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ON CODES OVER AN INFINITE FAMILY OF RING
EXTENSION OF THE BINARY FIELD

Nesibe Thifekci

Ph.D. Thesis — Mathematics
June 2016

Thesis Supervisor: Assoc. Prof. Bahattin YILDIZ

ABSTRACT

Codes over rings have recently been the center of interest amongst the re-
searchers. In this thesis, we focus on codes over an infinite family of ring extension
of the binary field. The rings of the form Fo+ulFo+- - -+uFfFy and Fot-uFs+vFy4-uvFy
are generalized to a family of rings that we call Ry ,, where Ry, is defined to be
Folu, v]/ (u*, v™, uv — vu).

The structural properties of the finite-commutative and characteristic 2 ring
Ryi.m are described. Linear codes over the ring Ry ,,, are defined and a Gray map that
is distance preserving and more importantly orthogonality-preserving from Ry, to
F5™ are found with the corresponding Lee weight. MacWilliams identities which
give a relation between weight enumerators of a code and its dual are proved for
codes over Ry, for all the relevant weight enumerators.

Many binary self-dual codes as the Gray images of self-dual codes over Ry,
are constructed by combination of methods involving circulant matrices and exten-
sion methods. Moreover, the homogeneous weight for Ry, ,,, was characterized using
theoretical properties of the ring and an associated Gray map was found. Using
this Gray map, many optimal binary codes that are divisible and self-orthogonal
quasicyclic codes were obtained.

Keywords: extremal self-dual codes, Gray maps, codes over rings, MacWilliams

identities, quadratic double circulant codes, homogeneous weight
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IKILI CISMIN HALKA GENISLEMESININ SONSUZ BIR
AILESI UZERINE TANIMLI KODLAR

Nesibe Thiifekci

Doktora Tezi — Matematik
Haziran 2016

Tez Danigmani: Dog¢. Dr. Bahattin YILDIZ

Y/

Son zamanlarda halkalar izerine tanimhi kodlar aragtirmacilar arasinda ilgi
odagr haline gelmistir. Bu tez, ikili cismin halka geniglemesinin sonsuz bir ailesi
tizerinde tamiml kodlar iizerine bir calismadir. Fo+uFy+- - -4-u*Fy ve Fot+-ulFy+vFo+
uvF, formundaki halkalar, Ry, ,,, olarak adlandirdigimz ve Fy[u, v]/ (u¥, 0™, uv — vu)
seklinde tanimladigimiz bir halka ailesine genellegtirildi.

Oncelikle, sonlu, degismeli ve karakteristigi 2 olan Rim halka ailesinin yapisal
ozellikleri belirlendi. Ayrica, bu halka ailesi tizerinde lineer kodlar tanimlandi ve
Ri.m den F5™e tamimli, uzakhigi ve daha énemlisi dikligi koruyan bir Gray egleme
uygun bir Lee agirlikla birlikte bulundu.

Bir kodun ve dualinin agirlik dagilimlarinin arasindaki iligkiyi veren MacWilliams
ozdeslikleri Ry, lizerine tanimh kodlarim tiim ilgili agirhk dagilimlar i¢in ispatlanda.

Devirsel matrisler ve genigleme metodlariyla elde edilen Ry, iizerinde tanimh
self-dual kodlarin ikili gortintiisii alinarak yeni ikili self-dual kodlar inga edildi.
Ayrica, Ry, Uzerinde tanimh kodlar i¢in homojen agirlik karakterize edildi ve iligkili
bir Gray esleme bulundu. Bu Gray esleme kullanilarak boliinebilir, kendine dik yar
devirli optimal ikili kodlar elde edildi.

Anahtar Kelimeler: ekstrem self-dual kodlar, Gray esleme, halkalar tizerine

tanimh kodlar, MacWilliams 6zdeslikleri, kuadratik 2-devirsel kodlar, homojen agirlik
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CHAPTER 1

INTRODUCTION

Coding theory, a research area that combines applications from engineering
and various branches of mathematics, is based on the problem of securely transmit-
ting data through a noisy channel. It works for efficient and accurate transfer of
information in almost all areas of communication such as compact disc recording,
telephone lines and satellite communication. The influential paper “A mathematical
theory of communication” published in 1948 (Shannon, 1948) by Claude Shannon,

points out the beginning of mathematical point of view to coding theory.

The main objective of coding theory is getting maximal detection and even
correction of errors while satisfying maximum transfer of information per unit time.
Figure 1.1 illustrates the main scheme of coding theory. Significant improvements
were observed in coding theory over the last fifty years. The focus of coding theorists
was studying error correcting codes over finite fields in early periods, till the end of
80s, especially over the binary field Fy. In 1994 (Hammons et al., 1994), Hammons et
al. solved an old problem in coding theory related to non-linear binary codes through
the ring Z4. In this work, they explained the seeming duality of the nonlinear binary
Kerdock and Preparata codes by viewing them as Gray images of dual linear codes
over the ring Z,. Since then, a great deal of interest has been given to codes over

finite rings.

’ source ‘ —>’ encoder ‘ —>’ channel ‘—)’ decoder ‘ —>’ receiver

noise

Figure 1.1 communication channel.



A great deal of interest has also been given to codes over another ring of
order 4, namely Fy + ulF5. Fy 4+ ulFy is a finite chain ring like the ring Z, but
they have different characteristics. In (Dougherty et al., 1999) a linear Gray map
was described from the ring Fy + ulFy to the binary field. Inspiring from this work
many coding theorists focused on codes over finite chain rings which have unique
forms of generating matrices. Self-dual codes over the ring Fy + ulFy were obtained
for some lengths by Karadeniz et al (Karadeniz et al., 2014b). In 2010, this ring
and its corresponding Gray map were generalized to codes over non chain and non
principal ideal ring Fy + ulFy + vIFy + uvFy with a linear Gray map by Yildiz and
Karadeniz (Yildiz and Karadeniz, 2010a) and they have focused on self-dual codes
over this ring in (Yildiz and Karadeniz, 2010b). The ring Fy + uFy + vFy + uvlFs
has recently been used quite successfully to construct many good binary self-dual
codes. Also cyclic codes and consta-cyclic codes over Fy + ulFy + vFy + uvlFy have
been studied in (Karadeniz and Yildiz, 2011), (Yildiz and Karadeniz, 2011). The
ring Fy + ulFy + vIFy + uvlFy was later generalized to what is now called “R,”, an
infinite family of rings, used to build binary codes with a rich automorphism group
in (Dougherty et al., 2011) and different types of codes over this ring were studied
in (Dougherty et al., 2012), (Karadeniz et al., 2014a), (Karadeniz and Yildiz, 2013).
This family of rings have provided an alternate method, to many existing ones, of
constructing binary self-dual codes of different automorphism groups, and in many
cases codes with new weight enumerators. The common theme in these works is the
presence of a duality and distance preserving Gray map and the intricate structure

of the ring with a high number of units that lead to large automorphism groups.

In (Wood, 1999), Wood argued that Frobenius rings are the largest class
of rings for which classical theorems of MacWilliams, the extension theorem and
MacWilliams identities, are valid. This has led to the belief among coding theo-
rists that Frobenius rings are the largest class of rings to study in coding theory.
Consequently, many different Frobenius rings were studied within that context for
different reasons and motivations, leading to many different results. Among the
oft-studied rings we can name Zj4, Z,~, Galois rings, finite chain rings, Fy + vlFy,

Fy + ulFy + vy + uvlFy, Ry, etc.

In this thesis, we introduce a generalization of rings of the form Fy + ulFy +



o« 4+ uFFy and Fy 4 ulFy + vFy + uvF, to a family of rings that we denote by Ricms
where Ry, = Falu,v]/ <uk,vm,uv — vu>. Note that Ry = Fq, the binary field;
Ro1 = Fy + ulfy; Rog = Fy + ulFy + vFy + uvFy and Ry = Fo + ulFy + - - - + u*~'F,.
We establish that this is a Frobenius, characteristic 2, family of rings that is non-
chain when k& and m are both greater than 1. We find a duality-preserving Gray
map from Ry, to F5™ and using some of the common construction methods of
self-dual codes we find many good binary self-dual codes as the Gray images of self-
dual codes over Ry, for suitable £ and m. Furthermore, we define an alternative
weight which is called the homogeneous weight for codes over Ry ,,, together with an
associated Gray map and we get some divisible optimal binary linear codes taking

homogeneous Gray images of cyclic, constacyclic and quasicyclic codes over Ry, .

1.1 BASIC DEFINITIONS

We begin with some required definitions and basic facts about coding theory
and refer to (Huffman and Pless, 2003), (Ling and Xing, 2004) and (MacWilliams
and Sloane, 1978) for a more detailed reading.

Let F be a set of size q. The set F'is said to be an alphabet. A q-ary block code
of length n over F is a nonempty set C' of ¢g-ary words of length n and an element
of C is called a codeword in C. A code over the code alphabet Fs is called a binary
code. The number of codewords in C, denoted by |C| is called the size of the code.
A code of length n and size M is called an (n, M)-code.

Let IF, be the finite field of order ¢ for some g = p™. A linear code C' over F,
of length n is a vector subspace of Fy. Linear codes have been studied more than
nonlinear codes because of their algebraic structure, allowing them to describe and
use more easily than nonlinear codes. On the other hand, a linear code C' of length
n over a ring R is a R-submodule of R".

The Hamming distance is defined as
du (T, ) = Hilz: # yi}]

where = (21, ,x,) and § = (y1, -+ , ¥n) are two words of length n over F'. The

Hamming weight wy of a vector is defined to be the number of nonzero coordinates



and we have dy (x,y) = wy (x — y). The minimum distance of a code C of length

n is defined as

d(C) =min{dy (z,y) |z,y € C,x # y}

The minimum Hamming weight of C', denoted wy (C), is the smallest of the weights
of the nonzero codewords of C' and it is same with the minimum distance d (C)
for linear codes. A linear code C' of length n and dimension £ with the minimum
distance d is often called an [n, k, d]-code. Let C be a linear code over F, of length
n, then the dual of C' is the orthogonal complement of the subspace C' of Fy respect

to standard Euclidean inner product.

Two codes are called equivalent if one can be obtained from the other by a

permutation. A code is called isodual if it is equivalent to its dual.

A generator matriz for a [n, k|- linear code C' is a k x n matrix G whose rows
form a basis for C' and a parity-check matrix H of this code is a generator matrix

for the dual code C*.

As the focal part of this thesis, we mention self-dual codes briefly. A code
C' is defined as self-orthogonal if C C C*, self-dual if C = C*. Since they have
close connection to lattices, designs and information theory, construction of self-dual
codes of different lengths received a great deal of attention among coding theorists,
especially binary ones(for example (Dougherty et al., 1997); (Betsumiya et al., 2003);
(Bouyukliev et al., 2005); (Dontcheva., 2002)). A binary self-dual code is called
doubly even or Type II if the weight of every codeword is divisible by 4, a binary
self-dual code with some codeword of weight not divisible by 4 is called singly-even

or Type 1.

If C'is a code of parameters [n, k, d], then it can correct up to | (d — 1)/2]errors.
By a good code we usually mean a code whose information rate k/n is as high as
possible, with minimum distance d is also as high as possible. However, these are
conflicting parameters, and there are numerous bounds that relate these parameters.

So, finding good codes has always been one of the main questions in coding theory.



1.2 OVERVIEW OF THE DISSERTATION

In Chapter 2, the structure of the ring Ry ,,, with fundamental properties and
linear codes over the ring are investigated. We introduce the Lee weight and the re-
lated distance-preserving Gray map, which we prove to be orthogonality-preserving
as well. We verify the MacWilliams identities for the complete, Hamming and also
Lee weight enumerators, for codes over Ry .

Chapter 3 contains our different construction methods, lift, circulant matrices
and extensions, to get binary self-dual codes as Gray images of self-dual codes over
Ri.m for suitable k and m. We tabulate many good binary self-dual codes, includ-
ing an alternate construction to the extended binary Golay code, which has many
different constructions in the literature.

In Chapter 4, a new weight on Ry,,, namely the homogeneous weight, is
formed different from Hamming and Lee weight and the Gray-homogeneous map
is constructed using first order Reed-Muller codes. We list a considerable number
of optimal binary codes that are divisible with high levels of divisibility using the
images of cyclic, constacyclic and quasicyclic codes over Ry, ,, of different lengths.

The last chapter concludes the thesis with possible directions for future re-

search in the related areas.



CHAPTER 2

LINEAR CODES OVER THE RING R,

In this chapter, we will study linear codes over Ry ,,. Primarily, we familiarize
the ring Ry, which is an infinite family of ring extension of the binary field, by
describing some of their properties, which are substantial to study linear codes
over this ring. For the rest of the chapter, we will define the Lee weight and the
corresponding Gray map for codes over the ring Ry ,,,. Besides these, we will give

MacWilliams identities for codes over Ry, for all the relevant weight enumerators.

2.1 THE STRUCTURE OF THE RING Ry,

The ring Ry, is a generalization of rings of the form Fy + ulFy + - - + uk 1R,
and Fy + ulFy + vFy + wvlFy, which we shall denote by Ry and R respectively,
from here on.

The ring Ry = Fy + uFy + - - - + v~ 1Fy is defined by u* = 0 where k > 0.
It is a characteristic 2 ring and has size 2. The following figure shows the ideal

structure of this ring

{0} C uk_le,l cC...C U’R,k’l C Rk,l

Figure 2.1 The ideal lattice of the ring Ry ;.

Thus, the ring Fy + uFy + - - - + u*~!Fy is a principal ideal ring and it is also a

finite chain ring.

The other ring Fy 4+ ulFy + vIFy 4+ uvlFy which is a generalization of Fy + ulFy is



defined in (Yildiz and Karadeniz, 2010a) as a characteristic 2 ring with 16 elements
subject to the restrictions u? = v? = 0 and uv = vu. The lattice of ideals of the ring

is given by the following:

RQ’Q = FQ + U/IFQ + U]FQ + UUIFQ

Ly = (u,v)
\
Io = {0}

Figure 2.2 The ideal lattice of the ring Rq 5.

Iu+v

Iuv

As seen in figure the ring Fy + ulFy 4+ vy 4+ wvlFy is not a principal ideal ring
and it is not a chain ring.

Now, we introduce the ring Ry,,. The ring Ry, is defined as follows for
k>m>1:

Rim = Folu,v]/ <uk, o™ uv — vu> )

Ri.m is a characteristic 2 ring of size 2. When k = m = 1 the ring is simply
Fy. When k£ = 2,m = 1 the ring is 'y 4+ ulF; and codes over this ring have been
studied quite extensively in the literature (Dougherty et al., 1999). When k = m = 2
the ring is Fy + ulFy + vIFs + uvlFy and codes over this ring were studied in from many
different angles.

Rim can be viewed as an [Fo—vector space with a basis
{ud |0<i<k—-1,0<j<m—1}.
Any element of Ry, can be represented as

o
> cut?, ¢y € Fy (2.1)
0<i<k—1 :
0<j<m—1



in a unique way where, addition can be done in a natural way coordinate-wise

addition and multiplication of any two elements can be defined as

_ T8

TYy= Z Z Ci1j1di2j2 u v
OSTSkfl 11+i2=r
0<s<m—1 \Jji1tjo=s

forany z = Y ¢ putvt andy = Y. diyj,uv? € Ry, Note that the
0<ir <k—1 0<ia<k—1
0<ji<m—1 0<j2<m—1

sum of indices in the inner sum above is done with respect to modulus k or m where

suitable. Ry, is a finite commutative ring of characteristic 2, of size okm

Example 2.1.1. The ring R4 3 has 4096 eclements. Let we take the elements a =
1+ u® 4+ wv+v*v and b = v + v + uwv + v* + w® € Ry 3 then

a+b=1+v+ v+ 0*+uw?
and

axb = u3+v—|—uv—|—v2—|—u02+u6+u3v+u4v+u302+u4v2+u4v+uv2
+ 0% +u? + 0 + WP + Po? + uto? + o + utd

u3—|—v—|—uv—|—u3v—|—v2.

One of the important structural properties is to characterize the units and

non-units in Ry,,. The following lemma takes care of this:

Lemma 2.1.2. An element in Ry, of the form given in (2.1) is a unit if and only

lf Coo 1s 1.

Proof. Since the characteristic of the ring is 2 and ¢*" = cforall ¢ € Fy and n € Z,

we have

271

) ciju'v’ = > Cij (Uivj)Qn-
0<i+j<k+m—2 0<i+j<k+m—2

If we choose n so that 2" > k, m, then the above sum becomes cog. Thus, if cgg = 1,

this will make the element a unit, while when cyg = 0, it will be a zero divisor and

hence a non-unit. ]

Let us denote by D(Rkm), the set of non-units of Ry, while with U(Ry. )

the set of units. For example, the ring R32 has 32 units and non-units. We can list



all the non-units as:

D(Rsz2) = {0,u,u® u+u?v,v+u,v+u*v+u+u? uw,uw+u,uv + u?,
uv~|—u+u2,uv+v,uv+v+u,uv~l—v+u2,uv~l—v+u+u2,u2v,
u2v—|—u,u21)+u2,u20+u+u2,u2v—l—v,u2v—|—v—|—u2,u2v+uv,

u20+v+u+u2,u20+uv+u,u2v+uv+u2,u21}+uv+u+u2,

v+ uv + v, w0 + uv + v 4+ u, v + uv + v+ v e + v + o+ u+ et

Clearly 1 + 2 € U(Rs32) for all x € D(R32) where U(Rs32) shows the units of the

ring. In Ry we have

0, a is non-unit,

1, a is unit.
This is not the case in Ry, in general.

