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OZET
Yiksek Lisans Tezi

1-BOYUTLU BURGERS TiPi DENKLEMLERIN
SONLU FARK COZUMLERI

YUSUF UCAR
Inonii Universitesi
Fen Bilimleri Enstitiisu
Matematik Anabilim Dali
178 + xxi sayfa
2005

Tez Danigmani : Dog. Dr. Selguk KUTLUAY

Bu Yiiksek Lisans tezi beg béliimden olusmaktadir. Birinci béliimde

sonlu fark yontemleri ve kararlilik analizi ile ilgili bilgiler verildi.

Ikinci béliimde 1-boyutlu Burgers denklemi icin daha 6nce yapilan
galigmalardan bahsedildi. Ayrica bu boliimde Hopf-Cole doniigtimii ve Burgers

denklemi i¢in gozoniine alinan model problemler verildi.

Uciincii boliimde Burgers denklemi Hopf-Cole déniisiimii yardimiyla li-
neerlegtirildikten sonra bazi sonlu fark yontemleri uygulandi. Ayrica bu béliimde

kullanilan yontemlerin kararlilik analizi incelendi.

Dordiincii boliimde Burgers denklemindeki UU, non-lineer terimi yerine

il



degisik sonlu fark yaklagimlari alindi. Elde edilen niimerik ¢oziimler analitik

sonuclarla ve onceki aragtirmacilarin verdikleri sonuglarla kargilagtirildi.

Besinci boliimde, iigiincii ve dérdiincii boliimlerde elde edilen niimerik
sonuclar degerlendirildi. Elde edilen niimerik sonuclarin, her bir problemin
analitik ¢ozlimii ve yayimlanmig niimerik sonuclarla uyum igerisinde oldugu

goriildii.

ANAHTAR KELIMELER: Burgers Denklemi, Sonlu Fark Yéntemleri,

Hopf-Cole Doniigiimii.

v



ABSTRACT
MSec. Thesis

FINITE DIFFERENCE SOLUTIONS OF THE
ONE-DIMENSIONAL BURGERS-LIKE EQUATIONS

YUSUF UCAR
Inénii University
Graduate School of Natural and Applied Sciences
Department of Mathematics
178 + xxi pages
2005

Supervisor : Assoc. Prof. Selguk KUTLUAY

This MSc. thesis consists of five chapters. In the first chapter, basic

concepts of finite difference methods and stability analysis were given.

In the second chapter, previous studies on one-dimensional Burgers
equation were mentioned. Also in this chapter Hopf-Cole transformation and

model problems for Burgers equation to be considered in this study were given.

In the third chapter, some finite difference methods were applied to
the Burgers equation after the linearization by Hopf-Cole transformation. The

stability analysis of the methods used in this chapter was also investigated.

In the fourth chapter, the nonlinear term UU, in the Burgers equation

was replaced by various finite difference approximations to obtain numerical



solutions. The obtained numerical results were compared with analytical re-

sults and those given by previous authors.

In the fifth chapter, the numerical results obtained in third and fourth
chapters were evaluated. The computed results were found to be in good agree-

ment with analytical solution of each problem and published numerical results.

KEYWORDS: Burgers Equation, Finite Difference Methods, Hopf-Cole

Transformation.
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1. TEMEL KAVRAMLAR

Bu boliimde, sonraki boltimlerde kullanilacak bazi temel yontemler ve

kavramlar hakkinda bilgi verildi.

1.1 Sonlu Fark Yontemleri

Sonlu fark yontemleri, lineer ve lineer olmayan bir ¢ok kismi diferansiyel
denklemin ¢6ziimiinde yaygin olarak kullanilmaktadir. Genel olarak bir sonlu
fark yonteminin bir kismi diferansiyel denkleme uygulanmasinda agagidaki yol

izlenir:

e Problemin ¢oziim bolgesi geometrik gekiller iceren kafeslere boliiniir ve
problemin yaklagik ¢oziimii her bir kafesin diigiim (mesh, grid) noktalar

iizerinden hesaplanir.

e Diferansiyel denklemdeki tiirevler yerine Taylor serisi yardimi ile elde
edilen uygun sonlu fark yaklasimlar: yazilir. Boylece diferansiyel denk-
lemin ¢oziimii problemi, fark denklemlerinden olusan bir cebirsel denklem

sisteminin ¢6ziimii problemine indirgenir.

e Fark denkleminde ortaya g¢ikabilecek ¢oziim bolgesi icine diismeyen ha-
yali grid noktalar: tizerindeki hayali degerleri yok etmek i¢in problemin
verilen sinir gartlari yerine uygun sonlu fark yaklagimlar: yazilir. Boylece
elde edilen cebirsel denklem sistemi direkt veya iteratif yontemlerden biri

yardimi ile kolayca ¢oziiliir.



x ve t bagimsiz degiskenlerine baglh bir fonksiyon U olsun. Genel olarak
sonlu fark yontemlerinde xot diizlemin de Az(= h) ve At(= k) kenar uzunluklu
kafeslerin kesisim yerlerine mesh veya diigiim noktalar1 adi verilir. Ornegin
[0,¢] x [0,00) yar1 agik bolgesi iizerinde, (z,,,t,) ile ifade edilen bir diigiim

noktasi
Tm = mAx=mh, m=0,1,2.... N
t, = nAt=nk, n=20,1,2,..

olarak verilir. Temsili bir P(mh, nk) diigiim noktasi iizerinde U fonksiyonunun

noktasal degeri icin
U, =U(mh,nk) = Uy, =U,

gosterimlerinden birisi kullanilir. Bu gosterimlerin kullanilmas1 ve hatalarin
ihmal edilmesiyle U fonksiyonun 1. ve 2. mertebeden tiirevlerine sonlu fark

yaklagimlar: Taylor serisi yardimi ile

U Upr — Up,

“ a (1.1.1)
g_g ~ % (1.1.2)
Z_Z = W (1.1.3)
aa_(i ~ W (1.1.4)
U o Un=Ui" (1.1.5)

ot k



U Up = 2Wps + Upriy

e - (1.1.6)
U Up =200+ U}
> . i~ 1.1.
Ox? h? (L17)
U Up 208+ U
OV o Uno1 = 2Un + Unia (1.1.8)

Ox? h?
olarak bulunur|[1]. (1.1.1), (1.1.2) ve (1.1.3) ile verilen, =’ e gore 1. mertebeden
tlirev yaklagimlarima sirasiyla iki nokta ileri (forward), geri (backward) ve iig
nokta merkezi (central) fark formiilleri denir. Benzer gekilde (1.1.4) ve (1.1.5)
ile verilen ¢’ ye gore 1. mertebeden tiirev yaklagimlara sirasiyla ileri ve geri fark
formiilleri denir. (1.1.6), (1.1.7) ve (1.1.8) ile verilen 2’ e gore 2. mertebeden
tiirev yaklagimlarina da sirasiyla ii¢ nokta ileri, geri ve merkezi fark formiilleri

denir.

Verilen bir diferansiyel denklemi sonlu fark formunda ifade etmek igin

gesitli yontemler kullanilir. Bunlarin baglicalar:
e Agik (Explicit) Yontem
e Kapali (Implicit) Yontem
e Crank-Nicolson Yontemi

dir. Bu yontemleri agirlikli averaj yaklagimi olarak ifade etmek miimkiindiir.

Bunun i¢in 0 < x < £ ve t > 0 olmak lizere

ou  9*U
—_— == 1.1.
%~ a2 O<z<dl, t>0 (1.1.9)



parabolik denklemini

U0,6) = i(t), ¢>0
U(E’ t) = 92(t)7 t>0

sinir sartlar: ve

U(z,0) = f(z), 0<x</

baglangi¢ sartina bagh olarak goézoniine alalim. Burada g;(t), g2(t) ve f(z)
problemin 6zel sinir sartlarinda verilen degerleri ve ¢ ise ¢ozlim bolgesinin

tahmini uzunlugunu géstermektedir.

Genel olarak sonlu fark yaklagimindaki temel fikir, istenilen U(z,t)
degerleri diigliim noktalar iizerinde olacak gekilde problemin ¢6ziim bélgesinin
N alt araliga boliinmesidir. Burada herbir At(= k) zaman adiminda, bu aralik-
larin uzunluklar genellikle Az(= h) = ¢/N olacak sekilde esit almir. (1.1.9)
diferansiyel denkleminde tiirevler yerine (1.1.1)-(1.1.8) ile verilen uygun fark

formiillerinin yazilmasiyla, denklem i¢in sonlu fark yaklagimlar: elde edilir.

Bu bilgilerden sonra (1.1.9) denklemi i¢in agirlikli averaj yaklagimi
asagidaki bigimde ifade edilebilir: A € [0,1] ve r = k/h* olmak iizere (1.1.9)
denkleminde OU /0t igin (1.1.4) ile verilen ileri fark yaklasimi ve 92U /0x? igin

0*U

B

1
= S AURE = 2057 + Un) + (1= N (Unoy = 205 + Uniy)}
fark yaklagiminin yazilmasi ile
AU (1420 ) U =AU = r(1=N) U _ +(1=2r(1=M\) U2 +r(1=-N U 4

cebirsel denklem sistemi elde edilir. Burada m = 1,2,..., N — 1 dir. Bu yak-
lagima agirlikli averaj yaklagimi denir ve bu yaklagim A =0, A =1/2ve A =1
i¢in sirasiyla standart agik yontem, Crank-Nicolson yontemi ve kapali yontem

olarak bilinir|1].



1.2 Kararlihk Analizleri

Bir diferansiyel denklemin sonlu fark yontemleri ile ¢oziimiinde karar-
lilik analizi 6nemli rol oynar. Diferansiyel denkleme karsilik gelen sonlu fark
denkleminin ¢6ziimiiniin diferansiyel denklemin tam c¢oziimiine yakinsamasi
i¢in gerekli olan sartlara kararhilik gartlar1 ve bunlarin bulunmasi iglemine de

kararlilik analizi denir.

Bir sonlu fark denkleminin (z,,, ¢,) diiglim noktasidaki analitik ¢6ztimii

U, ve niimerik ¢oziimii U}, olmak iizere kararhilik analizi
U, -U,(=2)) (1.2.1)

hata degerinin n artarken m degerleri i¢in simirh kalmasi esasina dayanir|2].
Lineer sonlu fark yaklagimlarinin kararlilik analizinin incelenmesinde genellikle

Fourier Seri ve Matris Yontemleri kullanilir.

1.2.1 Fourier Seri (von Neumann) Yontemi

Fourier seri yontemiyle kararlilik analizinde verilen zaman adimi igin
diigiim noktalarinda Z hatasmin uyumlu bir ayrigimi yapilir. Yontemde 7

hata fonksiyonu, i = y/—1 olmak iizere,
Z(x) =) Aj "
J

denklemi ile verilir. Genellikle |¢;| frekanslar1 ve j keyfi degerleri gosterir.
Burada ¢ herhangi bir reel say1 olmak iizere yalnizca e“® terimini gozoniine
almak yeterlidir. Kolaylik olmas1 bakimindan baglangi¢ zamani ¢ = 0 alinirsa
t’ nin artigina gore hata dagilimini incelemek icin sonlu fark yaklagiminin ¢ = 0
ipx

zamaninda e"¥*’ e indirgenen bir ¢éziimiinii bulmak yeterlidir. Boyle bir ¢6ziim



von Neumann yonteminde, o = a(¢p) genellikle karmagik bir say1 olmak tizere,

U'Z;LL — 6ankzez<pmh — nnezwmh

olarak almir. Eger || < 1 esitsizligi saglanirsa e“?* gercek hata bileseni zamana
gore artmaz. Boylece sonlu fark yaklagiminin von Neumann yontemine gore
kararh olabilmesi i¢in

In| <1

esitsizliginin saglanmasi gerekir|2].

1.2.2 Matris Yontemi

Sonlu fark yaklagimlarinin kararliliginin incelenmesinde kullanilan bir
diger yontem de matris yontemidir. Kisaca matris yontemi, verilen sinir sart-
laria bagli denklemin sonlu fark yaklagimina kargilik gelen matrisin 6zdeger-

lerindeki hata dagilimini inceler.
Birbiri ardina gelen iki zaman adiminda bir sonlu fark yaklagimi, A ve
B karesel matrisler olmak tizere, matris formunda

AU = BU™ (1.2.2)

olarak gosterilebilir. (1.2.2) matris gosteriminde her bir zaman adimi igin A = [
olmasi durumu, agik sonlu fark yaklagimina karsilik gelir. Aksi durumda yani
A # I oldugunda (1.2.2) denklemi, C' = A™'B(]A| # 0) olmak iizere, agk
bi¢imde

Uttt = oo

olarak yazlabilir. Bu ifade de (1.2.1) hata tanimi kullanilirsa

Zmt =g



esitligi bulunur. Bdylece bu denklem baglangi¢c hatasina baglh olarak
Zn+1 — CnJrl ZU

bigiminde yazilabilir. Buradan agikga ||Z"*|| < [|C™H|||Z°| dur. (1.2.2) ile
tammlanan yaklasim || Z"*!|| normunun simirh olmasi durumunda kararh ola-
caktir. || Z™"!|| normunun siirh olmas1 K parametresinin, h ve k dan bagimsiz

bir sabit say1 olmak iizere

lcm < K

olmasi ile miimkiindiir. Zaman adimindan bagimsiz herhangi bir C' matrisi igin
p(C) ile gosterilen ve C' matrisinin mutlak degerce en biiyiik 6zdegerine esit
olan spektral yarigap matrisin normu ile yakindan ilgilidir ve n # 0 olmak
iizere bu iligki

prHC) < lemTHE < et

dir[2]. Bu durumda (1.2.2) tizerine temellenen hesaplamada hata dagilimini

kontrol etmek i¢in agagidaki iki durumu gozardi etmemek gerekir|2].

e Kararlilhk i¢in gerekli sart spektral yaricapm p(C) < 1 olmasi n — oo
icin hata vektoriinde Z" — 0 oldugunu garantiler. Ancak n’ nin sonlu

olmasi durumunda Z"’ nin biiyiikliigii i¢in bir sey sdylenemez.

e Kararlilik igin yeterli sart ||C|| < 1 sartin1 saglamasidir. Bu ise n artarken

hatalarin azaldigini garantiler.



2. BURGERS DENKLEMI

2.1 Giris

Burgers denklemine, litaretiirde ilk olarak U = U(x,t) verilen bolge

iizerinde ve v bir parametre olmak iizere

2
a_U+Ua_U: i

bigiminde Bateman’ in|3] makalesinde rastlanmigtir. 1939-1945 yillar1 arasinda
Burgers’in yazdig: degisik makalelerle[4, 5] problemin gesitli yonlerini incelemesi
ve bu konuda bir teori olugturmasidaki katkisindan dolay1 (2.1.1) denklemi
o tarihten sonra Burgers denklemi olarak anilmaya baglamigtir. Burgers denk-
lemi 1s1 iletimi[6], gaz dinamigi|7|, sok dalgalari|4, 5|, izotropik katilardaki
elastik dalgalar|8|, say1 teorisi|9] ve stokastik siireglerdeki iglemlerde|6] model
olarak kullamlmigtir. Miller|[10] yiiksek lisans tezinde predictor-corrector yon-
temini kullanarak sonlu fark yaklagimlariyla Burgers denklemini tiirbiilansin
model problemi olarak incelemistir. Cole[6] ve Hopf[11] birbirlerinden bagimsiz
olarak Burgers denklemini lineer difiizyon denklemine doniistiirerek keyfi bir
baglangig sart1 igin problemin tam ¢oziimiinii verdiler. Benton ve Platzman|12]
bir boyutlu Burgers denkleminin analitik ¢éziimiinii incelemislerdir. Ancak bu
¢oziimler sonsuz seriler icerdiginden viskosite parametresinin kiiciik degerleri
i¢in oldukga yavas yakinsamaktadir. Bu nedenle Burgers denkleminin bircok
yontemle niimerik ¢oziimleri yapilmigtir. Karpman|[13| Burgers denklemini,

sadelestirilmis Navier-Stokes denklemi olarak ele almis ve Navier-Stokes denk-



lemine uygulanan niimerik yontemlerin kararlilik analizlerinde model prob-
lem olarak kullanmigtir. Caldwell vd.[14] sonlu eleman yontemiyle Burgers
denklemini niimerik olarak ¢ézmiiglerdir. Caldwell ve Smith[15] farkli niimerik
yaklagimlarin kargilagtirmalarimi vermiglerdir. Evans ve Abdullah[16] degisik
sinir ve baglangic sartlar: ile verilen Burgers denklemini grup agik yontemi ile
¢ozmiiglerdir. Nguyen ve Reynen|17| parcali lineer baz fonksiyonlarmi kulla-
narak en kiiciik kareler zayif formiilasyonu tizerine temellenmis sonlu eleman
yontemini probleme uygulamiglardir. Varoglu ve Finn[18] agirlikli kalan for-
miilasyonu tizerine temellenmis bir ¢esit sonlu eleman yontemini uygulayarak
kararl ve olduk¢a yakin degerler elde etmiglerdir. Rubin ve Graves|[19] Bur-
gers denkleminin niimerik ¢6zlimii i¢in yari lineerlestirme ve spline fonksiyon
teknigini kulanmiglardir. Rubin ve Khosla[20] ile Caldwell[21] Burgers denk-
leminin ¢6ziimiini kiibik spline fonksiyonlarini kullanarak vermiglerdir. Jain,
Holla ve Lohar|22, 23, 24| makalelerinde kapali sonlu fark yaklagimlar ile
kiibik spline fonksiyonlarini kullanarak Burgers denkleminin ¢éziimlerini ver-
miglerdir. Ali vd.[25, 26, 27] B-spline galerkin yontemi, Method of Lines yon-
temi ve collocation yontemiyle denklemin niimerik ¢oziimlerini elde etmislerdir.
Kakuda ve Tosaka|28| genellegtirilmig sinir eleman yontemi ile Burgers denk-
leminin niimerik ¢éziimlerini vermislerdir. Ozig ve Ozdes|29] varyasyonel yon-
temi kullanarak tam ¢oziime yakinsayan bir ¢éziim dizisi bulmuslardir. Mittal
ve Singhal|30], Bazley|31] tarafindan gelistirilen teknigi uygulayarak elde ettik-
leri adi diferansiyel denklem sistemini Runga-Kutta-Chebychev yontemleriyle
¢ozmiiglerdir. Gardner vd.[32] kuadratik B-spline fonksiyonlarmi kullanarak
Petrov-Galerkin yontemini, Katsuhiro|33| ise yeni bir sonlu degigken fark yon-
temini uygulamigtir. Hon ve Mao[34] multiquadric yéntemini nonlineer Burgers

