rel(MBQP) is unbounded

if and only if at least one of the conditions given below is satisfied:

(i) There exists d € R such that d*Qd < 0, a]d=0,i=1,...,m and d[B] = 0.

(i) There exists x € Feas(Rel(MBQP)) and d € R such that d"Qd = 0, (2Qz +
)fd<0,a;'d=0,i=1,...,m and d[B] = 0.

Proof. Proof is done with the same arguments used in Proposition 4. O

Note that items (i) in Propositions 4 and 5 are the same, whereas there is a
minor difference in items (i) as discussed. By exploiting that difference, we later on
show in Example 7 that there are some instances for which (MBQP) is bounded, but
Rel(MBQP) is unbounded.

We now give two sufficient conditions for the unboundedness of a general (SPR)

in the following proposition.

Proposition 6. Suppose (SPR) is defined over the cone K O CP and Feas(SPR)
is nonempty. (SPR) is unbounded if at least one of the conditions given below is

satisfied:

(a) The recession cone of Feas(SPR), i.e.,

ald=0, i=1,...,m
Lo = €EK: afDa;=0, i=1,...,m
dj=D;;=0, jeB
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contains a pair (d, D) such that (Q, D) + c'd < 0,

(b) There exists v € Fy, and d € R such that d*'Qd = 0, (2Qz + ¢)'d < 0,
a;’d=0,i=1,...,m and d[B] = 0.

Proof. Suppose item (a) holds. Let (d, D) € L be such (Q,D) + ¢Td < 0. Let
(2, X) € Feas(SPR). Let (), X)) := (& X) + A(d, D), where A € R. Observe that
(zy, X)) € Feas(SPR) and (Q, X,) + c¢'zy — —o0 as A — oo. Suppose (b) holds. Let
& € F,, and d € R satisfying the necessities given (b). Then, unboundedness under

(b) is shown by a similar argument that we used for (a). O

Note that Proposition 6 will be useful for us while establishing our results regarding

especially the unboundedness of doubly nonnegative relaxations.

Outer Polyhedral Approzimations

We investigate the unboundedness of outer polyhedral approximations due to de Klerk
and Pasechnik [22]. Recall that these approximations are sign preserving approxima-
tions. Therefore, Proposition 6 applies to them as well. However, since Oy = N, we

can give the following simple characterization for the unboundedness of (Out),.

Corollary 3. Suppose Feas(Out), is nonempty. (Out), is unbounded if and only if

at least one of the conditions given below is satisfied:
(i) There exists d € R" such that ¢'d <0, a;"d=0,i=1,...,m, and d[B] = 0.

(i) There exists D € N such that (D,Q) <0, a;"Da; =0, i=1,...,m, Dj; =0,
jeB.

Proof. Suppose (Out), is unbounded. Then either (i) or (i7) must hold trivially, since

(Out), is an LP problem. Reverse implication is also trivial. ]



Chapter 3: Outer Approximations of Mixed Binary Integer Programs 69

We now establish a relationship between the unboundedness of Rel(MBQP) and

(Out), in the following theorem.

Theorem 6. Suppose Feas(MBQP) is nonempty. If Rel(MBQP) is unbounded, then

(Out), is also unbounded.

Proof. Suppose Rel(MBQP) is unbounded. Then, either (i) or (i7) in Proposition 5
holds. Suppose (i) holds. Then, setting D = dd” observe that item (4i) in Corollary
3 holds. Otherwise suppose item (ii) in Proposition 5 holds. Then, there exists
x € Feas(Rel(MBQP)) and d € R” such that d’Qd =0, (2Qz + ¢)"d < 0, a;7d = 0,
i=1,...,m and d[B] = 0. (2Qz + ¢)Td < 0 implies either ¢’'d < 0 or 27Qd =
(Q,xd") < 0 holds. If ¢’d < 0, then item (i) in Corollary 3 holds. Otherwise, setting
D = xd" + da’, observe that item (i7) in Corollary 3 holds. This completes the

proof. [

Now, we will device an example, where (MBQP) is bounded, but Rel(MBQP) and
(Out), are unbounded. However, since item () is common in Propositions 4 and 5,
we first have to make sure that it does not hold. Let C' := {1,...,n} \ B. Observe
that positive semidefiniteness of Q[C] suffices to ensure d”’Qd > 0 since d[B] = 0.

Consider the following example.
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Example 7.

1 -1 -1 0
-1 14 -1 0
Q =
-1 -1 14 0
0 0 0 0
c=0,
T + Ty = 07,

Lo, X3, T4 Z Oa

T € {0, 1}

If we consider (MBQP), observe that x1 must be equal to 0. Then, objective turns
into “min (zo —r3)? +0.423 +0.422” with v? = 0 obviously. However, if we consider
Rel(MBQP), setting initial point 7 = |05 1 1 0.2| € Feas(Rel(MBQP)) and
direction d¥ = [() 1 1 0], we can decrease objective function as much as we want
while staying in the feasible region, i.e., lop = —oo. Lastly, for (Out),, setting
D15 = Doy = 1 and all other values of D equal to 0, observe that (ii) in Corollary 3

is realized. Therefore, (Out), is also unbounded, i.e., E(? = —00.

Now, we will device another example, where (MBQP) and Rel(MBQP) are bounded,
but (Out), is unbounded. To do that, we first have to make sure both (¢) and (i¢) in
Proposition 5 do not hold. Observe that positive definiteness of ) suffices to ensure

it. Consider the following example.
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Example 8.

6 —-1.7 =25 28
-1.7 72 0.3 2
-25 03 1.3 -0.8

2.8 2 =08 3.9
c=0,

r1+ x4 = 0.7,
T2, T3, Ty Z 07

T € {0, 1}

Observe that Q) is positive definite and thus both (MBQP) and Rel(MBQP) are
bounded. Optimal value and optimal solution of (MBQP) are v? =~ 1.67, o7 ~
0 0 043 ()'7], respectively. Optimal value and optimal solution of Rel(MBQP)
are lop ~ 0.498, T~ [().7 0.11 1.32 0}, respectively. Lastly, as in Example
7, setting D1y = Doy = 1 and all other values of D equal to 0, observe that (i) in

Corollary 3 is realized. Therefore, (Out), is unbounded, i.e., (9 = —co.

So far we simplified the characterization for the unboundedness of (Out),. By
Theorem 6, we showed that if Rel(MBQP) is unbounded, then (Out), must be un-
bounded. We also exploited the conditions given in Proposition 5 and Corollary 3 to
devise Examples 7 and 8.

Note that Proposition 6 also applies to higher levels of outer approximations. If
the instance given in Example 7 is solved for higher levels of r € N, then it turns out
that (@ = —oo for r = 0,1,...,15, whereas (Out),, is bounded with f% ~ —9.32.
Similarly, if the instance given in Example 8 is solved for higher levels, then (@ = —oo
for r =0,1,...,4; whereas (Out), is bounded with {5 ~ —6.83, though it is still much

worse lower bound than fgp ~ 0.498.
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Doubly Nonnegative Relaxations
Recession cone of Feas(DN) can be given as

0 of alDa; =0, i=1,....m
€EDN: '
0 D D;; =0, jeB

Therefore, the following corollary directly follows from Proposition 6.

Corollary 4. Suppose Feas(DN) is nonempty. (DN) is unbounded if at least one of

the conditions given below is satisfied:

(i) There exists D € DN such that (D,Q) <0, ;' Da; =0,i=1,...,m, D;; =0,
jeB.

(1)) There exists x € Fpy and d € R such that d*Qd = 0, (2Qz + ¢)'d < 0,
a’d=0,i=1,...,m and d[B] = 0.

Following will constitute an example to the case where (MBQP) and (DN) are
bounded, but Rel(MBQP) is unbounded.

Example 9. Consider the instance given in Example 7. We already know that
Rel(MBQP) is unbounded for that instance. Since n < 4, by Diananda’s result [23]
DN = CP, which implies that v? = (%, = 0.

Now, we will give an example, for which (MBQP) is bounded, but both (DN) and
Rel(MBQP) are unbounded. To do that, we exploit the item (i7) in Proposition 5
and item (7) in Corollary 4. Building such an example is not as easy as the previous
example. Due to (i) in Corollary 4, we need a D € DN and @ € S™ such that
(@Q,D) < 0, which implies Q@ ¢ SPN. Also, item (i) in Proposition 4 needs to be
violated, because otherwise (MBQP) becomes unbounded. To ensure that, we will
pick a matrix Q € COP. Therefore, we need Q € COP\ SPN. As given in Example
10, @ is not positive definite or negative semidefinite. Therefore, solving (MBQP)
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and Rel(MBQP) for such an instance is a task where solvers are having difficulties.
Nevertheless, we will luckily be able to derive the optimal values theoretically. While

generating the matrix (), we will utilize the following Horn matrix

H=|1 -1 1 -1 11/. (3.60)

This matrix was first established by Horn [35] and he showed that H € COP \ SPN.

Now, consider the following matrix

7 4 0 0 4]
47400
Z:=10 47 40 (3.61)
00474
400 4 7]

Note that Z € DN®, but Z ¢ CP?, since (Z, H) = —5 < 0. Therefore Z € DN\ CP.

Now by utilizing the matrices H and Z, we construct an example in which (MBQP)
is bounded, but both (DN) and Rel(MBQP) are unbounded.
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Example 10. Consider the following (MBQP) instance.

1 -1 -1 0 0 O

—_
|
—_
—_
|
—_
—_
oS O o o o o o
)
|
=

A=11 00 0 0 0 1},
b=0.7,
x>0,

AT {0, 1}

Define a :={2,...,7}, B:=12,...,6}. Observe that Q[f] = H, where H is defined
in (3.60). Observe that x1 = 0 for all x € Feas(MBQP). Then, if we consider the
objective function of (MBQP),

" Qr = zla]" Q[a]z[o]
for all x € Feas(MBQP). Also, since 7" column and row of Q is all 0
z[a]" Qlofela] = (5] Q[Bl[B] = «[B]" Ha[5],

for all x € Feas(MBQP). Since z[f] > 0 and H € COP, we have z7Qx =
z[B]7Q[Blx[B] = 0 for all x € Feas(MBQP). Therefore v? > 0. Observe that
T = [O 00000 0.7} € Feas(MBQP) and :7Qi = 0. Therefore, we con-
clude that 19 = 0.

Consider Rel(MBQP). Let 7 := [05 1 1 0 0 0 02| € Feas(Rel(MBQP))

and d — [o 05 05 0 0 0 0]. Observe that d > 0, dy = 0, d"Qd = 0 and
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(Qx + C)Td = —0.5 < 0. Therefore, by Proposition 5, starting from point T and going
through direction d, we can decrease the objective function as much as we want while

staying in the feasible region. Hence, lgp = —00.

When we consider (DN), let

_() 000O0O 0_
0740040
0474000

D=1047 4000
0004740
0400470

0000000

Observe that D[] = Z, which is defined in (3.61). Therefore (Q, D) = (Q[5], D[f]) =
(H,Z) = -5 < 0. Also, D € DN and a,* Da, = 0. Therefore, by Proposition 4, we

conclude that K%N = —00.

By modifying Example 10 slightly, we will be able to create an example in which
(MBQP) and Rel(MBQP) is bounded, but (DN) is unbounded.
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Example 11. Consider the following (MBQP) instance.

(1 -1 -1 0 0 0 o0
11 -1 1 1 -10
1 -1 1 -1 1 1 0
Q=10 1 -1 1 -1 1 0|, c=0,
0 1 1 -1 1 —10
0 -1 1 1 -1 1 0
(00 0 0 0 0 0
ftooooo1
P 1000000]’
bT:[0.7 o},
x>0,
z1 € {0,1}.

Observe that feasible region of this example is the same as that of Example 10. There-
fore v9 = 0. Also, note that for this instance Feas(Rel(MBQP)) = Feas(MBQP),
which implies that {ogp = 0. Now consider D given in Example 10. Observe that

as" Day = 0 also holds. Therefore, (%, = —oc.

3.5.2  Incomparability of Lower Bounds

In this section, we show that, unlike (MBP), lower bounds arising from the outer
approximations of (MBQP-CP) is incomparable with the lower bound provided by
Rel(MBQP). As illustrated in Example 8, there exists an (MBQP) instance such that
lop > (3. Following example illustrates that there also exists an (MBQP) instance
such that (¢ > lop.
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Example 12. Consider the following instance of (MBQP).

3 2 2
Q=12 3 2
2 2 2
cl'=[-1 —10],
a=[11 1],
b=A,
x1, 22 € {0, 1},
z3 > 0.

Optimal values and optimal solutions of (MBQP), Rel(MBQP) and (Out), are re-

spectively as follows:

9 =2 2T =[001]
lop =15, x3,7 =10.50.5 0]
000
(f=2 ="=001,  X;=10 0 0
001

Therefore, for this instance we have EOQ > lop.

Recall that ¢y > ¢ p always holds for (MBP) instances. However, by Examples 8
and 12, the similar result does not necessarily apply to (MBQP) problem. Therefore,
when the considered problem is (MBQP), we conclude that lower bounds arising from
Rel(MBQP) and (Out), are incomparable in general. As discussed in the previous
section, by Examples 7 and 8, incomparability between the optimal values of (Out),
and Rel(MBQP) still continues to the higher levels of € N in general. By Examples
9 and 11, it turns out that the optimal values of (DN) and Rel(MBQP) are also in-

comparable in general, whereas {py > {1 p always holds when the considered problem
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is (MBP). Therefore, previously established relationships between the lower bounds
of (MBP) clearly do not extend to (MBQP) in general.

3.5.8  Sufficient Conditions for Comparability

After showing that our results on (MBP) do not extend to (MBQP), in this section, we
give sufficient conditions that ensure lower bounds arising from outer approximations
are comparable to the lower bound provided by Rel(MBQP). In the next proposition,
we show that, based on the optimal solutions of (SPR), we can give a sufficient

condition that ensures KSQP > Llop.

Proposition 7. Consider an instance of (MBQP). Suppose there exists an optimal
solution (z*, X*) for (SPR) such that

<Q, b x*(m*)T> > 0. (3.62)
Then fst Z EQP.