Lemma 2.1.3. The ring Ry, is a local ring with unique maximal ideal 1, , = (u,v).

[Ricn]
5

This ideal consists of all non-units and has |1, ,| =

Proof. I, = {ury +vra|ry,rs € Rgm}. Clearly, ¢go = 0 for all elements of I, ,. So,
all non-units are in [, from Lemma 2.1.2. Since the number of units and non-units
same in Ry, we have that the cardinality of the ideal I, , is half the cardinality of

ring. [

Note that when m = 1 the ring is Ry = Fo + uFo + - -+ + uF1F,y. We know
the ring Ry, is a finite chain and principal ideal ring. The maximal ideal I, is
not generated by a single element, so the ring Ry ,, is not a principal ideal ring for
m > 1. Let us consider ideals I, = (u) and I, = (v) which are contained in I, , but
they are not related via inclusion. That is, the ring is not a chain ring for m > 1.
Clearly the ideal structure of the ring Ry, is more complex for large values of k
and m, which makes it hard to give a general ideal lattice. However, we would like

to do this for the next case of Rj .
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Example 2.1.4. The ring R32 has 13 ideals. They are listed as follows:

R32=F3 + uFy + u’Fy + vFy + uvFy + u?vlFy,

L, ,=uFy + u*Fy + vFy + uvFy + u?vly,

L2 ,=u’Fy + vFy 4+ uvFy + u?0Fs,

I,=uFy 4+ u?Fy + uvlFy + u?vlFy,

L2 =0 Fg + uvFs + u*vlFy,

I,=vFy + uvFy + v?vlFy,

I2=u?*Fy + v?vlFs,

Io=1uvFy 4 u?vlFy,

Iu%:UQUFm

Iy={0} and

L o={0,u?, uv, u® + uv, v?v, u?® + v?v, uv + v?v, u* + uv + u?v,

w4 v,u+ut+v,u+ v+, u+u? + v 4w, u+ v+ v, u + u? 4+ v+ ul,
U+ v+ uv + v, u 4+ u? + v+ uw + uol,

Lo ={0,uv, v?v, uv + u?v, u® + v, u* + v + uv, u® + v + v?v, u* + v + v + uv},

L2 4n=10, v?v, u? + uv, u? + uv + v?v},

Accordingly, we show the ideal lattice of the ring R34 in Figure 2.3:
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Rio = Fy + uFy + u?Fy + vFy + uoFy + u?vlfy

Iy, = (u,v)
]u/ Lz, \ Luto
1>< ><[
\]u /

Iy = {O}

Figure 2.3 The ideal lattice of the ring Rs .

Theorem 2.1.5. The ring Ry, is a Frobenius ring.

Proof. Firstly, we give necessary definitions and following result from [Greferath and
O’Sullivan, 2004]. For a finite ring R, the Jacobson radical of R which is shown by
Rad(R) is the intersection of all maximal left ideals of R. Note that this is the same
as the intersection of all maximal right ideals of R. The left socle of R is the sum of
all minimal left ideals of R and will be denoted by soc(gR) . Accordingly the right
socle soc(Rp) is defined as the sum of all minimal right ideals of R. Note that the
left and right socles of a finite ring are two-sided ideals, which do not necessarily
coincide. A finite ring is called a Frobenius ring if it satisfies any(and hence all) of

the following equivalent statements for a finite ring R:
1. R/Rad(R) is isomorphic to soc(gR) as left R -modules.
2. R/Rad(R) is isomorphic to soc(Rg) as right R -modules.
3. soc(rR) is left principal.

4. soc(Rp) is right principal.
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5. R and R are isomorphic as left R -modules.
6. R and R are isomorphic as right R -modules.

Note that R is character group of R. Since Ry, has just one maximal ideal and
just one minimal ideal Rad(Rym) = Iu» and Soc(Rym) = Ix-1,m—1. Hence, one

can also observe that Ry ..,/ Rad(Rym) =~ Soc(Rim). H

2.2 LINEAR CODES OVER Ry,

A linear code C' of length n over Ry, is defined in the usual terms as an
Ri,m-submodule of Ry . Define the standard Euclidean inner product on Ry,

that is for a = (ay, a9, ...a,) and b = (by,bs,...b,) € R, . let

k,m>
<CL, b> = Z azbz
=1

where the operations are performed in the ring Ry ,,. The duality for codes over

Ri,m can then be defined naturally:

Definition 2.2.1. Let C' be a linear code over Ry, of length n, then we define the
dual of C as

Ct:={beRp, |(ba)=0VaecC}.

Definition 2.2.2. Let C be a linear code over Ry, of length n. C' is said to be
self-orthogonal if C' C C*, self-dual if C' = C+, isodual if C' is equivalent to C*.

Since Ry, is a Frobenius ring, by the results in (Wood, 1999), we have the

following lemma:

Lemma 2.2.3. Any linear code C' over Ry, satisfies |C]. ‘CL| = |Rm|"

2.3 THE LEE WEIGHT AND THE GRAY MAP ON Ry,

In (Dougherty et al., 1999) Lee weight was defined for Fy + ulFy as w(0) = 0,
w(l) =w(l+u) =1, w(u) = 2 and a distance preserving Gray map from (Fy+ uFs)"
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to (Fy)" was defined by @+ bu — (a+b,b). Later, in (Yildiz and Karadeniz, 2010a),
the Gray map for Fy + ulFy was generalized to Fy + ulFs + vFs + uvlFy as

@ (]FQ + U]FQ + UIFQ + UU]FQ)” — (F2)4n (2 2)
a -+ bu+ cv + duv — (a+b+c+dc+db+dd). '

Then the Lee weight was defined for any element a + bu + cv + duv € Fy +
uFy + vFy + wvFy by wr(a + bu + cv + duv) = wy(a+b+c+ d, b+ d,c+ d,d)
to preserve distance. Note that these maps also preserve duality besides distance.
The aim of this section is to define a Lee weight for codes over the ring Ry ,, and a
corresponding Gray map that is distance preserving and more importantly (to study
self-dual codes over Ry ,,) duality-preserving. In doing so, we will first define these
concepts on Ry and then inductively extend them over to Ry .

We define the following linear map which takes a linear code over Ry, of length

n to a binary linear code of length kn.

Definition 2.3.1. Take an element @ = Gy + @y u + Gou® + - - - 4+ Ao 2 +aj_ub !
of (Ri1)", where @; € Fy. Then define the Gray map ¢y; from (Ry1)" to (F2)*" as

follows: when k is even let

ori(a) = (@p+a+ -+ +ag—2+ 1,01 + -+ + Ap—2 + g1,

ay+---+ago, - ,ak_,+ar +ak,,0k_{ + ar,ak
! k=2 1 gl 2 gt g1 2’ 5)’

and when £ is odd let

or(a) = (ap+ay+ -+ ago+ ag1,01 + -+ Ap—2 + A1,

ay+ -+ ag_o,  ,Ak=3 + AQr—1 + Qrt1, Qp—1 —|—Ek+1,ak71).
2 2 2 p) 2 p)

To preserve distance, we define the Lee weight of an element a = ag + aju +
tap_uF Tt of Ry as wr(a) = wy (¢ (a)) where wy denotes the usual Hamming
weight.

With these definitions, it is obvious that ¢y, is a distance preserving linear
isometry from Ry, with the Lee distance to F5" with the Hamming distance. As
pointed out earlier, we also want the map to preserve duality, which is proven in the

next theorem:

Theorem 2.3.2. The Gray image of a self-dual code of length n over Ry, is a
binary self-dual code of length kn.
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Proof. First, we prove that Gray images of orthogonal codewords in Ry are or-

thogonal in Fy. That is, we shall show that

<a, B> =0= gbkl (a)¢k1(5) =0

k-1 k—1

for all @,b € Ry.,. Let us assume that @ = %diui and b = ;)l_)juj. Then we see
1= 7=
that
B k—1 Ck—1_ k—1
i=0 =0 i+j=0
Now, since
k—1 k—1 k—2 541 3 5
¢k‘1(a):( ai) aia Qi 5 Z a; , Z iaza’i)7
1=0 =1 =1 izg—l ’izg—l i:%
b k-1 k—1_ k-2 541 5 4 %
(bkl(b):( bi? bi7 bia"'7 Z bi7 Z b’L?Zb’L)
1=0 =1 =1 Z'=§—1 i=§—1 z:g

One can see that this last sum is exactly equal to the right-most sum in (2.3) which

is equal to 0. This shows us

dr1(CF) C o (O)F. (2.4)

But, by the definition of ¢y, ¢r1(C) is a binary linear code of length kn of size |C|.

Both Fy and Ry, are Frobenius, so we have

Re.1 " kn
ou(Ch)] = o] = Bl = 2 (e,

Combining this with (2.4), we get

o1 (CH) = ¢ra (C). (2.5)



15

Because of the distance-preserving property of the Gray map we get the fol-

lowing important corollary:

Corollary 2.3.3. Let C be a self-dual code over Ry; of length n. Then ¢ (C) is
a binary self-dual code of length kn. Moreover the Lee weight distribution of C' is

the same as the Hamming weight distribution of ¢x1(C').

Now since Ry, can be viewed as an Ry —vector space with a basis
2 m—1
{1,v,0%, ..., 0™ 1}

we can write any element of Ry, in the form ¢ = > ¢', where ¢ € Ry1.
0<i<m—1
Now we can extend the Gray map easily from Ry 1 to Ry m:

m—2

Dr1( Y Tri),

=1

Pem(c) = (I (mZ_O C, ,¢k1(n§ Cri)

i)
+1 m
2

|3

k(DD Tri)s O ( i Cri)> Ora

e e ’
1= 1 =73 1 7

Cri))-

T

We note that, defining the Lee weight in the same way as the Hamming weight of
the image, distance and duality-preserving properties of ¢, can be established in
exactly the same way as was done for ¢y;. Thus we can extend Corollary 2.3.3 to

the following important theorem which will be used in subsequent chapters:

Theorem 2.3.4. Let C be a self-dual code over Ry, of length n. Then ¢, (C) is
a binary self-dual code of length kmn. Moreover the Lee weight distribution of C'

is the same as the Hamming weight distribution of ¢y, (C).

Example 2.3.5. Keeping in mind that the Gray maps ¢9 and ¢9; are exactly same
with the Gray maps that are found before in (Dougherty et al., 1999), (Yildiz and
Karadeniz, 2010a) for Fy 4+ ulFy and Fy + ulFy 4+ vy + uvFy, we give as examples the
Gray maps ¢3; and ¢3s.

¢s31(c1) = (coo + c10 + 20, 10 + €20, C10)

for any element ¢; € R31. Hence, we can represent all elements of R3; by elements



16

of 3 as following:

¢31(0) = (000)

¢31(1) = (100)

¢si(u) = (111)
¢s1(1+u) = (011)
¢a(u?) = (110)

b3 (1+u®) = (010)
¢31(u+u®) = (001)
¢31(1+u+u?) = (101)

Now, we can define the Gray map ¢, for any element ¢y = cog + c1ou + coot® +
Co1V + crpuv + coulv € Rszo. Firstly, we rewrite the elements of R39 in the form
¢y = a + bv where a = cyp + crou + coou?,b = ¢y + cr1u + cou? € Rs1. Because of

P21 and O3,

P32(c2) = (¢ar(a+0b),d31(b))

= (¢31(coo + crou + oot + Cop + Criu + 21), P31(Coo + Ccrou + 020U2))
= (¢31(coo + co1 + (10 + c11)u + (c20 + c21)u?), P31 (Coo + c10u + c20u?))
=

Coo + Co1 + €10 + €11 + €20 + C21, C10 + €11 + C20 + C21,

10 + €11, Coo + €10 + Ca0, C10 + 20, C10)

Accordingly, R3 2 has an element of weight 0, 5 elements of weight 1, 16 elements
of weight 2, 20 elements of weight 3, 15 elements of weight 4, 6 elements of weight

5 and just one element of weight 6, as shown in following table:



Table 2.1 Lee weights of elements of R3 5.

elements of R

S
h

elements of Rg

&
h

0

1

u

1+u

U2

1+ u?

U+ u?

1+ u+ u?

v

14w

U+ v
l+u+w

u? +v
1+u?+uv
u+u 4o
1+u+u*+o
uv

1+wuv

U+ uv

14+ u+uv

u? + uv

1+ u?+uv
u+ u? + v
1+ u+u? +uv
v+ uv
1+v4+uv
u+v+uv
Il+u+v+u
u? + v+ ww
1+u*+v+ww
u—+u? + v+ uw
14+u+u?+v+uv

= R O =)

T N Ry

=~ W W kNN W Otk ke Ot Ot R R WOt DWW YD e W

U2U

1+ u?v

u + u?v

1+ u+u?v

u? + u*v

1+ u? 4+ u?v
u+ u? + utv

1+ u+u?+ v

v+ uv

1+0v+u?v

u+ v+ uv
1+u+v+u?v

u? + v+ uv

1+ u? 4+ u?v
u+u? 4+ v+ vt

1+ u+u?+v+u?v
uv + u?v

1+ uv + u?v

u 4 uv + utv

1+ u+uv + v?v

u? + uv + v

1+ u? +uv + v
u~+ u? + uv + u*v
1+u+u?+uv+uv
v+ uv + u?v

1+ v+ uv + u?v

U+ v+ uv + v

1+ u+v+uv +u?v
u? + v+ uwv + v
1+u?+ v+ uv + v
u~+u? + v+ uw + v

14+ u+u?+v+u+ v

N W Ol = ke W W e NN R W RN W W NN W WY NN W WY ROt WY NN W
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2.4 MACWILLIAMS IDENTITIES FOR CODES OVER Rj,

The weight enumerator of a linear code C' shows the number of codewords in C
that have each possible weight. MacWilliams identities specify weight enumerators
of dual of a code respect to weight enumerator of the code. By Jay Wood’s result
(Wood, 1999), MacWilliams identities hold for codes over all Frobenius rings. Since
Ri.m is a Frobenius ring it has a generating character and using this we can prove
MacWilliams identities for the complete weight enumerator, the Hamming weight
enumerator and the Lee weight enumerator of codes over Ry ,.

We first give a generating character for the additive group of Ry, ,,,. A character

of a group G is defined as a group homomorphism from G to complex numbers. Let

X (Rk,m’+) — ({_1’1}7')

Yoo ocguty?t e (=1)wE@ o
0<i<k—1
0<j<m-—1

where ¢ = (¢;;) is the vector consisting of all the coefficients ¢;;’s. Note that, for

a= > cuvi, b= > dpsu"v* € Ry, we have
0<i<h—1 0<r<k—1
0<j<m—1 0<s<m—1
xla+b) = (Dot = (“1)wn (—1)wnld = y(a).x(b),

where d = (d,s) is the vector consisting of all the coefficients d,s’s. Thus x is a

character.
Theorem 2.4.1. x is a generating character for Ry ,.

Proof. Since x(0) = 1 and y(u*~'v™~1) = —1, y is non-trivial when restricted to the
minimal ideal. Since every non-zero ideal contains the minimal ideal, y is non-trivial

when restricted to any non-zero ideal, showing that y is a generating character. [

Example 2.4.2. The ring R4 has 16 elements. Character values of these elements

can easily be observed as follows:

x(0) =1 x(u?) = —1 x(u?) = —1 x(w? +u’) =1
x(1)=-1  x(1+wv?)=1 x(1+u’) =1 X(1 4w +u’) = -1
x(u) = —1 x(u+u?) =1 x(u+u?) = x(u+u? +u) = -1
xI+u)=1 x(I+u+u*)=-1 x(Q+u+u®)=-1 x(1+u+u’>+u®)=1.
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Let Rim = {91,92,--.,920m } be a labeling of the elements of the ring. The

complete weight enumerator of a code C' over Ry, is

CWE(X) = X TT X",
ceC i=1

where X = (X1, X5, ..., Xorm) and n,(€) is the number of occurrences of g; in €. Let
T be the 25™ x 28" matrix such that

X(gi91)  x(gg2) -+ x(9192xm)

x(9291) e X(g1garm)

T = . . .
X(gaemgr)  X(garmg2) -+ X(garmgorm)

Then we have following theorems by (Wood, 1999):

Theorem 2.4.3. Let C be linear code over Ry, and C* be its dual. Then we have

the following identity for the complete weight enumerators:
CWEc.(X) = LCWE(TX').
Here, X' denotes the transpose of X.

Putting X; =z and X; = y for all 1 > 2, we obtain the MacWilliams identity

for the Hamming weight enumerator:

Theorem 2.4.4.