denklemine uygulamiglardir. Chino ve Tosaka|35] Burgers denkleminin simir



eleman analizini dual reciprocity yontemiyle yapmiglardir. Abd-el-Malek ve
El-Mansi|36] Burgers denklemini ¢6zmek igin grup teoretik yontemlerini kul-
lanmglardir. Lin ve Zhou|37] multiresolution yontemini Burgers denklemine
uygulamiglardir. Kutluay vd.[38] kuadratik B-spline fonksiyonlarmi kullanarak
en kiigiik kareler yontemiyle, Kutluay ve Esen|39] lumped galerkin yontemi ve
lineerlegtirimis kapal sonlu fark yaklagimiyla [40], Kutluay vd.[41] agik ve tam
agik sonlu fark yaklagimlariyla Burgers tipi denklemlerin niimerik ¢oziimlerini
vermiglerdir. Bahadir ve Saglam[42| sonlu farklarla lineerlestirilmis Burgers
denklemine karigik smir elemanlar1 yontemini uygulamislardir. Ozis vd.[43, 44]
lineer ve kuadratik baz fonksiyonlarini1 kullanarak galerkin yontemiyle sonuclar
elde ederken, Raslan|[45] kuadratik B-spline fonksiyonlarmi, Dag vd.[46] kiibik
B-spline fonksiyonlarimi, Ramadan vd.[47] septik B-spline fonksiyonlarim kul-
lanarak collocation yontemiyle ¢oziime ulagmiglardir. Dag vd.[48] time-splitted
Burgers denkleminin niimerik ¢éziimlerini kuadratik ve kiibik B-spline fonksi-
yonlarin kullanarak galerkin yontemiyle ¢dzmiiglerdir. Abdou ve Soliman|49]
varyasyonel iterasyon yontemini uygulamislardir. Aksan ve Ozdes|50] sin(nmz)
fonksiyonlarini kullanarak galerkin yontemiyle yine Aksan[51] lineer B-spline
fonksiyonlarini kullanarak galerkin yontemiyle sonuglar elde etmiglerdir. Kadal-
bajoo vd.[52] bir parametreye bagh olarak diizgiin yakinsayan sonlu fark yak-
lagimi ile Burgers denklemini ¢ozmiiglerdir. Inc[53] Adomian decomposition
yontemiyle, Abbasbandy ve Darvishi|54] ise modifiye Adomian decomposi-
tion yontemi ile ¢oziime ulagmiglardir. Darvishi ve Javidi|55| pseudospektral
yontemle sonuclar elde etmislerdir. Ozig ve Aslan|56] asimptotik acilim yon-
temi ile biiyiik Reynolds sayilar1 iceren Burgers denklemini niimerik olarak
¢ozmiiglerdir. Hassanien vd.[57| dérdiincii mertebeden sonlu fark yaklagim-

lariyla denklemin ¢oziimlerini elde etmislerdir. Giilsu ve Ozis[58] restrictive
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Taylor yaklagimini kullanarak klasik agik sonlu fark yaklagimini Burgers denk-

lemine uygulamiglardir.

2.2 Hopf-Cole Doniisiimii

Burgers denkleminin énemli 6zelliklerinden birisi U (z, t) denklemin bir

¢OzUmii olmak tizere,

Uz, t) = —2V% (2.2.1)
doniistimii ile
00 0%
— =y 2.2.2
ot~ ou2 (222)

lineer 181 denklemine déniigmesidir. Bu doniigiim ilk olarak Hopf[11] tarafindan
yine aym yillarda bagimsiz olarak Cole[6] tarafindan da verildiginden Hopf-

Cole dontistimii olarak bilinir.

1951 yilinda Cole tarafindan 1s1 denklemi ile Burgers denklemi arasin-
daki iligkiyi ve Burgers denkleminin ¢éziimiiniin tekligini gosteren iki teorem

asagida verilmistir.

Teorem:

(2.2.2) 181 denkleminin herhangi bir ¢6ziimii 0(x,t) olmak tizere (2.1.1)

Burgers denkleminin ¢oziimii

Uz, t) = —2V%

bi¢imindedir.

11



ispat:

f:f(l',t)

kendisi ve her mertebeden kismi tiirevleri siirekli olan bir fonksiyon olmak

tizere (2.1.1) denkleminde
Uz,t) = fi(x,t) (2.2.3)

doniigiimii yapilirsa

elde edilir.

f siirekli oldugundan f,; = fi, esitligi gézontine alinarak (2.2.4) denk-
leminin 2’ e gore integrali alindiginda integrasyon sabitlerinin sifir kabul edilme-
siyle

ot S U = vhee (225)
elde edilir.

f(z,t) = Fl0(z,1)]
olarak alimir ve (2.2.5) denkleminde yerine yazilirsa,;

F(0)0; + %[F’(Q)QE]Q — W{[F/(0)0.]'} = vE"(0)62 + vF'(6)0,,

denklemi elde edilir. §(z, t) fonksiyonunun (2.2.2) 1s1 denklemini sagladig1 gézoniine

aliirsa
[F'(0))* = 2vF"(0)
olur. Bu denklemde
1

p 1O

12



doniigiimii yapilirsa

1 _QV—P'(Q) , —1 —1
(PO [PO) -

elde edilir. Bu denklemde ¢; = 0 alimirsa
dF = —2v0'df
veya
f(z,t) = F(0) = —2vin(0) + co
bulunur. Son olarak (2.2.3) den
Uz, t) = =2v[Ind + ¢,

veya

Uz, t) = —2V%

bulunur. Boylece teoremin ispati tamamlanmig olur.

Simdi 0(z, t) baglangi¢ degerini bulmak igin (2.2.1) de x = £ doniiglimii

yapilarak 0’ dan z’ e kadar integral alinirsa,

/0:C U, t)dE = —2vInf(£,t) [§= —2v[Inbd(x,t) —Inb(0,t)] = —21/111[%]

~(n) [ Ut s = i)
elde edilir. Boylece

0(x,t) = 0(0,1) e ) "5 Uteade (2.2.6)
olarak bulunur. U(z,t) nin baglangig degeri
U(z,0) = Up(x)

olmak iizere ¢y = 6(0,0) igin

0(x,0) = y(z) = cg @) "5 vote)de (2.2.7)

seklinde ¢y sabitine bagh olarak bulunur.

13



Teorem:

ot or  Ox2

Burgers denkleminin
0

Uz, t) = —ZU?'D

ile verilen ¢ozimi tektir.

ispat:

(2.1.1) Burgers denklemini saglayan herhangi bir U(x, t) ¢6ztimii (2.2.2)

181 denklemini saglayan (2.2.6) bigiminde bir 6(z, t) fonksiyonu tanimlar. Buna

gore (2.1.1) denkleminin U(z,0) = V(x,0) olacak sekilde U(z,t) ve V(x,t)

gibi iki ¢oziimii olsun. O(x,0) yalmzca U(x,0) = V(x,0)’ a bagh oldugundan

(2.2.7) den 6(z,0) her bir durumda ¢y sabitine kadar aynidir. Smir degerleri

her iki durumda da ayni oldugundan (2.2.2) 1s1 denkleminin 6(z,t) ¢oziimii

aynidir. U(z,t) ve V(z,t) (2.2.1) kullanilarak elde edildiginden;

Ulx,t) =V(x,t)

olur, yani ¢oziim tektir.

2.3 Model Problemler

Bu galigmada (2.1.1) ile verilen Burgers denklemi

Ula,t) = U (b,t) =0, t >0

sinir sartlar: ve agagidaki ti¢ farkli baglangi¢ sart1 i¢in gozoniine alindi.

14



Problem 1: Bu problem i¢in baglangi¢ sarti
U(x,0) =sin(rz), 0 <z <1 (2.3.2)

dir. (2.2.1) ile verilen Hopf-Cole doniiglimii kullanilirsa (2.3.1) ve (2.3.2) sart-

larini saglayan (2.1.1) Burgers denklemi ile verilen problem

00 0*0
0 (x,0) = exp {— (2mv)~ "1 — cos ()]}, 0<z <1 (2.3.4)
0, (0,t) =0,(1,t)=0,t>0 (2.3.5)

bi¢iminde lineer 1s1 iletim problemine doniigiir. Bu lineerlestirilmis basglangic

deger probleminin Fourier seri ¢oziimi

0 (z,t) =ag+ Z a, exp (—n*7’vt) cos (nmz) (2.3.6)

n=1

dir[6]. Burada ag ve a,, katsayilar1 Fourier katsayilar1 olup sirasiyla
1
ag = / exp {— (27v) "' [1 — cos (wz)]} da
0

ay, = 2/0 exp {— (27v)~ "1 — cos (wz)]} cos (nmz) dx (n=1,2,3,...)

dir. Eger 0(x,t), (2.3.4) baslangi¢ ve (2.3.5) sinir sartlarina bagh (2.3.3) 1s1 ile-
tim denkleminin bir ¢6ztimii ise (2.2.1) doniigtimii (2.3.1) ve (2.3.2) baglangig ve

siir gartlarina bagh (2.1.1) ile verilen Burgers denkleminin bir ¢éziimiidiir|6].

Problem 2: Bu problemde baslangi¢ sarti
U(z,0)=4x(l—-2), 0<z<1 (2.3.7)
olarak alindi. (2.2.1) Hopf-Cole dontigiimii kullanilsa (2.3.7) baglangig sart1
0 (z,0) = exp { —a” (3v) ' (3 - 2¢0)}, 0<z <1 (2.3.8)

15



bicimine doéniigiir. Onceki probleme benzer olarak, lineerlestirilmis bu prob-
lemin Fourier seri ¢oziimii (2.3.6) denklemi ile ayni bulunur. Ancak (2.3.6)

daki ag ve a,, Fourier katsayilar1 sirasiyla
1
ag = / exp {—z? (3v)' (3 — 2z)} dx
0

1
ay, = 2/ exp { —z? (3v)7' (3 - 2z)} cos (nmx)dx (n=1,2,3,...)
0
dir.
Problem 3: Bu problem icin baglangic sarti

V) = T ol (@ = ()] (2.3.9)

dir. Bu problemin tam ¢6ziimi, ty = exp(1/8v) olmak iizere,

_ x/t
1+ (t/to)2 exp(a?/4vt)’

U(z,t) t>1

dir[38]. (2.2.1) ile verilen Hopf-Cole déniigiimii kullanihirsa (2.3.1) ve (2.3.9)
sartlarimi saglayan (2.1.1) denklemi ile verilen problem

0 _ 0
at_yaﬁ’

a? Texp(ah)exp() + 1
0 _ 1 16v 4v < <)
(z,0) exp{—4y +n{ eXp(l_ﬁ—ly)—l-l ]}, a<x<

0, (a,t) =0, (b,t) =0, t > 1

a<x<b

bi¢iminde 181 problemine doniisiir.
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3. HOPF-COLE DONUSUMU YARDIMIYLA LINEERLES-
TIRILMIS BURGERS DENKLEMININ SONLU FARK
COZUMLERI

Bu kisimda

ot or  Ox2

Burgers denklemi Hopf-Cole doniigiimii yardimiyla lineerlegtirildikten sonra

(3.1)

agagidaki klasik sonlu fark yontemleri yardimiyla niimerik olarak ¢oziildii.
o Agik (Explicit) yontem
e Kapali (Implicit) yontem
e Crank-Nicolson yontemi

e Hopscotch yontemi

3.1 Acik (Explicit) Sonlu Fark Yontemi (ASFY)

00 0%0
0, (0,) = 0, (1) =0, >0 (3.1.2)
Op=0(x,00=0, 0<z<l1 (3.1.3)
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181 iletim problemini gozoniine alalim. Burada 6(z,0) problem igin verilen
baglangi¢ sartidir. (3.1.1) denkleminde 6, tiirevi yerine
-
et %J 7 7
k
ileri fark yaklagimi, 6,, tiirevi yerine

0], — 200 + 6.,

1%

merkezi fark yaklagimi yazilir ve r = vk/h?* alinirsa
07 =0l +(1—2r)0 +r0),,, i=0()N, j=01)J  (3.14)

agik sonlu fark yaklagimi bulunur. Bu fark denkleminde ¢ = 0 ve i = N ig¢in
ortaya gikan 6_; ve 0 hayali degerler (3.1.2) siir sartindaki 6, tiirevi yerine

merkezi sonlu fark yaklagimlarinin kullanilmasiyla kolayca yok edilerek

07 = (1—2r)0! + 200, , i=0

O =07 |+ (1—2r)0 + 'r’GfJr1 , i=1(1)N -1
07 =200+ (1—2r)0), i=N
lineer cebirsel denklem sistemi elde edilir. Bu cebirsel denklem sistemi matris
formunda kapali olarak
Gt = A9

bi¢iminde yazilabilir. Burada

1—2r 2r
T 1—-2r r

r 1—-2r r

r 1-—2r T

2r 1—2r

18
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) . ) ) ) VA
ve ¢’ :[ 6, 0] 6, ... 64, 64 | dir. Bu sistem direkt yontemlerden biri

ile ¢oziiliir ve elde edilen 95 degerleri

J J
—v i, — 0

Ulzi,ty) = - (T“), i=11)N—-1, j=0(01)J

Hopt-Cole doniigiimiinde kullanilirsa Burgers denkleminin yaklagik ¢oziimleri

bulunmus olur.
Niimerik Sonuglar

Bu calismada biitiin hesaplamalar Intel P4 bilgisayarda Fortran der-
leyicisi kullanilarak yapildi. Niimerik ¢oziimlerin analitik sonuclara ne kadar
yakin oldugunu gostermek i¢in U(x;,t;) ve U, ; swrasiyla U(x,t) nin (z;,t;)

noktasindaki tam ve niimerik degerleri olmak iizere,

N-1

1
H€||1=NZ 1

i=1

U’L,j
U(ZEZ‘, tj) 7

N
L, — [hz U(xi,t;) — Ui
=1

N

ve

Loo = max ‘U<$z,tj) — Ul'7j|
olarak tanimlanan hata normlar1 hesaplandi.

v =1, k = 0.00001 degerleri ve degisik mesh uzunlugu A i¢in Prob-
lem 1" in Agk Sonlu Fark Yontemi (ASFY) ile elde edilen ¢ = 0.1 deki
niimerik ¢ozlimlerinin problemin tam ¢6ziimii ile kargilagtirilmasi Tablo 3.1
de verildi. Tablodan da kolayca goriildiigii gibi elde edilen niimerik degerler
problemin tam degerlerine yakindir. Mesh uzunlugu A nin kiigiik secilmesi du-
rumunda elde edilen niimerik ¢oziimlerin tam ¢oziime oldukca yaklastigr acikca

gorilmektedir.
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Tablo 3.2 de h = 0.0125 ve k£ = 0.0001 alinarak kinematik viskosite v
niin 1, 0.1, ve 0.01 degerleri i¢gin Problem 1’ in gesitli ¢ zamaninda ASFY ile elde
edilen niimerik ¢oziimleri problemin tam ¢oziimi ile karsilagtirildi. Tablodan
her bir v degeri i¢in elde edilen niimerik degerlerin tam degerlerle uyum i¢inde

oldugu goriilmektedir.