Proof. We know that 63) = (Q,X*) + cTz*. Since z* € Fy,, by Lemma 2, z* €
Feas(Rel(MBQP)). This implies the following relationship:

ﬁst > x*TQ$* + T > lop.
O

Remark 4. Consider Example 12. Observe that Q) satisfies the condition (3.62)
given in Proposition 7. Therefore, in Example 12, é?p > Lop 1is already implied by

Proposition 7.

In Proposition 7, we gave a sufficient condition that ensures KSQP > lgp. Recall
that (MBP) encompasses all instances of (MBQP) with @ = 0. Hence, when the
considered instance belongs to (MBP), (3.62) is already satisfied. Therefore, observe

that the result {5, > {p given by Lemma 2 is also implied by Proposition 7.



Chapter 3: Outer Approximations of Mixed Binary Integer Programs 79

Following corollary directly follows from Proposition 7 to ensure that (SPR) gives

a strictly better lower bound than Rel(MBQP), i.e., fst > lop.

Corollary 5. Given an instance of (MBQP), suppose there exists an optimal solution

(x*, X*) for (SPR) such that
<Q, X - x*(ac*)T> > 0. (3.63)
Then €3, > (qp.

Remark 5. Unfortunately, Corollary 5 does not admit an equivalence, i.e., it is
possible that €, > lqp can still hold, although (3.63) does not hold. Observe that in
Example 12, (3.63) is violated. However, E(? > lop still holds for Example 12.

Proposition 7 and Corollary 5 assume that optimal solutions of (SPR) are already
achieved. This is a reasonable assumption, since, if (SPR) has a unique optimal
solution and a tractable cone in its conic constraint, then the unique optimal solution
can be obtained in polynomial-time with respect to problem size. On the other hand,
if (SPR) has infinitely many optimal solutions, then identifying a solution that satisfies
these conditions can be a difficult task.

Hypothesis of Proposition 7 is dependent on identifying the optimal solutions
of (SPR). However, in the next corollary, by exploiting (3.62) in Proposition 7, we
achieve to establish a result that is free of that dependency for the case of (DN).

Corollary 6. Consider an instance of (MBQP). Suppose Q is of the form

Q=) Naa +D+R, (3.64)

i=1
such that:
(i) eR,i=1,....,m.

(ii) D € N is a diagonal matriz with Dj; > 0 for j € B and Dj; = 0 for j €
{1,...,n}\ B.
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(iii) R € PSD.
Then K%N > lop.

Proof. Let (z*, X*) be an optimal solution of (DN). Observe that X* — z*(z*)" €
PSD. We will show that (3.62) holds. It can be shown as follows:

<Q,X*—x*(x*)T> = <i)\iaia?+D+R, X*—x*(x*)T>

=1

r <D,X* _ x*<x*)T> A <R, X+ _ I*(x*)T>

= ¥ Dy (X~ @)+ (R X))

i€B > 5 ~ > -
> 0.
Therefore, by Proposition 7, we conclude that ﬁ% N = Lop. O]

Although Eg y and fgp are incomparable in general for (MBQP), there are some
special cases of (MBQP), to which Corollary 6 apply. We already discussed that
(MBP) is one of those special cases. Another special case is the mazimum cut (MAX-
CUT) problem. The objective of (MAX-CUT) is to partition the set of vertices
of a graph into two subsets, such that the total weight of the edges having one
endpoint in each of the subsets is maximum. This problem is known to be NP-
complete [30, 45] and it can be formulated as an instance of (MBQP) with @ € PSD
and B = {1,...,n}. Since Q € PSD, it can be written of the form (3.64) with
(\,D,R) = (0,0,Q). Therefore, EgN > lgp holds for (MAX-CUT) problem. For a
detailed survey of (MAX-CUT), reader is referred to [77].

3.6 Conclusion

We defined the sign preserving outer approximation which is a more general defi-

nition that covers other outer approximations of (MBP-CP). We showed that outer
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approximations are unbounded if and only if the original problem is unbounded. We
compared the lower bounds arising from outer approximations with the lower bound
provided by the LP relaxation of (MBP). We established that ¢, > ¢;p always holds
for an outer approximation of (MBP-CP) in the class of (SPR). We also gave a char-
acterization to check the equality of the sets Fy, and Feas(Rel(MBP)). Note that
this characterization is based on enumerating the extreme points of Feas(Rel(MBP)).

Therefore, it may not work in polynomial-time with respect to problem size.

For outer polyhedral approximations, we gave a sufficient condition that works in
polynomial-time to check the equality between Fy and Feas(Rel(MBP)). For higher

levels of r € N, given z € Fp,;, we gave a sufficient condition which ensures that
x € F,. holds until at least a certain level » € N. We also gave a necessary condition

for x € F,., r € N.

As for the doubly nonnegative relaxations, we have shown that the problem P;
defined in Lemma 3 can be reduced to a smaller problem. Given x € Fpy, by
exploiting the structure of our reduced problem, we gave sufficient conditions, under

which = € Fpy.

We then investigated the extensions of our results to the mixed binary quadratic
programs. We gave the characterizations for the unboundedness of continuous re-
laxation of (MBQP) and for the unboundedness of outer approximations within our
scope. We showed that if Rel(MBQP) is unbounded, then (Out), must be unbounded
as well. Other than that, we gave an example for the case, in which Rel(MBQP) is
bounded, but (Out), is unbounded.

As for the doubly nonnegative relaxations, we showed by examples that there is no
relationship between the unboundedness of Rel(MBQP) and (DN). We next showed
that, unlike (MBP), lower bounds arising from the completely positive formulation
of (MBQP) are not comparable to the lower bound given by Rel(MBQP) in general.

However, we gave a sufficient condition in Proposition 7, under which ESQP > lop is
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assured. It turns out that Proposition 7 actually serves as an extension to (MBP)
case. We also gave a sufficient condition in Corollary 5 for outer approximations to
provide strictly better lower bounds than that of Rel(MBQP).

Finally, for the doubly nonnegative relaxations, to ensure that (2, > lgop, we
showed in Corollary 6 that we can get rid of the necessity of enumerating over optimal
solutions by strengthening the sufficient condition of Proposition 7. We also discussed
the fact that Corollary 6 applies to the doubly nonnegative relaxations of (MAX-CUT)

problem and therefore €%, > (op always holds for it.



Chapter 4

OUTER APPROXIMATIONS OF THE 0-1 KNAPSACK
PROBLEM

4.1 Introduction

In this chapter, we will investigate the outer approximations of the completely positive
formulation of the 0-1 knapsack problem. The 0-1 knapsack problem is a well-known
and extensively studied problem in the literature (see, e.g., [64, 51, 83, 55, 72]). Given
a set of items N := {1,...,n}, in which each item has a weight a; € R, and value
ci € Ry, i =1,...,n, along with a knapsack capacity b € R, ; the objective of this
problem is to find N’ C N such that the total weight of the items in N’ does not
exceed the capacity b, whereas the total value of them is as large as possible. Formally,

it can be given as

(KP) v:= max c'z
st aTx <o,

r; € {0,1} i=1,...,n,

where z € R" is the decision variable, ¢, a € R} and b € R, are the problem
parameters. If there exists a a;, i € {1,...,n}, such that a; > b, then clearly x; will
be equal to 0. Therefore, throughout this chapter, without loss of generality we will
assume that a; < b, foralli=1,...,n.

Despite its simple representation, it is well-known that (KP) is NP-hard [52, 30].
There are many solution approaches proposed to solve (KP) in the literature. Among

them, dynamic programming [3], branch-and-bound [64] and hybridization of both
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approaches [76, 62, 75, 63] are the most notable ones. Aside from these specific
solution efforts, it can also be solved by brute force via enumeration of all 2" possible
subsets of N.

Note that with a little modification (KP) can be put into the form of (MBP). First
write the inequality constraint as equality. Secondly, since (KP) does not necessarily
satisfy Burer’s key assumption [18], add the constraints x; +s; = 1,7 = 1,...,n.

After these modifications, we get

(KP),,, v:i= max c'z
st a’x+0=0,

ri+s=1, 1=1,...,n,

0 >0,

r; €{0,1} i=1,...,n,
where s € R"™ and 6§ are slack variables. Note that (KP),,, is a special case of (MBP)
with m =n + 1, and B = {1,...,n}. Therefore, the reader should take a note that
all the given results that apply to (MBP) in Chapter 3 also apply to the 0-1 knapsack

problem. (KP) can therefore be equivalently formulated as the following instance of

completely positive optimization problem [18]:

(KP-CP)! v = max Tz
st alz+60=0,
a’z +2a"v +w =12,
z,+s;, =1, 1=1,...,n
Xi+2Ri+Su=1, i=1,....n

LU%:X“, ?::1,...,71

1 = s 0
r X R v
e CP,
s RT S
0 o7 YU w
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where X, S € 8", Re R™" z, s, v, y € R” and 0,w € R are decision variables,
¢, a € R} and b € R, are the problem parameters.

We will also present another copositive reformulation of (KP). In (KP),,,, ob-
serve that although s € R" is continuous, it will have binary entries due to the binary
restriction on the entries of x and second constraint. Therefore, adding binary con-
straints s; € {0, 1} to (KP),,,, will be redundant, but it gives rise to another copositive

reformulation that yields tighter outer approximations than (KP-CP)lz

(KP-CP)* v= max Tz
st  alz+60=0,
a’z + 2a"v + w = b,
r,+s =1, 2=1,...,n
R;=0, i=1,...,n
Xi=z;, 1=1,...,n

Si':Si7 Z:L...,TL

1 = s 40
r X R w
eCP,
s R S y
0 o Yyl w

Note that (KP-CP)" and (KP-CP)” are exact reformulations of (KP). We will inves-
tigate both of these copositive formulations in this chapter.

This chapter is organized as follows: We define our notation and go over the well-
known linear programming (LP) relaxation of (KP) in Section 4.2. In comparison
with the LP relaxation of (KP), we investigate the feasible regions and optimal values
of outer approximations in Section 4.3. We first make our analysis for level 0 and
then for higher levels of » € N. Section 4.4 is devoted to the doubly nonnegative
relaxations of (KP-CP). Similar to Section 4.3, we will compare feasible regions and

lower bounds arising from these relaxations with those provided by the LP relaxation
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of (KP). We conclude the chapter by discussing our results in Section 4.5.

4.2 Preliminaries

4.2.1 Notation

e" € R will denote the vector of all ones and 0" € R™ will denote the vector of all
zeros. e; will denote the standard unit vector whose " element is equal to 1 and all
others are equal to 0. Dimension of e; will always be clear from the context. We adopt
a Matlab-like notation to denote subvectors and submatrices. For instance, given a
vector u € R", uy, € RP denotes the subvector of v indexed by 1,...,p. Similarly,
given M € 8", M € R denotes the submatrix of M whose rows and columns
are indexed by I and J, respectively. Diag(-) returns a square diagonal matrix which
consists of the entries of a given vector on the main diagonal.

Feas(-) will denote the feasible region of a given problem. Set of extreme points
of a given set will be denoted by £(+). Conv(:) will denote the convex hull of a given
set. Given two matrices X, Y € R™*" (XY} will denote the trace inner product,

ie.,

m n

<X’Y> = ZZXZJY;J

i=1 j=1
4.2.2  Linear Programming Relazation of the 0-1 Knapsack

By relaxing the binary restrictions of the variables to x; € [0,1], 7 = 1,...,n, linear

programming (LP) relaxation of the knapsack problem can be given as

Rel(KP) wupp:= max clx
st alz <o,
0<a; <1, i=1,...,n,
First, we want to point out the special structure of the extreme points of Rel(KP) in

the following lemma.
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Lemma 7. An arbitrary extreme point of Feas(Rel(KP)) has at most 1 fractional

value.

Proof. For an LP problem, extreme point and basic feasible solution (BFS) are equiv-
alent terms. Hence, if we look at Rel(KP), there are 2n+ 1 inequality constraints and
n variables. Any non-degenerate BF'S should satisfy exactly n constraints as equality.

There are two possible cases: Either first constraint (aTa: < b) is satisfied as
equality or not. If the first constraint is satisfied as equality, then n — 1 constraints
out of 2n constraints must be satisfied as equality, which in turn implies that n — 1
elements of a BFS must be equal to either 0 or 1 and exactly one element must be
fractional between 0 and 1.

Now, suppose first constraint is satisfied strictly. Then, obviously, all n elements
of a BFS must be equal to either 0 or 1, which implies that BFS does not have a
fractional element.

Lastly, if we consider a degenerate BFS, then it satisfy more than n constraints
as equality. Based on this fact, observe that all n elements of a degenerate BF'S must
be equal to either 0 or 1, which again implies that a degenerate BF'S does not have a
fractional element.

Finally, for all possible cases we showed that an arbitrary = € £(Feas(Rel(KP)))

has at most 1 fractional value. O]

After establishing this fact about the extreme points, note that there is a simple
and well-known algorithm to solve Rel(KP): First, items can be renumbered without
loss of generality, so that

ases & (4.1)
ai a2 an
Then, items are placed in the knapsack one by one in this order. This process con-

tinues until (a) all of the items are placed in the knapsack or (b) until the items
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completely fill the knapsack’s capacity without disruption, or (c¢) the remaining ca-
pacity of the knapsack is filled in such a way that the next item is to be loaded in
a fractional manner [55]. In all three cases, an optimal solution for Rel(KP) is ob-
tained. Note that there may be multiple optimal solutions if some inequalities in (4.1)
are achieved as equality. For the cases (a) and (b), an optimal solution of Rel(KP)
becomes an optimal solution of (KP) as well. If case (c¢) occurs, an optimal solution

for Rel(KP) can be given as follows:

/

1 i=rl ... 4
. b—S%
x; = A fori=k+1,, (4.2)
Qr+1
0 otherwise,

\

where a1 > 0 and k£ < n is such that

k+1

k
Z a; <b and Zai > b, (4.3)
i=1 i=1

and thus 7, becomes the only fractional element of the optimal solution z*. Given
x is an extreme point of Feas(Rel(KP)) with one fractional, without loss of generality
(w.lo.g.), we will always assume that first k clements of z is equal to 1, (k + 1)"
element is fractional, and the remaining elements are equal to 0.

Following is proven in [55], but for the sake of completeness we will include its

proof here.
Lemma 8. Given a (KP) instance, v < upp < 2v holds.