HW Ecu(2,y) = & HW Ee( + (|Ryl — Dy, x — ).

where HW E¢(x,y) is the Hamming weight enumerator of a code C' over Ry, given
as a homogeneous polynomial as,
HWEc(z,y) = > anwn(eywn(e),
ceC
Now, our goal is to describe MacWilliams identities for the Lee weight enu-
merators of codes over Ry, ,,. Firstly, we define Lee weight enumerator of a code C'

over Ry, as usual to be

LWEg(2) =Y 2wt®

ceC

where wr,(¢) denotes the Lee weight of a codeword. Then we have the following

theorem:
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Theorem 2.4.5. Let C be a linear code over Ry, of length n then

1 1—2z2
LWEqi(z) = m(l + z)km”LWEC (1 n z) )

Proof. As we know ¢y, is a distance preserving map. Therefore
LWEqi(z) = HWE,, (c1(2),

where HW E¢(z) denotes the Hamming weight enumerator of a code C'. Recall that
we have @p,(C1) = ¢p,n(C)* by Theorem 2.5. So we get

LWEcJ_ (Z) = HWE(ﬁkm(C)J- (Z)

1 mn 1—2
= oL+ )M HW Ey, (o) (132)

= &1+ 2P LW e (12)

by the usual MacWilliams identities of binary codes. O]

Example 2.4.6. Let us consider a linear code C' over Rso of length 7, with the

following generator matrix:

[ 0 v vPv+w v 4w 0 u? !
w0 P u?v wo+uw v+ uw 0
0 « 0 u? u?v o+ uv v+ ww
w0 u? 0 u? u?v w?v + v
w w0 u? 0 u? u?v
v ouw wwv 0 u? 0 u?
u? uPv o ww UV 0 u? 0

The Gray image of this code under ¢3; is a binary linear code of parameters
[42,12, 8] and the weight distribution of the code and its dual can be obtained by
MAGMA as following:

HWEy,c)(2) = 143528+ 1962'2 + 76320 + 1414220 4 11972 + 3922
+84232 4 14236

HWE,,c1(z) = 1+ 2122 + 3222% + 36822° + 396827 + 3689728 + - - -

Clearly, the code ¢35(Ct) is also a binary linear code of parameters [42, 30, 2].



CHAPTER 3

SELF-DUAL CODES OVER Ry,

As we defined in the previous chapter, a linear code C' over Ry, is self or-
thogonal if ¢ C C* and self-dual if C' = C*. Moreover, while the dimension of a
self orthogonal code of length n is at most n/2, the dimension of a self-dual code
of length n has to be n/2. Useful structure of self-dual codes, make them closely
connected to many research areas such as lattices, designs and information theory.
Therefore, many researchers make an effort to construct good binary self-dual codes
of different automorphism groups and new weight enumerators. The article (Huff-
man, 2005) is a survey of self-dual linear codes over the fields Fq, F3, and F4 and
the rings Z4, Fy + ulFy, and Fy + v[F,.

There exist some methods used to obtain self-dual codes, such as circulant
constructions, Hadamard matrices, automorphism groups and extensions. We have
the following upper bounds on the minimum Hamming distance for binary self-dual

codes :

Theorem 3.0.1. (Conway and Sloane, 1990) Let d;(n) and d;7(n) be the minimum
distance of a Type I and Type II binary code of length n, respectively. Then

n

] +4

and
4L%j +4 ifn#22 (mod 24)

451 +6 ifn=22 (mod 24).

d;(n) §

Self-dual codes meeting these bounds are called extremal. In this chapter, we
construct binary self-dual codes as the Gray images of self-dual codes over Ry, by

lifts, different circulant constructions and extensions.

21
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3.1 PROJECTIONS AND LIFTS

Recall that elements of Ry, can be represented in the form ) cijuivj.

0<i<k—1
0<j<m-1
Now define a projection from Ry, to Fa.
Definition 3.1.1. Let ;1 be a map from Ry, ,,, to Fo such that
H ciju'v’) = coo
(2 ) (3.1)
0<j<m—1

Clearly p is an epimorphism and it is called a natural projection of Ry ,,, to Fs.
Consider the projections

Ty Rigm — Ry defined by v — 0,

Tu : Rii1 — Fy defined by u — 0,

then clearly 7, o7, is the projection u.

Let C be a linear code over Ry, and p(C) be its projection. Then C' is said
to be a lift of pu(C'). Our general strategy in constructing self-dual codes over Ry,
will be to lift from good binary self-dual codes. Now notice that if for Z,7 € R,
we have (Z,7) = 0, then xo - yoo = p(T) - u(y) = 0. Thus we have the following

result:

Theorem 3.1.2. Let C be a self-dual code over Ry, of length n. Then u(C) is a

self orthogonal code over Fy of length n.

Corollary 3.1.3. If C is a free self-dual code over Ry, of length 2n, that is if C'
is generated by a matrix of the form [[,|A], then u(C) is a binary self-dual code of
length 2n.

The following theorem gives a bound between the minimum Lee weight of a

code and the minimum Hamming weight of its projection:

Theorem 3.1.4. Let C' be a linear code over Ry, of length n with minimum Lee
weight d and p(C') be its projection to Fy. If d’ denotes the minimum Hamming
weight of u(C'), we have d < 2md'.



23

Proof. Let Tog € u(C) with wg(Too) = d’. Then there exists

c = Tgo + > T u? € C.
1<i+j<k-+m—2

But then (uf~tv™=1)e = Toout 1™~ € C, because C is linear code over Ry, . Now,

— o k-l,m-1\_ . (= = 80 = = 00 - — &m
wi(Toou" ™0™ 1) = wp (Too, Too, 00, Too, Too, 00, - - - , Too, Too, 00)
Vv
m times Too,Z00,00
where 00 = 0,---,0. That is, wy,(u*~1v™ 1Z) = 2md’. This proves the theorem.
——
k—2 times

O

3.2 DOUBLE CIRCULANT,BORDERED DOUBLE CIRCULANT AND
FOUR CIRCULANT CONSTRUCTIONS

In (MacWilliams and Sloane, 1978), two construction methods are described
using circulant matrices. The double circulant and the bordered double circulant
constructions have been used quite successfully by many researchers to obtain good

self-dual binary codes. We can easily adopt these constructions over Ry, ,:

Definition 3.2.1. Let M be a circulant matrix over Ry, of order n. Then the
matrix [, | M] generates codes over Ry, of length 2n. This is called the pure

double circulant or double circulant construction.

Definition 3.2.2. Let M be a circulant matrix over Ry, of order n — 1. Then the

matrix

L (3.2)

where z,y, 2 € Ry, generates codes over Ry, of length 2n. This is called bordered

double circulant construction.

A modification on these constructions was introduced later. This construction,
which is called four circulant construction in literature, was given first time in (Bet-

sumiya et al., 2003) for self-dual codes over F,. In (Georgiou and Lappas, 2012)
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it was called as two-block circulant construction. In (Karadeniz et al., 2014b) this
construction was applied to the ring Fy 4+ ulFy to obtain extremal binary self-dual
codes. Then following theorem can be proven in the exact same way as was done

in (Karadeniz et al., 2014b):

Theorem 3.2.3. Let A and B be circulant matrices over Ry, of length n such

that AA" + BB = I,,. Then the matrix

A B
Bt Al
generates self-dual codes over Ry, of length 4n. This is called four circulant con-

struction.

Now, we can give binary self-dual codes of some lengths obtained from self-dual

codes over Ry, by the three circulant constructions mentioned above.
3.2.1 The General idea

The projection p, which is defined above preserves orthogonality. Also the
image of a double circulant self-dual code over Ry ,, of length n under p must be
a double circulant binary self-dual code, the image of a bordered-double circulant
self-dual code over Ry, of length n under p has to be a bordered-double circulant
binary self-dual code and the same is true for four circulant codes as well.

So, if we want to obtain a good self-dual code over Ry ,, by one of the con-
struction methods above, we look at the projection and look for the best binary
self-dual codes of the same length obtained from the same constructions. We then
lift these codes over the ring Ry, ,,, by lifting 1 to a unit in Ry, ,,, and 0 to a non-unit in
Rim. Theorem 3.1.4 tells us exactly which binary codes to lift. Then an exhaustive
search using a computer algebra reveals all the self-dual codes over Ry, that can
be obtained through these constructions. We then choose the best ones and take
the Gray images to obtain good binary self-dual codes. In what follows we apply
this idea to certain lengths and certain rings of the form Ry ,,,. We only list the ones
through which we have obtained extremal or near extremal binary self-dual codes.
The existence of the Type I extremal code of length 72 is still an open problem.
So the best known binary self-dual codes of length 72 for both Type I and Type II
have parameters [72, 36, 12].
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3.2.2 The extended binary Golay code

The binary Golay code is probably the most well known code in the literature.
It is a perfect 3-error correcting code of parameters [23,12,7]. When we extend this
code by a parity check symbol we obtain the Type I extremal self-dual code of
parameters [24, 12, 8]. This code is unique up to equivalence and is the first example
of the theoretically good self-dual codes of length 24k. Using Assmus-Mattson the-
orem, it also leads 5 designs with parameters (24,8, 1) and (24,12, 8). There have
been many different constructions for this code in the literature. (McLoughlin and
Hurley, 2008), (Peng and Farrell, 2006) are examples of these constructions. In (Ka-
radeniz and Yildiz, 2014), the extended Golay code was constructed from what we

now call Ro 5.

We have been able to give a construction for the extended Golay code using
bordered double circulant construction over R3; and R32. Note that because of
the Gray map, these are the only ones we can use (other than Ry ; and Ry, which
have already been used before). To construct it from R3;, we need the binary code
to lift to be of parameters [8,4,4] which is also unique. Using all possible lifts of
the bordered double circulant matrix that generates the [8,4,4]-code, we were able
to obtain the Golay code from Rg3; quite easily. The following matrix turns out

to generate the self-dual code over R3; whose binary image is the extended Golay

code:
1000 u4u? 14u 14+u 1+u
01 00 1+w U 1 1+ u?
M =
001 0 14+u 1+u? U 1
0001 1+u 1 14+ u? U

Doing the same thing over bordered double circulant binary codes of length
4, which narrowed the search field rather considerably, we see that the following
matrix generates the self-dual code over R32 whose binary image is the extended

Golay code:

v 1 0 u—+v 1+u—+v
01 1+u+u’4+v4+uv u+v
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3.2.3 Extremal Self-Dual Codes of Length 36

Melchor and Gaborit have classified all the 41 extremal binary [36, 18, 8] self-
dual codes in (Melchor and Gaborit, 2008). We have obtained some of these through
Rs1 and R using some of the aforementioned constructions. To be precise, we
found 6 of the 41 extremal self-dual codes from the constructions mentioned above.
Now, since the four circulant codes have to be of length divisible by 4, the four
circulant construction was applied only to the case of R3;, whereas the double
circulant and the bordered double circulant constructions were applied to both Rg
and R32. In the case of R3; we searched for all the good binary self-dual codes of
length 12 (in this case with the parameters [12,6,4]) and then lifted them. In the

case of Rz we lifted all the good binary self-dual codes of length 6.

After searching over all possible lifts that are self-dual and taking Gray images
of these lifts we have obtained 6 non-equivalent extremal self-dual codes of length 36.
Two of these codes also have been obtained taking Gray images of double circulant

self-dual codes over R3; and Rso of length 12.

There are two possible weight enumerators for extended self-dual codes of

length 36:

Wag1 = 1+ 225y8 + 2016y'° + - - - (3.4)

and

W36,2 =1 + 2893/8 + 1632y10 + .- (35)

Table 3.1 Binary [36,18,8] extremal self-dual codes obtained from double circulant

constructions.
Ring First row of M |Aut (C)| | W36(C)
Ra1 | (W +u,Lu+L,uv*+u+1u*+u+1,1) 864 W6 1
Rs2 (u+v,u?+u+v,u*v+uw+ov+1) 864 W1
Rsq (u, Lu+ L v +u+1,u>+u+1,1) 12960 W1
Rs 2 (u+v,v?v +u? +u+v,uv+ 1) 12960 W1
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Table 3.2 Binary [36,18,8] extremal self-dual codes obtained from bordered double

circulant construction over R ;.

First row of M (x,y, 2) |Aut (C)| | W36(C)
(u,l,l,u2—|—1,u2+1) (u,u+1,u+1) 80 W3672
(u, Lbu+ 1L u* +u+1,1) | (v +u,u+1,u+1) 240 Wag 1

Table 3.3 Binary [36,18,8] extremal self-dual codes obtained from four circulant

construction over Rs ;.

First row of A First row of B |Aut(C)| | W3(C)
(u,1,u? +1) (u+1l,u+1,u+1) 96 W6 1
(u? +u, 1,u? +1) (u+1l,u+1,u+1) 288 W1
(u, 1,u? + 1) (u+1l,u+1,u*+u+1) 864 W1
(W +u,L,u*+1) | (u+Lu+1,u*+u+1) 12960 W1

3.2.4 Extremal Self-Dual Codes of Length 66

Extremal codes of length 66 have parameters [66,33,12] and their possible

weight enumerators are as follows:

Wesn = 1+ (8584 88)y'* + (18678 — 248) y'* 4--- ,0 < B < 778, (3.6)

Weso = 1+ 1690y"* + 7990y + - - - (3.7)
and
Wess = 1+ (858+8B)y'? + (18166 — 248) y™* + -+ ,14 < B < 756. (3.8)

We have obtained 2 non-equivalent extremal binary self-dual [66, 33, 12] codes
from double circulant matrices over R ;. Because of Theorem 3.1.4, we needed to
search for the [22,11, 6] binary double circulant self-dual code, which we lifted to
Ras1. After taking Gray images of these lifts we have obtained the following extremal
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binary self-dual [66,33,12] codes, which were also obtained in (Kaya et al., 2014)

by a different construction:

Table 3.4 Binary [66,33,12] extremal self-dual codes obtained from double circulant

construction over Rs ;

First row of A |Aut(C)| | B in Weea
(w,u, u, 1w, u? +u, 1,u,1,1,1) 220 22
(u? 4+ u,u? + u,u? 4+ u, L, u? 4w, u, L,u? +u, 1,1, 1) 660 66

3.2.5 Best known Self-dual Codes of Length 72

We know that an extremal Type I code of length 72 must have a minimum
distance 14 while a Type II one must have 16 as its minimum distance. But as
yet the existence of these codes is an open problem. However a lot of work has
gone towards classifying self-dual codes of parameters [72,36,12] of both types,
especially Type II ones. A number of singly even self-dual [72,36, 12] codes have
been listed in (Kaya et al., 2014) and (Dougherty et al., 2007). In (Gulliver and
Harada, 2008), (Dougherty et al., 1997), (Dontcheva., 2002), (Bouyukliev et al.,
2005) a great number of doubly even self-dual [72, 36, 12] codes are constructed. We
have constructed a considerable number of new Type I and Type II self-dual codes of
length 72 as images of self-dual codes over R3; and R3 2 via the double and bordered
double circulant constructions. To do this, by using Theorem 3.1.4, we have had to
do an exhaustive search over all possible lifts of suitable binary self-dual codes of

length 24 and 12, respectively. We illustrate this method in the following example:

Example 3.2.4. Consider the binary self-dual code of the parameters [24,12, 6]
obtained by pure double circulant construction. We lift the first row of the circulant

matrix in its generator matrix to Rs; as follows:

x= (0, 0, 0, O, 1, 0, 0, 1, 1, 1, 0, 1)
(R R ) T T 1 T ) T T
X= (0, 0, 0, w, w+1, u?* u* 1, v*+u+1, u+1, 0, u?+1).
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Afterwards, we set the pure double circulant matrix of the form [/, | X] and
we generate self-dual codes over Rz, by MAGMA. The Gray image of this code is
a binary Type I [72, 36, 12]—self-dual code with the weight enumerator 1+ 494y'2 +

8640y'* + - -- and it has an automorphism group of order 48.

Using the double circulant construction over R3; we were able to obtain 117
non-equivalent Type I binary [72, 36, 12]-codes and 43 non-equivalent Type II binary
(72,36, 12]-codes. Using the bordered double circulant construction over Rs3; we
found 27 new Type IT and 36 Type I self-dual [72, 36, 12]-codes. Moreover, by using
the bordered double circulant construction over R, we constructed 22 new Type
1 [72,36,12]-codes and 35 new Type II [72,36, 12]-codes. In (Kaya et al., 2014) two

possible weight enumerators were given for Type I [72, 36, 12]-codes as follows:

Woaq = 14 28y"% + (8640 — 647)y** + (124281 — 243 + 384~)y'+--

(3.9)
Wigo = 1+ 28y'2 + (7616 — 64~)y™ + (134521 — 2413 + 384~)y 64

where [ and ~ are parameters.

Before proceeding with the following tables in which we list all the new Type
I and Type II binary self-dual codes of parameter [72,36,12], we would like to
introduce a notation to shorten the elements of Rj39, that can also be used for
R as well. Note that 39 is an Fa-vector space with a basis that we can take as
{v*v,uv,v,u? u,1}. Any element in R3 5 corresponds to a 6-bit string over Fy which
we can consider as a base 2 expression of a natural number. With this notation every
element in R3 2 corresponds to a integer from 0 to 63. For example uv + v + u® + 1
corresponds to (011101) whose numerical value can be taken as 29. Taking the basis
as {u?, u, 1} gives a numerical value from 0 to 7 to any element in Rj .