Problem 2’ nin ASFY ile elde edilen niimerik ¢oziimleri ile problemin
tam ¢Oziimii Tablo 3.3 ve Tablo 3.4 de verildi. Elde edilen niimerik sonuglarin
analitik sonuclara yeterince yakin oldugu agikca goriilmektedir.

v = 0.5, h = 0.05 ve £ = 0.0001 degerleri i¢in Problem 3’ iin gesitli ¢
zamanlarinda ASFY ile elde edilen niimerik sonuglar problemin tam ¢oziimii

ile kargilagtirildi. Tablo 3.5 den sonuglarin iyi oldugu goriilmektedir.
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Tablo 3.1: ASFY:¢t=0.1, v =1, £k = 0.00001 i¢in Problem 1’ in niimerik ve

tam ¢Oziimleri

Niimerik Coziim Tam
x h=01 h=005 h=0.025 h=0.0125 (ozlim
0.1 0.10863 0.10931  0.10948 0.10952 0.10954
0.2 0.20805 0.20935  0.20967 0.20975 0.20979
0.3 0.28946 0.29128  0.29173 0.29184 0.29190
0.4 0.34501 0.34719  0.34773 0.34786 0.34792
0.5 0.36845 0.37079  0.37137 0.37151 0.37158
0.6 0.35601  0.35828  0.35884 0.35898 0.35905
0.7 0.30728 0.30924  0.30973 0.30985 0.30991
0.8 0.22588 0.22733  0.22769 0.22778 0.22782
0.9 0.11966 0.12043  0.12062 0.12067 0.12069
lelly x 103 7.57090 2.02419  0.55416 0.17604
Ly x 103 2.21295 0.56052  0.14951 0.04689
Loo x 10? 3.12466 0.79150  0.21147 0.06633
Tablo 3.2: ASFY: v =1, v = 0.1, v = 0.01; h = 0.0125, £ = 0.0001 i¢in
Problem 1’ in niimerik ve tam ¢oziimleri
v =1.0 (k= 0.00001) v=20.1 v =10.01
T t Niimerik Tam Niimerik  Tam Niimerik  Tam
025 04 0.01357 0.01357 0.30880  0.30889 0.34229 0.34191
0.6 0.00189 0.00189 0.24068  0.24074 0.26902  0.26896
0.8 0.00026 0.00026 0.19564  0.19568 0.22146  0.22148
1.0 0.00004 0.00004 0.16254  0.16256 0.18816  0.18819
3.0 0.00000 0.00000 0.02720  0.02720 0.07511  0.07511
0.50 0.4 0.01924 0.01924 0.56953  0.56963 0.66876  0.66071
0.6 0.00267 0.00267 0.44712  0.44721 0.53243  0.52942
0.8 0.00037 0.00037 0.35917  0.35924 0.44046 0.43914
1.0 0.00005 0.00005 0.29187  0.29192 0.37508  0.37442
3.0 0.00000 0.00000 0.04020  0.04020 0.15018  0.15018
0.75 0.4 0.01363 0.01363 0.62541  0.62544 0.94061  0.91026
0.6 0.00189 0.00189 0.48714  0.48721 0.77946  0.76724
0.8 0.00026 0.00026 0.37386  0.37392 0.65299  0.64740
1.0 0.00004 0.00004 0.28743  0.28747 0.55893  0.55605
3.0 0.00000 0.00000 0.02977  0.02977 0.22486  0.22481
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Tablo 3.3: ASFY:t=0.1, v =1, £ = 0.00001 igin Problem 2’ nin niimerik ve

tam ¢Oziimleri

Niimerik Coziim Tam
x h=01 h=005 h=0.025 h=0.0125 (ozlim
0.1 0.11196 0.11266  0.11283 0.11287 0.11289
0.2 0.21446 0.21580  0.21613 0.21621 0.21625
0.3 0.29846  0.30033  0.30080 0.30091 0.30097
0.4 0.35586  0.35810  0.35866 0.35880 0.35886
0.5 0.38020 0.38261  0.38320 0.38335 0.38342
0.6 0.36753 0.36986  0.37045 0.37059 0.37066
0.7 0.31735 0.31938  0.31988 0.32001 0.32007
0.8 0.23337 0.23486  0.23524 0.23533 0.23537
0.9 0.12366  0.12445  0.12465 0.12470 0.12472
lelly x 103 7.55178  2.02168  0.55371 0.17597
Ly x 103 2.27981 0.57817  0.15427 0.04839
Loo x 10? 3.22181 0.81698  0.21837 0.06846
Tablo 3.4: ASFY: v =1, v = 0.1, v = 0.01; h = 0.0125, £ = 0.0001 i¢in
Problem 2’ nin niimerik ve tam ¢oziimleri
v =1.0 (k= 0.00001) v=20.1 v =10.01
T t Niimerik Tam Niimerik  Tam Niimerik  Tam
025 04 0.01400 0.01400 0.31743  0.31752 0.36273  0.36226
0.6 0.00195 0.00195 0.24608  0.24614 0.28211 0.28204
0.8 0.00027 0.00027 0.19952  0.19956 0.23044  0.23045
1.0 0.00004 0.00004 0.16557  0.16560 0.19466  0.19469
3.0 0.00000 0.00000 0.02776  0.02776 0.07613  0.07613
0.50 0.4 0.01985 0.01985 0.58443  0.58454 0.69282  0.68368
0.6 0.00276 0.00276 0.45789  0.45798 0.55164  0.54832
0.8 0.00038 0.00038 0.36733  0.36740 0.45513  0.45371
1.0 0.00005 0.00005 0.29829  0.29834 0.38636  0.38568
3.0 0.00000 0.00000 0.04106  0.04106 0.15219  0.15218
0.75 0.4 0.01407 0.01407 0.64559  0.64562 0.95327  0.92050
0.6 0.00195 0.00195 0.50260  0.50268 0.79643  0.78299
0.8 0.00027 0.00027 0.38527  0.38534 0.66879  0.66272
1.0 0.00004 0.00004 0.29581  0.29586 0.57238  0.56932
3.0 0.00000 0.00000 0.03044  0.03044 0.22779  0.22774
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Tablo 3.5: ASFY: v = 0.5, h = 0.05, & = 0.0001 ve [a,b] = [0,8] i¢in

Problem 3’ iin niimerik ve tam ¢oziimleri

t=1.5 t=3.0 t=4.5
T Nimerik Tam Niumerik  Tam Nimerik  Tam
0.5 0.15319  0.15327 0.06425 0.06426 0.03799  0.03799
1.0 0.26565  0.26577 0.11879  0.11880 0.07186  0.07187
1.5 0.30402  0.30412 0.15506  0.15509 0.09792  0.09793
2.0 0.26138 0.26142 0.16760 0.16762 0.11338 0.11339
2.5 0.17219 0.17217 0.15627 0.15630 0.11697 0.11698
3.0 0.08813  0.08807 0.12737 0.12738 0.10948  0.10949
3.5 0.03587  0.03582 0.09132  0.09132 0.09368  0.09369
4.0 0.01189 0.01186 0.05798  0.05797 0.07360 0.07361
4.5 0.00326  0.00325 0.03286  0.03284 0.05330  0.05330
5.0 0.00075  0.00074 0.01675 0.01674 0.03572  0.03572
5.5 0.00014  0.00014 0.00773  0.00772 0.02224  0.02224
6.0 0.00002  0.00002 0.00324 0.00324 0.01291 0.01292
6.5 0.00000  0.00000 0.00124 0.00124 0.00698  0.00702
7.0 0.00000  0.00000 0.00043  0.00043 0.00345 0.00358
7.5 0.00000  0.00000 0.00013  0.00014 0.00139 0.00172

3.2 Kapali (Implicit) Sonlu Fark Yoéntemi (KSFY)

(3.1.1)-(3.1.3) denklemleri ile verilen 1s1 iletim problemini tekrar gézoniine

alalim. (3.1.1) denkleminde 6, tiirevi yerine

Jj+1 J
~ 0, — 0

b, - —

ileri fark yaklagimi, 6,, tiirevi yerine

41 +1 | i+l
67" — 200" + 61
52

12

HCCI

merkezi fark yaklagimi yazilir ve r = vk/h? alinirsa
I (L2000 =gl =07 i=0()N, j=0(1)J (3.2.1)

kapali sonlu fark yaklagimi bulunur. Bu fark denkleminde i = 0 ve ¢ = N igin

ortaya gikan 6_; ve 01 hayali degerler (3.1.2) siir sartindaki 6, tiirevi yerine
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merkezi sonlu fark yaklagimlarinin kullanilmasiyla kolayca yok edilerek
(L+2m0/t =2t =07, i=0
—r@ N+ (L +2r)0 T — 0l =0, i=1(1)N -1
—20 T+ (1+ 200 =0), i=N

lineer cebirsel denklem sistemi elde edilir. Bu cebirsel denklem sistemi matris
formunda kapali olarak

AQJ’-H _ Qj

bi¢iminde yazilabilir. Burada

1+2r —2r

-r  1+2r —r
—r 1+2r —r
A:
-r 1+4+2r —r
—2r 1+42r
L d (N+1)x(N+1)
: ) ) ) ) . 1T
ve ¢’ :[ 6 0] 05 ... 05_, 6% | dir. Bu sistem direkt yontemlerden biri

ile ¢oziiliir ve elde edilen 95 degerleri

__V(6g+1 _ 95—1

), i=11)N-=1, j=0(1)J

Hopf-Cole doniigiimiinde kullanilirsa Burgers denkleminin yaklagik ¢oziimleri

bulunmusg olur.
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Niimerik Sonuclar

Tablo 3.6 da v = 1, k = 0.00001 degerleri ve degisik mesh uzunlugu A
i¢cin Problem 1’ in Kapali Sonlu Fark Yontemi (KSFY) ile elde edilen ¢ = 0.1
deki niimerik ¢oziimleri problemin tam ¢o6ziimii ile karsilagtirildi. Tablodan da
kolayca goriildiigii gibi elde edilen niimerik degerler problemin tam degerlerine
oldukca yakindir. Mesh uzunlugu A nin kiigiik se¢ilmesi durumunda elde edilen

niimerik ¢oziimlerin tam ¢oziime yaklagtigi acikca goriilmektedir.

h = 0.0125 ve k£ = 0.0001 alinarak kinematik viskosite v niin 1, 0.1,
ve 0.01 degerleri i¢in Problem 1’ in gesitli ¢ zamaninda KSFY ile elde edilen
niimerik ¢oziimleri ile problemin tam ¢6ziimi Tablo 3.7 de karslastirildi. Tablo
3.7 den her bir v degeri igin elde edilen niimerik degerlerin tam degerlerle uyum

icinde oldugu agikca goriilmektedir.

Problem 2’ nin KSFY ile elde edilen niimerik ¢oziimleri ile problemin
tam ¢oziimii Tablo 3.8 ve Tablo 3.9 da verildi. Elde edilen niimerik sonuglarin

analitik sonuclara yeterince yakin oldugu goriilmektedir.

Tablo 3.10 da v = 0.5, h = 0.05 ve k = 0.0001 degerleri i¢in Problem
3’ lin gesitli £ zamaninda KSFY ile elde edilen niimerik sonuclar ile problemin

tam ¢Oziimii kargilagtirildi. Tablo 3.10 dan sonuclarin iyi oldugu gortilmektedir.
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Tablo 3.6: KSFY: ¢t =0.1, » =1, £k = 0.00001 i¢in Problem 1’ in niimerik ve

tam ¢Oziimleri

Niimerik Coziim Tam
x h=01 h=005 h=0.025 h=0.0125 (ozlim
0.1 0.10864 0.10932  0.10949 0.10953 0.10954
0.2 0.20807 0.20937  0.20969 0.20978 0.20979
0.3 0.28949 0.29131  0.29176 0.29187 0.29190
0.4 0.34504  0.34722  0.34776 0.34790 0.34792
0.5 0.36849 0.37082  0.37140 0.37155 0.37158
0.6 0.35605 0.35831  0.35888 0.35902 0.35905
0.7 0.30731 0.30927  0.30976 0.30988 0.30991
0.8 0.22590 0.22735  0.22771 0.22780 0.22782
0.9 0.11967 0.12044  0.12063 0.12068 0.12069
lelly x 103 7.48527 1.93210  0.45920 0.07975
Ly x 103 218796 0.53506  0.12394 0.02129
Loo x 10? 3.08929 0.75546  0.17542 0.03020
Tablo 3.7: KSFY: v =1, v = 0.1, v = 0.01; h = 0.0125, £ = 0.0001 i¢in
Problem 1’ in niimerik ve tam ¢oziimleri
v=1.0 v=20.1 v =0.01
T t Niimerik  Tam Niimerik ~ Tam Niimerik ~ Tam
025 04 0.01360 0.01357 0.30886  0.30889 0.34225 0.34191
0.6 0.00190  0.00189 0.24073  0.24074 0.26901  0.26896
0.8 0.00026  0.00026 0.19567  0.19568 0.22147  0.22148
1.0 0.00004  0.00004 0.16256  0.16256 0.18817 0.18819
3.0 0.00000  0.00000 0.02721  0.02720 0.07511  0.07511
0.50 0.4 0.01928  0.01924 0.56957  0.56963 0.66815 0.66071
0.6 0.00268  0.00267 0.44716  0.44721 0.53207  0.52942
0.8 0.00037  0.00037 0.35921  0.35924 0.44025 0.43914
1.0 0.00005  0.00005 0.29190 0.29192 0.37494  0.37442
3.0 0.00000  0.00000 0.04022  0.04020 0.15018  0.15018
0.75 0.4 0.01366  0.01363 0.62532  0.62544 0.93924  0.91026
0.6 0.00190  0.00189 0.48711  0.48721 0.77830  0.76724
0.8 0.00026  0.00026 0.37386  0.37392 0.65220  0.64740
1.0 0.00004  0.00004 0.28745  0.28747 0.55840  0.55605
3.0 0.00000  0.00000 0.02978  0.02977 0.22483  0.22481
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Tablo 3.8: KSFY:t=0.1, v =1, k£ = 0.00001 igin Problem 2’ nin niimerik ve

tam ¢Oziimleri

Niimerik Coziim Tam
x h=01 h=005 h=0.025 h=0.0125 (ozlim
0.1 0.11197 0.11267  0.11284 0.11288 0.11289
0.2 0.21448 0.21582  0.21615 0.21624 0.21625
0.3 0.29849 0.30036  0.30083 0.30094 0.30097
0.4 0.35590 0.35814  0.35870 0.35883 0.35886
0.5 0.38024 0.38264  0.38324 0.38339 0.38342
0.6 0.36756  0.36990  0.37048 0.37063 0.37066
0.7 0.31738 0.31941  0.31991 0.32004 0.32007
0.8 0.23339 0.23489  0.23526 0.23535 0.23537
0.9 0.12367 0.12446  0.12466 0.12471 0.12472
lelly x 103 7.46603 1.92948  0.45864 0.07958
Ly x 103 2.25403 0.55191  0.12788 0.02198
Loo x 10? 3.18536 0.77983  0.18121 0.03124
Tablo 3.9: KSFY: v =1, v = 0.1, v = 0.01; h = 0.0125, £ = 0.0001 i¢in
Problem 2’ nin niimerik ve tam ¢oziimleri
v=1.0 v=20.1 v =0.01
T t Niimerik  Tam Niimerik  Tam Niimerik ~ Tam
025 04 0.01403  0.01400 0.31749  0.31752 0.36268  0.36226
0.6 0.00196  0.00195 0.24613 0.24614 0.28210 0.28204
0.8 0.00027  0.00027 0.19955  0.19956 0.23044  0.23045
1.0 0.00004  0.00004 0.16559  0.16560 0.19467  0.19469
3.0 0.00000  0.00000 0.02777  0.02776 0.07613  0.07613
0.50 0.4 0.01989  0.01985 0.58447  0.58454 0.69214  0.68368
0.6 0.00277  0.00276 0.45793  0.45798 0.55123  0.54832
0.8 0.00038  0.00038 0.36737  0.36740 0.45489  0.45371
1.0 0.00005  0.00005 0.29833  0.29834 0.38621  0.38568
3.0 0.00000  0.00000 0.04108  0.04106 0.15218  0.15218
0.75 0.4 0.01410  0.01407 0.64550  0.64562 0.95193  0.92050
0.6 0.00196  0.00195 0.50257  0.50268 0.79521  0.78299
0.8 0.00027  0.00027 0.38527  0.38534 0.66793  0.66272
1.0 0.00004  0.00004 0.29583  0.29586 0.57180  0.56932
3.0 0.00000  0.00000 0.03045  0.03044 0.22776  0.22774
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Tablo 3.10: KSFY: v = 0.5, h = 0.05, £ = 0.0001 ve [a,b] = [0,8] igin
Problem 3’ {in niimerik ve tam ¢oziimleri

t=1.5 t=3.0 t=4.5
T Nimerik Tam Niumerik  Tam Nimerik  Tam
0.5 0.15320  0.15327 0.06426  0.06426 0.03799  0.03799
1.0 0.26566  0.26577 0.11879  0.11880 0.07187  0.07187
1.5 0.30402  0.30412 0.15507  0.15509 0.09793  0.09793
2.0 0.26137 0.26142 0.16760 0.16762 0.11338 0.11339
2.5 0.17219 0.17217 0.15627 0.15630 0.11698 0.11698
3.0 0.08812  0.08807 0.12736  0.12738 0.10948  0.10949
3.5 0.03587  0.03582 0.09132  0.09132 0.09368  0.09369
4.0 0.01189 0.01186 0.05798  0.05797 0.07360 0.07361
4.5 0.00326  0.00325 0.03286  0.03284 0.05330  0.05330
5.0 0.00075  0.00074 0.01675 0.01674 0.03572  0.03572
5.5 0.00014  0.00014 0.00773  0.00772 0.02224  0.02224
6.0 0.00002  0.00002 0.00325 0.00324 0.01291 0.01292
6.5 0.00000  0.00000 0.00124 0.00124 0.00698  0.00702
7.0 0.00000  0.00000 0.00043  0.00043 0.00345 0.00358
7.5 0.00000  0.00000 0.00013  0.00014 0.00139 0.00172

3.3 Crank-Nicolson Sonlu Fark Yontemi (CNSFY)

(3.1.1)-(3.1.3) deklemleri ile verilen baglangi¢ ve sinir deger problemini

tekrar gozontine alalim. (3.1.1) denkleminde 6; tiirevi yerine

Jj+1 J
~ 6, — 0

0, = 2

ileri fark yaklagimi, 6,, tiirevi yerine

1000 =20l ol ol — 20l 0l
51 B2 + 72 )

merkezi fark yaklagimi yazilir ve r = vk/h? alinirsa

—r0/ H(2+2r)0 T =0l = 0 +(2-2r)0 400, . i=0(1)N, j=0(1)J
(3.3.1)
Crank-Nicolson sonlu fark yaklagimi bulunur. Bu fark denkleminde ¢ = 0 ve

i = N i¢in ortaya gikan 6_; ve 6y, hayali degerler (3.1.2) smir sartindaki 6,
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tiirevi yerine merkezi sonlu fark yaklagimlarinin kullanilmasiyla kolayca yok

edilerek

(242007 — 2000 = (2—2r)0) + 2000, , i=0
—r@ N+ 2+ 2000 — 0l =0l (2 —20)0 400, , i=1(1)N -1
—2r L (24200 =0+ (2—2r)0 , i=N

lineer cebirsel denklem sistemi elde edilir. Bu cebirsel denklem sistemi matris
formunda kapali olarak

AT = (41 - A)Y

bi¢iminde yazilabilir. Burada

242r =2r
-r  2+42r —r
4 —r 2+42r -—r
—r 242r —r
—2r  242r
L 1 (N+1)x(N+1)
) ) ) ) ) . 1T
ve ¢’ :[ 0 61 6, ... 6, 6% | dir. Bu sistem direkt yontemlerden biri

ile ¢oziiliir ve elde edilen #7 degerleri

J J
. 6i+1 -0

U(xi’tj) = h ( 0 ) )

i=11)N =1, j=0(1)J

Hopf-Cole doniigimiinde kullanilirsa Burgers denkleminin yaklagik ¢oziimleri

bulunmusg olur.
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Niimerik Sonuclar

Problem 1" in v = 1, £ = 0.00001 degerleri ve degisik mesh uzunlugu
h i¢in Crank-Nicolson Sonlu Fark Yéntemi (CNSFY) ile elde edilen ¢ = 0.1
deki niimerik ¢oziimleri ile problemin tam ¢éziimi Tablo 3.11 de karsilagtirildi.
Tablo 3.11 den de kolayca goriildiigii gibi elde edilen niimerik degerler prob-
lemin tam degerlerine oldukg¢a yakindir. Mesh uzunlugu A nin kiigiik segilmesi
durumunda elde edilen niimerik ¢éziimlerin tam ¢éziimle uyumlu oldugu acikca

goriillmektedir.