Proof. If v = upp, then assertion follows. Otherwise, if v < wupp, observe that all

optimal solutions of Rel(KP) are of the form (4.2). In this case,

k k
b—>"_,a
uLP — g Ci+ck+1 (#) .

a
P k+1
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Observe that = 37 ¢, is a feasible solution for (KP), which implies that 2%  ¢; <
v. Since agr1 < b, * = ey is also a feasible solution for (KP), which implies that

crr1 < v. Therefore,

k k
b—)> ., a;
uLp = E Ci + Cr41 <h> < 2v.

P ~—~ A+1
— / v ~ )
<v <1

Remark 6. Although the second inequality in Lemma 8 is strict, note that there
may be instances of (KP) for which upp is infinitesimally close to 2v. For example

consider the following instance

max X+ Zo
st. a1+ a0 <2 —¢€,
T; € {O, 1}, 1= 1,2,

where € > 0. For this problem v = 1, whereas urp = 2 — €. Therefore, as € — 0,

urLp — 2U.

4.3 Outer Polyhedral Approximations

In this section, our results will be established based on the hierarchy of outer poly-
hedral approximations defined in (2.10) in Chapter 2. If (Out), defined in (3.10) is

restated for the first copositive formulation of 0-1 knapsack problem, it can be given
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as
(Out)i ul:= max 'z
s.t. alz+6 =0, (4.4)
a’Xa +2aTv+w =% (4.5)
ri+s=1 i=1,....n (4.6)
Xi+2R;i+ S =1, i=1,...,n, (4.7)
Xi=m;, 1=1,...,n (4.8)
_1 x s 9_
1 zr X R w : (4.9)
s RT S
K ol yT w |
M € O, (4.10)

where r € N. Similarly, outer polyhedral approximations arising from (KP—CP)2 is

given by
(Out)f u? = max clx
s.t. atz 460 =0, (4.11)
a’Xa+2a"v +w =17, (4.12)
r+si=1, i=1,...,n (4.13)
Ri=0, i=1,....n, (4.14)
Xiu=x;, 1=1,...,n (4.15)
Sii=si, i=1,...,n (4.16)
1 x s 9-
72 L (4.17)
s RT" S
_9 ol YT w |

M e O,, (4.18)
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where r € N. It is easy to verify that (Out)i constitutes a tighter outer approximation

than (Out)!, i.e.,

Feas(Out)? C Feas(Out)!,

Since (KP) is a maximization problem, for a given instance of (KP), (3.9) implies

that

Also, (4.19) implies that

1 2
U, = Uy,

Furthermore, by Proposition 2, if the dual of (KP-CP)' (resp. (KP-CP)®) has a

, forall reN.

r e N.

u0>ui2...21/ and uﬁZu%Z...

> .

strictly feasible solution and an attainable optimal solution, then

lim u). = v (resp. lim u? =v).
r—00

r—00

F, defined in (3.12) can also be restated for knapsack as follows:

(

F' .=

\

where ¢ = 1,2 and r € N. Since the values of s and 6 are determined by x, i.e.,

s=¢e" —x and § = b — a’z, dimension of F' can even be reduced more for the 0-1

(z,5,0) eR" x R" x R :

1
T

S

7

s
R
S

yT

6

v

w

€ Feas(Out)"

knapsack problem. Therefore, we will redefine F;' as follows:

(

F! =

r e R":

1

X

<

nn X

~

0

v

)

€ Feas(Out),

7
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where ¢ = 1,2 and r € N. By (4.19),

F?CF! reN (4.20)
holds trivially. Now, observe that the following problem is equivalent to (Out)i:

u' = max{c’z : z € F'}, (4.21)

where i = 1,2 and r € N. By Lemma 4, we already know that F, C Feas(Rel(KP)),

which implies that u? < u! <wurp, r € N.

4.3.1 Level 0

In this section, our aim is to compare the feasible regions Fy, F¢ and Feas(Rel(KP)).

Next proposition establishes the equality of these three sets by using Theorem 3.

Proposition 8. Given an instance of (KP), Fy = F? = Feas(Rel(KP)). As a result,

1 _ 2

Proof. We will show that Fj = Feas(Rel(KP)) and then all assertions follow trivially.
Let us put (KP) in the form of (MBP), or equivalently, consider (KP),,  with slacks
si, @ = 1,...,n treated as binary. Let also A, T, I and I~ be defined as in (3.20),
(3.21) and (3.22), respectively. Observe that I~ = () and T can always be put into
the form (3.23) for all (KP) instances. Therefore, by Theorem 3, we conclude that
F} = Feas(Rel(KP)), which implies that Fj = F} = Feas(Rel(KP)) together with
(4.20) and Lemma 4. u} = u3 = uzp follows trivially from (4.21). O

Proposition 8 shows that at level » = 0, upper bounds given by the outer poly-
hedral approximations of (KP—CP)1 and (KP—CP)2 are exactly equal to upper bound
given by the LP relaxation of (KP). We will embody the proof of Proposition 8 with

the following example.
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Example 13. Consider an instance of (KP). Let

a:[3 2].

For brevity, we will not write the other problem parameters, since they are not nec-
essary to justify our claim. If we put (KP) of the form (MBP) (or, equivalently,
consider (KP),,,) and A is defined as in (3.20), then

32001
A=11010 0
01010

Accordingly, T defined in (3.21) is

6 003000200
T=10100000000
000O0O0OO0OT1O0TO0®O

By changing the order of the columns of T', observe that it can be put in the form
(3.23) as follows:

6 00 3 000200
01 000O0O0O0GO0DO0],
001 0O0O0O0OO0OTO 0O
where
6 0 0 3000200
Di=1f0 10, G=[0000000
001 00 0O0O0OGO0OU
Observe that Do does not exist, since - = (). Also, observe that the argument in

Proposition 8 can be extended to all instances of (KP) in a similar manner.
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4.3.2  Higher Levels

In this section, we will establish that the equality between F), i = 1,2 and Feas(Rel(KP))

exists not only at level 0, but until at least a certain level of » € N.

It is already known by Lemma 4 that F' C Feas(Rel(KP)) for all i = 1,2 and
r € N. Note that Feas(Rel(KP)) is a bounded polyhedron due to the constraints
0<z;<1,i=1,...,n, and each F', i = 1,2, r € N, is a convex set. Therefore,
by Corollary 1, a sufficient and necessary condition for the equality between F? and
Feas(Rel(KP)) is to show that for an arbitrary 2 € £(Feas(Rel(KP))), 2 € F? holds
for a certain r € N. After showing F?? = Feas(Rel(KP)) for a certain r € N, F! =
Feas(Rel(KP)) follows trivially from Lemma 4 and (4.20).

We will use a constructive proof method to show the related assertion. If z €
Conv(Feas(KP)) (or, equivalently & has no fractional value), then the assertion follows
trivially by Lemma 4. Otherwise, observe that & will have exactly one fractional value
by Lemma 7. For this case, we will construct a matrix M € Feas(Out)f, x-component
of which is equal to & at a certain level r € N. However, this is not an easy task since,
as r increases, O, will have many extreme rays with different structures. Hopefully,

we can pick a subset of these rays and by using them, we show that we can construct

such a matrix.

In the following section, we attempt to give the reader an insight into our con-

struction technique.

A Discussion on Our Construction Method

In this section, we provide the technical details about the construction technique we
devised. This construction technique will heavily exploit the special structure of the
extreme points of the feasible region of Rel(KP). A nice aspect of our technique is

that it works for (Out)? and therefore for (Out)! as well.
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Let
E™ = E(Feas(Rel(KP))) \ Conv(Feas(KP)). (4.22)

Given # € £, let us recall that our aim is to construct a matrix M € Feas(Out)?,
x-component of which is equal to Z at a certain level » € N. While constructing
such an M, elements of the X-component must be picked carefully. Inspired by 27,
we will propose a special structure for the X-component. Since Z has exactly one

fractional element,

[ 1 ek i'k—ﬁ—l le(n—k—l) i
T
1 1 (ek)T ek(ek)T i’k+1€k Okx (n—k-1)
7 ~ 5 A T ~ 2 ) (4.23)
T z Tpt1 ka(ek) (ka) Ol (n—k—1)
O(nfkfl)xl O(nfkfl)xk O(nfkfl) 0(n7k71)><(n7k71)

where e € R¥ and #;,, corresponds to the fractional element of &. A property of
22" is that o (227) a = b?.

Now, due to constraint (4.5), we want X-component of M to satisfy a” Xa < b?,
because, this way we can always satisfy (4.5) by freely increasing the w-component of
M without violating other constraints. Therefore, while a” (227) a = b?, a” Xa < b?
must be satisfied. However, considering the X-component of M, due to constraint
(4.8), Xyi1x41 = T41 must also be satisfied. Note that (k + 1)th diagonal of X is
Z141, whereas that of 227 is (ﬁkH)Z. This gives X, from the start, a disadvantage
equal to the amount aiﬂfckﬂ(l — Z41) > 0. To compensate this, some parts of X

should be entrywise less than 227

, since a € R}. At this very point, by focusing
on the (k + 1)th column of 227, we achieved to find a threshold matrix that, if not
exceeded by X, ensures that a’ Xa < b.
Let us define the following:
ek(ek)T (1/2)33].3_,_16]“ Ok x(n—k-1)

X = (1/2)§7]€+1(€k)T Thoin le(n—k—l) c Sn’ (424)
O(n—k=1)xk o(n—k=1) O(n—k—=1)x(n—k~1)
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Now, we will give the following lemma that will be very helpful for us in establishing

the main results of this chapter regarding the outer polyhedral approximations.

Lemma 9. Consider an instance of (KP). Given & € £, let X € R™ be defined as
in (4.24). Then, a¥ Xa < b* holds.

Proof. Since ¥4 = b, a” (iiT) a = b?. Therefore, it suffices to show that

k

al (i@T) a—a'Xa=a" (iﬁT — X) a4 = Tpi10ps1 (Z az-) +aj 1 (231 —Zpt1) > 0.
i=1

First, we will evaluate the first term:

k

k b—> k
~ =1
Tht10k+1 E Q; = —a Q41 E a; |,
i=1 k1 i=1
:ik-q-l

) ()

k k
b—Zai b—Zai—akH
=1

and the second term is equal to

2 (22 S _ 2 i=1
i1 (T — Tr1) = @ ,
Ak+1 Ag+1
?r AV
=Tg4+1 =Zpy1—1

k k
= (b—2a2> (b—Zai—akH) .
i=1 i=1
Therefore,

k k
Tpy1Qrp (Z az’) +ag (B — Tkp) = (b - Z az‘) (b—aky1) > 0.

=1

Hence, we conclude that a” Xa < b2. [
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According to this lemma, as long as the X-component of M is entrywise less than
or equal to X, we know that a” Xa < b is always satisfied.

Having established such a threshold matrix, we also want to discuss which vectors

2

79

seem reasonable to be used in the construction of M € Feas(Out)Z, z-component of
which is equal to 2 at a certain level r € N. Let us illustrate this with an example
for a better understanding. Suppose n = 4. Consider the vectors that belong to
O(n + 1,19), where O(n,r) is defined as in (2.8). Let f(z) := 22T — Diag(z), where

z € N™. For instance, consider the vector
(1) = [1 55 5 5] € O(n+1,19).

The extreme ray of Oy defined by z! is given by

20 25 25 25
25 20 25 25|, A=0.
25 25 20 25
25 25 25 20

ext(z') :== Mf(2)

I
>
=

Consider ext(z'); 2.5 as the x-component and ext(z')s.525 as the X-component of M.
Note that using such extreme rays will disrupt the balance against the constraint
X; = x4, 1 = 1,...,n, as ext(z!) overcharges X;; compared to z; and bulks out all

entries of X relatively.

Next, consider the vector

()" =[o 3 3 3 3] e0m+1,19).
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The extreme ray of Ojg defined by 22 is given by

(72 27 27 27 27
276 9 9 9
ext(zQ) 2:)\f(22):)\ 27 9 6 9 9|, A>0
2779 9 6 9
_27 9 9 9 6_

Using such extreme rays overcharges the first row and first column, and disrupts the
balance against the constraint M;; = 1; although they seem to work in favor of the
constraint (4.5) by keeping the entries of X-component relatively small.

Observe that, except the first element, all other entries of z! and z? are equal.
Fluctuating them also does not seem reasonable, as z-component of M € Feas(Out)?
will be mostly composed of ones (see, e.g. first row of (4.23)).

Finally, we consider the following vector:
(%) = [5 4 4 4 4| €O(n+1,19).

The extreme ray of Oy9 defined by 22 is given by

20 20 20 20 20|
20 12 16 16 16
ext(2®) == Af(2*)=A |20 16 12 16 16|, A>0.
20 16 16 12 16
20 16 16 16 12

ext(z%) constitutes a quite good balance between the constraints M;; = 1 and (4.5);
while still keeping the X-component relatively small and thus working in favor of the
constraint (4.8).

After such an observation, we state that our construction method will employ the

vectors of the following form in general:

= 1) [ p(e )T @ F )T | ()T plentT | o | € 82042, p(nt1)-1)
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for some p € N. For such vectors, we will always ensure that z;z;,, = 0, i =
2,...,n+1, which also ensures that constraint (4.14) (R; = 0,7 =1,...,n) is always

satisfied.

Main Results on Outer Polyhedral Approximations

By employing our construction method discussed in the previous section, we present

one of the most important results of this chapter in the following theorem.

Theorem 7. Given an instance of (KP), F! = F? = Feas(Rel(KP)) for all r =
0,1,...,3n+2. As a result u = u? = urp, for allr =0,1,...,3n + 2.

Proof. Let us pick an arbitrary & € &(Feas(Rel(KP))). We will show that & € F?
at » = 3n + 2. To do that we will construct a matrix M € Feas(Out)?gn 42)» whose
z-component is equal to &. If & € Conv(Feas(KP)), then & € Fj, ., follows trivially.
Therefore, suppose & € £, where £~ is defined in (4.22). Then £ is of the form (4.2)

with exactly one fractional value.