The 76 and 41 new binary Type I [72, 36, 12] self-dual codes that were obtained
from double circulant matrices over R3; all have 48 and 96 respectively as the orders
of their automorphism groups and the parameters for their weight enumerators in

W91 were given in following tables:
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Table 3.5 New Type I [72,36,12] self-dual codes obtained from double circulant

matrices over Rg1,|Aut(B;)| = 48.
code B; first row of M Bin Wiy | v in Wagy
B (2,2,2,4,3,4,6,1,3,5,6,7) 185 0
By (0,0,0,6,3,4,4,1,7,7,0,5) 199 0
B3 (2,0,2,0,3,6,6,3,3,1,6,5) 201 0
B, (4,2,2,6,1,6,0,3,5,7,2,7) 207 0
Bs (6,2,0,2,3,6,2,3,7,3,0,7) 225 0
Bg (0,0,2,4,3,6,4,3,3,5,6,5) 231 0
B (6,0,2,0,3,6,2,3,3,1,6,5) 233 0
By (0,0,0,2,3,4,4,1,7,3,0,5) 247 0
By (6,2,2,4,3,4,2,1,3,5,6,7) 249 0
B (6,2,2,6,3,4,2,1,3,7,6,7) 255 0
Bn (2,2,2,6,3,4,6,1,3,7,6,7) 271 0
B (6,2,0,4,1,4,2,1,1,5,4,7) 273 0
Bis (2,2,0,4,1,4,6,1,1,5,4,7) 281 0
By (0,2,0,6,3,6,4,3,7,7,0,7) 295 0
B (2,0,0,0,1,6,6,3,1,1,4,5) 297 0
Big (4,2,2,2,1,6,0,3,5,3,2,7) 303 0
Bz (6,0,6,4,3,2,2,3,3,1,2,1) 317 0
Bis 0,2,2,6,1,6,4,3,5,7,2,7) 319 0
By (2,0,0,6,3,4,6,1,7,7,0,5) 321 0
Bsy (2,2,2,2,1,6,6,3,5,3,2,7) 329 0
By (0,0,2,0,3,2,4,3,3,5,6,1) 339 0
Bos (2,0,6,0,3,2,6,3,3,5,2,1) 341 0
Bos (6,2,2,6,1,6,2,3,5,7,2,7) 353 0
By (4,0,2,4,3,2,0,3,3,1,7,1) 355 0
Bos (4,2,0,6,3,6,0,3,7,7,0,7) 375 0
Bog (2,0,0,2,3,4,6,1,7,3,0,5) 377 0
By (0,2,2,2,1,6,4,3,5,3,2,7) 463 0
Bog (2,0,0,3,6,1,3,3,1,4,7,5) 145 6




Table 3.5 (continued)

By | (0,6,4,3,6,3,3,7,5,6,5,7) 153 6
By | (0,4,2,1,2,7,3,5,7,4,1,3) 159 6
By | (0,4,0,3,2,3,3,7,5,2,1,7) 165 6
By | (0,2,0,1,4,5,1,1,1,6,5,1) 169 6
Bss | (0,0,6,1,6,3,3,5,7,0,5,7) 171 6
By | (0,2,6,1,4,3,1,1,7,6,5,7) 177 6
Bss | (0,0,2,1,6,1,3,5,3,0,5,5) 181 6
Bss | (0,2,4,3,2,1,3,7,1,2,1,5) 183 6
Bs; | (0,6,6,3,2,5,3,7,3,6,1,1) 193 6
Bss | (0,0,2,3,4,1,1,3,3,4,5,5) 195 6
By | (0,2,4,3,6,3,3,7,5,2,5,7) 201 6
By | (0,0:2,1,2,3,3,5,7,0,1,7) 207 6
Bn | (0,0,0,1,2,7,3,5,5,0,1,3) 213 6
By | (0,0,0,3,4,1,1,3,1,4,5,5) 217 6
By | (0,4,6,1,6,3,3,5,7,4,5,7) 219 6
Bu | (0,0,6,3,4,7,1,3,7,4,5,3) 225 6
Bis | (0,6,4,3,2,1,3,7,1,6,1,5) 231 6
Bis | (0,4,0,1,2,7,3,5,5,4,1,3) 237 6
Bur | (2,0,0,1,4,1,1,5,1,0,7,5) 243 6
Bis | (0,2,2,3,6,1,3,7,3,2,5,5) 253 6
Bi | (0,04,3,2,7,1,3,5,4,5,3) 255 6
Bso | (2,0,0,3,6,5,3,3,1,4,7,1) 265 6
Bsi | (2,0,2,3,6,1,3,3,3,4,7,5) 267 6
Bs, | (0,0,4,3,0,1,1,3,1,4,1,5) 277 6
Bss | (0,0,6,3,0,1,1,3,3,4,1,5) 279 6
Bsi | (2,0,2,3,2,7,3,3,7,4,3,3) 285 6
Bss | (2,0,0,3,2,7,3,3,5,4,3,3) 291 6
Bss | (0,2,6,1,4,7,1,1,7,6,5,3) 297 6
Bs; | (0,2,2,3,2,3,3,7,7,2,1,7) 303 6
Bss | (0,0,0,1,2,3,3,5,5,0,1,7) 309 6
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Table 3.5 (continued)

Bsy | (0,6,6,3,6,3,3,7,7,6,5,7) 315 6
Bs | (0,0,4,1,6,3,3,5,5,0,5,7) 321 6
Bsi | (0,04,3,0,5,1,3,1,4,1,1) 325 6
Be | (0,0,4,1,2,1,3,5,1,0,1,5) 327 6
Bs; | (0,0,6,3,4,3,1,3,7,4,5,7) 345 6
Ber | (2,0,4,3,2,5,3,3,1,4,3,1) 349 6
Bes | (0,2,4,1,4,3,1,1,5,6,5,7) 351 6
Bes | (2,0,2,3,6,5,3,3,3,4,7,1) 387 6
Bg: | (0,0,0,3,0,7,1,3,5,4,1,3) 411 6
Bes | (0,2,4,1,4,7,1,1,5,6,5,3) 423 6
Bg | (6,2,2,2,1,6,2,3,5,3,2,7) 345 24
Br | (2,2,0,6,3,6,6,3,7,7,0,7) 393 24
Bn | (0,0,6,4,3,2,4,3,3,1,2,1) 411 24
Br | (4,0,6,0,3,2,0,3,3,5,2,1) 427 24
Brs | (6,0,2,0,3,2,2,3,3,5,6,1) 429 24
Br | (2,0,2,4,3,6,6,3,3,5,6,5) 449 24
Brs | (2,0,2,4,3,2,6,3,3,1,6,1) 453 24
Brs | (6,2,2,0,3,4,2,1,3,1,6,7) 497 24
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Table 3.6 New Type I [72,36,12] self-dual codes obtained from double circulant
matrices over R 1,|Aut(B;)| = 96.

code B; first row of M Bin Wiy | v in Wrgy
Brr | (0,4,2,2,14,4,1,5,3.2,1) 235 0
Big (0,6,2,2,1,6,4,3,5,3,2,3) 259 0
Brg (4,2,0,6,3,2,0,3,7,3,0,3) 291 0
By (4,0,0,6,3,0,0,1,7,3,0,1) 315 0
Bg; (0,0,2,6,1,0,4,1,5,3,2,1) 331 0
Bgs (4,6,0,2,3,6,0,3,7,3,0,3) 339 0
Bgs (2,2,0,6,3,2,6,3,7,3,0,3) 341 0
Bgy (0,2,2,6,1,2,4,3,5,3,2,3) 355 0




Table 3.6 (continued)

Bss | (2,0,2,2,1,0,6,1,5,7,2,1) 357 0
Bss | (4,4,0,2,3,4,0,1,7,3,0,1) 363 0
Bs; | (6,4,0,2,3,4,2,1,7,3,0,1) 365 0
Bss | (0,6,0,6,3,6,4,3,7,7,0,3) 379 0
Bsy | (6,4,0,6,3,4,2,1,7,7,0,1) 381 0
By | (2,0,2,6,1,0,6,1,5,3,2,1) 389 0
By, | (0,4,2,6,1,4,4,1,5,7,2,1) 403 0
By | (2,4,0,6,3,4,6,1,7,7,0,1) 413 0
Bys | (0,0,0,6,3,0,4,1,7,3,0,1) 427 0
By | (2,6,0,2,3,6,6,3,7,3,0,3) 429 0
Bos | (4,0,0,2,3,0,0,1,7,7,0,1) 435 0
Bos | (4,2,0,2,3,2,0,3,7,7,0,3) 459 0
Byr | (6,0,0,2,3,0,2,1,7,7,0,1) 485 0
Bes | (0,2,0,6,3,2,4,3,7,3,0,3) 499 0
Boo | (4,2,2,2,1,2,0,3,5,7,2,3) 507 0
Bio | (2,4,2,6,1,4,6,1,5,7,2,1) 509 0
Bin | (0,2,2,2,1,2,4,3,5,7,2,3) 331 24
Bip | (6,4,2,6,1,4,2,1,5,7,2,1) 333 24
Bios | (4,4,0,6,3,4,0,1,7,7,0,1) 339 24
B | (0,0,2,2,1,0,4,1,5,7,2,1) 355 24
Bios | (2,0,0,2,3,0,6,1,7,7,0,1) 357 24
Bios | (4,6,0,6,3,6,0,3,7,7,0,3) 363 24
Bir | (6,6,2,6,1,6,2,3,5,7,2,3) 381 24
Bios | (4,0,2,6,1,0,0,1,5,3,2,1) 411 24
Bios | (0,4,0,2,3,4,4,1,7,3,0,1) 427 24
Bio | (6,2,0,6,3,2,2,3,7,3,0,3) 453 24
B | (4,2,2,6,1,2,0,3,5,3,2,3) 483 24
Bis | (0,6,0,2,3,6,4,3,7,3,0,3) 499 24
Bus | (6,0,0,6,3,0,2,1,7,3,0,1) 501 24
B | (2,6,2,2,1,6,6,3,5,3,2,3) 525 24
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Table 3.6 (continued)

Bus | (24,2,2,1,4,6,1,5,3,2,1) 573 24
B | (6,2,0,2,3,2,2,3,7,7,0,3) 629 48
B | (2,6,2,6,1,6,6,3,5,7,2,3) 653 48

The order of the automorphism group of all the 36 new binary Type I [72, 36, 12]
self-dual codes that were constructed from bordered-double circulant matrices over

Ras1 is 44 and their parameters in W7, 9 were given in following table:

Table 3.7 New Type I [72,36,12] binary self-dual codes obtained from bordered

double circulant matrices over Rg 1,|Aut(C;)| = 44.

Code C; first row of M x,y,2 | Bin Wiao | vin Wi
Cy (0,0,6,3,6,3,5,2,3,1,7) | (2,3,3) 88 0
Cy (0,0,6,3,4,1,1,6,5,1,7) | (4,1,1) 89 0
Cs (0,0,0,3,2,3,7,2,1,7,5) | (4,1,1) 111 0
Cy (0,0,0,3,4,1,3,2,3,7,1) | (2,3,3) 132 0
Cs (0,0,6,3,2,3,5,6,7,1,3) | (2,3,3) 154 0
Cs (0,0,6,3,6,5,5,4,7,5,1) | (4,1,1) 155 0
Cr (0,0,2,3,4,3,5,4,5,1,1) | (2,3,3) 165 0
Cs (0,0,2,3,4,5,5,2,1,5,7) | (4,1,1) 177 0
Cy (0,0,0,1,6,7,5,4,3,1,1) | (2,3,3) 187 0
Cho (0,0,2,3,6,7,1,6,7,5,7) | (2,3,3) 198 0
Ch1 (0,2,0,1,2,1,7,4,3,1,5) | (4,1,1) 199 0
Cia (0,0,0,3,0,1,3,6,7,7,5) | (2,3,3) 220 0
Cis (0,2,0,3,4,7,1,6,7,7.1) | (4,1,1) 221 0
Cha (0,2,4,1,6,3,3,2,7,1,7) | (2,3,3) 231 0
Cis (0,0,2,1,0,1,7,4,3,3,3) | (2,3,3) 242 0
Cis (0,0,0,1,2,1,5,6,3,5,3) | (4,1,1) 243 0
Cir (0,2,0,1,2,7,7,2,7.,5,3) | (2,3,3) 253 0
Cis (0,0,2,1,4,1,7,0,7,3,7) | (2,3,3) 264 0
Cho (0,0,6,1,0,3,3,6,3,3,5) | (4,1,1) 265 0




Table 3.7 (continued)

Cao (0,0,0,1,4,3,1,6,1,5,7) | (2,3,3) 275 0
Coy (0,2,0,3,6,5,5,2,1,7,1) | (2,3,3) 286 0
Ca (0,2,4,1,0,1,7,2,5,1,3) | (4,1,1) 287 0
Cos (0,2,0,1,4,3,3,4,1,1,1) | (2,3,3) 297 0
Coy (0,2,0,3,6,3,5,4,5,3,7) | (4,1,1) 309 0
Cos (0,2,2,1,2,5,1,4,1,3,3) | (2,3,3) 319 0
Cag (0,0,4,3,6,1,3,4,5,7,7) | (2,3,3) 330 0
Coy (0,0,2,1,4,7,7,6,3,7,1) | (4,1,1) 331 0
Cog (0,2,2,1,4,7,5,4,3,3,7) | (4,1,1) 353 0
Cag (0,0,4,1,0,7,5,6,1,1,3) | (2,3,3) 363 0
Cs (0,0,0,3,2,5,7,4,5,3,3) | (2,3,3) 374 0
Cs1 (0,0,4,1,6,3,1,0,7,5,1) | (2,3,3) 385 0
Cso (0,2,4,3,4,3,5,2,33,1) | (4,1,1) 397 0
Css (0,0,4,3,4,5,7,6,7,3,1) | (2,3,3) 418 0
Csy (0,2,4,3,2,1,1,2,1,3,5) | (2,3,3) 462 0
Css (0,0,2,3,0,5,5,6,5,5,3) | (4,1,1) 573 0
Csg (0,0,4,3,0,3,7,4,7,7,3) | (4,1,1) 617 0
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The 22 new binary Type I [72, 36, 12] self-dual codes that were obtained from
bordered-double circulant matrices over R32 had weight enumerator of the form
Wia,1. Constructions of the codes whose automorphism groups are of order 40 and

20 have been listed in following table:

Table 3.8 New Type I [72,36,12] binary self-dual codes obtained from bordered

double circulant matrices over Rg .

Code D; | first row of M T, 2 Bin Wyay | v in Waay | [Aut(D;)|
D, (16,1,11,43,37) | (20,49,49) 383 24 40
D, (16,1,27,59,37) | (20,49,49) 363 24 40
D, (48,1,11,43,37) | (20,17,25) | 379 12 40
D, (48,1,27,59,37) | (20,17,25) | 359 12 40
Ds (16,1,11,43,37) | (20,17,17) 319 12 40
Ds (56,1,27,59,5) | (28,17,17) | 309 10 40
D; | (24,17,27,59,.21) | (28,17,25) 289 10 40
Dg (24,1,11,43,5) | (28,17,25) 269 10 40
Dy | (56,17,11,43,21) | (28,17,17) 249 10 40
Do | (56,49,27,59,53) | (28,17,33) | 296 18 20
D | (24,17,11,43,21) | (28,17,41) 276 18 20
Dqs (24,33,11,43,37) | (28,17,41) 246 18 20
D13 (24,49,27,59,53) | (28,17,41) 236 18 20
Dyy (56,1,27,59,5) | (28,17,33) 206 18 20
D5 (56,1,11,43,5) | (28,17,33) 186 18 20
Dis | (56,17,27,59,21) | (28,17,33) 176 18 20
Dis (56,1,27,59,5) | (28,17,49) | 277 16 20
Dig (56,1,11,43,5) | (28,17,49) | 237 16 20
Dig (24,1,11,43,5) | (28,17,57) 197 16 20
Day | (48,1,27,59,37) | (20,17,57) 307 9 20
Day | (16,1,27,59,37) | (20,17,49) 287 9 20
Das | (16,1,11,43,37) | (20,17,49) | 267 9 20
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The possible weight enumerators for a Type II [72,36, 12] code are given in
(Dougherty et al., 1997) as

Woo =1+ (4398 + a)y'? + (197073 —

12a)y16_|_...