Yine Problem 1’ in h = 0.0125 ve k£ = 0.0001 degerleri ve kine-
matik viskosite v niin 1, 0.1, ve 0.01 degerleri i¢in gesitli £ zamaninda CNSFY
ile elde edilen niimerik ¢oziimleri ile problemin tam ¢oziimii Tablo 3.12 de
kargilagtirildi. Tablo 3.12 den her bir v degeri icin elde edilen niimerik deger-

lerin tam degerlere oldukca yakin oldugu goriilmektedir.

Tablo 3.13 ve Tablo 3.14 de Problem 2’ nin CNSFY ile elde edilen
niimerik ¢oziimleri ile problemin tam ¢6ziimii verildi. Tablolardan, elde edilen
niimerik sonuglarin analitik sonuglara olduk¢a yakin oldugu agikca goriilmek-

tedir.

v = 0.5, h = 0.05 ve £ = 0.0001 degerleri i¢in Problem 3’ iin cesitli ¢
zamaninda CNSFY ile elde edilen nlimerik sonuglar ile problemin tam ¢oéziimii
Tablo 3.15 de karsilagtirildi. Tablodan sonuclarin iyi oldugu agikca goriilmek-

tedir.
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Tablo 3.11: CNSFY: t= 0.1, » =1, k£ = 0.00001 igin Problem 1’ in niimerik
ve tam ¢oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.10863 0.10931  0.10948 0.10952 0.10954
0.2 0.20806  0.20936  0.20968 0.20977 0.20979
0.3 0.28947 0.29129  0.29175 0.29186 0.29190
0.4 0.34503 0.34720  0.34774 0.34788 0.34792
0.5 0.36847 0.37080  0.37138 0.37153 0.37158
0.6 0.35603 0.35829  0.35886 0.35900 0.35905
0.7 0.30729 0.30925  0.30974 0.30986 0.30991
0.8 0.22589 0.22734  0.22770 0.22779 0.22782
0.9 0.11966  0.12043  0.12062 0.12067 0.12069

lelly x 103 7.52808 1.97815  0.50668 0.12789

Ly x 10? 2.20045 0.54779  0.13672 0.03409

Lo x 10? 3.10697 0.77348  0.19344 0.04824

Tablo 3.12: CNSFY: v =1, v = 0.1, v = 0.01; A = 0.0125, k = 0.0001 i¢in
Problem 1’ in niimerik ve tam ¢oziimleri

vr=1.0 vr=20.1 v =0.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01358 0.01357 0.30883  0.30889 0.34227 0.34191
0.6 0.00189  0.00189 0.24070 0.24074 0.26901  0.26896
0.8 0.00026  0.00026 0.19565 0.19568 0.22146  0.22148
1.0 0.00004  0.00004 0.16255 0.16256 0.18816  0.18819
3.0 0.00000  0.00000 0.02721  0.02720 0.07511 0.07511
0.50 04 0.01924 0.01924 0.56955  0.56963 0.66846 0.66071
0.6 0.00267 0.00267 0.44714 0.44721 0.53225 0.52942
0.8 0.00037  0.00037 0.35919 0.35924 0.44036 0.43914
1.0 0.00005  0.00005 0.29188  0.29192 0.37501 0.37442
3.0 0.00000  0.00000 0.04021  0.04020 0.15018  0.15018
0.75 04 0.01363 0.01363 0.62536  0.62544 0.93993 0.91026
0.6 0.00189 0.00189 0.48713 0.48721 0.77888 0.76724
0.8 0.00026  0.00026 0.37386 0.37392 0.65259  0.64740
1.0 0.00004  0.00004 0.28744  0.28747 0.55866  0.55605
3.0 0.00000  0.00000 0.02978  0.02977 0.22485 0.22481
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Tablo 3.13: CNSFY: ¢t =0.1, v =1, k£ = 0.00001 igin Problem 2’ nin niimerik
ve tam ¢oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11197 0.11266  0.11283 0.11288 0.11289
0.2 0.21447 0.21581  0.21614 0.21622 0.21625
0.3 0.29848 0.30035  0.30081 0.30093 0.30097
0.4 0.35588 0.35812  0.35868 0.35882 0.35886
0.5 0.38022 0.38262  0.38322 0.38337 0.38342
0.6 0.36755  0.36988  0.37046 0.37061 0.37066
0.7 0.31737 0.31939  0.31990 0.32002 0.32007
0.8 0.23338 0.23488  0.23525 0.23534 0.23537
0.9 0.12366  0.12445  0.12465 0.12470 0.12472

lelly x 103 7.50890 1.97558  0.50617 0.12778

Ly x 10? 2.26692 0.56504  0.14107 0.03518

Lo x 10? 3.20358 0.79841  0.19979 0.04982

Tablo 3.14: CNSFY: v =1, v = 0.1, v = 0.01; A = 0.0125, £k = 0.0001 i¢in
Problem 2’ nin niimerik ve tam ¢oziimleri

vr=1.0 vr=20.1 v =0.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01401 0.01400 0.31746  0.31752 0.36271  0.36226
0.6 0.00195 0.00195 0.24610 0.24614 0.28210 0.28204
0.8 0.00027  0.00027 0.19953  0.19956 0.23044  0.23045
1.0 0.00004  0.00004 0.16558  0.16560 0.19466 0.19469
3.0 0.00000  0.00000 0.02776  0.02776 0.07613 0.07613
0.50 04 0.01985 0.01985 0.58445 0.58454 0.69248  0.68368
0.6 0.00276  0.00276 0.45791  0.45798 0.55143 0.54832
0.8 0.00038  0.00038 0.36735 0.36740 0.45501 0.45371
1.0 0.00005  0.00005 0.29831 0.29834 0.38629  0.38568
3.0 0.00000  0.00000 0.04107 0.04106 0.15218 0.15218
0.75 04 0.01407 0.01407 0.64554  0.64562 0.95260  0.92050
0.6 0.00195 0.00195 0.50259  0.50268 0.79582  0.78299
0.8 0.00027  0.00027 0.38527 0.38534 0.66836  0.66272
1.0 0.00004  0.00004 0.29582  0.29586 0.57209  0.56932
3.0 0.00000  0.00000 0.03044  0.03044 0.22778  0.22774
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Tablo 3.15: CNSFY: v = 0.5, h = 0.05, k = 0.0001 ve [a,] = [0,8] icin

Problem 3’ {in niimerik ve tam ¢oziimleri

t=1.5 t=3.0 t=4.5
T Nimerik Tam Niumerik  Tam Nimerik  Tam
0.5 0.15320  0.15327 0.06426  0.06426 0.03799  0.03799
1.0 0.26565  0.26577 0.11879  0.11880 0.07187  0.07187
1.5 0.30402  0.30412 0.15507  0.15509 0.09793  0.09793
2.0 0.26138 0.26142 0.16760 0.16762 0.11338 0.11339
2.5 0.17219 0.17217 0.15627 0.15630 0.11697 0.11698
3.0 0.08813  0.08807 0.12737 0.12738 0.10948  0.10949
3.5 0.03587  0.03582 0.09132  0.09132 0.09368  0.09369
4.0 0.01189 0.01186 0.05798  0.05797 0.07360 0.07361
4.5 0.00326  0.00325 0.03286  0.03284 0.05330  0.05330
5.0 0.00075  0.00074 0.01675 0.01674 0.03572  0.03572
5.5 0.00014  0.00014 0.00773  0.00772 0.02224  0.02224
6.0 0.00002  0.00002 0.00324 0.00324 0.01291 0.01292
6.5 0.00000  0.00000 0.00124 0.00124 0.00698  0.00702
7.0 0.00000  0.00000 0.00043  0.00043 0.00345 0.00358
7.5 0.00000  0.00000 0.00013  0.00014 0.00139 0.00172

3.4 Kararhlik Analizi

(3.1.1) ile verilen 1s1 denklemi yani

00 0%0

— =Vv— O<ax<l, t>0
ot~ or2 SN

denklemi i¢in agirlikli averaj yaklagimi, A € [0, 1] olmak iizere,

ont — o, ot — 200 + gt or,_, — 207 + 07,
= VI 1 72 )+ (=N (= e )]

(3.4.1)
dir. Bu yaklagim A =0, A = 1/2 ve A = 1 i¢in sirasiyla standart agik, Crank-
Nicolson ve kapali yontem olarak bilinir [1]. Simdi (3.4.1) yaklagimma von

Neumann kararlilik yontemini uygulayalim. Bunun igin 6], yerine
or, = et i=v/—1
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yazilir ve gerekli diizenlemeler yapilirsa
E—ruXE(e —2 4+ e7PM) = 1 4 rp(1 — ) (e — 2 4 7

elde edilir. Burada r = k/h? dir. Son esitlikte e?#* = cos 3h + isin Sh Euler

formiiliiniin kullanilmasiyla
E—1vA(2cos fh—2) =1+ rv(1 — X)(2cos fh — 2) (3.4.2)

bulunur.

cos Bh = 1—231112%

oldugundan (3.4.2) dan £ parametresi

=41 - )\)Sfmz%
1+ 47’1/)\32'712%—}1

§

olarak elde edilir.

e )\ =0ise (3.4.1) yaklagimi (3.1.4) ile verilen agik sonlu fark yaklagimina
kargilik gelir. Yontemin kararli olmasi i¢in gerek ve yeter sart | £ |< 1
1

olmasidir. | ¢ |< 1 sart1 7 kararhhk parametresinin r < 5- olmasi ile

miimkiindiir. Boylece agik yontem r < 2_11/ olmasi durumunda kararhdir.

o )\ =1ise (3.4.1) yaklagimi (3.2.1) ile verilen tamamen kapali sonlu fark
yaklagimina kargilik gelir. Yontemin karali olmasi i¢in yine gerek ve yeter
sart | £ |< 1 olmasidir. Bu sart her » > 0 igin saglanacagindan kapali

yontem sartsiz kararhdir.

e \ = 1/2 ise (3.4.1) yaklasimi (3.3.1) ile verilen Crank-Nicolson sonlu
fark yaklasimina karsilik gelir. Yine kararlilik icin gerek ve yeter sart
¢ parametresinin | ¢ |< 1 sartin saglamasidir. Bu sart her » > 0 igin

saglanacagindan Crank-Nicolson sonlu fark yontemi sartsiz kararhidir.
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3.5 Hopscotch Sonlu Fark Yontemi (HSFY)

(3.1.1)-(3.1.3) denklemleri ile verilen 1s1 iletim problemini tekrar ele

alalim. (3.1.1) denkleminde 0, tiirevi yerine

07 — 0
Ht %.J 1 1
k
ileri fark yaklagimi, 0., tirevi yerine (i + j) ¢iftse

6, — 26 + Qgﬂ
B2

I

61‘1’

merkezi fark yaklagimi, (i + ) tekse

j+1 j+1 j+1
67" — 201" + 61
52

1%

HCCI
merkezi fark yaklagimi yazilir ve r = vk/h? alinirsa

07 =0 (00, —20] +00,) , (i+], ciftise) (3.5.1)

0 + (671 + 025

o -
t 1+ 2r

. (i+47, tek ise) (3.5.2)

denklemleri elde edilir[59]. (3.5.1) ve (3.5.2) fark denklemlerin de i = 0 ve
i = N igin ortaya gikan 6_; ve Oy hayali degerleri (3.1.2) sinir gartindaki 6,
tlirevi yerine merkezi sonlu fark yaklagimlarimin kullanilmasiyla kolayca yok
edilerek lineer cebirsel denklem sistemi elde edilir. Bu cebirsel denklem sistemi

direk yontemlerden biri ile ¢oziiliir ve elde edilen Qg ¢oziimleri

—v O~ 0

Uz tj) = — (- 7 ), i=11)N-1, j=0(1)J

h

Hopt-Cole doniigiimiinde kullanilirsa Burgers denkleminin yaklagik ¢oziimleri

bulunmus olur.
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Niimerik Sonuclar

v =1, k = 0.00001 degerleri ve degisik mesh uzunlugu % i¢in Problem 1’
in Hopscotch Sonlu Fark Yaklagimi (HSFY) ile elde edilen ¢ = 0.1 deki ntimerik
¢oziimlerinin problemin tam ¢oziimii ile kargilagtirilmas: Tablo 3.16 da verildi.
Tablodan da kolayca goriildiigii gibi elde edilen niimerik degerler problemin
tam degerlerine yakindir. Mesh uzunlugu h nin kiigiik secilmesi durumunda

elde edilen niimerik ¢oziimlerin tam ¢ozlime oldukca yaklagtigr goriilmektedir.

Tablo 3.17 de h = 0.0125 ve k = 0.0001 alnarak kinematik viskosite v
niin 1, 0.1, ve 0.01 degerleri i¢in Problem 1’ in ¢esitli ¢ zamaninda HSFY ile elde
edilen niimerik ¢oziimleri problemin tam ¢oziimi ile karsilagtirildi. Tablodan
her bir v degeri i¢in elde edilen niimerik degerlerin tam degerlerle uyum i¢inde

oldugu acikca goriilmektedir.

Problem 2’ nin HSFY ile elde edilen niimerik ¢oziimleri ile problemin
tam ¢oziimi Tablo 3.18 ve Tablo 3.19 da verildi. Elde edilen niimerik sonuglarin
analitik sonuclara yeterince yakin oldugu agikca goriilmektedir.

v = 0.5, h =0.05 ve £ = 0.0001 degerleri i¢in Problem 3’ iin cesitli ¢
zamaninda HSFY ile elde edilen niimerik sonuclar problemin tam ¢oéziimii ile

kargilagtirildi. Tablo 3.20 den sonuglarin iyi oldugu goriilmektedir.
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Tablo 3.16: HSFY: ¢t =0.1, v = 1, £ = 0.00001 i¢in Problem 1’ in niimerik ve

tam ¢Oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.10863 0.10932  0.10949 0.10955 0.10954
0.2 0.20806  0.20937  0.20971 0.20981 0.20979
0.3 0.28948 0.29132  0.29179 0.29194 0.29190
0.4 0.34504 0.34724  0.34781 0.34801 0.34792
0.5 0.36849 0.37086  0.37149 0.37172 0.37158
0.6 0.35606  0.35837  0.35900 0.35926 0.35905
0.7 0.30734  0.30935  0.30992 0.31019 0.30991
0.8 0.22594  0.22745  0.22791 0.22818 0.22782
0.9 0.11972 0.12055  0.12086 0.12111 0.12069

lelly x 103 741763 1.67024  0.63981 1.49842

Ly x 10? 2.17680 0.46935  0.10000 0.23487

Lo x 10? 3.08310 0.72173  0.22342 0.43819

Tablo 3.17: HSFY: v =1, v = 0.1, v = 0.01; h = 0.0125, £ = 0.0001 i¢in
Problem 1’ in niimerik ve tam ¢oziimleri

v = 1.0(k = 0.00001) vr=20.1 v =10.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01361 0.01357 0.30883  0.30889 0.34227 0.34191
0.6 0.00190 0.00189 0.24071  0.24074 0.26901  0.26896
0.8 0.00026 0.00026 0.19566  0.19568 0.22146  0.22148
1.0 0.00004 0.00004 0.16257 0.16256 0.18816  0.18819
3.0 0.00000 0.00000 0.02725  0.02720 0.07511 0.07511
0.50 04 0.01929 0.01924 0.56957  0.56963 0.66846 0.66071
0.6 0.00268 0.00267 0.44719 0.44721 0.53225  0.52942
0.8 0.00037 0.00037 0.35927 0.35924 0.44036 0.43914
1.0 0.00005 0.00005 0.29199 0.29192 0.37501  0.37442
3.0 0.00000 0.00000 0.04029  0.04020 0.15018 0.15018
0.75 04 0.01368 0.01363 0.62570 0.62544 0.93994 0.91026
0.6 0.00190 0.00189 0.48753 0.48721 0.77889 0.76724
0.8 0.00026 0.00026 0.37427  0.37392 0.65260  0.64740
1.0 0.00004 0.00004 0.28782  0.28747 0.55867  0.55605
3.0 0.00000 0.00000 0.02986  0.02977 0.22485 0.22481
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Tablo 3.18: HSFY: ¢t = 0.1, v = 1, k = 0.00001 i¢in Problem 2’ nin niimerik
ve tam ¢oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11197 0.11267  0.11285 0.11290 0.11289
0.2 0.21448 0.21582  0.21617 0.21628 0.21625
0.3 0.29849 0.30037  0.30086 0.30102 0.30097
0.4 0.35590 0.35816  0.35875 0.35895 0.35886
0.5 0.38024 0.38268  0.38333 0.38357 0.38342
0.6 0.36758 0.36996  0.37061 0.37088 0.37066
0.7 0.31741 0.31949  0.32009 0.32037 0.32007
0.8 0.23344 0.23499  0.23547 0.23575 0.23537
0.9 0.12372 0.12458  0.12490 0.12515 0.12472

le[l; x 10 7.39869 1.66589  0.63892 1.50866

Ly x 10? 2.24255 0.51346  0.10296 0.24479

Lo x 10? 3.17906 0.74433  0.23117 0.45337

Tablo 3.19: HSFY: v =1, v = 0.1, v = 0.01; h = 0.0125, £ = 0.0001 i¢in
Problem 2’ nin niimerik ve tam ¢oziimleri

v = 1.0(k = 0.00001) vr=20.1 v =10.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01404 0.01400 0.31746  0.31752 0.36271  0.36226
0.6 0.00196 0.00195 0.24611 0.24614 0.28210 0.28204
0.8 0.00027 0.00027 0.19954  0.19956 0.23044  0.23045
1.0 0.00004 0.00004 0.16560 0.16560 0.19466  0.19469
3.0 0.00000 0.00000 0.02780  0.02776 0.07613 0.07613
0.50 04 0.01991 0.01985 0.58447 0.58454 0.69248 0.68368
0.6 0.00277 0.00276 0.45796  0.45798 0.55144  0.54832
0.8 0.00039 0.00038 0.36743  0.36740 0.45501 0.45371
1.0 0.00005 0.00005 0.29842 0.29834 0.38629  0.38568
3.0 0.00000 0.00000 0.04115 0.04106 0.15218 0.15218
0.75 04 0.01412 0.01407 0.64589  0.64562 0.95261  0.92050
0.6 0.00196 0.00195 0.50300 0.50268 0.79583  0.78299
0.8 0.00027 0.00027 0.38570 0.38534 0.66837 0.66272
1.0 0.00004 0.00004 0.29621  0.29586 0.57209  0.56932
3.0 0.00000 0.00000 0.03053 0.03044 0.22778  0.22774
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Tablo 3.20: HSFY: v = 0.5, h = 0.05, £k = 0.0001 ve [a,b] = |0, 8] icin
Problem 3’ iin niimerik ve tam ¢oziimleri

t=1.5 t=3.0 t=4.5
T Nimerik Tam Niumerik  Tam Nimerik  Tam
0.5 0.15320  0.15327 0.06426  0.06426 0.03799  0.03799
1.0 0.26565  0.26577 0.11879  0.11880 0.07187  0.07187
1.5 0.30402  0.30412 0.15507  0.15509 0.09793  0.09793
2.0 0.26138 0.26142 0.16760 0.16762 0.11338 0.11339
2.5 0.17219 0.17217 0.15627 0.15630 0.11697 0.11698
3.0 0.08813  0.08807 0.12737 0.12738 0.10948  0.10949
3.5 0.03587  0.03582 0.09132  0.09132 0.09368  0.09369
4.0 0.01189 0.01186 0.05798  0.05797 0.07360 0.07361
4.5 0.00326  0.00325 0.03286  0.03284 0.05330  0.05330
5.0 0.00075  0.00074 0.01675 0.01674 0.03572  0.03572
5.5 0.00014  0.00014 0.00773  0.00772 0.02224  0.02224
6.0 0.00002  0.00002 0.00324 0.00324 0.01291 0.01292
6.5 0.00000  0.00000 0.00124 0.00124 0.00698  0.00702
7.0 0.00000  0.00000 0.00043  0.00043 0.00345 0.00358
7.5 0.00000  0.00000 0.00013  0.00014 0.00139 0.00172