Let z € R?"*2 be partitioned as

sz[vo‘vlT‘UQT‘vg], (4.25)

where vy, v3 € Rand vy, v € R". Let n := 2n+2. To construct M &€ Feas(Out)?gnH),
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we will use the following vectors, which all belong to O(n, 3n + 2):

(zl)T =14 3(ek+1)T <0n—k—1)T ‘ (Ok-i—l)T S(en—k—l)T ‘ 0 } ,
(zQ)T =14 3 On k: T ‘ en— k: ‘ 0 ]
(23)T _ [ 4 6 On k: T ‘ Ok+1 en— k—l)T ‘ 0 :| ,

<z4)T=:(n+2)‘(ok)T (2n +2) (on*’ffl)T‘(on)T‘o],
D =[o|e+2E) [y o], i=1..m,
(z?)T::O T‘ r+2)(e;) ‘0} 1=1,...,n,

(27)T: 0 T‘ ‘7’—1—2]7

where k is defined as in (4.3) depending on &, e* € R¥ is the vector of all ones and
e; € R™ is the i"® unit vector. Notice that summation of the entries of 2 is equal to
6n — 2. Therefore, 23 € O(n,6n — 4). However, since 6n — 4 > 3n + 2 holds when
n > 2, then ©(n,6n —4) C O(n,3n + 2). This implies z* € O(n, 3n + 2) for n > 2.
Note that summation of the entries of other vectors is equal to 3n + 4, thus they are

all in the set ©(n, 3n + 2).

Let f(z) := 2z — Diag(z). Let us define

v T 1 — Ty % That "
M= T I+ =15 SO+ I g ¢

Observe that M;; = 1 and the (z, s)-component of M is exactly equal to (&,e — &).
If we look at R-component of M, Ri; = 0,47 =1,...,n and thus (4.14) is already
satisfied. Due to constraint (4.15) and (4.16), it requires that X;; = #;, Si; = 1 — @5
1 =1,...,n. Therefore, by setting X;; = z; and S;; =1 —2;, 7= 1,...,n, constraints
(4.15) and (4.16) will also be satisfied. For this purpose, vectors z? and z9, images of

which in f affect only diagonal elements, will be used, i = 1,...,n.
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Let

. 2 — Ty -
== TS WIENE

i=k+2

xk+1 1 _£k+1
(n+2)(r+2)(r+1 2(r +2)(r+1)

Note that only the diagonal elements of M* differ from M. Since M* is constructed

)f(zli)-i-l) + f(zl?-i-l)

by the nonnegative combinations of the images of vectors z € O(n,3n + 2) in f,
M* € O32. Observe that M* satisfies all constraints except (4.12). Observe that
for X-component of M*, X < X holds, where X is defined as in (4.24). Therefore,

considering (X, v, w)-component of M*, let us define
n = a"'Xa+2d"v+w=a"Xa<a"Xa <.

If n = b2, then M* satisfies all constraints and we are done. Otherwise, we will create
matrix M, only different entry of which from M* will be its last diagonal element,

which will be equal to b2 — 7. M can be defined as follows:

g b —n
M =M + mf(27)

Observe M satisfies all the constraints of (Out),, . , and therefore M € Feas(Out); +or
Since, z-component of M is exactly equal to &, & € F3, ,,, which implies by Corollary 1
that F% ., = Feas(Rel(KP)). By Lemma 4 and (4.20), F! = F?? = Feas(Rel(KP)) for
all? =0,1,...,3n+2 and as a result, u! = u? =upp, forallr =0,1,...,3n+2. O

Remark 7. We will give an insight into the matrices constructed in the proof of

Theorem 7. For instance, in case k =2 and n =5,

o1 1 1 Grp1 0000 (1—dppq) 1 1 07
L 2+554k+1 3+a?4k+1 ik;l 0000 3732;6“ 3+i4k:+1 3+£4k+1 0
1 Stopy1  2+8p41 T4l 0000 2Z3%k+1 3HEkg1 3841
1 1 2 1 1 1
2 R . - R
II§+1 Ik2+1 Ik2+1 (ZII)xk-H 0000 0 I1@2-;-1 Ik2+1 0
~ 0 0 0 0 0000 0 0 0 0
M = 0 0 0 0 0000 0 0 0 0
3 8 5 gEER g & 4§
. 3—3&y,1 3—3ip4 1—&11 B3-33p4q 3-33p4
(1—Gpq1) okl T2kt 0 0000 — u Tkl
1 3+5”4k+1 3+f4k+1 5%2+1 0000 3*3ik+1 2+554k+1 3+504k+1 0
3tepq1 3HEk4n Thi1 3738k 41 3tdpgr 248p40
1 vi v} 5 0000 1 vi vi 0
L 0 0 0 0 0000 0 0 0 0
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and

B 1 1 1 Zpt1 0000 (1—2py1) 1 1 07

1 1 3+5”4k+1 i1c2+1 0000 3*Bik+1 3+§34k+1 3+i4k+1 0

1 3+i4k+1 1 i1c2+1 0000 3*Bik+1 3+i4k+1 3+i4k+1 0

0s R X . .

z;;+1 Ik2+1 Ik2+1 Gr41 0000 0 ””k2+1 Ik2+1 0

0 0 0 0 0000 0 0 0 0

SR A A A

0 0 0 0 0000 0 0 0 0

(l—dpyy) kil 225040 g 0000 (1—ipy) okt 222041

1 3+5D4k+1 3+5”4k+1 zk2+1 0000 3—3jk+1 1 5+i4k+1 0

1 3+5D4k+1 3+5”4k+1 C'3k2+1 0000 3—3jk+1 3+534k+1 1 0
L 0 0 0 0 0000 0 0 0 0

Observe that M* satisfies all constraints except (4.12). However, X -component of M*
is entrywise less than or equal to X defined in (4.24). Therefore, by increasing the
w-component of M* freely, (4.12) can also be satisfied. This leads us to matriz M,

only different entry of which from M* is its w-component.

Theorem 7 clearly shows how weak outer approximations perform for the 0-1
knapsack problem. At level r = 3n + 2, corresponding LP problem arising from the
outer approximations will have O((2n + 2)3"**) variables, but it still gives the same
upper bound as that of the LP relaxation of (KP). Therefore, we do not recommend
using outer approximations for the 0-1 knapsack problem.

Unfortunately, we cannot extend the results established for outer polyhedral ap-
proximations in Theorem 7 and the following theorems to (MBP) problem in Chap-
ter 3. The main reason for that is that the construction procedure that we ex-
plained in the previous section exploits the special structure of the extreme points of
Feas(Rel(KP)) described in Lemma 7. Recall that those extreme points can have at
most one fractional points. Moreover, when one constructs a matrix M & Feas(Out)f
(or M € Feas(Out)!) whose z-component is equal to &, observe that f-component, of
M will always be equal to 0. Not having to deal with # makes our job easier.

As for (MBP), extreme points of Feas(MBP) can have more one than fractional
values and slack variables # can also have positive and fractional values. Therefore,

our construction method does not work for (MBP) and we cannot extend our results
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given in this chapter to this more general problem class in Chapter 3.
In the following theorem, we show that the result in Theorem 7 can be strength-

ened for the special case of n = 2.

Theorem 8. Consider an instance of (KP). Supposen = 2. F! = F? = Feas(Rel(KP))
forallr =0,1,...,14. As a result ul = u®> = urp, for allr =0,1,...,14.

Proof. Pick an arbitrary & € £(Feas(Rel(KP))). If 2 € Conv(Feas(KP)), then & € F},
follows trivially. Therefore, suppose & € £~, where £~ is defined in (4.22). Then Z is
of the form (4.2). Let z € R?*"*2 be partitioned as in (4.25). Let i := 2n+2 = 6. To
construct M € Feas(Out)f such that z-component of M is equal to Z, we will use the

following vectors, which all belong to ©(7, 14):
" = [[6] stersyr @7 | @eby7 st o],
7 = [6] s @4 @7 s o]
&7 = [ 6] 1057 @47 | 07 1070 ],
()" = 6 | (0%)T 10 (0n*-1)T ‘ (0" ‘ 0 ] ,
@ =[o| e+ [0 ]0], i=1..n

()" = o] (7

(r+ 2 0], i=1...n,

D" =10 @O \ (o™ \ r42 ] :
where k is defined as in (4.3) depending on Z, e* € R” is the vector of all ones and
e; € R™ is the " unit vector. Note that since n = 2 and k is defined as in (4.3), the

only value k can take is equal to 1.

Similar to the proof of Theorem 7, let f(z) := zzT — Diag(z). Let

o Tk gy L= Tk o0 Tk 4
M = =0 f(z )+Tf(z ) + 150 (f(23)+f(2 ))

Note that My; = 1 and the (z, s)-component of M is exactly equal to (&, e — ). Due
to constraints (4.15) and (4.16), it requires that X; = &; Sy = 1 — 24, i = 1,...,n.
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Note that if we look at R-component of M, R; = 0, i = 1,...,n. Therefore, by
setting X;; = 2; and S;; = 1 — &;, ¢ = 1,...,n, constraints (4.15) and (4.16) will
be satisfied. For this purpose, vectors z? and 2, images of which in f affect only

diagonal elements, will be used, 1 =1,...,n.

Let

x_ 0 Thi1
o =gt (S04 3 60)

i=k+1
Note that only different elements of M* from M are its diagonals. Since M* is
constructed by the nonnegative combinations of the images of vectors z € O(n, 14) in
f, M* € O, Observe that M* satisfies all constraints except (4.12). Observe that

for X-component of M*, X < X holds, where X is defined as in (4.24). Therefore,

considering (X, v, w)-component of M*, let us define
n = a'Xa+2d"v+w=a"Xa<a"Xa <’

If n = b%, then M* already satisfies all constraints and we are done. Otherwise, we
will create matrix M, only different entry of which from M* will be its last diagonal
element, which will be equal to b*> — 7. M can be defined as follows:
v —n
M:=M+ ——" ().
(r+1)(r+ Q)f( )
Observe that M satisfies all the constraints of (Out)?, and therefore M € Feas(Out)?,
Since, z-component of M is exactly equal to &, & € FZ, which implies that FZ =

Feas(Rel(KP)), when n = 2. By Lemma 4 and (4.20), F)! = F? = Feas(Rel(KP)) for

all 7 =0,1,...,14 and as a result, u! = u? = uzp, for all r =0,1,...,14. O

Remark 8. We want to give an insight into the matrices constructed in the proof of
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Theorem 8. Since k=1 and n = 2,

1 1 @1 0 (L—app) O
1 2+€k+1 ffg# 0 5_5§k+1 0
o | B H @m0 00
0 0 0 0 0 0
(1-dp) S 0 0 Ha
0 0 0 0 0 0
and
1 1 Trrr 0 1—2p41 O
T 5—5&

1 1 g X2

ye_ | T B e 000

0 0 0o 0 0 0

=g 22 0 0 1=y O

0 0 0o 0 0 0

Observe that M* satisfies all constraints except (4.12). However, X -component of M*
is entrywise less than or equal to X defined in (4.24). Therefore, by increasing the
w-component of M* freely, (4.12) can also be satisfied. This leads us to matriz M,

only different entry of which from M* is its w-component.

Note that in Theorem 7 and 8, X-component of the constructed feasible matrix
was entrywise less than the threshold matrix X . If we relax that restriction, we can be
no more sure that (4.12) is satisfied. However, depending on the problem parameters
we can achieve to get a sufficient condition, under which (4.12) is still satisfied. This
sufficient condition, if satisfied, helps us improve our results even further. Note that
we will still use the same classic construction technique with only one difference. This
time X-component of the constructed matrix is not necessarily entrywise less than

X.
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Given an instance of (KP), let & € £, where £~ is defined in (4.22). Then, z has
exactly one fractional element, and w.l.0.g., we can put it into the form (4.2). Below,

depending on z, we define 7(Z) that lies in the center of our sufficient condition:

(865 E 5

=1 i=1 =1
—1

k k ’
(b — Z ai) (Z a; + Ag+1 — b)
=1 =1

where £ is defined as in (4.3) depending on Z of the form (4.2). First, we give the

(4.26)

T(Z) =

following lemma regarding 7(z).

Lemma 10. Given an instance of (KP), let & € £~. Let 7(Z) be defined as in (4.26).
Then, 7(z) > 1.

Proof. T(&) in (4.26) can be rewritten as

() (-2) S

>0 i=1 j=i+1

* -1
k k % p
(b—;ai) ;ai_’_&t,o;é (b—;%) <;ai—|—ak+l_b>
N ~- B

Observe that first term of the summation is greater than or equal to 2, and second

term is nonnegative. Therefore, we conclude that 7(z) > 1. O

For an instance of (KP), let © be the set of all optimal solutions of Rel(KP).
Suppose z is of the form (4.2) for all 2 € Q as Rel(KP) and all outer approximations
would be exact otherwise. Since all optimal solutions are of the form (4.2) with

exactly one fractional value, observe that Q@ C £, where £~ is defined in (4.22). Let

Gmin = (n+ 1) min{|7(x)] ;2 €&} -1 (4.27)
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and

Gmaz = (n+ 1) max{|7(x)] : z € Q} — 1, (4.28)

where 7(z) is defined as in (4.26). Observe that ¢pin < Gmas, since Q C E.

In the next theorem, we show that depending on the problem parameters a € R"
and b € R, the results in Theorems 7 and 8 can even be extended further for specific
instances of (KP). Combining the results in Theorems 7 and 8, following will be the

last theorem of this section.

Theorem 9. Given an instance of (KP), let Q be the set of all optimal solutions of
Rel(KP). Suppose x has one fractional value for all x € Q. Let ¢pin and ¢pas be
defined as in (4.27) and (4.28), respectively. Let

max{Pmin, 14}, ifn =2
V1 =
max{ @min, 3n + 2}, otherwise
and
max{dmaz, 14}, ifn =2
VQ =

max{@maz, 30 + 2}, otherwise

Then, F! = F? = Feas(Rel(KP)) for all r = 0,1,...,Vy. Furthermore, u} = u? =

urp, for allr=20,1,...,V,.

Proof. Let us pick an arbitrary & € £, where £~ is defined in (4.22). Then, z is of
the form (4.2) with one fractional value. Let p := |7(&)], where 7(Z) is defined in
(4.26). Let 7 := (n+ 1)p — 1. We will show that # € F2. To achieve that, we will
construct a matrix M € Feas(Out)f,, whose z-component is equal to 2. Let z € R?*+2

be partitioned as in (4.25). Let 7 := 2n + 2. To construct M € Feas(Out)i, we will
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use the following vectors, which all belong to ©(n, 7):

7= | o 1) [ ples)T @7 | 0T plen 1y o ]
= [ e+ e @47 [ 7 pe T o],
=] o| 42|07 o], i=1.n,
(#)T::o T‘ r+2)(e:) \o} i=1,...,n,

) =10 T‘ ‘T—i—Q],

where k is defined as in (4.3) depending on Z, e* € R” is the vector of all ones and
e; € R™ is the ¢*" unit vector.