Constructions of the new Type II binary self-dual codes of the parameters

(72,36, 12] obtained from circulant matrices over R and R3 o were listed in follow-

ing tables:

Table 3.9 New Type II [72,36,12] self-dual codes obtained from double circulant

matrices over Rs ;.

code F; first row of M a in Wy | |Aut(F;)|
B (2,0,4,3,6,1,3,3,5,4,7,5) | —3996 144
Fy (0,6,0,3,6,3,3,7,1,6,5,7) | —3900 48
Fy |(0,0,6,1,2,3,3,5,3,0,1,7) | —3888 48
F, |(0,6,4,3,2,3,3,7,1,6,1,7) | —3876 48
Fs |(0,0,2,1,2,1,3,5,7,0,1,5) | —3852 48
F (2,0,2,3,6,7,3,3,3,4,7,3) | —3804 48
Fx (0,0,6,3,4,5,1,3,7,4,5,1) | —3768 48
Fyg (0,0,0,1,6,3,3,5,1,0,5,7) | —3756 48
Fy (0,6,0,3,2,1,3,7,5,6,1,5) | —3744 48
Fip (0,4,4,1,2,3,3,5,1,4,1,7) | —3732 48
Fiy (0,6,2,3,2,1,3,7,7,6,1,5) | —3708 48
Fiy (2,0,0,3,6,3,3,3,1,4,7,7) | —3696 48
Fis (0,0,6,3,4,1,1,3,7,4,5,5) | —3672 48
Fuy (0,0,4,3,4,5,1,3,5,4,5,1) | —3660 48
Fis (0,0,4,1,6,1,3,5,5,0,5,5) | —3624 48
Fig (2,0,2,3,6,3,3,3,3,4,7,7) | —3612 48
Fiz  1(0,0,0,3,4,7,1,3,1,4,5,3) | —3600 7920
Fig (0,0,6,1,2,7,3,5,3,0,1,3) | —3600 48
Fio |(0,0,4,1,2,3,3,5,1,0,1,7) | —3588 48
Fy (0,0,2,1,2,5,3,5,7,0,1,1) | —3564 48
Fo | (0,4,2,1,2,5,3,5,7,4,1,1) | —3564 144




Table 3.9 (continued)

F |(0,0,2,3,0,5,1,3,7,4,1,1) | —3552 48
Fs | (0,0,2,3,4,7,1,3,3,4,5,3) | —3516 48
Fyy | (0,0,0,3,0,1,1,3,5,4,1,5) | —3492 48
Fs | (0,0,2,1,6,3,3,5,3,0,5,7) | —3480 48
Fos | (0,2,2,1,4,7,1,1,3,6,5,3) | —3468 48
Fyr | (0,0,0,1,2,1,3,5,5,0,1,5) | —3456 48
Fos | (0,4,6,1,6,1,3,5,7,4,5,5) | —3444 48
Foo | (2,0,4,3,2,7,3,3,1,4,3,3) | —3384 48
Fy |(2,0,4,1,4,1,1,5,5,0,7,5) | —3336 48
Fy | (0,2,6,3,2,7,3,7,3,2,1,3) | —3312 48
Fsp  |(0,0,0,3,0,5,1,3,5,4,1,1) | —3300 48
Fys | (0,0,0,3,4,3,1,3,1,4,5,7) | —3264 48
Fy  |(0,0,6,3,0,3,1,3,3,4,1,7) | —3252 48
Fys | (0,4,2,1,6,3,3,5,3,4,5,7) | —3192 48
Fy |(0,0,2,3,4,3,1,3,3,4,5,7) | —3180 48
Fyr | (0,4,4,1,2,7,3,5,1,4,1,3) | —3156 48
Fis |(2,0,2,3,2,5,3,3,7,4,3,1) | —3120 48
Fy |(0,2,0,3,6,3,3,7,1,2,5,7) | —3036 48
Fio |(0,2,0,1,4,3,1,1,1,6,5,7) | —3024 48
Fy  |(0,2,0,1,4,7,1,1,1,6,5,3) | —2976 48
Fi |(0,0,4,3,0,7,1,3,1,4,1,3) | —2952 48
Fs | (2,0,0,3,2,5,3,3,5,4,3,1) | —2868 48

38
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Table 3.10 New Type II [72,36,12] self-dual codes obtained from bordered double

circulant matrices over Rs ;.

Code F; first row of M Y,z | ain Weg | |Aut(F|
Fu | (0,2,0,3,2,1,5,2,5,7,1) | (6,3,3) | —4134 132
Fis | (0,0,2,3,6,3,1,2,7,5,3) | (6,3,3) | —4002 44
Fie  |(0,2,4,1,2,1,3,4,7,5,1) | (0,1,1) | —3996 44
Frr | (0,0,2,3,2,3,1,6,3,5,7) | (6,3,3) | —3870 44
Fis | (0,0,2,3,6,5,1,4,3,1,5) | (0,1,1) | —3864 44
Fio | (0,0,4,1,6,7,1,4,7,5,5) | (6,3,3) | —3804 44
Fso | (0,0,0,3,6,1,7,4,1,3,3) | (6,3,3) | —3738 44
Fsi | (0,0,0,1,2,5,5,2,3,5,7) | (0,1,1) | —3732 44
Fs | (0,0,4,1,4,3,5,6,5,1,3) | (6,3,3) | —3672 44
Fss | (0,0,0,3,4,5,3,6,3,7,5) | (6,3,3) | —3606 44
Fy | (0,0,2,3,4,1,5,6,1,5,3) | (0,1,1) | —3600 44
Fss  1(0,0,0,1,2,3,5,4,7,1,1) | (6,3,3) | —3540 44
Fss | (0,0,2,1,4,5,7,4,7,3,3) | (6,3,3) | —3474 44
Fsr | (0,0,0,1,6,5,5,6,7,5,3) | (0,1,1) | —3468 44
Fss | (0,0,0,1,0,7,1,6,5,5,7) | (6,3,3) | —3408 44
Fso | (0,2,2,1,4,5,5,6,7,7,5) | (6,3,3) | —3342 132
Feo | (0,0,0,3,0,5,3,2,7,7,1) | (6,3,3) | —3342 44
Fo | (0,0,0,3,0,3,3,4,3,3,7) | (0,1,1) | —3336 44
Fe» | (0,0,6,3,4,3,1,4,1,5,5) | (6,3,3) | —3276 44
Fes | (0,2,4,3,2,5,1,6,1,3,1) | (6,3,3) | —3210 44
Feo | (0,0,2,1,0,3,7,6,7,7,1) | (0,1,1) | —3204 14
Fes  |(0,2,2,1,6,1,1,4,5,3,3) | (6,3,3) | —3144 44
Fes | (0,0,4,3,2,5,3,4,1,7,7) | (6,3,3) | —3078 44
Fer | (0,0,0,3,6,7,7,2,5,7,5) | (0,1,1) | —3072 44
Fes | (0,2,4,3,0,1,5,4,3,7,7) | (6,3,3) | —2946 44
Feo |(0,2,4,1,4,5,7,2,1,1,3) | (0,1,1) | —2940 44
Fro | (0,0,4,3,4,7,7,4,3,7,3) | (0,1,1) | —2808 44
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Table 3.11 New Type II [72,36,12] self-dual codes obtained from bordered double

circulant matrices over Ry 5.

Code G; | first row of M x,y, 2 ain Wy | |Aut(G;)|
Gy | (8,17,27,59,21) | (12,17,25) | —3960 120
Gy | (8,33,27,59,37) | (12,17,25) | —3960 40
Gy (8,1,11,43,5) | (12,17,25) | —3840 40
Gy (24,1,27,59,5) | (28,49,57) | —3732 40
G5 (24,17,27,59,21) | (28,33,41) | —3720 40
G (24,1,11,43,5) | (28,49,57) | —3612 40
G (8,1,27,59,5) | (12,17,25) | —3600 40
Gs | (24,17,27,59,21) | (28,49,57) | —3492 40
Go | (8,33,11,43,37) | (12,17,25) | —3480 40
G | (24,17,11,43,21) | (28,49,57) | —3372 40
Gu | (8,49,27,59,53) | (12,17,25) | —3360 40
Gi» | (56,17,57,43,21) | (28,49,49) | —3252 40
G | (8,17,11,43,21) | (12,17,25) | —3240 40
Gu | (10,1,25,29,37) | (42,11,11) | —3120 40
Gis | (10,1,25,29,37) | (42,35.35) | —3000 40
G | (10,1,57,61,37) | (42,11,11) | —2880 40
G | (56,33,27,59,37) | (28,33,49) | —3942 20
Gis | (24,49,11,43,53) | (28,33,57) | —3882 20
G | (24,1,11,43,5) | (28,33,57) | —3822 20
Gao | (10,9,1,37,13) | (10,11,59) | —3786 20
Gor | (24,17,27,59,21) | (28,33,57) | —3762 20
Gae | (10,17,41,45,53) | (10,11,59) | —3726 20
Gas (56,1,11,43,5) | (28,33,49) | —3702 20
e (24,49,27,59,53) | (28,33,57) | —3642 20
Gas (10,9,49,21,13) | (10,11,59) | —3606 20
G (56,33,11,43,37) | (28,33,49) | —3582 20
Gor | (10,1,9,13,37) | (10,11,59) | —3546 20
Gas | (24,17,11,43,21) | (28,33,57) | —3522 20
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Table 3.11 (continued)

Gag (24,33,11,43,37) | (28,33,57 —3462 20
Gso (10,1,41,45,37) | (10,11,59 —3426 20
G (56,49,27,59,53) | (28,33,49 —3402 20

( )
( )
( )
Gz | (10,9,17,53,13) | (10,11,59) | —3366 20
( )
( )
( )

Gss | (10,25,17,53,29) | (10,11,59
Gs | (10,1,25,29,37) | (10,11,59
G35 (10,9,33,5,13) | (10,11,59

—3306 20

—3246 20
—3186 20

3.3 QUADRATIC DOUBLE CIRCULANT CODES OVER Ry,

Quadratic residue codes have been one of the interesting classes of algebraic
codes. In 2002, they were generalized into quadratic double circulant (QDC) codes
by Gaborit in (Gaborit, 2002) over finite fields. In (Kaya et al., 2014), Gaborit’s
method was extended to the rings of characteristic 2 to get extremal self-dual codes.
In this section, our goal is to give some conditions to obtain self-dual codes over
Rim using QDC construction and to find new constructions for binary self-dual

codes of certain lengths.

First, we recall the notions of residues and non residues for finite fields:

Definition 3.3.1. (Ling and Xing, 2004) Let p be a prime number bigger than 2
and choose a primitive element g of F,, (F5 = (g9) = {g,9%, ¢°,...,¢" %, ¢" ' = 1}).
A nonzero element r of F, is called a quadratic residue modulo p if r = ¢g* for some
integer i; otherwise, r is called a quadratic non residue modulo p. It is clear that r

is quadratic non residue if r = ¢~! for some integer j.

We denote by Q, the set of quadratic residues and by N, the set of quadratic

non residues.

Example 3.3.2. Consider the finite field F1; = Z1;. It is easy to check that 2 is
a primitive element of IF1;. Thus, the nonzero quadratic residues modulo 11 are

{2% : i =0,1,..} = {1,3,4,5,9}, and the quadratic non residues modulo 11 are
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{3%71i=1,2,..} = {2,6,7,8,10}. So Z;; = {0} U {1,3,4,5,9} U {2,6,7,8,10} =
{0} U Q11 UNMN;.

Let p be an odd prime and @, (a,b, c) be the circulant matrix with first row
r based on quadratic residues modulo p defined as r[1] = a, r[i+ 1] = b if i is a
quadratic residue and r [i + 1] = ¢ if 7 is a quadratic non residue modulo p. We state

the special case of the main theorem from (Gaborit, 2002) where p is an odd prime;

Theorem 3.3.3. ( (Gaborit, 2002)) Let p be an odd prime and let @, (a,b,c) be

the circulant matrix with a, b and c as the elements of the ring R. If p = 4k + 1 then

Qp (a,b,¢)Q, (a,b, c)t

(3.10)
= 4Q, (a® +2k (1 + ¢2),2ab — > + k(b + ¢)*, 2ac — 2 + k (b + ¢)?).
If p =4k + 3 then

Qp (a,b,¢) Qy (a, b, ¢)f
= Qu(a®+ 2k+1)(*+A),ab+ac+ k(b + )+ (2k + 1) be, (3.11)
ab+ ac+ k (b + ¢*) + (2k + 1) be).

Definition 3.3.4. ( (Gaborit, 2002)) The code generated by
By (a,b, C) = (]:D|QP (a, b, c))
over R is called a quadratic double circulant code and is denoted by 9DC,, (R) (a, b, c).

Example 3.3.5. Consider the code QDC5 (R22) (1 4+ v + uv, u,v) that is generated

by
| 1+v+uv U v v u ]
u 14+v+wuv u v v
I5 v u 1+v+uv u v
v v U 1+v+uv u
u v v U 1+v+uv

Self-duality of the code is easily checked by Theorem 3.3.3. Moreover, each row
of the generator matrix has Lee weight 8, which means the binary image of the
code is doubly-even. It is an extremal self-dual [40, 20, 8] code with partial weight

distribution 1 + 28528 4 2128022 + - -
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In the following, we define a special subfamily of units and non-units in Ry ,;
Definition 3.3.6. An element r of Ry, is called a basic non-unit if r? =0 and a

basic unit if r? = 1.

It is easily observed that 147 is a basic unit if and only if r is a basic non-unit.

In the following theorems, we characterize families of self-dual QDC codes over

Rk,m:

Theorem 3.3.7. Let a be an element of Ry, such that a® = 0 and p be a prime

with p = 3 (mod 8) then the codes
QDC, (Rim) (a,1,a+ a*) and QDC, (Rym) (a,1+ a®,a+ a”)
are self-dual. The constructions are called I and I1I, respectively.
Proof. Since p = 8k + 3, a®* = 0 and char (Ri,m) = 2, by the equation 3.11 we have
Qp (a, 1,a+ a2) Qp (a, 1l,a+ a2)t
= @ <a2—|—1+ (a+a2)2,a+a(a—|—a2) + (a+a*),a+a(a+a®)+ (a+a2))
= Qp(1,0,0) =1,

which implies that QDC,, (Ri.m) (a,1,a + a?) is self-dual. By analogous steps
ODC, (Ry.m) (a,1+ a* a + a?) is also self-dual. O

The characterization of non-units given in Definition 3.3.6 can be used to

construct self-dual codes as follows;

Theorem 3.3.8. Let a and b be two basic non-units in Ry, and p be a prime. Then
the code QDC, (Ry.m) (1 + a,a,b) is self-dual whenever p = 1 (mod 4). Moreover,
ODC, (Rim) (a,1+b,a) is self-dual if ab = 0 and p = 3 (mod 8). The constructions

are named as 11 and IV, respectively.

Proof. Let p = 4k + 1 be a prime, a and b be basic non-units in Ry ,,,. Then by

equation 3.10, we have



Hence, the code QDC,, (Ry.m) (1 + a, a,b) is self-dual.
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Let p = 8k + 3 be a prime, a and b be basic non-units in Ry ,, with ab = 0.

Then, since char (Ry.m) = 2, by equation 3.11 we have

Qp(a,1+b,a)Q, (a,1+b,a)T
= Qp(La(l+b)+(1+b)a,a(l+b)+(1+0b)a)

= Q,(1,0,0) = I,

Therefore, the code QDC,, (Rym) (a, 1+ b, a) is self-dual.

We list some good QDC codes over Ry, in Table 3.12.

Table 3.12 Some examples of self-dual QDC codes over Ry, ,.

R | p | Construction | a,(b) | The binary image | Comment
Ra1 | B 111 u, 0 [20, 10, 4] extremal
Ra2 | B 111 u,v [40, 20, 8] extremal sinly-even
Ra2 | B 117 U+ uv, v [40, 20, 8] extremal doubly-even
Roq | 11 I, 11 u [44,22, 8] extremal
Rsa | 11 I u [66, 33, 12] extremal
Rsq1 | 11 IT u (66, 33, 12] extremal
Roo | 11 I1 uv (88,44, 12] singly-even
Roo | 11 v u, uv (88,44, 12] doubly-even
Ryq | 11 I u? (88,44, 12] singly-even
Rsp | 19 I u [114,57,16] | -
Rso | 11 II v+ uw [132,66,12] | -
Raa | 19 I u? (152,76, 16] singly-even

3.4 EXTENSION THEOREMS

Another construction method to get self-dual codes is extension method. An

extremal self-dual codes of length 2n + 2 can be obtained from an extremal self-dual
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codes of length 2n by extensions. Brualdi and Pless firstly used extensions for self-
dual codes in (Brualdi and Pless, 1991). Afterwards different versions of extensions
were used by researchers. In (Kaya and Yildiz, 2016), extension methods described
on the binary field were generalized to any ring of characteristic 2. We have applied
the extensions to extremal self-dual codes constructed as binary images of self dual

codes over Ry, .
3.4.1 Constructions for self-dual codes over R ,, by A-circulant matrices

In this section, the four circulant construction is generalized to A-circulant
matrices. Extremal singly-even binary self-dual codes of length 64 are constructed
as Gray images of four circulant codes over Ry ; and Reo. The codes are going to
be used in Section 3.4.2 to construct new binary self-dual codes of lengths 66 and
68.

The possible weight enumerators of singly-even extremal self-dual codes of

length 64 are characterized in (Conway and Sloane, 1990) as:

Wein = 1+ (13124 1683)y™* + (22016 — 643)y™* + - - - where 14 < 8 < 104,

Weso = 1+ (1312 +168)y™ + (23040 — 643)y™ + - - - where 0 < 5 < 277.

Recently, codes with 8 =29, 39, 53 and 60 in Wss; and codes with g =51,
58 in Wy are constructed in (Yankov, 2014) and a code with § = 80 in Wy is
constructed in (Karadeniz et al., 2014b). Together with these the existence of such
codes is now known for § =14, 18, 22, 25, 29, 32, 36, 39, 44, 46, 53, 60, 64 in W4
and for 5 =0, 1, 2, 4, 5, 6, 8, 9, 10, 12, 13, 14, 16, 17, 18, 20, 21, 22, 23, 24, 25, 28,
29, 30, 32, 33, 36, 37, 38, 40, 41, 44, 48, 51, 52, 56, 58, 64, 72, 80, 88, 96, 104, 108,
112, 114, 118, 120, 184 in Wy .