3.6 Klasik Sonlu Fark Yontemlerinin Karsilastirilmasi

Problem 1 ve Problem 2" nin t = 0.1, N = 40 ve v = 1 i¢in ASFY,
KSFY, CNSFY ve HSFY ile elde edilen niimerik degerleri ve tam ¢oziimleri
Tablo 3.21 ve Tablo 3.24 de kargilagtirildi. Ayrica v parametresinin 0.1 ve 0.01
degerleri icin degisik ¢t zamaninda ASFY, KSFY, CNSFY ve HSFY ile elde
edilen niimerik ¢oziimler ve analitik ¢6ziim Tablo 3.22, Tablo 3.23, Tablo 3.25
ve Tablo 3.26 da karsilagtirildi. Tablolardan kolayca goriildiigii gibi uygulanan
dort yontemin birbiriyle uyum igerisinde ve niimerik degerlerin analitik ¢oziime

¢ok yakin oldugu acikca goriilmektedir.

Tablo 3.27, Tablo 3.28 ve Tablo 3.29 da Problem 1" in ¢ = 0.1 zamaninda
v = 1 ve mesh uzunlugu h nin degisik degerleri i¢in ASFY, KSFY, CNSFY ve
HSFY ile elde edilen hata normlar verildi. Ozellikle aralik sayis1 N nin biiyiik

se¢ilmesi durumunda KSFY ile elde edilen sonuglarin diger ii¢ yontemle elde
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edilen sonuclardan daha iyi oldugu goriilmektedir.

t =1.5,t=3vet = 4.5 zamanlarinda h = 0.05 ve v = 0.5 degerleri
icin Problem 3’ iin ASFY, KSFY, CNSFY ve HSFY ile elde edilen hata norm-
lar1 Tablo 3.30 da karsilagtirildi. Tablodan her bir yontem i¢in bulunan hata

normlarinin uyum i¢inde oldugu kolayca goriilmektedir.
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Tablo 3.21: t = 0.1, » = 1, £ = 0.00001, N = 40 i¢in Problem 1’ in niimerik
sonuclariin kargilagtirilmasi

x ASFY  KSFY CNSFY HSFY Tam Coziim
0.1 0.10948 0.10949 0.10948 0.10949 0.10954
0.2 0.20967 0.20969 0.20968 0.20971 0.20979
0.3 0.29173 0.29176  0.29175 0.29179 0.29190
0.4 0.34773  0.34776  0.34774 0.34781 0.34792
0.5 0.37137 0.37140 0.37138 0.37149 0.37158
0.6 0.35884  0.35888 0.35886  0.35900 0.35905
0.7 0.30973  0.30976  0.30974 0.30992 0.30990
0.8 0.22769 0.22771 0.22770 0.22791 0.22782
0.9 0.12062 0 .12063 0.12062 0.12086 0.12069

lelly x 10°  0.55416  0.45920  0.50668 0.63981
Ly x 10°  0.14951 0.12394 0.13672 0.10000
Loo x 108 021147 0.17542 0.19344 0.22342

Tablo 3.22: v = 0.1, N = 80, £k = 0.0001 igin Problem 1’ in niimerik ¢6ziim-
lerinin karsilagtirilmasi

x t ASFY KSFY CNSFY HSFY Tam Coziim

0.25 04 0.30880 0.30886  0.30883 0.30883 0.30889
0.6 0.24068 0.24073 0.24070 0.24071 0.24074
0.8 0.19564 0.19567 0.19565 0.19566 0.19568
1.0 0.16254 0.16256 0.16255 0.16257 0.16256
3.0 0.02720 0.02721 0.02721 0.02725 0.02720
0.50 0.4 0.56953 0.56957 0.56955 0.56957 0.56963
0.6 0.44712 0.44716 0.44714 0.44719 0.44721
0.8 0.35917 0.35921 0.35919 0.35927 0.35924
1.0 0.29187 0.29190 0.29188 0.29199 0.29192
3.0 0.04020 0.04022 0.04021 0.04029 0.04020
0.75 04 0.62541 0.62532 0.62536 0.62570 0.62544
0.6 0.48714 0.48711 0.48713 0.48753 0.48721
0.8 0.37386 0.37386 0.37386 0.37427 0.37392
1.0 0.28743 0.28745 0.28744 0.28782 0.28747
3.0 0.02977 0.02978 0.02978 0.02986 0.02977
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Tablo 3.23: v = 0.01, N = 80, £ = 0.0001 i¢in Problem 1’ in niimerik ¢6ziim-

lerinin kargilagtirilmasi

x t ASFY KSFY CNSFY HSFY Tam Coziim

0.25 0.4 0.34229 0.34225 0.34227 0.34227 0.34191
0.6 0.26902 0.26901 0.26901 0.26901 0.26896
0.8 0.22146 0.22147 0.22146 0.22146 0.22148
1.0 0.18816 0.18817 0.18816 0.18816 0.18819
3.0 0.07511 0.07511 0.07511 0.07511 0.07511
0.50 04 0.66876 0.66815 0.66846 0.66846 0.66071
0.6 0.53243 0.53207 0.53225 0.53225 0.52942
0.8 0.44046 0.44025 0.44036 0.44036 0.43914
1.0 0.37508 0.37494 0.37501 0.37501 0.37442
3.0 0.15018 0.15018 0.15018 0.15018 0.15018
0.75 04 0.94061 0.93924 0.93993 0.93994 0.91026
0.6 0.77946 0.77830 0.77888 0.77889 0.76724
0.8 0.65299 0.65220 0.65259 0.65260 0.64740
1.0 0.55893 0.55840 0.55866 0.55867 0.55605
3.0 0.22486 0.22483 0.22485 0.22485 0.22481

Tablo 3.24: t = 0.1, v = 1, kK = 0.00001, N = 40 i¢in Problem 2’ nin niimerik
sonuglariin kargilagtirilmasi

x ASFY KSFY CNSFY HSFY Tam (oziim
0.1 0.11283 0.11284 0.11283 0.11285 0.11289
0.2 0.21613 0.21615 0.21614 0.21617 0.21625
0.3 0.30080 0.30083 0.30081 0.30086 0.30097
0.4 0.35866 0.35870 0.35868 0.35875 0.35886
0.5 0.38320 0.38324 0.38322 0.38333 0.38342
0.6 0.37045 0.37048 0.37046 0.37061 0.37066
0.7 0.31988 0.31991 0.31990 0.32009 0.32007
0.8 0.23524 0.23526 0.23525 0.23547 0.23537
0.9 0.12465 0.12466 0.12465 0.12490 0.12472

lelly x 10°  0.55371 0.45864 0.50617 0.63892
L, x 103 0.15427 0.12788 0.14107 0.10296
Lo x 103 0.21837 0.18121 0.19979 0.23117
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Tablo 3.25: v = 0.1, N = 80, k£ = 0.0001 i¢in Problem 2’ nin niimerik ¢6ziim-
lerinin kargilagtirilmasi

x t ASFY KSFY CNSFY HSFY Tam (ozlim

025 04 0.31743 0.31749 0.31746 0.31746 0.31752
0.6 0.24608 0.24613 0.24610 0.24611 0.24614
0.8 0.19952 0.19955 0.19953 0.19954 0.19956
1.0 0.16557 0.16559 0.16558 0.16560 0.16560
3.0 0.02776 0.02777 0.02776 0.02780 0.02776
0.50 04 0.58443 0.58447 0.58445 0.58447 0.58454
0.6 0.45789 0.45793 0.45791 0.45796 0.45798
0.8 0.36733 0.36737 0.36735 0.36743 0.36740
1.0 0.29829 0.29833 0.29831 0.29842 0.29834
3.0 0.04106 0.04108 0.04107 0.04115 0.04106
0.75 04 0.64559 0.64550 0.64554 0.64589 0.64562
0.6 0.50260 0.50257 0.50259 0.50300 0.50268
0.8 0.38527 0.38527 0.38527 0.38570 0.38534
1.0 0.29581 0.29583 0.29582 0.29621 0.29586
3.0 0.03044 0.03045 0.03044 0.03053 0.03044

Tablo 3.26: v = 0.01, N = 80, £ = 0.0001 i¢in Problem 2’ nin niimerik
¢oziimlerinin kargilagtirilmasi

x t ASFY KSFY CNSFY HSFY Tam Coziim

025 0.4 0.36273 0.36268 0.36271 0.36271 0.36226
0.6 0.28211 0.28210 0.28210 0.28210 0.28204
0.8 0.23044 0.23044 0.23044 0.23044 0.23045
1.0 0.19466 0.19467 0.19466 0.19466 0.19469
3.0 0.07613 0.07613 0.07613 0.07613 0.07613
0.50 04 0.69282 0.69214 0.69248 0.69248 0.68368
0.6 0.55164 0.55123 0.55143 0.55144 0.54832
0.8 0.45513 0.45489 0.45501 0.45501 0.45371
1.0 0.38636 0.38621 0.38629 0.38629 0.38568
3.0 0.15219 0.15218 0.15218 0.15218 0.15218
0.75 04 0.95327 0.95193 0.95260 0.95261 0.92050
0.6 0.79643 0.79521 0.79582 0.79583 0.78299
0.8 0.66879 0.66793 0.66836 0.66837 0.66272
1.0 0.57238 0.57180 0.57209 0.57209 0.56932
3.0 0.22779 0.22776 0.22778 0.22778 0.22774
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Tablo 3.27: ¢t = 0.1, v = 1, k = 0.00001 i¢in Problem 1’ in ||e||; normunun
kargilagtirilmasi

lefl1 x 10°
Yontem N =10 N =20 N =140 N =80
ASFY 7.57090 2.02419 0.55416 0.17604
KSFY 7.48527 1.93210 0.45920 0.07975
CNSFY 7.52808 1.97815 0.50668 0.12789
HSFY 7.41763 1.67024 0.63981 1.49842

Tablo 3.28: ¢ = 0.1, v = 1, k = 0.00001 i¢in Problem 1’ in Ly normunun
kargilagtirilmasi

Ly x 103
Yontem N =10 N =20 N =40 N =80
ASFY 2.21295 0.56052 0.14951 0.04689
KSFY 2.18796 0.53506 0.12394 0.02129
CNSFY 2.20045 0.54779 0.13672 0.03409
HSFY 2.17680 0.46935 0.10000 0.23487

Tablo 3.29: t = 0.1, v = 1, k£ = 0.00001 i¢in Problem 1’ in L., normunun
kargilagtirilmasi

Lo x 103
Yontem N =10 N =20 N =40 N =80
ASFY 3.12466 0.79150 0.21147 0.06633
KSFY 3.08929 0.75546 0.17542 0.03020
CNSEFY 3.10697 0.77348 0.19344 0.04824
HSFY 3.08310 0.72173 0.22342 0.43819
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4. UU, NON-LINEER TERIMI ICIN BAZI SONLU FARK
YAKLASIMLARI VE BURGERS DENKLEMININ SONLU
FARK COZUMLERI

Bu bolumde

Uy + UU, = vUy, (4.1)

Burgers denklemindeki UU, non-lineer teriminin yerine agsagidaki sonlu fark

yaklagimlar: kullanilarak lineer denklem sistemleri elde edilmistir.

4.1 Hopscotch Yontemi (HY)

1965 yilinda Gordon|60] kendi ¢aligmasinda kullandigr bu yontem igin
simetrik olmayan fark denklemi adini kullanmigtir. Ancak 1970 yilinda A.R.
Gourlay[59] bu teknigi diizenleyerek "Hopscotch" adini vermistir. xy diizle-
minde L ikinci mertebeden lineer eliptik diferansiyel operator ve R bir kapali

bolge olmak tizere Gordon

ou
S =LU+g (4.1.1)

denklemlerinde agik ve kapali sonlu fark yaklagimlarini sirasiyla kullanarak

Urtt = U + k(LU + g7 (4.1.2)
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Uptt = Ul + k(LyUZ 4 g0t (4.1.3)

algoritmasina ulagmigtir. Burada Lj, L lineer operatoriin bir sonlu fark goste-
rimidir. (¢, j,m + 1) noktasinda ¢oziime ulagabilmek i¢in Gordon 6nce (i + j)
¢ift olmak tizere (4.1.2) deki biitiin denklemleri daha sonra (i + j) tek olmak

tizere (4.1.3) deki denklemleri kullanmigtir.

Gourlay ise (4.1.2) ve (4.1.3) deki denklemler yerine

6. — 1, m+4i14+7 tek ise
K 0, m+i+j cift ise

fonksiyonunu kullanarak (4.1.1) denklemi i¢in

UZtt — k07 (LU + gt = U + kO (LW U + g7 (4.1.4)

sonlu fark yaklagimini elde etmigtir[59].

Hopscotch Yontemini
Ui+ UU, =vU,,

Burgers denklemine uygulayabilmek icin f(U) = 1U? [61] ve 7= fuy)

- 2 J

olmak tizere f' = UU, doniigiimii yapilir ve f’ yerine agik ve kapali merkezi

fark yaklagimlar: alinirsa agagidaki denklemler bulunur.

ot vl fa - S UL —20) v U
PR 72 )
Ut = U A B —aui v ULy L (i ciftise)
i T Vi Ty Win i—1 pz Vil i i+1) s Js
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Jj+1 J J+1 J+1 J+1 J+1 Jj+1
Ui _Ui + f‘+1 - — Uz‘+1 _2Ui +Ui71

7

i—1
k 2h =¥ h? )

‘ h2 ok , , vk, ; o ,
0 = - K e RO D] L (i ek )

Niimerik Sonuglar

Problem 1, Problem 2 ve Problem 3’ iin Hopscotch Yontemi (HY) ile

elde edilen niimerik ¢oéziimleri Tablo 4.1-4.8 de verildi.

Tablo 4.1 de Problem 1" in t = 0.1, v = 1, kK = 0.00001 alinarak mesh
uzunlugu A nin degisik degerleri i¢in niimerik ve tam ¢oziimii karsilagtirildi.
Tablodan niimerik ¢éziimlerin tam ¢oziime yakin oldugu acgikca goriilmektedir.
Mesh uzunlugu h nin gittikge kiiciik secilmesi durumunda elde edilen niimerik

¢oziimlerin analitik ¢oziime oldukca yaklastigr goriilmektedir.

Tablo 4.2 de Problem 1’ in h = 0.0125, £ = 0.0001 alinarak kine-
matik viskosite v niin 1, 0.1, 0.001 degerleri icin cesitli ¢ zamanlarinda niimerik
¢oziimler analitik ¢oztimle kargilagtirildi. Elde edilen sonuglarin analitik ¢oziimle

uyum igerisinde oldugu kolayca goriilmektedir.

Tablo 4.3 te Problem 1’ in A = 0.0125, £ = 0.00001 alinarak v niin
0.005, 0.001, 0.0005, 0.0001 degerleri i¢in HY ile elde edilen niimerik sonuclar ile
onceki aragtirmacilarin verdikleri sonuglar kargilagtirildi. Tablodan sonuglarin

uyum igerisinde oldugu kolayca goriilmektedir.

Tablo 4.4 ve Tablo 4.5 te Problem 2’ nin mesh uzunlugu h ve kinematik
viskosite v niin degisik degerleri i¢in farkh ¢ zamanlarinda elde edilen niimerik

¢oziimler ile tam ¢oziim karsilagtirildi.
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Tablo 4.6 ve Tablo 4.7 de Problem 2’ nin v =0.005, 0.001, 0.0005,
0.0001 degerleri i¢in gesitli zamanlarda elde edilen niimerik ¢oziimler ile 6nceki
aragtirmacilarin elde ettikleri sonuglar kargilagtirildi. Tablolardan HY ile elde

edilen sonuclarin yeterince iyi oldugu goriilmektedir.