Let f(z) := 22" — Diag(z). Let

it = L ) 4 T )
Note that M;; = 1 and the (z,s)-component of M is exactly equal to (Z,e — Z).
Due to constraints (4.15) and (4.16), X;; = 2;, Siy = 1 — 2, ¢ = 1,...,n should be
satisfied. Note that if we look at the R-component of ]\7[, R;=0,7i=1,...,n. Hence,
by setting X;; = &; and S;; = 1 —2;, 4 = 1,...,n, constraints (4.15) and (4.16) will be

satisfied. To achieve that, vectors 2? and z}, images of which in f affect only diagonal

elements, will be used, i =1,...,n.
Let
. 2 n n
(p+1)(r+2)(r+1) (; (=) ;( (=)

Only different elements of M* from M are its diagonals. Since M* is constructed
by the nonnegative combinations of the images of vectors z € ©(n,7) in f, M* €
O". Observe that M* satisfies all constraints except (4.5). Considering (X, v,w)-

component of M*, let us define

n:=a'Xa+2a"v+w=a"Xa.
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Observe that if n < b?, then we can increase w-component of M* as much as we want
while still satisfying all other constraints. Therefore, if n < b? holds, then (4.5) can be
satisfied by setting w-component of M* equal to b — 7. By the following equivalent
inequalities, we show that n < b? indeed holds:

(£0) (- 50) o5 5 e

i=1 i=1 j=i+1

k P —1=7(2) 2 [7(&)] =p,
(b Z az> (Z a; + ag4+1 — b)
i=1 i=1

k-1 k
2 .
ﬁ Z a;ayj -+ Ak+1Tk+1 az) > b Z al> (Z a; + Ak+1 — b)
p 1=1 j=i+1 =1
9 k-1 k k k
] Z a;a; + Qg1 Th41 Z a,) ) (Z a; + apr1 — b) >0
p i=1 j=i+1 i=1 i=1
k
5 k-1 k k b—Zaz b—>a
A~ =1
— ;0 + Q41 Tk a; — a1’ 1-——— >0
p+1 | j:zi;q o ; ' g Gl+1
k
Z a;aj + ak+1$k+1 (Z az> (ak+1) $k+1(1 — Zg41) =0,
=1 j=i+1 =1
aT (m?T —X) a >0,

a’ (ii"T) a—i{(_@ > 0.
T 7

We showed that n < b? holds. If n = b%, then M* already satisfies all constraints and we
are done. Otherwise, we will create matrix M, only different entry of which from M* will
be its last diagonal element, which will be equal to b?> — 7. M can be defined as follows:

b2 —
M= M* + mﬂz%.

Observe that M satisfies all the constraints of (Out) and therefore M € Feas(Out) Since
x-component of M is exactly equal to &, 2 € F2. Assertions in Theorem 9 follow from the

definition of ¢yin and @mae, and by combining the results in Theorem 7 and Theorem 8.

]

)
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Remark 9. We will give an insight into the matrices constructed in the proof of

Theorem 9. For instance, in case k =2 and n =5,

1 1 1 i1 0000  (1—dpgq) 1 10
—1 N p(1—2g4 1)
1 br1 P prrr1 0000 TS Ay 1 0
—1 N p(1—2p 1)
! 74T PP e 0000 TR B w1 0
Th41 ﬁfﬁkﬂ ﬁfcku %ikﬂ 0000 0 #i‘kﬂ ﬁiﬁkﬂ 0
~ 0 0 0 0 0000 0 0 0 0
M = 0 0 0 0 0000 0 0 0 0
0 ( ) »( ) 0 0028 (p—1)( > ) p( 2 ) p( 2 ) 0
. D 1*5”k+1 D lffck_'_l p—1 1*5%4,-1 p 1—§:k+1 P 1f§7k+1
(A=&k+1) =51 P+l 0 000 FES pFL i 0
_p_ . P s PA—%k41) p=1 _p_
L P+ Pl pri2k+1 0000 pHI P+ pr1 0
p P P4 PA—2g 1) p p—1
1 FEs) PFT pridk+1 0000 == Pl 1 0
L 0 0 0 0000 0 0 0 0
and
-1 1 1 Fhir 0000 (1—Zpi1) 1 1 07
P(1—2p 1)
! L P e 0000 TR gy w0
P P 4 pA=%k41)  _p_ _p_
P+ ! pridi+1 0000 == P+l ==
Tr41 ﬁikﬂ ﬁ-’ikJrl Zxkr1 0000 0 ﬁi“kﬂ ﬁikﬂ 0
0 0 0 0 0000 0 0 0 0
* p—
M" = 0 0 0 0 0000 0 0 0 0
0 ( 0 - 0 ) 0 0000 0 ( - 0 ) 0
- P(A—Zp 1) PA—Fp4q s pP(A—-2p4q) P(l—dp g
(1=p1) Tt 2k 0 0000 &4 ok —hEL o
N p(1—&p 1)
! o P peree1 0000 T w1 0
2 P P4 PA-2g41) P
! Pl pr1 priokt1 0000 === o L0
= 0 0 0 0 0000 0 0 0 0-

Observe that M* satisfies all constraints except (4.12). Also, this time X -component
of M* is not necessarily less than or equal to X defined in (4.24).
Considering (X,v,w)-component of M*, we want a* Xa+2a” v + w =a’Xa

~
=0 =0
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to be less than or equal to b*. Hence,

V¥ —a'Xa = o' (22)a—a" Xa
= a" (32" - X)a
k k k-1 k
2 ((Zal> <b—2al> "—Z Z aiaj)
1 i=1 i=1

— = i=1 j=i+1
= - —1]-1

P k k
(b —= Z CLZ'> <Z a; + A1 — b)
i=1 =1

=7(2)

7(%)

=

This is exactly where T(Z) comes out. In Lemma 10, we already proved T(z) > 1.
Therefore, by setting p = |7(2)], ¥* —a” Xa = 7(2)/p — 1 > 0 is satisfied.
Finally, by increasing the w-component of M* freely, (4.12) can be satisfied. This

leads us to matriz M, only different entry of which from M* is its w-component.

We already know ¢ < @mae holds. For n = 2, there are (KP) instances, for

which one of the following cases holds:

(1) Pmin < Prmax < 14
(i) Pmin < 14 < Gpmaz

(111) 14 < ¢mm S ¢max

Clearly, given a (KP) instance, where n = 2, Theorem 9 does not extend the results
of Theorem 8 if (i) holds. On the other hand if (ii) or (iii) holds, then it will extend
the results of Theorem 8. Note that for each of these three cases, it is possible to
construct a (KP) instance that satisfies them. Similarly, for n > 2 there are (KP)

instances, for which one of the following cases holds:
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(11) ¢m1n S 377' + 2 < ¢mar

(111) 3n + 2< ¢mzn S ¢ma$

Given a (KP) instance, where n > 2, Theorem 9 does not extend the results of
Theorem 7 if (i) holds. On the other hand if (ii) or (iii) holds, then it will extend the
results of Theorem 7. In the following examples, for n > 2, we give three different
instances of (KP) that satisfy each case one by one. We will not give examples for
the case n = 2, since they are easier to construct once the instances for n > 2 are

constructed.

Example 14. Consider the following instance of (KP):
c= [1 3 2] g
a = [6 2 1} and b=T1.

Accordingly, €~ = {(1,1/2,0),(2/3,1,1)}, where £~ defined as in (4.22) and Q2 =
{(2/3,1,1)}. If we calculate Gpmin and Gmaq, both will be equal to 7. Therefore (i)

holds, since
gbmin :gbmax =7<3n+2=11.

Theorem 7 states that F} = F? = Feas(Rel(KP)) and u! = u? = urp for r =

1,...,11. In this case, Theorem 9 does not extend these results.
Example 15. Consider the following instance of (KP):
c=[15 3 2|,
a = [6 2 1} and b=T1.

Accordingly, £~ = {(1,1/2,0),(2/3,1,1)}, where £~ defined as in (4.22) and 2 =
{(1,1,1/2)}. Ifwe calculate ¢min and G, they will be equal to 7 and 19, respectively.
Therefore (ii) holds, since

GOmin =T < 3n+2 =11 < Gpax = 19.
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Theorem 7 states that F! = F? = Feas(Rel(KP)) and u! = u? = upp for r =

1,...,11. In this case, Theorem 9 does not strengthen the result on F', i = 1,2, but

it strengthens the result onu®, i = 1,2 and states that u! = u?> = upp forr=1,...,19.
Example 16. Consider the following instance of (KP):

62[1 J, 1]7
a:[l 3 4} and b=T.

Accordingly, €~ = {(1,1,3/4),(1,2/3,1)}, where £~ defined as in (4.22) and 2 =
{(1,1,3/4)}. If we calculate ¢pmin and Gmaz, both will be equal to 35. Therefore (iii)

holds, since
n+2=11< ¢min = ¢max = 35.

Theorem 7 states that F} = F? = Feas(Rel(KP)) and u! = u? = upp for r =
1,...,11. In this case, Theorem 9 strengthens the results on both F' and u®, i = 1,2

and states that F! = F?Feas(Rel(KP)) and u! = u? =urp forr=1,...,35.

After obtaining these results and realizing that outer polyhedral approximations
perform poorly for the 0-1 knapsack problem, from a different perspective, we ask the
following question: At each level r, does there exist an instance such that v < upp
and u! = u? = urp? In the following proposition, by exploiting the definition of 7(x)
in (4.26), we show that no matter how high the level r is, at each level r € N, there
exists an instance such that v < upp and u’, i = 1,2, still remain equal to uzp until

at least that level r.

Proposition 9. At each level r*, there exists an instance such that for that instance

v <upp holds and u} = u? =urp forallr =1... r"
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Proof. At level r*, consider the following:

b=r"+2 (4.29)

k
Zai:r*—i—l and  apy1 =2 (4.30)
i=1
c>ap, i=1,....k, 1 =2 and ¢ =0, i=k+1,...,n. (4.31)

Construct a (KP) instance such that (4.29), (4.30) and (4.31) are satisfied. Observe

that such an instance can always be constructed. Then,

k k
V:ZCi<uLP:1+ZCi'
i=1 i=1

Let z* be an optimal solution of Rel(KP). Observe that 7(z*) > 2r* 4+ 1 and thus
Gmaz = 2nr* > r* where 7(z*) and ¢4, is defined as in (4.26) and (4.28), respec-

tively. By Theorem 9, this implies u! = u? = {yp for all r = 1,... 7" O]

We can interpret this result as follows: No matter how much we increase the level
r € N, there are still some (KP) instances such that upper bounds given by the outer
polyhedral approximations do not improve and remains equal to uyp. Therefore,
this result is also important in terms of showing the weakness of outer polyhedral
approximations from a different viewpoint.

In the following section we will continue with the doubly nonnegative relaxation
of the 0-1 knapsack problem. Results that we established in the next section indi-
cate that upper bounds given by the doubly nonnegative relaxation are much more

promising than those given by outer polyhedral approximations.

4.4 Doubly Nonnegative Relaxations

In this section, we establish our results based on the doubly nonnegative relaxations
of the both completely positive formulations of the 0-1 knapsack problem. If (DN)
defined in (3.47) is restated for the first copositive formulation of the 0-1 knapsack
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problem, then

DON)' uby = max Tz
st.  alz4+0=0b,
a'Xa+2a"v +w = b,
z,i+s;, =1, 21=1,...,n
Xi+2R; +S; =1, i=1,...,n,

IL’Z':X“‘, izl,...,n

-1 x s 9-

z X R v
M = )

s RT S

_0 ol YT w |
M € DN,

Similarly, doubly nonnegative relaxation of (KP-CP)? is given by

(DN)? udy = max lx

s.t. alz+60 =0,
o’ Xa+2a"v+ w = b,
z,+s;, =1, 2=1,...,n
R;=0, i=1,...,n,

Xii:xi7 izl,...,n

Si=s8;, 1=1,...,n
1 =z s 0
zr X R w
M = ,
s RT §
_9 ol yT w
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Note that (DN)? constitutes a tighter outer approximation than (DN)', i.e.,
Feas(DN)? C Feas(DN)', 7€ N. (4.32)

We rewrite Fpy given in (3.48) for the above doubly nonnegative relaxations of knap-

sack as follows:

( B T )
1 = s 0
' r X R w ,
Finy =4 (2,5,0) e R" xR" x R: € Feas(DN) », i=1,2,
s R S y
\ _0 vl oyt w] )

which again can be reduced to

( B . )
1 =z s 0
A r X R v \
Foy =<z eR": € Feas(DN) », i=1,2
s RT S
T T
\ _9 vty w] )

since once x € R™ is known, the values of s and § will be determined by it. Note that
the objective function of (DN)’, i = 1,2 is only dependent on z. Therefore, (DN)’ is

equivalent to the following problem:

uhy =max{c’z:x € Fpy}, i=1,2. (4.33)
It follows trivially by (4.32) that

F?2y CFhy and  uhy < upy- (4.34)

By Lemma 2, we know that Fpy C Feas(Rel(KP)). From this and (4.34), u%y <
uhy < upp follows directly. By using Corollary 2 in Chapter 3, in the next proposition

we show that F%y, i = 1,2, does not contain any of the elements in £.