Definition 3.4.1. Let r = (rq,72,...,7,) be an element of (Ry,,)". The A-cyclic
shift of r is defined as oy (r) = (Ary, 71,72, ...,7—1) Where A\ € Ry,,. A square

matrix is called A-circulant if every row is the A-cyclic shift of the previous one.

Since A-circulant matrices commute with each other the four circulant con-
struction can be extended from circulant matrices to A-circulant matrices. We have

the following result:



46

Theorem 3.4.2. Let C be the linear code over Ry, of length 4n generated by the

four circulant matrix

A B
G = [2n
Bt At

where A and B are A-circulant n x n matrices over Ry, satisfying AA*+ BB' = I,.
Then the code C is called a A-four circulant code over Ry ,,. The code C and its

binary image are self-dual.

Four circulant codes of length 32 over Ry have been studied extensively in
(Karadeniz et al., 2014b) and the codes with weight enumerators 8 = 0, 16, 32, 48
and 80 in Weg4o were obtained. The code with the weight enumerator § = 80 in
Wea o is the first such code in literature. For further reference we name this code as

Ce4,80 which is the four circulant code over Ry with
ra = (u,0,0,0,u,1,u,14+u) and rp = (u,u,0,1, 1,1 +u,1 +u,1 +u).

By considering (1 4 u)-four circulant codes of length 32 over Ro; we were
able to obtain the binary codes with weight enumerators for 8 = 8k in W42 where

0 <k <9. These are listed in Table 3.13.



Table 3.13 (1 + u)-four circulant codes over Rq .
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Li |ra B Bin Weapo | [Aut (L;)]
L1 | (u333uuu0) | (11311010) 8 2°
Lo | (u111000u) | (11333ulu) 24 29
L3 | (ul3luOuu) | (31313030) 72 2°
L, | (33uu3110) | (113u00u3) 0 25
Ls | (330u3110) | (1310uuul) 16 2°
Lo | (33uu3130) | (331u0u01) 32 25
L. | (11u03130) | (131u0003) 48 25
Lg | (310u113u) | (1330uu03) 64 26
Lo | (ul110u3u) | (30u03113) 8 25
Lo | (0133uu30) | (10001113) 24 25
L1 | (u111001w) | (3uOul311) 40 25
Lo | (0133u01u) | (10001311) 56 25

In order to construct extremal binary self-dual codes of length 64 as Gray
images of A-four circulant codes of length 16 over Rq 2 we lift binary codes to codes
over R ; and then lift these to codes over Ry 2. Theorem 3.1.4 tells us the minimum

distance of the codes to be lifted. We demonstrate this in the following example;

Example 3.4.3. Let C be the four circulant code of length 16 over Fy with r4 =
(1,0,0,0) and rg = (1,1,1,1). Then C is a singly-even [16,8,4] code. The code C
is lifted to C’, which is the (1 + w)-four circulant code of length 16 over Ry, with
'y = (1,0,u,u) and 3 = (1,1 +wu, 1,1+ u). The binary image ¢91(C’) of C’ is a
self-dual [32, 16, 6] code. Then C’ is lifted to the C” that is the (1 + u + v 4+ uv)-four

circulant code of length 16 over Rq o with
ry=(1L,0,u,u+v+uw) and ry = (1 +v+uv, 1 +u, 1 +v,1+u+wv).

The binary code ¢9(C”) is an extremal singly-even binary self-dual code of length
64 with weight enumerator 5 = 0 in Wey 2. Note that, 7, (C") = ', 7, (C") = C and
n(C") =C.
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In order to fit the upcoming tables we use the hexadecimal number system. The

one-to-one correspondence between hexadecimals and binary 4 tuples is as follows:

0000, 1 <« 0001, 2 <« 0010, 3 <> 0011,
0100, 5 < 0101, 6 <> 0110, 7 <> 0111,

1000, 9 <» 1001, A < 1010, B <« 1011,

=~
r T T 2

C 1100, D ¢ 1101, E < 1110, F ¢ 1111.

To express elements of Roo we use the ordered basis {uv,v,u,1}. For instance

1+ u+wuv in Ry, is expressed as 1011 which is B.
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Table 3.14 Self-dual A-four circulant codes over Rq 5.

M; | X |ra B Bin Weao | |Aut (M;)]
M, |3 | (F0,E2) |(7,53,D) 0 25
M, |3 | (7,0,C,4) | (F F9,5) 16 25
Ms |3 |(3,0,D,4) | (E 3, F, B) 48 25
M, |7 | (B0, 1,0) | (9,B,1,2) 5 23
Ms |7 | (B,0,1,4) | (A7,5 F) 8 24
Ms |7 |(3,0,7,4) | (B,C,D,9) 9 23
M; |7 | (7,05C) |(1,3,25) 12 21
Ms |7 | (D,0,F.0) | (F1,7,4) 13 2
Mo |7 | (B0,1,0) | (455D | 16 e
M |7 | (B,0,F,A) | (B,C,D,7)| 17 23
Mu |7 | (7,0,50C) | @75 F) 24 21
My | F | (1,0,2,E) | (D,3,5,7) 0 25
My | F | (C,0,3,6) | (1,B,7,1) 16 25
Mu | F | (F0,B,A) | (F,B,4,5) 48 95
My | B| (9,0,F,C) | (B,6,9,3) 5 23
My | B| (D,0,3,C) | (6,B,5,3) 8 21
My | B| (5,0,B,4) | (7,6,D,9) 9 23
M | B (5,0,1,E) |(9,9,C,B) 12 91
M | B| (D,0,1,6) | (F,1,7,0) 13 93
My | B| (5,0,B,0) | (E,D,F,5) 16 23
M | B| (B,0,5,0) | (7,E,D,7) 17 23
Moo | B| (D,0,3,4) | (E,9,3,1) 24 24

Remark 3.4.4. In order to construct the codes in Table 3.13 the binary four cir-

culant codes are lifted to Ry ;.

binary four circulant codes are lifted to Ro; and then to Rgps.

Similarly, to construct the codes in Table 3.14 the

This reduces the

search field remarkably from 232 = 4294967296 to 2'6 = 65536.
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3.4.2 New binary self-dual codes by extensions

We are able to construct new binary self-dual codes from old. Firstly, we take
the images of self-dual codes over Ry, of length n under duality preserving Gray
map ¢y, and we get binary self-dual codes of length kmn. Afterwards, applying the
extension methods to generator matrices of these codes we obtain self dual-codes of
length kmn + 2. On the other hand, we also consider the Ry, extensions. The ring
Rim can be considered as an extension of Ry and the Gray map ¢, from Ry,
to Ry1 can be defined rearranging ¢,,. So that, we apply extension methods to
¢y,-image of codes over Ry, of length n as well as the codes over Ry ;. Then we get
codes over Ry of length mn + 2. Finally, we take the Gray images of these new

codes under ¢, and we obtain binary self-dual codes of length k(mn + 2).

There exists different versions of extensions previously applied, for some of
these we refer to (Kim, 2001), (Dougherty et al., 2010) and (Kaya and Yildiz, 2016).
The following extension theorems hold for any commutative Frobenius ring R of

characteristic 2.

Theorem 3.4.5. (Dougherty et al., 2010)Let C be a self-dual code over R of length
n and G = (r;) be a k X n generator matrix for C, where r; is the i-th row of G,
1 < i < k. Let ¢ be a unit in R such that ¢> = 1 and X be a vector in R" with
(X, X)=1. Let y; = (r;, X) for 1 <i < k. Then the following matrix

1 0 | X
Y1 ¢y |
Ye CYr | Tk

generates a self-dual code C’ over R of length n + 2.

A more specific extension method which can be applied to generator matrices

in standard form is as follows:

Theorem 3.4.6. (Kaya and Yildiz, 2016) Let C be a self-dual code generated by
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G = (1,]A) over R. If the sum of the elements in i-th row of A is r; then the matrix:

1 0|z ... 2, 1 ... 1
G* — e )
: I, A
Yn ClYn

where y; = x; + r;, ¢ is a unit with ¢ = 1, X = (21,...,2,) and (X, X) = 1 + n,

generates a self-dual code C* over R.

By applying the extensions for self-dual codes to the codes constructed in
Section 3.4.1 we were able to obtain new binary self-dual codes of lengths 66 and
68. More precisely, 11 new codes of length 66 and 34 new codes of length 68 were

constructed.
3.4.3 [F;-extensions

The Gray images of the codes in tables 3.13 and 3.14 are extremal singly-even
self-dual binary codes of length 64. In this section, we search for extremal binary
self-dual codes of length 66 by applying Theorem 3.4.5. Eleven new codes were
obtained.

A self-dual [66, 33, 12]-code has a weight enumerator in one of the following

forms (Dougherty et al., 1997)

Weey = 1+ (858+803)y™ + (18678 — 243) y** + -+ where 0 < 8 < 778,
W = 1+1690y™ + 7990y™ + - - -

and Wees = 1+ (858 +88)y'* + (18166 — 243) y** + - - where 14 < 8 < 756,

Recently, five new codes in Wgg 1 are constructed in (Karadeniz et al., 2014b). For
a list of known codes in The codes g =0, 1, 2, 3, 5,6, 8, ..., 11,14, ..., 18, 20, ...,
54, 56, 59, 60, 62, ..., 69, 71, ..., 74, 76, 77, 78, 80, 83, 84, 86, 87, 92, 94 W 1.
For a list of known codes in Wgg 3 we refer to (Karadeniz and Yildiz, 2013).

We construct the codes with weight enumerators § =19, 61, 75, 79, 81, 82,
85, 88, 89, 90 and 100 in Wse ;1. The extension in Theorem 3.4.5 is applied to the
binary images of the codes constructed in Section 3.4.1 to obtain the new codes.

The results are given in Table 3.15 where 13? denotes 32 successive 1s in X.
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Table 3.15 New extremal binary self-dual codes with weight enumerators in Weg

by Theorem 3.4.5. (11 codes)

L; The extension vector X B in Wee1
M7 | 10101010111001110010001101110010132 19
M3 | 11001100001011100111100101011111132 61
Lg | 10001011111111011011010110100100132 75
‘. 00010101001111110101110111100101 -
01111001110010000111111001100000

‘. 01100110100001001100000110100000 ol
01001101100110110111110101111001

o 01010110111110101100011010100111 %
00010101100101110100110101101001

i, 00111101100000000111010010101001 .
00100001110000111110001100010100

Ceas0 | 11100000101011010111100100110110132 88

Coas0 | 10100100001110101110100111000001132 89

Ceas0 | 00011111110111101111001110001011132 90

Cea0 | 11100001100000000001000010011011132 100

3.4.4 R, 1-extensions

In this section, we obtain new extremal binary self-dual codes by considering

Ro,1-extensions of the codes constructed in the previous section. The ring R o can

be considered as an extension of Ry ;. Throughout this section, ¢, is the Gray map

from Ro o to Roy defined as ¢, (a + bv) = (b,a + b) where a,b € Ro1. We consider

the extensions of the codes in Table 3.13 as well as the Gray images of the codes

in Table 3.14 under ¢,. 39 new extremal binary self-dual codes of length 68 are

obtained as the binary images of the extensions.

The weight enumerator of an extremal binary self-dual code of length 68 is

characterized in (Dougherty et al., 1997) as follows:
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Wesa = 1+ (442 +48) y"? + (10864 — 83) y** +--- | 104 < B < 1358,

Wesa = 1+ (4424 48) y"* + (14960 — 83 — 256) M4

where 0 < v < 11 and 14y < g < 1870 — 32v. Tsai et al. constructed new
extremal self-dual binary codes of lengths 66 and 68 in (Tsai et al., 2008). Recently,
3 codes with previously unknown weight enumerators in Wgg; were constructed
in (Kaya and Yildiz, 2014). Together with the codes obtained in (Tsai et al., 2008),
(Kaya and Yildiz, 2014) the existence of codes in Wgs 1 are known for 5 =104, 117,
120, 122, 123, 125, ..., 168, 170, ..., 232, 234, 235, 236, 241, 255, 257, ..., 269,
302, 328, ..., 336, 338, 339, 345, 347, 355, 401.

We obtain a code with a weight enumerator 5 = 169 in Wg ;.

First codes with v = 4 and v = 6 in Wpgo are constructed in (Karadeniz
and Yildiz, 2013b). Recently, new codes in Ws o are obtained in (Kaya and Yildiz,
2016), (Kaya et al., 2015) and (Kaya and Yildiz, 2014) together with these, codes

exists for Wgs 2 when

v = 0, B=44,..,154 or B € {2m|m = 19, 20, 88, 102, 119, 136 or 78 < m < 86} ;
= 1, 8=49,57,59,...,160 or B € {2m|m = 27, 28, 29, 95, 96 or 81 < m < 89} ;

2, f=65,68,69,71,77,81,159 or B € {2m|37 < m < 68, 70 < m < 81} or

w2 2
I

€ {2m+1]42<m <69, 71 <m < 77};

3, B=101,117,123,127, 133,137, 141, 145, 147, 149, 153, 159, 193 or

™ 2
m

{2m|m = 44,45, 48,50, 51,52, 54, ..., 58, 61,63, ..., 66, 68, ...,
72,74,77, ...,81,88,94, 98);
v = 4, B € {2m|m =51, 55, 58, 60, 61, 62, 64,65, 67, ..., T1, 75, ..., 78, 80} and

v = 6 with 8 € {2m|m =69, 77, 78, 79, 81, 88} .

In this section, we construct the codes with weight enumerators in Wsgo for
vy=0and § =178; vy =1 and g = 180; v = 2 and B =60, 62, 64, 66, 70, 72, 164,
166, 168, 170, 172, 174, 176, 178, 180, 182, 186; v = 3 and g =94, 107, 118, 120,
156, 168, 172, 180; v = 4 and S =98, 104, 108, 112, 174, 194.

By considering R, ;-extensions of codes in Table 3.13 with respect to Theorem
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3.4.6 we were able to obtain 14 new extremal binary self-dual codes, which are listed

in Table 3.16.

Table 3.16 New codes in Wgg o by Theorem 3.4.6 on Ry (14 codes).

L | X c v | B
Ly | (1313uu0133130ull) | 14w | 2 | 60
Ly | (1131uu011133u011) | 1 2|62
Ly | (0001u11uu3110300) | 1 264
Ly | (00ulul30ulllulul) | 1+u | 2 | 66
Ly | (uuu30330013101uw) | 1+wu | 2 | 70
Ly | (uOululduu333udul) | 14+u | 2 | 72
L3 | (43000uu33u3lu03l) | 1 2 | 166
L3 | (wluOuOulludluulld) | 14w | 2 | 170
L3 | (03u0u00330310u31) | 14w | 2 | 172
L3 | (wluvuOulludlu013) | 14w | 2 | 174
L3 | (0100040110310013) | 1+w | 2 | 176
L3 | (011300u031111313) | 1 3 | 156
L3 | (3u131011301u0ul0) | 1+w | 3 | 172
L3 | (103130333010u010) | 1+w | 3 | 180

Example 3.4.7. Let C be the code obtained by applying Theorem 3.4.5 for ¢, (M)

over Rq ;1 with

X = (u,14u,0,0,0,1+u,0,0,1,u,0,1,u,u,1+u01111111111111111)

and ¢ = 1+ u then the binary image of the extension is an extremal binary self-dual

code of length 68 with a weight enumerator 8 = 169 in Wss;. The code C is the

first extremal binary self-dual code with this weight enumerator.

Theorem 3.4.5 is applied to codes in Table 3.13 and R, ;-images of codes in

Table 3.14. 24 new extremal binary self-dual codes of length 68 are obtained as

Gray images of the extensions. Similar to the Section 3.4.1 lifts can be applied to
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the extensions. If X is a possible extension vector for a free self-dual code C over Rq ;
then 7, (X) is an extension vector for 7, (C). In order to extend C we may lift an
extension vector for m, (C). Theorem 3.1.4 gives an idea on which extension vectors
to lift. For instance, a possible extension vector for the binary code 7, (¢, (Mi2))
is (00010111001100110000001000110011). By considering the lifts of this vector
we were able to obtain new codes with weight enumerators corresponding to rare
parameters v = 4 and 5 = 86, 96 and 98. Those are listed in Table 3.17. Considering

lifts reduces the workload remarkably from 432 to 232
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Table 3.17 New codes in Wgg2 by Theorem 3.4.5 on Ry (24 codes).