Tablo 4.8 de Problem 3’ iin v =0.5, h = 0.05, kK = 0.0001 degerleri i¢in
HY ile edilen niimerik sonuglar ile tam ¢oziim karsgilagtirildi. Tablodan niimerik

sonuglarin analitik ¢oziime yakin oldugu kolayca goriilmektedir.
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Tablo 4.1: HY: ¢t = 0.1, v = 1, £ = 0.00001 i¢in Problem 1’ in niimerik ve tam

¢Oziimleri
Niimerik Coziim Tam
x h=01 h=005 h=0.025 h=0.0125 (ozlim
0.1 0.11053 0.10979  0.10960 0.10955 0.10954
0.2 0.21168 0.21026  0.20991 0.20982 0.20979
0.3 0.29447 0.29254  0.29206 0.29193 0.29190
0.4 0.35091 0.34867  0.34811 0.34797 0.34792
0.5 0.37466 0.37235  0.37177 0.37162 0.37158
0.6 0.36191 0.35976  0.35922 0.35909 0.35905
0.7 0.31228 0.31050  0.31005 0.30994 0.30991
0.8 0.22950 0.22824  0.22792 0.22784 0.22782
0.9 0.12156 0.12091  0.12074 0.12070 0.12069
lelly x 103 7.40620 1.95234  0.49965 0.12103
Ly x 103 2.16915 0.54191  0.13515 0.03232
Loo x 10? 3.08193 0.76985  0.19227 0.04599
Tablo 4.2: HY: v = 1, v = 0.1, v = 0.01; h = 0.0125, £ = 0.0001 i¢in
Problem 1’ in niimerik ve tam ¢oziimleri
v=1.0 v=20.1 v =0.01
T t Niimerik  Tam Niimerik  Tam Niimerik  Tam
0.25 0.4 0.01355  0.01357 0.30895  0.30889 0.34198 0.34191
0.6 0.00188  0.00189 0.24079  0.24074 0.26901  0.26896
0.8 0.00026  0.00026 0.19572  0.19568 0.22151 0.22148
1.0 0.00004  0.00004 0.16260  0.16256 0.18822 0.18819
3.0 0.00000  0.00000 0.02721  0.02720 0.07512  0.07511
0.50 0.4 0.01920 0.01924 0.56975  0.56963 0.66086  0.66071
0.6 0.00266  0.00267 0.44730  0.44721 0.52952  0.52942
0.8 0.00037  0.00037 0.35932  0.35924 0.43921 0.43914
1.0 0.00005  0.00005 0.29199  0.29192 0.37447  0.37442
3.0 0.00000  0.00000 0.04022  0.04020 0.15019  0.15018
0.75 0.4 0.01360 0.01363 0.62546  0.62544 0.91057 0.91026
0.6 0.00188  0.00189 0.48728  0.48721 0.76744  0.76724
0.8 0.00026  0.00026 0.37399  0.37392 0.64752  0.64740
1.0 0.00004  0.00004 0.28754  0.28747 0.55614  0.55605
3.0 0.00000  0.00000 0.02979  0.02977 0.22484  0.22481
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Tablo 4.4: HY: ¢t = 0.1, v = 1, £k = 0.00001 igin Problem 2’ nin niimerik ve

tam ¢Oziimleri

Niimerik Coziim Tam
x h=01 h=005 h=0.025 h=0.0125 (ozlim
0.1 0.11393 0.11315  0.11296 0.11291 0.11289
0.2 0.21820 0.21674  0.21637 0.21628 0.21625
0.3 0.30362 0.30163  0.30113 0.30101 0.30097
0.4 0.36194 0.35963  0.35905 0.35891 0.35886
0.5 0.38659 0.38422  0.38362 0.38347 0.38342
0.6 0.37359 0.37140  0.37084 0.37070 0.37066
0.7 0.32250 0.32068  0.32022 0.32010 0.32007
0.8 0.23710 0.23581  0.23548 0.23540 0.23537
0.9 0.12561 0.12494  0.12477 0.12473 0.12472
lell x 103 7.38413 1.95363  0.50044 0.12125
Ly x 10? 2.22969 0.55913  0.13957 0.03338
Lo x 10? 3.16428 0.79362  0.19850 0.04750
Tablo 4.5: HY: v = 1, v = 0.1, v = 0.01; h = 0.0125, £ = 0.0001 i¢in
Problem 2’ nin niimerik ve tam ¢oziimleri
v=1.0 v=20.1 v =0.01
T t Niimerik  Tam Niimerik  Tam Niimerik  Tam
025 04 0.01398  0.01400 0.31759  0.31752 0.36238  0.36226
0.6 0.00194  0.00195 0.24619 0.24614 0.28213  0.28204
0.8 0.00027  0.00027 0.19960  0.19956 0.23052  0.23045
1.0 0.00004  0.00004 0.16563  0.16560 0.19474  0.19469
3.0 0.00000  0.00000 0.02777  0.02776 0.07614  0.07613
0.50 0.4 0.01981 0.01985 0.58466  0.58454 0.68383  0.68368
0.6 0.00275  0.00276 0.45808  0.45798 0.54844  0.54832
0.8 0.00038  0.00038 0.36749  0.36740 0.45381 0.45371
1.0 0.00005  0.00005 0.29842  0.29834 0.38575  0.38568
3.0 0.00000  0.00000 0.04108  0.04106 0.15220 0.15218
0.75 04 0.01404  0.01407 0.64564  0.64562 0.92073  0.92050
0.6 0.00194  0.00195 0.50274  0.50268 0.78317  0.78299
0.8 0.00027  0.00027 0.38541 0.38534 0.66285  0.66272
1.0 0.00004  0.00004 0.29593  0.29586 0.56942  0.56932
3.0 0.00000  0.00000 0.03045  0.03044 0.22778  0.22774
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Tablo 4.6: HY: h = 0.0125, £ = 0.00001; » = 0.005 ve v = 0.001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[30] [40] HY

T t vy =0.0060 v =20.001 v =20.006 v =0.001 v =0.000 v =0.001

0.25 0.05 0.67590 0.67711 0.67609 0.67738 0.67609 0.67738
0.15 0.55176 0.55315 0.55250 0.55496 0.55261 0.55506
0.25 0.43326 0.44450 0.46081 0.46349 0.46089 0.46356
0.50 0.05 0.98812 0.98957 0.98829 0.98983 0.98829 0.98983
0.15  0.91808 0.92073 0.91887 0.92241 0.91896 0.92250
0.25 0.81389 0.80709 0.82346 0.82748 0.82355 0.82757
0.75 0.05 0.82318 0.82497 0.82332 0.82522 0.82332 0.82522
0.15  0.94539 0.95063 0.94646 0.95282 0.94638 0.95273
0.25 0.97717 0.97296 0.99002 0.99815 0.99002 0.99815

Tablo 4.7: HY: h = 0.0125, £ = 0.00001; » = 0.0005 ve v = 0.0001 igin
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[40] HY
ot v =00005 »=00001 v =00005 v=0.0001
0.25 0.05 0.67754  0.67767 0.67754  0.67767
0.15 0.55526  0.55551 0.55537  0.55561
0.25 046382  0.46409 046390  0.46417
0.50 0.05 0.99002  0.99017 0.99002  0.99017
0.15 0.92285  0.92320 0.92294  0.92329
0.25 0.82798  0.82838 0.82807  0.82847
0.75 0.05 0.82456  0.82565 0.82546  0.82565
0.15 0.95361  0.95424 0.95352  0.95415
0.25 0.99915  0.99996 0.99915  0.99996
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Tablo 4.8: HY: v = 0.5, h = 0.05, k = 0.0001 ve [a, b] = [0, 8] i¢in Problem 3’
iin niimerik ve tam ¢oziimleri

t=1.5 t=3.0 t=4.5
T Nimerik Tam Niumerik  Tam Nimerik  Tam
0.5 0.15332  0.15327 0.06428  0.06426 0.03800  0.03799
1.0 0.26583  0.26577 0.11884  0.11880 0.07189  0.07187
1.5 0.30416  0.30412 0.15512  0.15509 0.09795 0.09793
2.0 0.26140 0.26142 0.16764 0.16762 0.11341 0.11339
2.5 0.17213 0.17217 0.15630 0.15630 0.11700 0.11698
3.0 0.08805  0.08807 0.12737 0.12738 0.10949  0.10949
3.5 0.03582  0.03582 0.09131 0.09132 0.09368  0.09369
4.0 0.01186 0.01186 0.05796 0.05797 0.07360 0.07361
4.5 0.00325  0.00325 0.03284 0.03284 0.05329  0.05330
5.0 0.00074  0.00074 0.01674 0.01674 0.03571  0.03572
5.5 0.00014  0.00014 0.00772  0.00772 0.02223 0.02224
6.0 0.00002  0.00002 0.00324 0.00324 0.01290 0.01292
6.5 0.00000  0.00000 0.00124 0.00124 0.00697  0.00702
7.0 0.00000  0.00000 0.00043  0.00043 0.00345 0.00358
7.5 0.00000  0.00000 0.00013  0.00014 0.00139 0.00172

4.2 Sonlu Fark Yaklagimi 1 (SFY1)

(4.1) Burgers denkleminde UU, non-lineer teriminin yerine

sonlu fark yaklagimi U,, tiirevinin yerine

Ul - 2U7 + UL,
h2

12

U.Z’Z‘

agik sonlu fark yaklagimi yazilir ve gerekli diizenlemeler yapilirsa

vk k

U7 = Ul g (UL =207 4+ U} )= o UL (U7 = U)o i = 11N =1, j =0(1)]

)

h? 2h *
agik sonlu fark yaklagimi bulunur.

Niimerik Sonuclar

Problem 1, Problem 2 ve Problem 3’ in SFY1 ile elde edilen niimerik
¢oziimleri Tablo 4.9-4.16 da verildi.
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v =1, k = 0.00001 degerleri ve degisik mesh uzunlugu h i¢in Problem
1" in SFY1 ile elde edilen t = 0.1 deki niimerik ¢oziimleri ile problemin tam
¢Oziimiiniin kargilagtirilmasi Tablo 4.9 da verildi. Tablodan da goriilecegi gibi h
nin yeterince kiigiik se¢ilmesiyle elde edilen niimerik ¢éziimler analitik ¢oziimle

uyum igindedir.

h = 0.0125, kK = 0.0001 degerleri ve kinematik viskosite v niin 1, 0.1,
0.001 degerleri i¢in Problem 1’ in gesitli £ zamanlarinda SFY1 ile elde edilen
niimerik ¢oziimler ile analitik ¢oziimiin kargilagtirilmas: Tablo 4.10 da verildi.

Tablodan, elde edilen sonuglarin analitik ¢éziime yakin oldugu goriilmektedir.

h = 0.0125, £ = 0.00001 alinarak v niin 0.005, 0.001, 0.0005, 0.0001
degerleri i¢in Problem 1’ in SFY1 ile elde edilen niimerik sonuclar ile énceki
aragtirmacilarin verdikleri sonuclarin kargilagtirilmas:i Tablo 4.11 de verildi.

Tablodan sonuglarin uyum igerisinde oldugu acikca goriilmektedir.

Mesh uzunlugu h ve kinematik viskosite v niin degisik degerleri i¢in
Problem 2’ nin farkh ¢ zamanlarinda SFY1 ile elde edilen niimerik ¢oziimleri

ile tam ¢ozliimii Tablo 4.12 ve Tablo 4.13 te karsilagtirildi.

v =0.005, 0.001, 0.0005, 0.0001 degerleri i¢in Problem 2’ nin ¢esitli za-
manlarda SFY1 ile elde edilen niimerik ¢oziimler ile 6nceki aragtirmacilarin
elde ettikleri sonuglar Tablo 4.14 ve Tablo 4.15 de karsilagtirildi. Tablolar-
dan SFY1 ile elde edilen sonuglarin diger aragtirmacilarinkilerine yakin oldugu

goriilmektedir.

Tablo 4.16 da Problem 3’ iin v =0.5, h = 0.05, £ = 0.0001 degerleri
igin SFY1 ile edilen niimerik sonuglar ile tam ¢oziim karsilagtirildi. Tablodan

niimerik sonuclarin analitik ¢éziime yakin oldugu kolayca goriilmektedir.
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Tablo 4.9: SFY1: t =0.1, v = 1, k = 0.00001 igin Problem 1’ in niimerik ve

tam ¢Oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11029 0.10972  0.10958 0.10954 0.10954
0.2 0.21127 0.21015  0.20987 0.20981 0.20979
0.3 0.29404 0.29242  0.29202 0.29192 0.29190
0.4 0.35063 0.34859  0.34808 0.34795 0.34792
0.5 0.37464 0.37233  0.37175 0.37161 0.37158
0.6 0.36219  0.35982  0.35923 0.35908 0.35905
0.7 0.31277 0.31061  0.31007 0.30993 0.30991
0.8 0.23002 0.22836  0.22794 0.22784 0.22782
0.9 0.12189 0.12098  0.12076 0.12070 0.12069

lelly x 103 7.48857 194093  0.46225 0.08079

Ly x 10? 2.20194 0.54052  0.12553 0.02184

Lo x 10? 3.14782  0.77302  0.18053 0.03194

Tablo 4.10: SFY1: v =1, v = 0.1, v = 0.01; h = 0.0125, £ = 0.0001 i¢in
Problem 1’ in niimerik ve tam ¢oziimleri

v = 1.0(k = 0.00001) vr=20.1 v =10.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01358 0.01357 0.30889  0.30889 0.34190 0.34191
0.6 0.00189 0.00189 0.24074  0.24074 0.26895  0.26896
0.8 0.00026 0.00026 0.19568  0.19568 0.22147 0.22148
1.0 0.00004 0.00004 0.16257 0.16256 0.18818  0.18819
3.0 0.00000 0.00000 0.02721  0.02720 0.07511 0.07511
050 04 0.01924 0.01924 0.56967 0.56963 0.66073 0.66071
0.6 0.00267 0.00267 0.44725 0.44721 0.52941 0.52942
0.8 0.00037 0.00037 0.35929 0.35924 0.43912 0.43914
1.0 0.00005 0.00005 0.29197 0.29192 0.37440 0.37442
3.0 0.00000 0.00000 0.04022  0.04020 0.15017  0.15018
0.75 04 0.01364 0.01363 0.62567 0.62544 0.91050 0.91026
0.6 0.00189 0.00189 0.48745 0.48721 0.76731 0.76724
0.8 0.00026 0.00026 0.37412  0.37392 0.64740  0.64740
1.0 0.00004 0.00004 0.28763  0.28747 0.55604  0.55605
3.0 0.00000 0.00000 0.02979  0.02977 0.22483 0.22481
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Tablo 4.12: SFY1: ¢t = 0.1, v = 1, kK = 0.00001 i¢in Problem 2’ nin niimerik
ve tam ¢oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11366 0.11308  0.11294 0.11290 0.11289
0.2 0.21776 0.21662  0.21634 0.21627 0.21625
0.3 0.30316  0.30151  0.30109 0.30099 0.30097
0.4 0.36163 0.35954  0.35902 0.35889 0.35886
0.5 0.38657 0.38420  0.38360 0.38345 0.38342
0.6 0.37390 0.37146  0.37084 0.37069 0.37066
0.7 0.32303 0.32080  0.32024 0.32010 0.32007
0.8 0.23765 0.23593  0.23550 0.23540 0.23537
0.9 0.12596 0.12502  0.12479 0.12473 0.12472

lell x 103 7.46601 1.94219  0.46316 0.08122

Ly x 10? 2.26400 0.55779  0.12969 0.02261

Lo x 10? 3.23900 0.79835  0.18652 0.03310

Tablo 4.13: SFY1: v =1, v =

Problem 2’ nin niimerik ve tam ¢oziimleri

0.1, v = 0.01; A = 0.0125, £ = 0.0001 icin

v = 1.0(k = 0.00001) vr=20.1 v =10.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01401 0.01400 0.31751 0.31752 0.36224  0.36226
0.6 0.00195 0.00195 0.24613 0.24614 0.28202 0.28204
0.8 0.00027 0.00027 0.19956  0.19956 0.23044  0.23045
1.0 0.00004 0.00004 0.16561  0.16560 0.19468  0.19469
3.0 0.00000 0.00000 0.02777  0.02776 0.07613 0.07613
0.50 04 0.01985 0.01985 0.58457  0.58454 0.68368 0.68368
0.6 0.00276 0.00276 0.45802 0.45798 0.54829  (0.54832
0.8 0.00038 0.00038 0.36745 0.36740 0.45369 0.45371
1.0 0.00005 0.00005 0.29840 0.29834 0.38565  0.38568
3.0 0.00000 0.00000 0.04108 0.04106 0.15217  0.15218
0.75 04 0.01407 0.01407 0.64586  0.64562 0.92068  0.92050
0.6 0.00195 0.00195 0.50292  0.50268 0.78304  0.78299
0.8 0.00027 0.00027 0.38554  0.38534 0.66272  0.66272
1.0 0.00004 0.00004 0.29602 0.29586 0.56930  0.56932
3.0 0.00000 0.00000 0.03046  0.03044 0.22776  0.22774
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Tablo 4.14: SFY1: h = 0.0125, £ = 0.00001; » = 0.005 ve v = 0.001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[30] [40] SFY1

T t vy =0.0060 v =20.001 v =20.006 v =0.001 v =0.000 v =0.001

0.25 0.05 0.67590 0.67711 0.67609 0.67738 0.67603 0.67732
0.15 0.55176 0.55315 0.55250 0.55496 0.55250 0.55495
0.25 0.43326 0.44450 0.46081 0.46349 0.46077 0.46344
0.50 0.05 0.98812 0.98957 0.98829 0.98983 0.98828 0.98982
0.15  0.91808 0.92073 0.91887 0.92241 0.91889 0.92243
0.25 0.81389 0.80709 0.82346 0.82748 0.82344 0.82746
0.75 0.05 0.82318 0.82497 0.82332 0.82522 0.82338 0.82529
0.15  0.94539 0.95063 0.94646 0.95282 0.94650 0.95285
0.25 0.97717 0.97296 0.99002 0.99815 0.99004 0.99816