Proposition 10. Given an instance of (KP), Fpy NE™ =0 for i = 1,2, where £
is defined as in (4.22).
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Proof. We will show that Fj,y N €~ = 0. Then, FiyNE™ = 0 will follow since
F3y C Fpy. Let us pick an arbitrary & € €. Then & is of the form (4.2) with
exactly one fractional value. We will show that case (i) in Corollary 2 holds for
(DN)'. Put (KP) in the form of (MBP), or equivalently, consider (KP,,,). Note
that B = {1,...,n} and w.l.o.g. we can think of (fc,é‘,é) as &1 = ... = Iy = 1,
Tpy1=...=2Tp1=0,0<2,<1,§=e—1and 6 = 0. Since (KPgyy) will have n+1
equality constraints, let v;, i =1,...,n + 1 and w be defined as in (3.52) and (3.53),
respectively. Observe that w = (&,,3,0) € R™2 and v; = (a,,0", 1) € R"2. We
will show that v; satisfies case (i) in Corollary 2. First, observe that (v1), = a, > 0,
since &, = (b—Y_i_, a;) /a,. Since (vi);(vi); 2 O forall 1 < j <1 <n+2 we
only need to show that (v;);(v;), = 0 if wjw; > 0. Observe that since 0 = 0 and
(v1)y = ... = (v1),,; = 0, this requirement is satisfied. Therefore, by Corollary 2
& ¢ F}y, which implies F},y NE~ = (). Therefore, we conclude that Fjy NE™ =)
fori=1,2. O]

Proposition 10 implies that if £~ is nonempty, the inclusion relationship between
Feas(Rel(KP)) and F}, not only holds strictly, i.e., F C Feas(Rel(KP)), but also
no extreme point of Feas(Rel(KP)) that are not in Conv(Feas(KP)) is contained in
F% .t =1,2. This leads to the following corollary.

Corollary 7. If Rel(KP) has a non-integer unique optimal solution, then u%y <

1

Proof. Let x* be the non-integer unique optimal solution of Rel(KP). Then, 2* € £,
where £~ is defined as in (4.22). Clearly, by Proposition 10, for all z € F¥, cl'z <

c’'x* = upp, which implies together with (4.34) that u%y < uhy < urp. O

Corollary 7 clearly shows that if Rel(KP) has a unique optimal solution and it is
in £7, then both doubly nonnegative relaxations of knapsack give a strictly tighter

bound than Rel(KP). On the other hand, if £~ includes multiple optimal solutions
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of Rel(KP), say ', 22, ..., 2% where K is finite, then this may not be the case.

Proposition 10 implies none of the points z',..., 2%

are included in Fpy. However,
it does not tell anything about convex hull of those solutions and F}, i = 1,2, might
still include a convex combination of them. The following example illustrates that we

indeed need the uniqueness assumption in Corollary 7.

Example 17. Consider the following instance of (KP).

12 4 6 ¢,
[8 4 6 6} and b=17,

Cc

a

where v = 18 with the optimal solution (x*)T = [1 0 1 ()] and upp = 21. Following
optimal solutions of Rel(KP) are included by £~ :

=111 5/6 0],

=111 0 5/6,

=110 1 1/2,

(
(
(@ =1 34 1 0|,
(
( = :1 0 1/2 1
(%" = [1 3/4 0 1].

If we solve (DN)2 for this instance, u%y = 21 with the optimal solution

1 1 0.6362 0.538 0.5379 0 0.3638 0.462 0.4621 O

1 1 0.6362 0.538 0.5379 0 0.3638 0.462 0.4621 O

0.6362 0.6362 0.6362 0.2651 0.2651 0 0 0.3711 0.3711 0O

0.538 0.538 0.2651 0.538 0.0922 0 0.2728 0.0000 0.4457 O

M ~ 0.5379 0.5379 0.2651 0.0922 0.5379 0 0.2728 0.4457 0 0
0 0 0 0 0 0 0 0 0 0

0.3638 0.3638 0 0.2728 0.2728 0 0.3638 0.0909 0.091 O

0.462 0.462 0.3711 0 0.4457 0 0.0909 0.462 0.0164 0

0.4621 0.4621 0.3711 0.4457 0 0 0.091 0.0164 0.4621 0

0 0 0 0 0 0 0 0 0 0
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Let x be the x-component of M*, i.e., x' = |1 0.6362 0.538 0.5379 ] Observe
that although v < upp, u%yx = urp still holds. By Proposition 10, %, i = 1,...,6 are
not included by Fpy. However, observe that x can be written as convex combination

of #,i=1,...,6, such that x = 3.0_ \x’, where
PRI [0 0 0.4621 0 0.1517 0.3862] .

This also explains the reason why u3,y = urp. Needless to say that M* is also an

optimal solution for (DN)1 and uhy = uby = Urp.

This example shows that the uniqueness assumption in Corollary 7 cannot be

relaxed in general.

4.5 Conclusion

We investigated the outer polyhedral approximations defined in Chapter 2 and doubly
nonnegative relaxation of the 0-1 knapsack problem. We compared the upper bounds
given by these approximations to the upper bound given by the LP relaxation of the
knapsack. We showed that upper bounds given by outer polyhedral approximations
of the completely positive formulation of the 0-1 knapsack problem is equal to the
optimal value of its LP relaxation until at least a certain level of r, that is r =
3n+2. At this level, LP problem arising from these outer approximations has already
exponentially many variables. For that reason, we conclude that outer polyhedral
approximations perform poorly for the 0-1 knapsack problem and thus we do not
recommend using them as an approximation framework for the knapsack problem.
By establishing a sufficient condition, we also showed that depending on the in-
stance, the equality between the upper bounds given by outer approximations and
LP relaxation of the knapsack can persist in even at higher levels than 3n + 2. In
case of that sufficient condition, we also gave a closed formula about how much this

level, which is higher than 3n + 2, can rise. For the doubly nonnegative relaxations,
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we showed that they give strictly better bounds than the LP relaxation of knapsack
if it has a non-integer unique optimal solution. We also gave an example illustrating

that the uniqueness assumption cannot be relaxed in general.



Chapter 5

DOUBLY NONNEGATIVE RELAXATIONS OF
STANDARD QUADRATIC PROGRAMS

5.1 Introduction

A standard quadratic optimization problem (StQP) involves minimizing a (noncon-
vex) quadratic form (i.e., a homogeneous quadratic function) over the unit simplex.

It can be formulated as follows:
(StQP) v(Q) =min{z"Qz:z € A, },

where ) € 8™ and §™ denotes the space of n x n real symmetric matrices. Here, A,

is the unit simplex in n-dimensional Euclidian space R",
A,={zeR":efz=1, >0} (5.1)

and e € R™ is the vector of all ones. We denote the set of optimal solutions of (StQP)
by

Q) ={zr €A, :2"Qr =v(Q)}, (5.2)
and for x € A,,, support set is given by,
P(x):={je{l,...,n}:x; >0} (5.3)

The standart quadratic optimization problem was introduced by Bomze [7], who also
described several properties of the problem. It has many application areas such as

portfolio optimization [61], population genetics [49], evolutionary game theory [8] and
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maximum (weighted) clique problem [32, 68]. (StQP) can be polynomially solvable,
when the instance matrix ) € 8™ is positive or negative semidefinite. However, since
(StQP) contains maximum (weighted) clique problem as its special case, the problem

is NP-hard, in general.

In this paper, we are interested in the doubly nonnegative relaxation of (StQP),
which can be solvable in polynomial-time and will be referred to as (DN). We say
that a matrix @ € 8" is (DN) ezact if it admits an exact (DN). Due to the NP-
hardness of (StQP), characterization of (DN) exact matrices plays an important role
in extending the polynomial-time solvable cases. Note that by Diananda’s result
[23], for all @ € 8™, where n < 4, exactness of (DN) is already a well-known fact.
Therefore, our main purpose is to shed light on the instances of (StQP) that admit
exact (DN) for n > 5.

This paper is organized as follows: in Section 5.2, we first define a set of convex
cones and establish their common. We then present the copositive formulation and the
doubly nonnegative (DNN) relaxation of (StQP). Next we establish local and global
optimality conditions of (StQP). In section 5.3, we give a complete characterizations
for the set of (StQP) instances with an exact DNN relaxation. Section 5.4 is devoted
to identification of several families of instances with an exact DNN relaxation, all of
which admit a polynomial time membership oracle. We investigate the relationship
between the set of (DN) exact matrices and its subsets in Section 5.5. Finally, we

conclude the chapter by summarizing our results in Section 5.6



Chapter 5: Doubly Nonnegative Relaxations of Standard Quadratic Programs 123

5.2 Preliminaries

5.2.1 Convex Cones

We define the following cones in S™:

N = {MeS":M;>0, i=1,....n; j=1,...,n}, (5.4)
PSD = {M eS8 :u"Mu>0, YueR"}, (5.5)
COP = {MeS" :u"Mu>0, VueR!}, (5.6)

CP = {M eS": M= Zbk(bk)T, for some b* € RY, k= 1,...,r},(5.7)
k=1

DN = PSDNN, (5.8)
SPN = {Me&S8":M=M, + M,, forsomeM; € PSD, My e N}. (5.9)

Each of these cones is closed, convex, full-dimensional, and pointed and the fol-

lowing set of inclusion relations is satisfied:
N
CP C DN C C SPN CCOP. (5.10)
PSD

We have CP = DN and SPN = COP if and only if n < 4 [23]. For n > 5, check-
ing membership is NP-hard for both CP [25] and COP [69]. Each of the remaining
four cones is tractable in the sense that they admit polynomial-time membership

oracles.

Lemma 11. Let K™ € {CP, DN, N,PSD,SPN,COP}. Then, the following rela-

tions are satisfied:

(Z) [fA < ’Cn, then Ag, > 0, k= 1,...,n.
(ii) A € K" if and only if PYAP € K", where P € R™™" is a permutation matriz.

(1)) A € K" if and only if DAD € K", where D € 8" is a diagonal matriz with

positive diagonal entries.
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(i) If A € K", then every principal v X r submatriz of A isin K", r=1,...,n.
(v) If A€ K" and B € K™, then

A 0
A®B= e K, (5.11)
0 B

In particular, B =0 can be chosen.

5.2.2  Copositive Formulation and DNN Relazation

For any U € R™*™ and V € R™*", we define the inner product as the trace inner
product given by
i=1 j=1
(StQP) can be formulated as a copositive program [11], i.e., a linear optimization

problem over an affine subset of the convex cone of completely positive matrices:
(CP) v(Q)=min{(Q,X):(E,X)=1, X €CP},

where X € 8" and E = ee’ € 8" is the matrix of all ones.
By (5.10), we can replace the difficult conic constraint X € CP by X € DN and

obtain a relaxation of (CP), or, equivalently, a relaxation of (StQP):
(DN) #(Q) =min{(Q.X): (B,X) =1, X € DN},

(DN) is referred to as the doubly nonnegative relazation of (StQP). It is well-known
that (DN) satisfies the Slater’s condition, which implies that strong duality is satisfied,

where the dual formulation is given by
(DN-D) 4(Q)=max{y:yE+S=Q, SecSPN},

where y € R and S € §™. Furthermore, optimal solutions are attained in both (DN)
and (DN-D).
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For all Q € 8™, we have

Q) <v(Q), (5.12)

since CP C DN. For n < 4, we have £(Q) = v(Q) by Diananda’s result. For n > 5, we
are interested in the characterization of instances of (StQP) for which ¢(Q) = v(Q).
The following lemma presents a simple shift invariance property that will be useful

throughout the remainder of the paper.
Lemma 12. For any Q € 8" and any A € R,

V(Q+AE) = v(Q)+ A (5.13)
UQ+AE) = 6Q)+ A\ (5.14)

Furthermore, Q(Q) = Q(Q + \E).

Proof. The relations (5.13) and (5.14) immediately follow from the formulations (CP)
and (DN) since (Q + AE, X) = (Q, X) + M(E, X) = (Q, X) + X for any X € S such
that (£, X) = 1. The last assertion directly follows from the observation that

27(Q+AE)x = 27 Qu + o' Ex = 27 Qx + )

for any A € R and =z € A,,. [

5.2.3  Local Optimality Conditions

In this section, we review the local optimality conditions of (StQP). First, given

x € A, let us define the following index sets:

P(x) = {je{l,...,n}:2; >0}, (5.15)

Z(x) = {je{l,...,n}:2; =0}. (5.16)
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Given an instance of (StQP), x € R” is a local minimizer if and only if there exists

s € R™ such that the following conditions are satisfied (see, e.g., [60, 43]):

Qr — (xTQx) e—s = 0, (5.17)
e = 1, (5.18)

r € RY, (5.19)

s € RY, (5.20)

Tl 0, 4= 1,.. M (5.21)

d'Qd > 0, forallde D, (5.22)

where
D={deR":e'd=0, d"Qr=0, d; >0, foreachje Z(z)}, (5.23)

and Z(z) is given by (5.16). We remark that the Lagrange multiplier u € R corre-
sponding to the constraint e’z = 1 is scaled and replaced by 7 Qx in (5.17) by using
(5.18) and (5.20).

Note that D consists of all feasible directions at x that are orthogonal to the

gradient of the objective function at x. Furthermore,

D*:{dGR”:er:(), d; =0, foreacthZ(z)} QDQD*:{dGR”:erzo}.
(5.24)
Note that (5.17) — (5.21) are the KKT conditions whereas (5.22) captures the second

order optimality conditions. For an instance of (StQP), we say that x € A, isa KKT
point if there exist s € R™ such that the conditions (5.17) — (5.21) are satisfied.

5.2.4  Global Optimality Conditions

First, we note that the membership problem in COP can be cast in the form of

(StQP) since @ € COP if and only if v(Q)) > 0. The following theorem establishes
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that checking the global optimality condition in (StQP) reduces to a membership
problem in COP. We include a short proof for the sake of completeness.

Theorem 10 (Bomze, 1992). Let Q) € 8™ and let z* € A,,. Then,
2 € QQ) if and only if Q — ((z*)"Qa*) E € COP. (5.25)

Proof. Let x* € Q(Q). Consider Q' = Q — ((:E*)TQx*) E € §". Then, by Lemma 12,
v(Q)=v (Q — ((x*)TQa:*) E) =v(Q) — v(Q) = 0, which implies that Q" € COP.
Conversely, suppose that () — ((m*)TQ:c*) E € COP. Then, for any = € A, we
have 27 (Q — ((2*)7Qz*) E) z = 27Qz — (2*)"Qxz* > 0, which implies that v(Q) =
()T Qx*, ie., ¥ € QQ). O

5.3 StQP Instances with Exact DNN Relaxations

In this section, we focus on the set of instances of (StQP) which admit an exact DNN

relaxation. To that end, let us define

Q:={Qes": 1(Q) = v(Q)}. (5.26)

We will present several alternative characterizations of Q. These characterizations
will be subsequently used for identifying several sufficient conditions for membership
in Q.