Code X c v | B
Ls (31u1u11133ul0u113u10u33013010111) | 14w [ 0 | 178
Ls (10u1u033uu3u00103101010uul0udulu) | 1 1| 180
Lo (11330u11u1103101u3u3101u3luuld3du) 1 2 | 164
Ls (Ouuu0011113u131w01303113033311003) | 1 2| 168
Ly (00000031313033u031u3333u33311003) | 14+w | 2 | 178
Ly (u0uuu033111033uu1301113u13331uul) | 1 2 1180
Ls (u0u00011313u31u011u1113u33313u01) | 1 2 | 182
Ls (u3uuu33uul0uu00103010u001w030ul3) | 14w | 2 | 186
oo (Mi2) | (13331031u0u1133u1111111111111111) 1 3|94
0y (My) | (11u301u33u0133uduludu0uu010330uu) | 1 3| 107
0o (My2) | (11333u3100u113311331133313313133) 1+w | 3| 118
0o (Mi7) | (1310u30u330100001111111111111111) | 1 +u | 3 | 120
L3 (uuu310ulludu00uluuud03ududuld333) | 1 3| 164
Ls (uu031103103u0u01u00103u3ulul3111) | 1+u | 3 | 166
Ls (uuul1lu031u3u0u01u003u3u303u31131) | 14+ u | 3 | 168
Ls (10031003301 uuuudu001ul03u3u31331) | 14+wu | 3 | 174
wu (Mis) | (00010133001 1uu330u000ulu0011uu33) | 14+u | 4 | 86
ou (Mis) | (vu01ul1110u33u033uu0u003uludlu0l3) | 1+u | 4 | 96
wu (Mis) | (00013130u31uull00uuuuluu0l30u3l) | 14+u | 4 | 98
ou (Mis) | (w3u3ul1110u3310u31111111111111111) 1 4 | 104
wu (Mi2) | (23010333003110031331133333113313) 1 4 | 108
Yo (Mi2) | (©1u10313001110u33313331111331111) 1 41112
Ls (00u00u331111130011%31130111310u3) 1+u | 4| 174
Ly (1300033003u0uuu10303000uluul0udl) | 1 4 | 194

Remark 3.4.8. The binary generator matrices of the new extremal binary self-dual
codes of lengths 66 and 68 that are constructed in tables 3.15, 3.16 and 3.17 are
available online at (Kaya and Tiifekgi, 2015).



CHAPTER 4

DIVISIBLE BINARY CODES FROM
GRAY-HOMOGENEOUS MAPS OF CODES OVER Ry,

The homogeneous weight was introduced for codes over rings as an alternative
to the Hamming weight. In this chapter, we consider the homogeneous weight
on the ring family Ry ,,,. Using the generating character characterization of the
homogeneous weight we find a form for the homogeneous weight on Ry,,. We
then assign a value to the average weight ~, giving algebraic and combinatorial
justifications. We construct the Gray-homogeneous map using Reed-Muller codes.
Using the images of cyclic, constacyclic and quasicyclic codes over Ry, ,, of different
lengths with suitable k, m we are able to construct many optimal binary codes that
are divisible with high levels of divisibility. The codes we have obtained are also
quasicyclic with high indices and they are all self-orthogonal when km > 4. Thus
we obtain many optimal, self-orthogonal quasicyclic binary codes, which have been
shown to be of importance in (Townsend and Weldon, 1967), for their connection
to difference sets and their near-BCH performance.

Recall that by U(Ry.m), we denote the units of Ry, and by D(Ry.,), the set

‘Rk,m|

of non-units in Ry . Moreover, we observe that [U(Rim)| = [D(Rim)| = =5

and that U(Re.m) = 1+ D(Rym)-
As a Frobenius ring, Ry, has a generating character. It was shown in Chapter

2 that the generating character of Ry, is given by

X - (Rk,M7+) — ({_171}7‘)

Yoo cyuiv?d e (=1)wE© o
0<i<k-—1
0<j<m—1

where ¢ = (¢;;) is the binary vector consisting of all the coefficients ¢;;’s of a typical

element in Ry, and wg(c) denotes the Hamming weight of c.

57
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4.1 THE HOMOGENEOUS WEIGHT AND CORRESPONDING GRAY
MAP ON Ry,

Homogeneous weights were first introduced in 1997 by Heise and Constanti-
nescu in (Constantinescu and Heise, 1997). The theoretical work on the homoge-
neous weight and its form for frobenius rings can be found in such works as (Con-
stantinescu and Heise, 1997), (Greferath and OSullivan, 2004) and (Honold, 2001).
Different characterizations for the homogeneous weight on frobenius rings were given
in these works. The Mobius function or the generating character of the ring seem
to be the prevalent tools used in these constructions. The homogeneous weight is
defined with two conditions for arbitrary finite rings as follows in (Greferath and

OSullivan, 2004):

Definition 4.1.1. A real valued function w on the finite ring R is called a (left)

homogeneous weight if w(0) = 0 and the following is true:
(H1) For all z,y € R, Rx = Ry implies w(x) = w(y) holds.

(H2) There exists a real number 7 such that

> w(y) =v|Rz| for all x € R\{0}

yERz

It has been shown that all Frobenius rings are equipped with a homogeneous
weight. Different characterizations of the homogeneous weight for Frobenius rings
have been given. Some of these use the Mobius function, and some use the generating
character of Frobenius rings. We will use the following proposition from (Honold,
2001), which describes the homogeneous weight in terms of the generating character

of the ring:

Proposition 4.1.2. (Honold, 2001) The homogeneous weight function for a finite

ring R with generating character y is of the form
w: R — R

T 7[1—,3% > x(xp)
pERX

] (4.1)

where R, represents the group of units of R.
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The ~ that appears in the weight function is also called the average weight

and further satisfies the following proeprty:

Proposition 4.1.3. (Honold, 2001) Let I be either a left or a right ideal of a finite
Frobenius ring R, and let y € R. Then > w(r) =~v|I].

rel+y
Applying Proposition 4.1.2 to the ring Ry.,,, we can obtain a form for the

homogeneous weight for codes over the ring Ry, ,:

Theorem 4.1.4. The homogeneous weight for the ring Ry, is of the form

0 z =0,
Whom () & 27, o =uF"tom 1,

v,  otherwise.

Proof. Firstly, we put 0 in Equation 4.1 instead of x recalling that x(0) = 1 and
U(Rim)| = 2571 then we have:
Whom (0) = v [1 — T > 1] = 0.
PEU(Rk,m)
Next, note that
wF—1ym—1 k—1,m—1

p=u"ty
for all p € U(Rym) and so we have x(u* '™ 1p) = (—1) for all p € U(Rkm).
Putting «*~!'v™~! into Equation 4.1 we see that we have
whom(uk_lvm_l) =7 1- ka;fl Z (_1) = 2’7
peu(Rk,m)

kflvmfl

Finally, for any element x in Ry, such that = # 0, u , since  is a non-trivial

when restricted to any non-zero ideal, we have

>~ x(ax) =0. (4.2)

OtERk,m

On the other hand, since 1 + « € D(Rk,,) while a € U(Ry,) and x((o + 1)x) =

X(azx + ) = x(ax)x(z), we rewrite the sum 4.2 as follows:

0 = > xlaz)

aeRk,m
= > xlax)+ > xlaz)x(v)
aGU(Rk,m) aeu(Rk,m)

=1+x(z) > x(az)

aEu(Rk,m)
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Let us call the sum:

F(z)= > xl(az).

Oéeu(R]%m)
While o runs through all the units of Ry, and «of is also for all 8 € U(Rkm), we

casily have F'(z) = F(fBx). So, the Equation 4.1 can be written as

(1+ x(ax))F(z) =0,Va € U(Rym)-

Now, assume that y(ax) = —1 for all & € U(Rk,»). But, then we must have
x(Bx) =1 for all B € D(Rym). Since z # v o™ and ax # u*~'v™! for any
@ € URgm), we must have Sz = uF~1o™! for some B € D(Ri.m) because of
the ideal generated by x must contain u*~'v™~!. But this is a contradiction since
x(uF~tvm=1) = —1. That is,

> X(az)=0.

aEU('Rk,m)
Thus we obtain
whom(x) =7 []- r— kan;—lo} =7

for all & # 0, u*~tom=1, O

In most works related to the homogeneous weight, the average weight v is
unassigned. Having settled the form of the homogeneous weight, we now want to
choose a specific value for v so that we can find a distance preserving isometry from
Ri.m to 5 for a suitable s. We will call this map the Gray-homogeneous map. We
recall some of the work done in this direction. An inductive algebraic construction of
a distance preserving Gray map was given by Yildiz from Galois rings with the ho-
mogeneous distance to the field of prime size with the Hamming distance in (Yildiz,
2006) as well as a combinatorial construction of the Gray map for Galois rings by
using Affine geometries in (Yildiz, 2009). Later, projective geometries PG, (q) were
used to construct the Gray map for linear codes over a family of Frobenius rings
in (Pasa and Yildiz, 2014). Considering the hyperplanes and projective spaces,
the work in (Pasa and Yildiz, 2014) suggests the use of the projective geometry
PGjm-1(F3) in our work. This requires the s to be 2¥™~1 However, as was later
done in (Yildiz and Kelebek, 2014), the first order Reed-Muller codes seem to give

us a more constructive method of finding this map.
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We recall that the first order Reed-Muller codes RM(1,m) are a family of
binary linear codes of parameters [2™, m + 1,2™71] defined for each positive integer
m. The important property of the first order Reed-Muller codes is that there is one
codeword with weight 2™ and all the other non-zero codewords have weight 21,
Because of the structure of the homogeneous weight, it is clear that first order
Reed-Muller codes can be used to construct the Gray map. Since |Ry | = 2™, we
clearly need RM (1, s) where s+1 = km. Thus, to define a distance preserving Gray
map for the homogeneous weight on Ry, we use the first order Reed-Muller codes
RM(1,km — 1), of length 2¥™~1. This coincides with length of the image suggested
in (Pasa and Yildiz, 2014), which adds an added motivation for the choice of « for
us. Thus we choose v = 2¥"~2. This means that for us, the homogeneous weight

will have the following form:

0 if x =0,
Whom () ¢ 2km=1 if o = ok~ 1ym=1,
2km=2 htherwise.

Now, in order to define the Gray-homogeneous map on Ry, ,,, we first note that

Rim can be viewed as an [Fo-vector space with a basis
_ k—1 m—1 k—1 m—1
B={Lu,...,u" " u,..., 0" Juv,... uFT 0"

RM (1,2¥™ — 1) has exactly km basis elements, which are binary vectors of length
2km=1 “including (1,1,...,1). So, we first let ¢po, map elements of the minimal
ideal I x-1,m-1 to the two elements of RM(1,km — 1), given by (0,0,...,0) and
(1,1,...,1), respectively. The remaining elements of the basis are mapped to basic
generators of RM(1,km — 1) except (1,1,...,1). Taking all the possible linear
combinations, we extend the map ¢pom to Ry . The map is then extended in the

natural way Ry .:

¢hom . (Rk,m>n — ngm_l)n
(4.3)
Z Eijuivj — Z Eij¢hom(uivj).
0<i<k—1 0<i<k—1
0<j<m—1 0<j<m—1

The properties of the Reed-Muller codes then result in the following:
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Theorem 4.1.5. ¢, is a distance preserving isometry from (R} . homogeneous

k,m>
distance) to (F2™" ', Hamming distance). Thus if C'is a linear code over Ry, of
length 7 and minimum homogeneous weight d, then ¢, (C) is a binary linear code
of length 2*"~1n, and minimum Hamming weight d. Moreover, the Homogeneous

weight distribution of C'is the same as the Hamming weight distribution of ¢pem (C).

We finish this section with a few examples:
The homogeneous weight for Ry 1 = F 4 ulFy coincides with the Lee weight defined
on Fy+ulFy and the Gray-homogeneous map also coincides with the usual Gray map

for IFy + ulFs, that is well-known in the literature.

Example 4.1.6. Let us consider R3; = Fy 4 ulFy + u?Fy. The homogeneous weight

then is found to be

0 ifxz=0,
whom(‘r) 4 lfx = UQ,

2  otherwise.

The Gray-homogeneous map is described on the basis elements as ¢hom(u2) =
(1,1,1,1), ¢pom(u) = (1,1,0,0), Prom(1) = (1,0,1,0). The map is then extended to

Rs,1 by taking the Fo-linear combinations as follows:

®hom(0) = (0,0,0,0)  Gnom(1 +u) = Gnom(1) + Prom(u) = (0,1,1,0)

Prom(1) = (1,0,1,0)  nom (1 +u?) = dpom (1) + Pnom(u?) = (0,1,0,1)

Grom (1) = (1,1,0,0)  Pnom(u + u?) = Gpom(w) + dnom (u?) = (0,0,1,1)
Grom(1?) = (L, 1L, 1, 1) dpom(L + u+ u?) = Grom (1 + 1) + dpom(u?) = (1,0,0,1)

(
(
(
(

Consequently we have
Ghom(a +bu+cu?) = (a+b+c,b+c,a+cc), ab,ccF,.

Example 4.1.7. Let us consider R3y = Fy 4+ uFy + u?Fy + vFy + uvFy + u?vlFy.
By the similar way, the homogeneous weight of u*v found to be 32 in the ring R

and other non-zero elements of R3 2 have homogeneous weight of 16. Then the basis
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elements of R34 are mapped to basic generators of RM(1,5) as follows:

Ghom(u?v) = (1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1)
Ghom(uv) = (1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)
orom(v) = (1,1,1,1,1,1,1,1,0,0,0,0,0,0,0,0,1,1,1,1,1,1,1,1,0,0,0,0,0,0, 0, 0)
Ghom(u?) = (1,1,1,1,0,0,0,0,1,1,1,1,0,0,0,0,1,1,1,1,0,0,0,0,1,1,1,1,0,0,0,0)
Ghom(u) = (1,1,0,0,1,1,0,0,1,1,0,0,1,1,0,0,1,1,0,0,1,1,0,0,1,1,0,0,1,1,0,0)
onom(1) = (1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0, 1,0, 1, 0).

So, the Gray-homogenous map for the ring R3 o is obtained by taking the F;—linear

combinations as follows:

Onom (a1 + asu + azu? + byv + bouv + bzuv) = (ay + as + az + by + by + bs,
as + a3 + by + bo + b3, a1 + ag + by + by + bs, as + by + by + bs,

ay + ag + by + b + b3, as + by + by + b3, a; + by + by + bs, by + by + b3,

ai + ag + az + by + bz, az + az + ba + bz, ay + az + by + bz, az + by + bs,

a1 + as + by + b3, as + by + bs, a1 + ba + b3, ba + b3,

ay + az +ag + by + bs,as + ag + by + b3, a1 + ag + by + b3, a3 + by + bs,

ai + ag + by + b3, az + by + bz, ay + by + b3, by + bs,

ay + ag + ag + bz, as + as + bs, ay + az + bz, az + bs,

aj; + ag + bs, as + by, a; + b3, b3), a;,b; € Fy

The Gray-homogeneous map for the ring Ry, when m > 2 is not practical

because of large length.

4.2 DIVISIBLE CODES OVER Ry,

Divisible codes were first introduced by Ward in 1981 in (Ward, 1981).

Definition 4.2.1. A code is divisible if the weights of all the codewords have a

common divisor A > 1.

The replicated code, constructed by repeating each coordinate of a selected
code a certain number of times is the simplest divisible code. Moreover, Ward
proved that a divisible code is equivalent to a A-fold replicated code if the divisor

A of the code is relatively prime to the field characteristic in (Ward, 1981).
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Definition 4.2.2. A divisible code is said to be of “level e”, if the greatest divisor

of weights of codewords in C' equals p® for some integer e > 1.

Reed-Muller codes are also an example of divisible codes, by the following

theorem in (MacWilliams and Sloane, 1978):
Theorem 4.2.3. The weight of every codeword in RM (r, m) is divisible by 2[(m=1)/71,

Because of the homogeneous weight on Ry, ,, we can easily observe the follow-
ing:
Theorem 4.2.4. Any linear code C' over Ry, ,, is homogeneous-divisible with A > ~.

In particular with our choice of 7, we see that if C' is a linear code over Ry, of

length n, then ¢, (C) is a divisible binary code of length 2¥™~1n with A > 2km=2,

It is well known that binary linear divisible codes with A = 2%, k > 2 are also

self-orthogonal. Thus we have the following corollary:

Corollary 4.2.5. Let C' be any linear code over R . Then ¢pon(C) is a binary

self-orthogonal linear code if km > 4.

In what follows, we will search for binary divisible codes with various divisors
from the Gray-homogeneous images of cyclic, constacyclic and quasicyclic codes
over Ry, of some lengths. Because of the increased size of the rings, we will mostly
consider the rings Rg3; , R4 and Rs ;. For these rings, the Gray homogeneous maps

are given as follows:

Ghom () = (a1 + az + as, az + ag, a; + as, az)
for x = a1 + asu + asu?® € R3,1 which is given above,
Grom(y) = (a1 + az + a3 + ag, az + az + ag, ay + az + ay,
as + aq, a1 + G + aq, as + ag, a1 + ay, ay)
for y = a1 + asu + azu?® + au® € R4 and
Ghom(2) = (a1 + az + a3 + ag + as,az + a3 + as + as, a3 + a4 + as,

a1+ as+ a4+ as,a1 + ax + a4 + as, a2 + a4 + as,

a1+ ag + as, a4 + as, a1 + az + az + as, az + az + as,

ay + as + as, az + as, a; + as + as, as + as, a; + as, as)
for z = a; + asu + asu® + agu® + asut € Rs1. The examples that we give are mainly

optimal.
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4.2.1 Divisible Cyclic Codes Over Ry,

Recall that a linear code C of length n over Ry, is a cyclic code if 7(¢) =
(Cn_1,Coy -+ Cno) € C for all ¢ = (cg,c1...,¢,1) € C, where 7 is the cyclic shift.
Considering the polynomial correspondence

VI (Rk7m)n — Rk,m[x]

c=(co,C1---yCn1) — Ct+CaT+...+cyqz"?