Tablo 4.15: SFY1: h = 0.0125, £ = 0.00001; v = 0.0005 ve v = 0.0001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[40] SFY1
ot v =00005 »=00001 v =00005 v=0.0001
0.25 0.05 0.67754  0.67767 0.67748  0.67761
0.15 0.55526  0.55551 0.55526  0.55550
0.25 046382  0.46409 046377  0.46404
0.50 0.05 0.99002  0.99017 0.99001  0.99016
0.15 0.92285  0.92320 0.92287  0.92322
0.25 0.82798  0.82838 0.82796  0.82836
0.75 0.05 0.82456  0.82565 0.82553  0.82572
0.15 0.95361  0.95424 0.95364  0.95427
0.25 0.99915  0.99996 0.99917  0.99997
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Tablo 4.16: SFY1: v = 0.5, h = 0.05, £ = 0.0001 ve [a,b] = [0,8] igin
Problem 3’ {in niimerik ve tam ¢oziimleri

t=1.5 t=3.0 t=4.5
T Nimerik Tam Niumerik  Tam Nimerik  Tam
0.5 0.15329  0.15327 0.06427  0.06426 0.03799  0.03799
1.0 0.26580  0.26577 0.11882  0.11880 0.07188  0.07187
1.5 0.30415 0.30412 0.15510  0.15509 0.09794  0.09793
2.0 0.26141 0.26142 0.16763 0.16762 0.11339 0.11339
2.5 0.17213 0.17217 0.15629 0.15630 0.11698 0.11698
3.0 0.08804  0.08807 0.12736  0.12738 0.10948  0.10949
3.5 0.03581  0.03582 0.09130 0.09132 0.09367  0.09369
4.0 0.01186 0.01186 0.05796 0.05797 0.07359  0.07361
4.5 0.00325  0.00325 0.03283  0.03284 0.05329  0.05330
5.0 0.00074  0.00074 0.01673 0.01674 0.03570  0.03572
5.5 0.00014  0.00014 0.00772  0.00772 0.02223 0.02224
6.0 0.00002  0.00002 0.00324 0.00324 0.01290 0.01292
6.5 0.00000  0.00000 0.00124 0.00124 0.00697  0.00702
7.0 0.00000  0.00000 0.00043  0.00043 0.00345 0.00358
7.5 0.00000  0.00000 0.00013  0.00014 0.00139 0.00172

4.3 Sonlu Fark Yaklagimi 2 (SFY2)

(4.1) Burgers denkleminde UU, non-lineer teriminin yerine

) Uj+l _ Uj+1
~ TTd i+1 i—1
UU, = U; (—2h )

sonlu fark yaklagimi U,, tiirevinin yerine

+1 +1 +1
Ut —ouitt + Ul
h2

UZL‘ZI! g

kapali sonlu fark yaklagimi yazilir ve gerekli diizenlemeler yapilirsa

WO +2v oy PP+ 2wk oy WU =20 o UJ
(5 WA+ (s U + (U =

kapali sonlu fark yaklagimi bulunur.
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Niimerik Sonuclar

Problem 1, Problem 2 ve Problem 3’ iin SFY2 ile elde edilen niimerik
¢oziimleri Tablo 4.17-4.24 de verildi.

Tablo 4.17 ve 4.18 de Problem 1’ in mesh uzunlugu h ve kinematik
viskosite v niin degisik degerleri i¢in SF'Y?2 ile elde edilen niimerik ¢oéziimleri
ile problemin tam ¢oziimii karsilagtirilirken, Tablo 4.19 da v niin baz1 kii¢iik
degerleri icin elde edilen niimerik ¢oziimleri ile 6nceki arastirmacilarin elde

ettikleri niimerik sonuglar kargilagtirildi.

Tablo 4.20 ve 4.21 de Problem 2’ nin mesh uzunlugu h ve kinematik
viskosite v niin degisik degerleri i¢in SFY?2 ile elde edilen niimerik ¢oziimleri
ile problemin tam ¢oziimii karsilagtirildi. Tablo 4.22 de v niin 0.005 ve 0.001
degerleri i¢in elde edilen niimerik ¢éziimler ve Tablo 4.22 de v niin 0.0005 ve
0.0001 degerleri i¢in elde edilen niimerik ¢oziimleri ile 6nceki aragtirmacilarin

elde ettikleri niimerik sonuclar karsilagtirildi.

Tablo 4.24 de Problem 3’ iin A = 0.05, kK = 0.0001 ve v = 0.5 degerleri
igin SFY?2 ile elde edilen ¢t = 1.5, t = 3, ve t = 4.5 zamanlarindaki niimerik

¢Oziimleri ve problemin tam ¢oziimii verildi.

Tablolara bakildiginda SFY2 ile elde edilen niimerik sonuglarin tam
¢Oziime yakin oldugu ve literatiirde mevcut olan 6nceki aragtirmacilarin verdigi

sonuglarla uyum igerisinde oldugu agikca goriilmektedir.

61



Tablo 4.17: SFY2: t =0.1, v =1, £ = 0.00001 i¢in Problem 1’ in niimerik ve

tam ¢Oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11030  0.10973  0.10959 0.10955 0.10954
0.2 0.21129 0.21017  0.20989 0.20981 0.20979
0.3 0.29407 0.29245  0.29204 0.29193 0.29190
0.4 0.35066 0.34862  0.34811 0.34796 0.34792
0.5 0.37468 0.37237  0.37178 0.37162 0.37158
0.6 0.36223  0.35985  0.35926 0.35909 0.35905
0.7 0.31280 0.31064  0.31010 0.30995 0.30991
0.8 0.23004 0.22838  0.22796 0.22785 0.22782
0.9 0.12190  0.12099  0.12077 0.12071 0.12069

lelly x 103 7.57496 2.03043  0.54473 0.12564

Ly x 10? 2.22710 0.56521  0.14768 0.03367

Lo x 10? 3.18259 0.80792  0.21163 0.04844

Tablo 4.18: SFY2: v =1, v = 0.1, v = 0.01; h = 0.0125, £ = 0.0001 i¢in
Problem 1’ in niimerik ve tam ¢oziimleri

vr=1.0 vr=20.1 v =0.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01360 0.01357 0.30891  0.30889 0.34193 0.34191
0.6 0.00190 0.00189 0.24076  0.24074 0.26898  0.26896
0.8 0.00026  0.00026 0.19569  0.19568 0.22149 0.22148
1.0 0.00004  0.00004 0.16258  0.16256 0.18820 0.18819
3.0 0.00000  0.00000 0.02722  0.02720 0.07511 0.07511
0.50 04 0.01928 0.01924 0.56969  0.56963 0.66075 0.66071
0.6 0.00268  0.00267 0.44727 0.44721 0.52944  0.52942
0.8 0.00037  0.00037 0.35931 0.35924 0.43915 0.43914
1.0 0.00005  0.00005 0.29199 0.29192 0.37443 0.37442
3.0 0.00000  0.00000 0.04023  0.04020 0.15018  0.15018
0.75 04 0.01366 0.01363 0.62562 0.62544 0.91038  0.91026
0.6 0.00190 0.00189 0.48745 0.48721 0.76730 0.76724
0.8 0.00026  0.00026 0.37414 0.37392 0.64743 0.64740
1.0 0.00004  0.00004 0.28766  0.28747 0.55607  0.55605
3.0 0.00000  0.00000 0.02979  0.02977 0.22484 0.22481
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Tablo 4.20: SFY2: ¢t = 0.1, v = 1, k = 0.00001 i¢in Problem 2’ nin niimerik
ve tam ¢oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11367 0.11309  0.11294 0.11290 0.11289
0.2 0.21778 0.21664  0.21635 0.21627 0.21625
0.3 0.30319 0.30153  0.30111 0.30100 0.30097
0.4 0.36166  0.35958  0.35905 0.35891 0.35886
0.5 0.38660 0.38423  0.38363 0.38347 0.38342
0.6 0.37393 0.37149  0.37088 0.37071 0.37066
0.7 0.32306  0.32083  0.32026 0.32011 0.32007
0.8 0.23768 0.23596  0.23552 0.23541 0.23537
0.9 0.12598 0.12504  0.12480 0.12474 0.12472

lell x 103 7.55239 2.03162  0.54553 0.12590

Ly x 10? 2.28993 0.58323  0.15251 0.03478

Lo x 10? 3.27482 0.83351  0.21855 0.05004

Tablo 4.21: SFY2: v =1, v =

Problem 2’ nin niimerik ve tam ¢oziimleri

0.1, v = 0.01; A = 0.0125, £ = 0.0001 icin

vr=1.0 v=20.1 v =0.01
T t Niimerik Tam Niimerik Tam Nimerik Tam
0.25 04 0.01404 0.01400 0.31754  0.31752 0.36227  0.36226
0.6 0.00196 0.00195 0.24615 0.24614 0.28205 0.28204
0.8 0.00027  0.00027 0.19957 0.19956 0.23046  0.23045
1.0 0.00004  0.00004 0.16562  0.16560 0.19470 0.19469
3.0 0.00000  0.00000 0.02777  0.02776 0.07613 0.07613
0.50 04 0.01989 0.01985 0.58459  0.58454 0.68369 0.68368
0.6 0.00277  0.00276 0.45804 0.45798 0.54832  0.54832
0.8 0.00038  0.00038 0.36747  0.36740 0.45372 0.45371
1.0 0.00005  0.00005 0.29842  0.29834 0.38568  0.38568
3.0 0.00000  0.00000 0.04109 0.04106 0.15218 0.15218
0.75 04 0.01410 0.01407 0.64581 0.64562 0.92056  0.92050
0.6 0.00196  0.00195 0.50292  0.50268 0.78302  0.78299
0.8 0.00027  0.00027 0.38556  0.38534 0.66273 0.66272
1.0 0.00004  0.00004 0.29605 0.29586 0.56933 0.56932
3.0 0.00000  0.00000 0.03046  0.03044 0.22777  0.22774
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Tablo 4.22: SFY2: h = 0.0125, £ = 0.00001; » = 0.005 ve v = 0.001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[30] [40] SFY?2

T t vy =0.0060 v =20.001 v =20.006 v =0.001 v =0.000 v =0.001

0.25 0.05 0.67590 0.67711 0.67609 0.67738 0.67603 0.67732
0.15 0.55176 0.55315 0.55250 0.55496 0.55250 0.55495
0.25 0.43326 0.44450 0.46081 0.46349 0.46077 0.46344
0.50 0.05 0.98812 0.98957 0.98829 0.98983 0.98828 0.98981
0.15  0.91808 0.92073 0.91887 0.92241 0.91889 0.92242
0.25 0.81389 0.80709 0.82346 0.82748 0.82344 0.82746
0.75 0.05 0.82318 0.82497 0.82332 0.82522 0.82338 0.82529
0.15  0.94539 0.95063 0.94646 0.95282 0.94649 0.95283
0.25 0.97717 0.97296 0.99002 0.99815 0.99002 0.99814

Tablo 4.23: SFY2: h = 0.0125, £ = 0.00001; v = 0.0005 ve v = 0.0001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[40] SFY?2
ot v =00005 »=00001 v =00005 v=0.0001
0.25 0.05 0.67754  0.67767 0.67748  0.67761
0.15 0.55526  0.55551 0.55526  0.55550
0.25 046382  0.46409 046378  0.46404
0.50 0.05 0.99002  0.99017 0.99001  0.99016
0.15 0.92285  0.92320 0.92286  0.92322
0.25 0.82798  0.82838 0.82796  0.82836
0.75 0.05 0.82456  0.82565 0.82552  0.82571
0.15 0.95361  0.95424 0.95362  0.95426
0.25 0.99915  0.99996 0.99915  0.99995
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Tablo 4.24: SFY2: v = 0.5, h = 0.05, & = 0.0001 ve [a,b] = [0,8] igin
Problem 3’ {in niimerik ve tam ¢oziimleri

t=1.5 t=3.0 t=4.5
T Nimerik Tam Niumerik  Tam Nimerik  Tam
0.5 0.15330  0.15327 0.06427  0.06426 0.03800  0.03799
1.0 0.26581  0.26577 0.11882  0.11880 0.07188  0.07187
1.5 0.30415 0.30412 0.15511  0.15509 0.09794  0.09793
2.0 0.26140 0.26142 0.16763 0.16762 0.11339 0.11339
2.5 0.17212 0.17217 0.15629  0.15630 0.11698 0.11698
3.0 0.08804  0.08807 0.12736  0.12738 0.10948  0.10949
3.5 0.03581  0.03582 0.09129 0.09132 0.09367  0.09369
4.0 0.01186 0.01186 0.05795  0.05797 0.07359  0.07361
4.5 0.00325  0.00325 0.03283  0.03284 0.05328  0.05330
5.0 0.00074  0.00074 0.01673 0.01674 0.03570  0.03572
5.5 0.00014  0.00014 0.00772  0.00772 0.02223 0.02224
6.0 0.00002  0.00002 0.00324 0.00324 0.01290 0.01292
6.5 0.00000  0.00000 0.00124 0.00124 0.00697  0.00702
7.0 0.00000  0.00000 0.00043  0.00043 0.00345 0.00358
7.5 0.00000  0.00000 0.00013  0.00014 0.00139 0.00172

4.4 Sonlu Fark Yaklagimi 3 (SFY3)

(4.1) Burgers denkleminde UU, non-lineer teriminin yerine

1 Ittt i gl
~TTI(Z i+1 i—1 1+1 i—1
V=0 G5 )

)

sonlu fark yaklagimi U,, tiirevinin yerine
LU 0 U UL - Ul
2 h? h?

1

U:mv

Crank-Nicolson sonlu fark yaklagimi yazilir ve gerekli diizenlemeler yapilirsa

Uyl

L +1 j+1 i i+1 _ Yy j j
~ 4h? Ui (W)Uzj + (4—}L2)Ui]+1 -~ E(Uijﬂ - Uy)
+£ﬂﬁq—ﬂﬁ+wg),¢:unN—L j=0(1)J

kapali sonlu fark yaklagimi bulunur.
Niimerik Sonuglar

Problem 1, Problem 2 ve Problem 3’ iin SFY3 ile elde edilen niimerik
¢oztiimleri Tablo 4.25-4.32 de verildi.
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Tablo 4.25 de Problem 1" in ¢t = 0.1, » = 1, £ = 0.00001 alinarak mesh
uzunlugu A nin degisik degerleri i¢in niimerik ve tam ¢oziimii karsilagtirildi.
Elde edilen sonuclarin mesh uzunlugu h nin gittikge kiiciik secilmesi duru-

munda analitik ¢oziime oldukca yaklagtigi goriilmektedir.

Tablo 4.26 da Problem 1’ in h = 0.0125, £ = 0.0001 alinarak kine-
matik viskosite v niin 1, 0.1, 0.001 degerleri icin cesitli ¢ zamanlarinda niimerik
¢oziimleri ile analitik ¢oziim kargilagtirildi. SFY 3 ile elde edilen sonuglarin

analitik ¢oziimle uyum icerisinde oldugu gozlendi.

Tablo 4.27 de Problem 1’ in A = 0.0125, £ = 0.00001 alinarak v niin
0.005, 0.001, 0.0005, 0.0001 degerleri igin SFY3 ile elde edilen niimerik sonuglar
ile 6nceki aragtirmacilarin verdikleri sonuclar kargilagtirildi. Elde edilen sonuglarin

onceki aragtirmacilarinkine yakin degerler oldugu goriildii.

Tablo 4.28 ve Tablo 4.29 da Problem 2’ nin mesh uzunlugu A ve kine-
matik viskosite v niin degisik degerleri i¢in farkli ¢ zamanlarinda elde edilen
niimerik ¢oziimler ile tam ¢oziim karsilagtirildi. Niimerik ¢oziimlerin tam ¢oziimle

uyum ig¢inde oldugu goriildii.

Tablo 4.30 ve Tablo 4.31 de Problem 2’ nin v =0.005, 0.001, 0.0005,
0.0001 degerleri i¢in gesitli zamanlarda elde edilen niimerik ¢oziimler ile 6nceki
aragtirmacilarin elde ettikleri sonuglar karsilagtirildi. Tablolardan SFY3 ile elde
edilen sonuglarin 6nceki aragtirmacilarin verdikleri sonuglara yeterince yakin

oldugu goriilmektedir.