First, given z € A,,, we define the following set of matrices:
S, ={QeS":ze€QQ)} = {Q eS": Q- (xTQx) E e COP} , (5.27)

i.e., §; consists of all matrices ) € S&™ for which x is an optimal solution of the
corresponding (StQP) instance. Note that the second equality in (5.27) immediately
follows from Theorem 10.

For each x € A,,, it is easy to verify that S, is a closed and convex cone in §™ and

{AE:XeR}CS,, foreachz e A,. (5.28)
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Furthermore,
U S.=s" (5.29)
€A,
Next, we focus on the characterization of the set of matrices in S, that admit an

exact DNN relaxation, i.e.,

Q,=5,N0=1{QeS :2€QQ). Q) =rQ)}. (5.30)
The following lemma presents a complete characterization of Q,.

Lemma 13. For any x € A,
Q,={QeS":Q— (2"Qz) E € SPN'}. (5.31)

Proof. We prove the relation (13) by showing that each set is a subset of the other one.
Let v € A, andlet Q € Q,. By (5.30),Q € S, and Q € Q, i.e.. /(Q) = v(Q) = 27 Qx.
Then, since optimal solutions are attained in (DN-D), there exists S* € SPN such
that v(Q)E + S* = @, which implies that Q — (27 Qz) E € SPN.

Conversely, for a given x € A,,, if ) — (a:TQx) E € SPN, then Q € S, by (5.10)
and v(Q) = z7Qx. Furthermore, let y = 27Qz and S = Q — yE. Then, (y,9) is
a feasible solution of (DN-D), which implies that £(Q) > 2TQz = v(Q) since (DN-
D) is a maximization problem. Combining this inequality with (5.12), we obtain

Q) =v(Q), ie., @ € Q. We therefore obtain @ € Q,. ]

By Lemma 13, for any z € A,, and () € 8", one can check if ) € Q, in polynomial-
time. In contrast, checking if ) € &, is, in general, NP-hard. Furthermore, a complete
characterization of the matrices in S;\Q, requires a full understanding of the set
COP\SPN. While there are some studies in lower dimensions (see, e.g., [1, 19, 38]),
the problem still remains open in higher dimensions.

Similar to S,, it is easy to verify that Q, is a closed convex cone and

{AE:XNeR}CQ,, foreachz e A,. (5.32)
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Next, for a given x € A,,, we aim to present an algebraic characterization of Q,.
To that end, we identify the following subsets which will be building blocks for the
set Q:

P, = {PePSD:2"Pz=0}={PePSD: Pr=0} (5.33)
N, = {NeN:2'Nz =0} ={NeN:N; =0, i€P(z), e P(x))5.34)

where P(x) is defined as in (5.15).
For each z € A,,, note that P, is a face of PSD and N, is a polyhedral cone in N.
Furthermore, for any w € A,,, we have w? Pw > 0 for each P € P, and w' Nw > 0

for each N € N, which implies that
NCQ.CS,, PoCQ.CS,, foreachze A, (5.35)

The next proposition presents a complete algebraic characterization of Q. by

establishing a useful relation between Q, and the sets N, and P,.
Proposition 11. For each x € A,,,
Q, =P+ N, +{AE: XeR}, (5.36)

where P, and N, are defined as in (5.33) and (5.34), respectively. Furthermore, for
any decomposition of Q € Q, given by Q = P+ N + \E, where P € P, and N € N,
we have A = 2TQz = £(Q) = v(Q).

Proof. Let x € A, and Q € Q,. Then, by Lemma 13,
Q — (xTQx)E:P+N,
where P € PSD and N € N. Therefore,

0=2"Qzr— (xTQx) (a:TEx) = 2" Py + 2" N,
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where we used 7 Ex = 1, which implies that 27 Px = 27" N2 = 0 since both terms

are nonnegative. Therefore, we obtain
Q=P+ N+ (2"Qx) E,

where P € P, and N € N,. Tt follows that Q € P, + N, + {\E : A € R}.
Conversely, since P, C Q,, and N, C Q, by (5.35), {\E: A€ R} C Q, by
(5.32), and Q, is a convex cone, it follows that P, + N, + {\E : A € R} C Q,, which
establishes (5.36).
For the last assertion, let () € Q, be decomposed as () = P + N + AE, where
P e P,and N € N,. Then, 27Qx = 27 Px+2" Nz + )\, which implies that 27 Qz = \.
Since Q € Q and Q, C S,, we obtain A = 27Qz = £(Q) = v(Q). O

We remark that Proposition 11 gives a complete algebraic characterization of Q,
for each x € A,,. In addition, it gives a recipe to construct a matrix in Q,. Indeed,
for given € A,,, one simply needs to generate two matrices P € P,, N € N,, a real
number A\, and define ) = P + N + AE. By Proposition 11, this is necessary and
sufficient to ensure that @ € Q, with v(Q) = 4(Q) = .

Note that a matrix P € P, can easily be generated by picking a matrix M &
R (=1 whose columns form a basis for z*. Then, one can define P = MRMT,
where R € PSD" . Alternatively, we next discuss that there is an even simpler
procedure to generate such a matrix P € P, which eliminates the computation of a

basis for z+. To that end, we present a technical result first.
Lemma 14. For any two vectors u € R™ and v € R"™ such that uv = 1, we have

R(I —w?’) = vt (5.37)

(I —w) (I —w') = I—-wT, (5.38)

where R(-) denotes the range space and v+ denotes the orthogonal complement of v.
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Proof. Let w € R(I — uv®). Then, there exists 2 € R™ such that w = (I —uvT)z =
z — (vT2)u. Therefore, vIw = vTz — (vT2)(vTu) = 0, which implies that w € v*.

Tw)u = w, which implies that

Conversely, if w € v*, then (I — uwv")w = w — (v
w € R(I —uv?) and establishes (5.37).

The relation (5.38) can easily be verified. O
Using Lemma 14, we can present a simpler characterization of P,.

Lemma 15. The following identity holds:
P,={PeS8":P=(I—ex")R(I—xe") for some R € PSD"}, (5.39)
where P, is given by (5.33).

Proof. Suppose that P € P,. Then, P € PSD and ' Pz = 0. Since P € PSD, there
exists a matrix L € R™ " such that P = LL". It follows that L7z = 0, which implies
that each column of L belongs to z*. Since e’z = 1, it follows from Lemma 14 that
there exists a matrix W € R" such that L = (I — ex”) W. Therefore, P = LLT =
(] — e:z:T) wwt (I — a:eT) = (] — e:z:T) R (] — xeT), where R = WW7T € PSD".
Conversely, if P = (I —ex”) R (I — ze”) for some R € PSD", then we clearly
have P € PSD and 27 Pz = 0. O

It follows from Lemma 15 that it is necessary and sufficient to generate a matrix
R € PSD" and define P = (I — ex™) R (I — ze”) to ensure that P € P,.
The following corollary is an immediate consequence of Proposition 11, (5.30), and

(5.29).

Corollary 8. The following relation is satisfied:

o= <. (5.40)

CEEAn

where Q, is given by (5.30).
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We close this section by recalling that, for each z € A,,, the membership problem
in Q, is polynomial-time solvable. On the other hand, for a given ) € 8™, checking
if Q) € Q is equivalent to checking if there exists x € A, such that Q € Q,. Since the
latter problem may not necessarily be polynomial-time solvable, we instead focus on

explicitly identifying several classes of matrices that belong to Q in the next section.

5.4 Subsets of Q

In this section, we identify several classes of matrices that belong to the set Q by

relying on the characterizations presented in Section 5.3.

5.4.1  Minimum Entry on the Diagonal

In this section, we show that any matrix () € 8™ whose minimum entry lies on the

diagonal belongs to Q. Let us denote the set of such matrices by Qy, i.e.,

O, = {Q €eS":  min Qij = Erllin Qkk} . (5.41)

i=1,...,n;5=1,....,n =1,...,n

Proposition 12. The following relation holds:

Q1 CQ, (5.42)
where Q1 and Q are given by (5.41) and (5.26), respectively.

Proof. Let Q € Q. Let us define A = min Qi; = min Qi = Qu and

i=1,...,n;5=1,....,n k=1,...,n

N = @Q — ME. Therefore, Q = 0+ N + AE. Then, it easy to verify that N € N,
where z = e, € R". By Proposition 11, Q € Q,, where Q, is given by (5.30). The
inclusion (5.42) follows. O
5.4.2 Positive Semidefinite Matrices on e+

A matrix Q € S" is said to be positive semidefinite on et if

d'Qd >0, Vd € R" such that e’'d = 0. (5.43)
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Let us accordingly define the following set:

Q,={Q eS8 :d"Qd >0, VdeR"such that e'd=0} (5.44)
Clearly, we have

PSD+ {\E: X € R} C Q,. (5.45)

For any ) € Q,, consider the corresponding (StQP) instance. It follows from (5.24)
and (5.17)—(5.22) that any KKT point is a local minimizer. Furthermore, for any it
is easy to verify that the objective function is convex over the feasible region, which
implies that any KKT point is, in fact, a global minimizer.

In this section, we aim to establish that Qs C Q. First, we present a technical

result, which would be useful to prove this inclusion.
Lemma 16. For any Q € Q,,
(I — exT) Q (I — :ceT) € PSD, for each x € A,,. (5.46)

Proof. The assertion follows directly from Lemma 14 since e’z = 1 for each x €

A, O
Proposition 13. The following relation holds:

Q, C O, (5.47)
where Qy and Q are given by (5.44) and (5.26), respectively.

Proof. Let Q € Qs and x € Q(Q). It suffices to show that @ € Q,, where Q, is given

by (5.30). By Proposition 11, we need to construct a decomposition
Q=P+ N+ (2"Qx) E,

where P € P,, N € N, and P, and N, are given by (5.33) and (5.34), respectively.
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Let us define
P = (]—exT)Q(]—xeT).
By Lemma 16, P € PSD. Therefore,
P=Q—Que" —ex"Q+ (2" Q) E,
or equivalently,
Q — (:L'TQJJ) E=P+ (QxeT + Quel — 2 (a:TQx) E) .
Let us accordingly define
N = Qze’ + Que’ — 2 (xTQx) E.
We will show that N € A,. Since z € Q(Q), z is a KKT point, i.e., there exist s € R”
such that the conditions (5.17) — (5.21) are satisfied. By (5.17),
Qr — (xTQx) e—s=0,
which implies that
Quel — (xTQx) E—sel = 0,
exTQ — (:ETQ:E) E—es” = 0.
It follows from these two equations that
N = Que' +ex’Q—2 (ITQI‘) E
= s’ + (2"Qz) E+es" + (2" Qz) E—2(2"Qx) E

= sel + es?.

Finally, note that N € A, since N € A" and 27 Nz = 0 by (5.18), (5.20), and (5.21).
It follows from Proposition 11 that ) € O,. n

Note that the proof of Proposition 13 is based on an explicit construction of the

decomposition of a matrix () € Qy given by Proposition 11.
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5.4.8  Motzkin-Strauss Family on Perfect Graphs

First, we briefly discuss the maximum weighted clique problem in undirected graphs.
Let G = (V, E) be a simple, undirected graph with V' = {1,...,n} and let w € R"} be
strictly positive, where w; denotes the weight of vertex k, k=1,...,n. Aset C CV
is a clique if all pairs of vertices in C' are connected by an edge. The weight of a
clique C' C V, denoted by w(C), is given by w(C) = ) w;. The maximum weighted
clique problem is concerned with finding a clique Witlietie maximum weight, and this
weight is denoted by w(G,w). Note that the maximum weighted clique problem is
equivalent to the maximum clique problem if all the weights are identical.

We next present a connection between the maximum weighted clique problem and

(StQP). Consider the graph G defined above. Let us define the following class of

matrices:

Bkkzl/wk, kzl,...,n,
M(G,w)={ BeS": B;; =0, (i,7) € E, : (5.48)
QBij Z Bu + Bjja otherwise

The following theorem establishes the aforementioned connection.

Theorem 11 ([32], Theorem 5). Let G = (V, E) be a simple, undirected graph with
V ={1,...,n} and let w € R be strictly positive, where wy, denotes the weight of
vertex k, k=1,...,n. Then, for any Q € M(G,w),

1

v(Q) =min{z’Qr:x c A} = oG

(5.49)

Theorem 11 is a generalization of the well-known Motzkin-Strauss Theorem that
establishes the first connection between the maximum clique problem and a particular
instance of (StQP).

We next discuss the weighted Lovasz theta number. Let G be a graph with
V(G) ={1,...,n} and let w € R"} be strictly positive, where w;, denotes the weight
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of vertex k, k =1,...,n. Let G denote the graph complement of G. The weighted

Lovasz theta number is given by
VG, w) =max{(W, X): ([, X)=1, X;;=0, (i,j) € B, X € PSD}, (5.50)
where W € S§™ is given by
Wy = Juw;, 1<i<j<n. (5.51)
The weighted Lovasz theta number satisfies w(G, w) < 9(G,w) [34, 56]. It turns
out that

w(G,w) = 9(G,w) if G is a perfect graph. (5.52)

Note that a graph is called perfect graph if neither G nor its complement contains an

induced subgraph which is an odd cycle of length at least five. In [20], it has been

proven that there exists a polynomial-time algorithm to recognize perfect graphs.
The weighted Lovasz theta number can be strengthened by replacing the constraint

X € PSD by X € DN [85]:
9(Gyw) = max (W, X): (I,X) =1, X, =0, (i,j) € E, X DN}, (5.53)

The strengthened version of the weighted Lovasz theta number satisfies the following

relations:

w(G,w) < V(G w) < IG,w). (5.54)
By (5.52) and (5.54), it follows that

w(G,w) =¥(G,w) if G is a perfect graph. (5.55)

We next establish a useful connection between the strengthened version of the
weighted Lovasz theta number and the doubly nonnegative relaxation via the matrices
that belong to M(G,w). Before that we will need the following definition and the

lemma.
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Definition 17. For a given Q € 8™ a simple undirected graph G(Q) = (V(Q), E(Q))
is called as the convexity graph of Q if the set of vertices is given by V(Q) = {1,...,n}
and the set of edges is defined as

EQ) ={(i,j) : 2Qi < Qui + Qj5, 1<i<j<n} (5.56)

Following lemma establishes the existence of an optimal solution with a special

structure in (DN) and this observation will be used in the proof of Theorem 12.
Lemma 17. There exists an optimal solution X* of (DN) such that
Xi5=0, i (i,7) ¢ G(Q).