The cyclic shift corresponds to multiplying by x modulo ™ — 1. Thus it is clear
that a code C of length n over Ry, is cyclic if and only if 7(C) is an ideal in the
ring Ry m[z]/(x™ —1). There are a lot of results concerning the structural properties
of cyclic codes over rings, in particular over finite chain rings. The rings that we
consider for the purposes in this section, Rg31, R4, being finite chain, we are not
going to go into the theoretical aspects of cyclic codes. Instead we will demonstrate
how some one-generator cyclic codes over these rings lead to optimal divisible binary

linear codes under the Gray-homogeneous map.

Theorem 4.2.6. The Gray-homogeneous image of a cyclic code over Ry, is a

2Fm=1_quasicyclic binary code.

Proof. Let ¢ € Ry ,,. Then

gbhom o T(E) = (gbhom(cn—l)a thom(CO)a ce 7¢h0m<cn—2)) (44)

on the other hand

(bhom(é) = ((bhom(CO)a ce 7¢hom(cn72)7 ¢h0m(cnfl>> (45)

where each @pom(c;) is of length 2¥™~1. Hence we obtain equation 4.4 applying the

cyclic shift 2*™~1 times to equation 4.5. That is,

2km—1

T o ¢hom(6) = (¢hom(cn—1)a ¢hom(00)a e 7¢hom(cn—2))-

Hence we obtain:
Ghom 0 T(€) = 72" 0 Prom(0). (4.6)

Let C be a cyclic code over Ry, then we know 7(C') = C. Thus,

Phom (T(C)) = Phom (C). (4.7)



Applying the Equation 4.6 to 4.7 we get:

Dhom(C) = Brom(7(C)) = 727" 0 Gpom (C).
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The binary codes that we have constructed have the additional property that

they are 4-quasicyclic or 8-quasicyclic according as we are on the ring R3; or Ry ;.

Table 4.1 Divisible cyclic codes over R3; of length n and the binary images.

n g(x) Grhom({g(x))) | A | level
3 uw?x + ula? (12,2, 8] 8 3
3 1+ 22 12.3,6) | 6| 1
4 uzr + u?z? + uz® (16,4, 8] 8 3
4 l+z+22+ (1+u?)a? (16,5, 8] 8 3
4 z+ uz® + (u+ 1)z [16, 6, 6] 2 1
4 2% 4 o3 16,94 | 2 | 1
4 23 16,12,2] | 2 | 1
5 3+ 2t [20,12,4] | 2 | 1
5 2+ (1 + u?)zt [20,13,4] | 2 | 1
6 ur + ux® + ve? + urt + (u + u?)ad [24,4,12] | 4 | 2
6 ot + 28 24,15,4] | 2 | 1
6 zt + (1 + u)a® (24,16, 4] 2 1
7 uw?x? + ulrt + ula® + u?a® [28,3,16] |16 | 4
TIl+z+224+ 1 +ud)z® + 2t + (1 +u?)x® + (1 +u?)ab | [28,6,12] 2 1
7 2?2+ 2 + (1 +u?)2® + (1 4+ u?)a® (28,12, 8] 4 2
7 20+ (14 u?)a® 28,19,4 | 2 | 1
8 o3 4+ uz® + ux® + 27 (32,14, 8] 2 1
8 o+ 2+ (T +uw)z® + (1 +u+u?)2” (32,15, 8] 2 1
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Table 4.2 Divisible cyclic codes over Ry of length n and the binary images.

n g(x) Phom((9(2))) | A | level
2 " 16,3,8] | 8| 3
3 wr + udx? 24,2,16] | 16

3 x + 2 24,8, 8] 4 2
3 r+ (1+ u?)z? 24,9, 8] 4 2
4 w r + udx? + ulad [32,4,16] |16 | 4
4 T+z+ (1 +u®)2?+ (1 +u)ad [32,5,16] |16 | 4
4 1+ 2+ 2%+ (1+u)2? 32,6,16] | 16| 4
6 wdr + udx? + udat + uiad 48,2,32] | 32| 5
6 | u?r + ux® + udrd + ulxt + (u? +ud)a® | [48,4,24] 8 | 3

Remark 4.2.7. All the binary codes given in the above tables are optimal or best
known codes, meaning that they either attain upper bounds or have the best known
minimum distance according to (Grassl, 2007). The codes given in Table 4.2 have
the additional property that they are all self-orthogonal quasicyclic codes of the best

possible parameters.

4.2.2 Divisible constacyclic codes over Ry,

Constacyclic codes are a natural generalization of cyclic codes. For a unit « €
R, a constacyclic shift on R™ is given by 7,(co, €1, - .., 1) = (QCp_1,Co,C1, - -+, Cp2).
A code C over R is said to be a-constacyclic if it is invariant under the a-constacyclic
shift, i.e., 7,(C) = C. In exactly the same way as the cyclic codes, constacylic codes
are also endowed with an algebraic structure. More precisely, a—constacyclic codes
over R are in one-to-one correspondence with ideals in the quoient ring R[x]/(2"—a).
Structural properties of constacyclic codes over different alphabets have been stud-
ied quite extensively in the literature. In (Karadeniz and Yildiz, 2011), Karadeniz
and Yildiz studied (1 + v)-constacyclic codes over Rgo = Fy + ulFy + vFy + uvlFy. It
is well known that if R is a ring of characteristic 2, and o € R satisfies o? = 1, then

a-constacyclic codes over R of odd lengths are also cyclic. In Ry as well as in the
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latter generalizations Ry, (Yildiz and Kelebek, 2014), every unit in the ring satisfies
this property. So, constacyclic codes over these rings of odd lengths are just cyclic.
However, the cases that we look at, namely in Rs;, R41 and Rs; this is not true.
If we take @ = 1 + u, then (1 4 u)? # 1 in the rings mentioned above. Thus, the
constacyclic codes we study are in general different than cyclic codes.

In what follows, we have listed some examples of one-generator (14u)-constacyclic
codes over Ry, and their homogeneous Gray images, which turn out to be divisible,

optimal and in some cases self-orthogonal:

Table 4.3 Divisible (1 + u)-constacyclic codes over Ry ;1 of length n and the binary

images.

Rii | n generator of the code Grhom({g(x))) | A | level
Rsq | 6 (0,12, 2,0, u?, u?) 24,2,16] | 16| 4
Rsq | 6 (0,0,0,1,u,1) 24,15,4] | 2| 1
Rai1 | 7 (0,0,u?,0,u?, u? u?) [28,3,16] |16 | 4
Ray | 7 (Lu+1,Lu+1,Lu2+u+1u+1) 28,6,12] | 2 | 1
Raq | 7 (0,0,1,0,1,u+1,1) 28,12,8] | 4 | 2
Raq | 7 (0,0,0,0,0,1,u% +u + 1) 28,19, 4] 2 1
Rs1 |9 (0,u?,u?0,u?, u?,0,u? u?) [36,2,24] | 24

Rar | 2 (u?, u?) 16,3,8] | 8| 3
Ray | 3 (0,1, u+1) 24,8,8] | 4| 2
Rap | 3 0,1,u* +u+1) (24,9, 8] 41 2
Ruq | 5 (L) +u?+u+1,u*+1L,u+1,1) [40, 4, 20] 20

Rar | 7 (0,0, 3,0, u%, u?, u) 56,3,32] | 32| 5
Rs1 | 3 (0, ut, u*) [48,2,32] | 32| 5
Rs1 | 3 (w, u? + u, u® + u) [48,4,24] | 24

Rs1 |3 (1,1 +u+u*, 14 u?) [48,5,24] | 24

Rsi | 5| (LuwP+uw+u+Lut+u?+1u+1,u*+1)| [80,5,40] |40
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Remark 4.2.8. If C' is an a-constacyclic code over Ry, then ¢pem,(C) might not
be a 2Fm~1_quasicyclic binary code, however it can easily be shown that @, (C) is
equivalent to a 28"~ !_quasicyclic binary code. Thus all the codes given in the above
table are equivalent to binary quasicyclic codes and they are also self-orthogonal

when A > 4.
4.2.3 Some results on divisible quasicyclic codes over Ry,

Quasicyclic codes are another generalization of cyclic codes and have generated
a lot of interest. They have algebraic structure and they also satisfy a modified
version of the Gilbert-Varshamov bound. Many optimal good binary codes are
quasicyclic. A lot of good codes have been constructed using quasicyclic codes over
different alphabets, such as (Aydin et al., 2013) and (Chen, 1994). A definition can
be given from (MacWilliams and Sloane, 1978):

Definition 4.2.9. A code C of length n is called /—quasicyclic if £|n and 7°(C) = C.

Note that when ¢ = 1, 1-quasicyclic codes are just cyclic codes. Structurally,
the generator matrix of a t generator /—quasicyclic code can be shown to be of the

following form:

Cin Cip ... Ciy
Co1 Cp ... Cyy
i Ct,l Ct72 e Cng |

where Cj; are m x m circulant matrices. In such a case, the length n of the
¢—quasicyclic code C'is mx £. We refer to (Townsend and Weldon, 1967) and (Chen,
1994) for more information on quasicyclic codes.

We have searched through one generator ¢-quasicyclic codes over Ry, to get
divisible codes of various lengths. We have listed in the following table, divisible,

optimal binary codes obtained as the ¢p,,,-images of quasi cyclic codes over Ry ,:
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Table 4.4 Divisible /-quasicyclic codes over Ry ; and the binary images.

Ry | ¢ generator of the code Orhom({g(x))) | A | level
3 (0,1,1,0, 1,1 + u?, u, u, u?) [36, 2, 24] 24
3 (0w, u, 0, u, u? + u, u, u, u?) (36,5, 16] 4 2
3 (0,1,1,0,u, u, 1, u?, u® + 1) 36,6,16] | 4 | 2
3 (0,1,1,0,1, 4% + 1, u, u, u?) 36,7,16] | 4 | 2
3| (LLw+1Lu+ 1,1 w2+ L w2+ 1,1, Lu?+ 1, u? 4+ 1) [48,4,24] | 24

Rav g O, 0?02 +u, 1, 1,02 + 1,2 + 1,10+ 1, L u+ 1) 48,5,24] | 8 | 3
2 0,1, 1,u%1,u? + L, u> +u, Lu? +u+1,ul,u+1) [48,6, 24] 8 3
2 (0,0,0,u,u,0,u?, u,u,u?) 40, 8, 16] 8 3
31 (LLL L+, L L+ e +1,1, 1,02 +1,1,u2+1) | [60,7,28] | 2| 1
3 (0,0,0,1,1,0,u,1,u,1,1,u+ 1,02 1,u® + u+ 1) 60,12,24] | 4 | 2
D (1,1, + 1, u + 1,1, 1,08 + 1, + 1) 64,5,32] |32] 5
2 (1,1,1,4% + 1,1,1,1,4® + 1) 64,6,32] | 32| 5

Rui | 2 (LL,u>+ L +u?+ 1,1, L, u? +u? + Lu? + 1) [64,7,32) |32 5
3 1,1, +1,1,1,0® + 1,1,1,u + 1) 72,5,36] |12
3 (1,1, 1,48+ 1,1, 1, 1,6+ 1,1,1,1, 4% + 1) [96,6,48] | 48

Remark 4.2.10. It can easily be shown that the Gray-homogeneous image of an
(-quasicyclic code is a (2¥™~1¢)-quasicyclic binary code. So, the binary codes con-
structed above are all (2¥"~1f)-quasicyclic for the appropriate values of £, k,m. In
all but one of the cases they are self-orthogonal as well. Thus almost all the codes

given in the above table are optimal self-orthogonal quasicyclic codes.
4.2.4 Griesmer Codes

The Griesmer bound, introduced in (Griesmer, 1960) is one of the many bounds
that exist for codes, and can be stated as follows: For a linear [n, k, d]-code over F,,
we have
«— d
n > [—} (4.8)
= ¢

where [z] denotes the smallest integer greater than or equal to x. Linear codes
meeting this bound are called Griesmer Codes.
Let us consider a one generator cyclic code Cy,, of length n over Ry, with

the generator vector (1,1,...,1). This is actually the repetition code. It is clear
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to see that the Gray-homogeneous image of this code is a binary linear code of
the parameters [2¥"~1n km,2*"~2n|. Thus, the images of this code are binary
divisible codes with divisor 2¥"~2n. We may construct many optimal linear codes,
which otherwise may have complicated constructions, in a relatively easier way from
Crm- As an illustration of this idea, consider, the Gray-homogeneous images of Cs;
and C3g of length n. These will be binary codes of parameters [16n,5,8n] and
[32n, 6, 16n|, respectively. According to (Grassl, 2007), these codes are all optimal
when 1 <n <8.

We finish this section by noticing that ¢pem(Cim)s are Griesmer codes, when

n = 1, for all £ and m.

Theorem 4.2.11. The binary linear code ¢pom (Chm) is a Griesmer code for n = 1,

and for all k£, m.

Proof. When n = 1, ¢pom(Crm) is a km-dimensional linear code with minimum
distance 2¥"~2. Calculating the Griesmer lower bound according to 4.8, we see that

the lower bound must be

2km—2 2km—2 2km—2 2km—2

Y Tl = o+ T o] + Ty

:2km72+2km73++1+1

— (2km,1 o 1) 4 1= 2km71’

which is precisely the length of ¢pom(Clm), when n = 1. O



CHAPTER 5

CONCLUSION

Codes over rings have been an integral part of Algebraic Coding Theory over
the recent years. The increased activity around this topic is justified by many
interesting results obtained through codes over rings as well as many applications.
With an intricate algebraic structure compared to fields, they sometimes fill the gaps
caused by the restrictive nature of fields. Recent years have shown for example, that
many new extremal binary self-dual codes have been found through codes over rings
of characteristic 2. These codes were not found using the classical construction
methods over the fields oft-applied previously. What started with an Z4-duality of
certain non-linear binary codes has now led to an avalanche of works in this area.
The many different applications suggest that this interest in this area will continue
to be one of the focal parts for coding theorists in the future. Because of Wood’s
studies in this field, Frobenius rings have been the center of attention in codes over
rings. In fact, looking over the literature, we see that many of the works consider
finite, commutative Frobenius rings, and in some cases, local Frobenius rings are
considered. This choice is justified because of many nice properties of these rings.
The existence of a generating character, which can be found without much difficulty,
allows one to consider MacWilliams identities and in our case for example, allows

one to characterize the homogeneous weights.

The Hamming weight is not a focal weight for codes over rings. Instead many
different weights have been suggested. The Lee weight, the Euclidean weight and
the homogeneous weight are amongst these. The common theme in working with
codes over rings has been as follows: describe the ring explicitly through its units,
non units and ideals. Define a weight (Lee, Homogeneous etc.) with associated Gray

maps that map codes over the ring to codes over the ambient residue field of the

72
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ring. Thus consider different aspects of coding theory within this context.

In this thesis, we followed the some script for the ring that we described as
Rim- Rim is a generalization of some oft-studied rings in the literature over the
recent years. The characteristic is 2, and it is a family of finite-commutative, local
Frobenius rings but are not (usually) finite chain or principal ideal rings. These
rings are endowed with an orthogonality-preserving, linear bijective Gray map to
the binary field, which allows us to work on self-dual codes. Defining the Lee weight
in terms of this Gray map and using the construction methods such as the double
circulant, bordered double circulant, four circulant constructions and also using
extension methods we obtained extremal binary self-dual codes of lengths 36, 64,
66, 68 and 72, and gave a different construction for Golay code. We also used
quadratic circulant matrices to obtain extremal binary self-dual codes of lengths 20,

40, 44 and 66.

The first main part of the thesis being the applications to self-dual codes. We
focused on the homogeneous weight in the second main part. After a characterization
of the homogeneous weight using the generating character, we were able to find a
linear, distance preserving Gray map using first order Reed-Muller codes. The binary
images of codes over Ry, ,,, under the Gray-homogeneous map have many interesting
desirable properties, such as being divisible with high levels of divisibility and being
self-orthogonal. Considering cyclic and quasicyclic codes over Ry, ,,,, we were able to
get many optimal binary codes that are divisible, self-orthogonal quasicyclic codes.
self-orthogonal quasicyclic codes, being of importance in communications, we find a
further justification of working on codes over Ry, ,, with respect to the homogeneous
weight. The results of the thesis show that, the ring family Ry, ,,, is a relevant ambient
space for codes over rings. The fruitful results obtained in extremal binary self-dual
codes as well as self-orthogonal quasicyclic codes suggest that further explorations
are possible. Possible connections to such recently introduced subjects as skew cyclic

codes DNA codes can be explored as part of future work on the subject.

Another comment that we would like to make is about Frobenius rings. The
main attraction of Frobenius rings for coding theorists is that they possess a generat-
ing character and consequently the MacWilliams identities hold for codes over such

rings. It is our belief that non-Frobenius rings may also be considered for different
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aspects of coding theory as long as the concept of duality, generating character and
MacWilliams identities do not come into the picture. With almost nothing in the
literature about codes over such rings, the end results and the justification must
be well described before such work can be undertaken. But we suggest this as a

possible direction for future research.
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