Proof. Let X* be an optimal solution of (DN). If X* satisfies the claim, then we are
done. Otherwise, suppose X5 > 0 for some (i, j) € G(Q). If we define,

X(a) = X*+ale; —ej)(e; —e;)".
Observe that X (a) € DN if 0 < a < X}, Set a = X}5. Observe that

(Q, X(a)) =(Q, X™) + a(Qu + Qj; — 2Q45) < (Q, X™)

(. J/

<0
which implies that X («) is an optimal solution satisfying the claim. This completes

the proof. n

Theorem 12. For any Q € M(G,w),

UQ) = (5.57)

1
9(G,w)
1
Proof. First we will show that £(Q) < ——=——. Let X“™5 be an optimal solution

V(G w)
of (5.53). Since X9 ¢ PSD, XV™5 = YTY for some Y € R™", which implies

XES = (y') 'y > 0,Vi,j € V, where 3 is the i column vector of Y. Now, let

X=YY7T,
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where Y = [a1y, ..., any"] and
. S
V(G w)

We will show that X is a feasible solution for (DN).

(LX) = > Xy

1,7V (G)
A
= ) ay) Y
1,j€V(G)
T i T, j
= > W) v+ Y )y
1€V (Q) i,jg;/(G)
i#]
y__ ST ow) v+ Y V(Y)Y
ﬁ/(G,U)) ’ N—— . N——
1€V (G) T+s 1,7€V(G) o
=X3 i#£j :Xij
1 —
= —— V(G w) =1
V(G w)

Also, observe that X € DN. We showed that X is a feasible solution for (DN). Let

us calculate

(@Q,X) = Z Qi Xij
i,j€V(G)
AN i
= ) Quad(y) v+ Y. Qieicy(y)
1€V (Q) 1,j€V(G)
i#j
T i T, j N
= ) (Ww)el(y) v+ D Quuias () v+ Y Qi cuoy(y') Y
i€V (G) (i.)€E(G) =0 (LHEEG) 2
A
= > (w)aiy)'y

iEeV(G)

1 iNT i
= mZ(y)y

Tyj

i 1
Therefore, lude that £(Q) < (@, X) = —r=—-
ererore, we concluae a (Q) = <Q > 19/(G, w)



Chapter 5: Doubly Nonnegative Relaxations of Standard Quadratic Programs 139

1
Now, we will show that SO < 4(Q). Due to Lemma 17, we know that there
LW
exists an optimal solution X* of (DN) such that X} = 0 for all (z Jj) € E(G(Q)).
Since X* € PSD, X* = FTF for some F' € R™", which implies X}, = (f*) T >0,

Vi,j € V, where f? is the i column vector of F. Now, let

where F = [B1f%, ..., B,f"] and

We will show that X is a feasible solution for (5.53). Note that X;; = BiBi X} =0,
for all (4, j) € E(G), thus second constraint is already satisfied. Observe the following

equalities:

ZXM': 252

i€V (G) i€V(G)
1 1
‘e) iev(c) L
N’

Finally, observe that X € DA and thus X is a feasible solution for (5.53). If we

calculate

o VwiXgyw; = ) JwiBisi Xt

1,j€V(G) ijeV(G)
= ( E X
4,J€V(QG)
N——

=1

Hence, we have 9(G,w) Z \/EXU,/ ( 5 Combining this inequality with

1,JEV

—_

the previous one we conclude that for Q € M(G,w), £(Q) = eR™) O
W
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We are now in a position to establish the relation between the doubly nonnega-
tive relaxations of standard quadratic programs and the maximum weighted clique

problem. Consider the following set of matrices:

Q € M(G,w) for some w > 0
M = (Qed": (5.58)
and a perfect graph G = (V, E)

Q3 = M+{AE: ) eR} (5.59)
Proposition 14. The following relation holds:

Q; C Q, (5.60)
where Qs and Q are given by (5.59) and (5.26), respectively.

Proof. First we will show that M C Q. Let us pick an arbitrary ¢ € M. Since
Q € M(G,w), by Theorem 11 and 12, v(Q) = 1/w(G,w) and ¢(Q) = 1/9'(G,w),
respectively. Since G is perfect graph, it follows from (5.55) that v(Q) = ¢(Q), which
implies that @) € Q. Therefore, we conclude that M C Q.

After establishing M C Q, (5.60) follows from the shift invariance property pro-
vided in Lemma 12. O

We next present an example illustrating that the perfectness assumption on G in

M cannot be relaxed in general.

Example 18. Let

(10110
01011
R=110101
11010
01101

Observe that Q) € M(G,w) with the following graph G
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and w = e € R®. However, G is an imperfect graph since it is an odd cycle of length

five. Observe that £(Q) = 1/v/5 < v(Q) = 1/2, which implies that Q ¢ Q.

Finally we established three different subsets of Q. We want to stress the fact that

checking membership in all the sets 9;, + = 1,2, 3, can be done in polynomial-time.

5.5 Relations Between O and Its Subsets

This section is devoted entirely to constructing examples that show the relations
between Q and its subsets established in Section 5.4.

Our first example shows that Q; \ (Q2 U Q3) is nonempty.

Example 19. Let

013 2 0
1 31 3 2
Q=13 121 3|. (5.61)
23 110
023 0 1
Q € 9 since i min Qi; = Qu. By using Lemma 16, it can be easily verified

=1,...,n;5=1,...n

that Q ¢ Qo. Observe that 2Q15 = 2 < Q11 + Q22 which implies Q ¢ M(G,w) and
thus @ & Qs.

We now show that Qs \ (Q; U Q3) is nonempty in the following example.
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Example 20. Let

NN O O O O
NN O O O O

o O O O =k
o o o o ot =
o O O w o O
o O o o o O

Verify that Q € Qo by Lemma 16. QQ &€ Q; since minimum entry of @ is not on the
diagonal. Q@ & Qs since 2Q12 = 2 < Q11 + Qa2, which implies Q ¢ M(G,w).

Next example shows that Q3 \ (Qy U Q1) is nonempty.

Example 21. Let G be given by the following graph:

It can be verified by a polynomial-time algorithm that G is a perfect graph [20]. Let

also

o o o O =

= o o O = O
_ o O = O O
_ o O = O o O
- = O O O O
e = e e
e s R N N

e}
e}

Observe that Q € M C Qs with G and w = e € R”. Finally it is easily verified that
Q¢ (U Q).
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Finally, we also show in the next example that Q \ (Q; U Qs U Q3) is nonempty.

Example 22. Let

(1 10 0 0
12000
Q=10 0300
00034
00 0 4 1]

By solving (StQP) and (DN) for Q, and checking membership in Q;, i = 1,2,3, it
can be verified that @ € Q\ (91 U Q2 U Q3).

Since PSD C Q,, both Oy and Q have a nonempty interior. We now establish in

the following proposition that Q; also has a nonempty interior.
Proposition 15. int(Q;) C 8™ is nonempty.

Proof. Let () € 8™ such that ()1; = 0 all other elements of () is equal to 1. Let
N € 8" be any matrix with ||N|p := (N,N) = 1. Observe that —1 < N;; < 1, for
alli=1,...,nand j = 1,...,n. We will show that Q" = Q — eN is contained in
Q; for every N and e < 1/3. Observe that —1/3 < QY < 1/3 and 2/3 < Qf}f <4/3
for all (i,) # (1,1). Therefore, the minimum entry of QV remains its first diagonal,
which implies that QY € Q, for every N and € < 1/3. It follows that @ lies in the

interior of Q;. Therefore, we conclude that Q; has a nonempty interior. O]

Showing that interior of Q3 is nonempty can be done by a similar argument to

that in Proposition 15.
Proposition 16. int(Qz) C 8™ is nonempty.

Proof. Let Q € 8™ such that Q; = 1,7 =1... n, and all off-diagonal entries of Q) is
equal to 2. Observe that Q € M C Q3 with an edgeless graph G and w = e € R",
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since an edgeless graph is always perfect. Let N € 8™ be any matrix with ||N||p :=
(N,N) = 1. Observe that —1 < N;; <1, foralli=1,...,nand j =1,...,n. We
will show that QY = @ — €N is contained in Q; for every N and ¢ < 1/3. Observe
that 2/3 < Qf <4/3and 5/3 < Qf <7/3foralli=1...,n,j=1...,n,i+# j.
Accordingly, 2Q > Q) + Q) for alli = 1...,n, j = 1...,n, i # j. Therefore,
QN € M C Q3 with the same edgeless graph G and w; = Q;; > 0. It follows that @

lies in the interior of Q3. Therefore, we conclude that Q3 has a nonempty interior. []

5.6 Conclusion

For a given matrix @) € 8", recognizing if @ is (DN) exact is important, because one
can then solve the polynomial-time solvable DNN relaxation instead of solving the
NP-hard original problem and still gets the optimal value of the original problem.
In this study, we investigated the instances of (StQP) with an exact DNN re-
laxation. We gave a complete algebraic characterization for the set of (DN) exact
matrices (Q). By relying on the characterization of Q, we identified three subsets of
Q, all of which are convex cones with a nonempty interior and whose membership
can be checked in polynomial-time. None of the three sets is a subset of the other
two sets as we showed by examples in Section 5.5. Note that there are still elements
that are in Q and not in those subsets. Therefore, the complexity of the membership

problem in @ is still unknown.



Chapter 6

CONCLUSION AND FUTURE RESEARCH

In this chapter, we briefly summarize our results, contributions and discuss pos-
sible directions of the future research. We also present two conjectures as our open

questions.

6.1 Conclusion

In this dissertation, we investigated the quality of bounds arising from certain outer
approximations of the copositive formulations of various nonconvex optimization
problems. We provided Burer’s copositive formulation [18] which forms the basis
for this thesis. Thanks to that and the copositive formulation of Bomze et al. [11],
we studied three different nonconvex optimization problems: mixed binary integer
programs, 0-1 knapsack problem and standard quadratic programs. Note that in this
dissertation, we do not to propose an algorithmic framework for solving copositive
programs. The main aim of this thesis was to analyze the behaviour of the bounds
arising from outer approximations and our theoretical results contribute in that re-
gard.

In the introduction part, we gave a brief literature review and presented our mo-
tivation for this study. We also presented our contributions and outline of the thesis.

Chapter 2 is devoted to the copositive and completely positive optimization. We
discussed the approximation hierarchies that have been proposed in the literature for
the copositive and completely positive cones. The scope of this dissertation is also

provided in this chapter.
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In Chapter 3, we studied the outer approximations of the copositive formulations
of mixed binary integer programs (MBP). We established that the lower bounds due
to outer approximations are at least as good as that of LP relaxation. Although this
result seems promising, we achieve to establish sufficient (or necessary) conditions
indicating the weakness of outer polyhedral approximations. On the other hand, our
results on doubly nonnegative (DNN) relaxations indicate that they give better lower
bounds. We also discussed possible extensions of our results to the mixed binary

quadratic programs.

We focused on the 0-1 knapsack problem, a special case of (MBP), in Chapter
4. We study two different copositive formulations of the 0-1 knapsack problem (KP).
Since (KP) is a special case of (MBP), the results established in Chapter 3 are also
valid for (KP). Additionally, it has been proven that upper bounds obtained from
outer polyhedral approximations are exactly equal to the upper bound provided by the
LP relaxation until at least a certain level of the hierarchy. This result clearly shows
how weak outer approximations perform for the 0-1 knapsack problem. Therefore, we
do not recommend using them as an approximation framework for the 0-1 knapsack
problem. On the other hand, we established that if the LP relaxation of (KP) has
a non-integer unique solution, then the DNN relaxations give strictly better upper

bound than the LP relaxation.

Lastly, we investigated the instances of (StQP) whose DNN relaxation is exact.
We gave a complete algebraic characterization for the set of (StQP) instances with
an exact DNN relaxation (we call this set Q). Furthermore, we proposed a recipe for
constructing such instances of (StQP). We identified three different subsets of Q. It
turns out that the membership problem in each subset is polynomial-time solvable.
We also showed that each of those three subsets have a nonempty interior. However,
Q still has elements that are not in any of those subsets. The complexity of the

membership problem in @ is still unknown to us at the moment of writing.
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6.2 Future Work and Open Questions

Approximation hierarchies proposed for the copositive and completely positive cones
do not take problem structure into account. There is an approximation algorithm
proposed by Bundfuss and Dir [17] which adaptively updates itself according to
the objective function of the problem. It gives very promising results for (StQP),
however does not perform well for all problems under the general case of mixed binary
quadratic programs.

We believe more efficient approximation approaches that also exploit the problem
structure will be developed for the coposotive programs in future. We also hope this
study to contribute to the refinement of the current approximations by shedding light
into their strengths and weaknesses.

Finally, we would like to end this dissertation by sharing two conjectures that we
have yet to prove or disprove.

Both our computational and theoretical results point to the weakness of outer
polyhedral approximations and indicate that doubly nonnegative relaxations perform
better. Therefore, we have the following conjecture between outer polyhedral approx-

imations and the doubly nonnegative cone.
Conjecture 1. DN C O, for allr < n — 2, where n > 2.

If Conjecture 1 is proven, its implication will set a clear distinction between the
performance of outer polyhedral approximations (due to de Klerk and Pasechnik [22])
and the doubly nonnegative relaxations. It also clearly favors doubly nonnegative re-
laxations over outer approximations, since the resulting LP from outer approximations
grows with O(n™) at r =n — 2.

Based on the results we obtained for the 0-1 knapsack problem, we have the
following conjecture for (MBP) which claims that lower bounds arising from outer

polyhedral approximations do not improve until at least a certain hierarchy level for
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(MBP) as well. We denote these lower bounds as ¢,, r € Nand B C {1,...,n} is the
index set of variables with binary restrictions. We refer the reader to Chapter 3 for

the details.
Conjecture 2. Given an (MBP) instance, lo = {, = ... = {|p|.

If Conjecture 2 is proven, it will also be a clear indication of why outer polyhedral
approximations perform poorly for (MBP).

Copositive formulations enable us to treat many nonconvex, combinatorial and
NP-hard optimization problems from the perspective of convex optimization. A better
understanding of the intractable cones CP, COP, and their tractable approximations

provides us with opportunities to deal with these problems more efficiently.
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