Tablo 4.32 de Problem 3’ iin v =0.5, h = 0.05, £ = 0.0001 degerleri
igin SFY3 ile edilen niimerik sonuglar ile tam ¢oziim karsilagtirildi. Tablodan
niimerik sonuglarin analitik ¢oziime yakin oldukg¢a oldugu kolayca goriilmek-

tedir.
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Tablo 4.25: SFY3:t =0.1, v =1, k = 0.00001 i¢in Problem 1’ in niimerik ve

tam ¢Oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11029 0.10973  0.10959 0.10955 0.10954
0.2 0.21128 0.21016  0.20988 0.20981 0.20979
0.3 0.29406 0.29244  0.29203 0.29193 0.29190
0.4 0.35064 0.34860  0.34809 0.34797 0.34792
0.5 0.37466  0.37235  0.37177 0.37163 0.37158
0.6 0.36221 0.35984  0.35924 0.35910 0.35905
0.7 0.31279 0.31062  0.31009 0.30995 0.30991
0.8 0.23003 0.22837  0.22796 0.22785 0.22782
0.9 0.12189 0.12099  0.12076 0.12071 0.12069

lelly x 103 7.53214 1.98724  0.50987 0.12907

Ly x 10? 2.21463 0.55329  0.13832 0.03460

Lo x 10? 3.16535 0.79106  0.19849 0.04975

Tablo 4.26: SFY3: v =1, v = 0.1, v = 0.01; h = 0.0125, £ = 0.0001 i¢in
Problem 1’ in niimerik ve tam ¢oziimleri

vr=1.0 vr=20.1 v =0.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01358 0.01357 0.30890 0.30889 0.34192 0.34191
0.6 0.00189  0.00189 0.24075  0.24074 0.26896  0.26896
0.8 0.00026  0.00026 0.19569  0.19568 0.22148  0.22148
1.0 0.00004  0.00004 0.16258  0.16256 0.18819  0.18819
3.0 0.00000  0.00000 0.02722  0.02720 0.07511 0.07511
0.50 04 0.01925 0.01924 0.56968  0.56963 0.66074 0.66071
0.6 0.00267 0.00267 0.44727 0.44721 0.52943  0.52942
0.8 0.00037  0.00037 0.35931 0.35924 0.43914 0.43914
1.0 0.00005  0.00005 0.29199 0.29192 0.37442  0.37442
3.0 0.00000  0.00000 0.04023  0.04020 0.15018  0.15018
0.75 04 0.01364 0.01363 0.62565 0.62544 0.91044 0.91026
0.6 0.00189 0.00189 0.48746  0.48721 0.76731 0.76724
0.8 0.00026  0.00026 0.37414 0.37392 0.64742  0.64740
1.0 0.00004  0.00004 0.28765  0.28747 0.55606 0.55605
3.0 0.00000  0.00000 0.02979  0.02977 0.22484 0.22481
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Tablo 4.28: SFY3: ¢t = 0.1, v = 1, £ = 0.00001 i¢in Problem 2’ nin niimerik
ve tam ¢oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11366 0.11309  0.11294 0.11290 0.11289
0.2 0.21777 0.21663  0.21635 0.21628 0.21625
0.3 0.30317 0.30152  0.30110 0.30100 0.30097
0.4 0.36165 0.35956  0.35904 0.35891 0.35886
0.5 0.38659 0.38422  0.38362 0.38347 0.38342
0.6 0.37391 0.37147  0.37086 0.37071 0.37066
0.7 0.32304 0.32081  0.32025 0.32011 0.32007
0.8 0.23767 0.23595  0.23551 0.23541 0.23537
0.9 0.12597 0.12503  0.12480 0.12474 0.12472

lell x 103 7.50957 198846  0.51073 0.12941

Ly x 10? 227708 0.57096  0.14287 0.03576

Lo x 10? 3.25707 0.81655  0.20502 0.05142

Tablo 4.29: SFY3: v =1, v =

Problem 2’ nin niimerik ve tam ¢oziimleri

0.1, v = 0.01; A = 0.0125, £ = 0.0001 icin

vr=1.0 v=20.1 v =0.01
T t Niimerik Tam Niimerik Tam Nimerik Tam
0.25 04 0.01401  0.01400 0.31753  0.31752 0.36225  0.36226
0.6 0.00195 0.00195 0.24615 0.24614 0.28203 0.28204
0.8 0.00027  0.00027 0.19957 0.19956 0.23045 0.23045
1.0 0.00004  0.00004 0.16562  0.16560 0.19469  0.19469
3.0 0.00000  0.00000 0.02777  0.02776 0.07613 0.07613
0.50 04 0.01986 0.01985 0.58458  0.58454 0.68368 0.68368
0.6 0.00276  0.00276 0.45803 0.45798 0.54831 0.54832
0.8 0.00038  0.00038 0.36747  0.36740 0.45371 0.45371
1.0 0.00005  0.00005 0.29842  0.29834 0.38567 0.38568
3.0 0.00000  0.00000 0.04109 0.04106 0.15218 0.15218
0.75 04 0.01407 0.01407 0.64585  0.64562 0.92062  0.92050
0.6 0.00195 0.00195 0.50293  0.50268 0.78303  0.78299
0.8 0.00027  0.00027 0.38556  0.38534 0.66273 0.66272
1.0 0.00004  0.00004 0.29604  0.29586 0.56931 0.56932
3.0 0.00000  0.00000 0.03046  0.03044 0.22777  0.22774
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Tablo 4.30: SFY3: h = 0.0125, £ = 0.00001; » = 0.005 ve v = 0.001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[30] [40] SFY3

T t vy =0.0060 v =20.001 v =20.006 v =0.001 v =0.000 v =0.001

0.25 0.05 0.67590 0.67711 0.67609 0.67738 0.67603 0.67732
0.15 0.55176 0.55315 0.55250 0.55496 0.55250 0.55495
0.25 0.43326 0.44450 0.46081 0.46349 0.46077 0.46344
0.50 0.05 0.98812 0.98957 0.98829 0.98983 0.98828 0.98982
0.15  0.91808 0.92073 0.91887 0.92241 0.91889 0.92243
0.25 0.81389 0.80709 0.82346 0.82748 0.82344 0.82746
0.75 0.05 0.82318 0.82497 0.82332 0.82522 0.82338 0.82529
0.15  0.94539 0.95063 0.94646 0.95282 0.94649 0.95284
0.25 0.97717 0.97296 0.99002 0.99815 0.99003 0.99815

Tablo 4.31: SFY3: h = 0.0125, £ = 0.00001; v = 0.0005 ve v = 0.0001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[40] SFY3

T t v =0.0005 v =0.0001 v =0.0006 v =0.0001

0.25 0.05 0.67754 0.67767 0.67748 0.67761
0.15 0.55526 0.55551 0.55526 0.55550
0.25 0.46382 0.46409 0.46378 0.46404

0.50 0.05  0.99002  0.99017 0.99001  0.99016
0.15 0.92285 0.92320 0.92287 0.92322
0.25 0.82798 0.82838 0.82796 0.82836

0.75 0.05 0.82456 0.82565 0.82553 0.82572
0.15 095361  0.95424 0.95363  0.95426
0.25 0.99915 0.99996 0.99916 0.99996
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Tablo 4.32: SFY3: v = 0.5, h = 0.05, & = 0.0001 ve [a,b] = [0,8] igin
Problem 3’ {in niimerik ve tam ¢oziimleri

t=1.5 t=3.0 t=4.5
T Nimerik Tam Niumerik  Tam Nimerik  Tam
0.5 0.15329  0.15327 0.06427  0.06426 0.03799  0.03799
1.0 0.26581  0.26577 0.11882  0.11880 0.07188  0.07187
1.5 0.30415 0.30412 0.15510  0.15509 0.09794  0.09793
2.0 0.26141 0.26142 0.16763 0.16762 0.11339 0.11339
2.5 0.17213  0.17217 0.15629  0.15630 0.11698 0.11698
3.0 0.08804  0.08807 0.12736  0.12738 0.10948  0.10949
3.5 0.03581  0.03582 0.09130 0.09132 0.09367  0.09369
4.0 0.01186 0.01186 0.05795  0.05797 0.07359  0.07361
4.5 0.00325  0.00325 0.03283  0.03284 0.05328  0.05330
5.0 0.00074  0.00074 0.01673 0.01674 0.03570  0.03572
5.5 0.00014  0.00014 0.00772  0.00772 0.02223 0.02224
6.0 0.00002  0.00002 0.00324 0.00324 0.01290 0.01292
6.5 0.00000  0.00000 0.00124 0.00124 0.00697  0.00702
7.0 0.00000  0.00000 0.00043  0.00043 0.00345 0.00358
7.5 0.00000  0.00000 0.00013  0.00014 0.00139 0.00172

4.5 Sonlu Fark Yaklasimi 4 (SFY4)

(4.1) Burgers denkleminde UU, non-lineer teriminin yerine

J J
Uin Uiy

~ ?—1—1 7

(2

sonlu fark yaklagimi U,, tiirevinin yerine

Uiy — 207 + U,
B2

I

Ul‘:D

agik sonlu fark yaklagimi yazilir ve gerekli diizenlemeler yapilirsa

. 2h2U? + 2wk(U}_, — 2U7 + U/
Uit = L+ 2wk(UL, :+ Uin) , i=11N-1, j=0(1)J
2h? + kh(U},, = Uj4)

acik sonlu fark yaklagimi bulunur.
Niimerik Sonuglar

Problem 1, Problem 2 ve Problem 3’ iin SFY4 ile elde edilen niimerik
¢oziimleri Tablo 4.33-4.40 da verildi.
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v =1, k = 0.00001 degerleri ve degisik mesh uzunlugu h igin Prob-
lem 17 in SFY4 ile elde edilen t = 0.1 daki niimerik ¢oziimleri ile problemin
tam ¢oziimiiniin karsilagtirilmas: Tablo 4.33 de verildi. Tablodan A nin gittikce
kiigiik secilmesi durumunda elde edilen niimerik ¢oziimlerin analitik ¢6ziime

yaklagtig1 goriilmektedir.

h = 0.0125, kK = 0.0001 degerleri ve kinematik viskosite v niin 1, 0.1,
0.001 degerleri i¢in Problem 1’ in gesitli ¢ zamanlarinda SFY4 ile elde edilen
niimerik ¢oziimler ile analitik ¢oziimiin karsilagtirilmas: Tablo 4.34 de verildi.

SEFY4 ile elde edilen sonuglarin analitik ¢6ziim ile uyum i¢inde oldugu goriildii.

h = 0.0125, £ = 0.00001 alinarak v niin 0.005, 0.001, 0.0005, 0.0001
degerleri i¢in Problem 1’ in SFY4 ile elde edilen niimerik sonuclar ile énceki
aragtirmacilarin verdikleri sonuclarin karsilagtirilmasi Tablo 4.35 de verildi.

Tablodan sonuglarin uyum igerisinde oldugu kolayca goriilmektedir.

Mesh uzunlugu h ve kinematik viskosite v niin degisik degerleri i¢in
Problem 2’ nin farkh ¢ zamanlarinda SFY4 ile elde edilen niimerik ¢oziimleri
ile tam ¢ozlimii Tablo 4.36 ve Tablo 4.37 te karsilagtirildi. Niimerik ¢oziimlerin

analitik ¢oziime yakin oldugu goriilmektedir.

v =0.005, 0.001, 0.0005, 0.0001 degerleri i¢in Problem 2’ nin ¢esitli za-
manlarda SFY4 ile elde edilen niimerik ¢oziimler ile 6nceki aragtirmacilarin
elde ettikleri sonuglar Tablo 4.38 ve Tablo 4.39 da karsilagtirildi. Tablolar-
dan SFY4 ile elde edilen sonuglarin 6nceki aragtirmacilarin verdigi sonuclarla

yeterince iyi oldugu goriilmektedir.

Tablo 4.40 da Problem 3’ iin v = 0.5, h = 0.05, £ = 0.0001 degerleri
icin SF'Y4 ile edilen niimerik sonuclar ile tam ¢6ziim karsilagtirildi. Tablodan,

niimerik sonuglarin analitik sonuglara oldukga yakin oldugu goriilmektedir.
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Tablo 4.33: SFY4:t =0.1, v =1, £ = 0.00001 i¢in Problem 1’ in niimerik ve

tam ¢Oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11029 0.10972  0.10958 0.10955 0.10954
0.2 0.21127 0.21016  0.20988 0.20981 0.20979
0.3 0.29404 0.29242  0.29202 0.29192 0.29190
0.4 0.35063 0.34859  0.34808 0.34795 0.34792
0.5 0.37464 0.37233  0.37175 0.37161 0.37158
0.6 0.36219  0.35982  0.35923 0.35908 0.35905
0.7 0.31277 0.31061  0.31007 0.30993 0.30991
0.8 0.23002 0.22836  0.22794 0.22784 0.22782
0.9 0.12189 0.12098  0.12076 0.12070 0.12069

lelly x 103 7.48932 1.94175  0.46309 0.08164

Ly x 10? 2.20208 0.54067  0.12568 0.02196

Lo x 10? 3.14759 0.77306  0.18047 0.03176

Tablo 4.34: SFY4: v =1, v = 0.1, v = 0.01; h = 0.0125, £ = 0.0001 i¢in
Problem 1’ in niimerik ve tam ¢oziimleri

v = 1.0(k = 0.00001) vr=20.1 v =10.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01358 0.01357 0.30891  0.30889 0.34193 0.34191
0.6 0.00189 0.00189 0.24076  0.24074 0.26898  0.26896
0.8 0.00026 0.00026 0.19570  0.19568 0.22149 0.22148
1.0 0.00004 0.00004 0.16259 0.16256 0.18820 0.18819
3.0 0.00000 0.00000 0.02722  0.02720 0.07512 0.07511
050 04 0.01924 0.01924 0.56970  0.56963 0.66078  0.66071
0.6 0.00267 0.00267 0.44728  0.44721 0.52946  0.52942
0.8 0.00037 0.00037 0.35931 0.35924 0.43916 0.43914
1.0 0.00005 0.00005 0.29199 0.29192 0.37444 0.37442
3.0 0.00000 0.00000 0.04023  0.04020 0.15018 0.15018
0.75 04 0.01364 0.01363 0.62569 0.62544 0.91053 0.91026
0.6 0.00189 0.00189 0.48747 0.48721 0.76736  0.76724
0.8 0.00026 0.00026 0.37414 0.37392 0.64746  0.64740
1.0 0.00004 0.00004 0.28764  0.28747 0.55609  0.55605
3.0 0.00000 0.00000 0.02979  0.02977 0.22484  0.22481
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Tablo 4.36: SFY4: ¢t = 0.1, v = 1, £ = 0.00001 i¢in Problem 2’ nin niimerik
ve tam ¢oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11366 0.11308  0.11294 0.11290 0.11289
0.2 0.21776 0.21662  0.21634 0.21627 0.21625
0.3 0.30316  0.30151  0.30109 0.30099 0.30097
0.4 0.36163 0.35955  0.35902 0.35889 0.35886
0.5 0.38657 0.38420  0.38360 0.38345 0.38342
0.6 0.37390 0.37146  0.37084 0.37069 0.37066
0.7 0.32303 0.32080  0.32024 0.32010 0.32007
0.8 0.23765 0.23593  0.23550 0.23539 0.23537
0.9 0.12596 0.12502  0.12479 0.12473 0.12472

lell x 103 7.46679 194303  0.46403 0.08210

Ly x 10? 2.26415 0.55795  0.12984 0.02273

Lo x 10? 3.23876 0.79813  0.18645 0.03289

Tablo 4.37: SFY4: v =1, v =

Problem 2’ nin niimerik ve tam ¢oziimleri

0.1, v = 0.01; A = 0.0125, £ = 0.0001 icin

v = 1.0(k = 0.00001) vr=20.1 v =10.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01401 0.01400 0.31754 0.31752 0.36228  0.36226
0.6 0.00195 0.00195 0.24616 0.24614 0.28205 0.28204
0.8 0.00027 0.00027 0.19957  0.19956 0.23046  0.23045
1.0 0.00004 0.00004 0.16562 0.16560 0.19470  0.19469
3.0 0.00000 0.00000 0.02777  0.02776 0.07614 0.07613
0.50 04 0.01986 0.01985 0.58460 0.58454 0.68373 0.68368
0.6 0.00276 0.00276 0.45805 0.45798 0.54835 (0.54832
0.8 0.00038 0.00038 0.36748  0.36740 0.45373 0.45371
1.0 0.00005 0.00005 0.29842 0.29834 0.38569  0.38568
3.0 0.00000 0.00000 0.04109 0.04106 0.15218 0.15218
0.75 04 0.01407 0.01407 0.64588  0.64562 0.92070  0.92050
0.6 0.00195 0.00195 0.50294  0.50268 0.78309  0.78299
0.8 0.00027 0.00027 0.38556  0.38534 0.66277 0.66272
1.0 0.00004 0.00004 0.29603  0.29586 0.56935 0.56932
3.0 0.00000 0.00000 0.03046  0.03044 0.22778  0.22774
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Tablo 4.38: SFY4: h = 0.0125, £ = 0.00001; » = 0.005 ve v = 0.001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[30] [40] SFY4

T t vy =0.0060 v =20.001 v =20.006 v =0.001 v =0.000 v =0.001

0.25 0.05 0.67590 0.67711 0.67609 0.67738 0.67603 0.67732
0.15 0.55176 0.55315 0.55250 0.55496 0.55250 0.55495
0.25 0.43326 0.44450 0.46081 0.46349 0.46077 0.46345
0.50 0.05 0.98812 0.98957 0.98829 0.98983 0.98828 0.98982
0.15  0.91808 0.92073 0.91887 0.92241 0.91889 0.92243
0.25 0.81389 0.80709 0.82346 0.82748 0.82345 0.82747
0.75 0.05 0.82318 0.82497 0.82332 0.82522 0.82338 0.82529
0.15  0.94539 0.95063 0.94646 0.95282 0.94650 0.95285
0.25 0.97717 0.97296 0.99002 0.99815 0.99004 0.99816

Tablo 4.39: SFY4: h = 0.0125, £ = 0.00001; v = 0.0005 ve v = 0.0001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[40] SFY4
ot v =00005 »=00001 v =00005 v=0.0001
0.25 0.05 0.67754  0.67767 0.67749  0.67761
0.15 0.55526  0.55551 0.55526  0.55550
0.25 046382  0.46409 046378 0.46405
0.50 0.05 0.99002  0.99017 0.99001  0.99016
0.15 0.92285  0.92320 0.92287  0.92323
0.25 0.82798  0.82838 0.82797  0.82837
0.75 0.05 0.82456  0.82565 0.82553  0.82572
0.15 0.95361  0.95424 0.95364  0.95427
0.25 0.99915  0.99996 0.99917  0.99997
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Tablo 4.40: SFY4: v = 0.5, h = 0.05, & = 0.0001 ve [a,b] = [0,8] igin
Problem 3’ {in niimerik ve tam ¢oziimleri

t=1.5 t=3.0 t=4.5
T Nimerik Tam Niumerik  Tam Nimerik  Tam
0.5 0.15329  0.15327 0.06427  0.06426 0.03799  0.03799
1.0 0.26580  0.26577 0.11882  0.11880 0.07188  0.07187
1.5 0.30415 0.30412 0.15510  0.15509 0.09794  0.09793
2.0 0.26141 0.26142 0.16763 0.16762 0.11339 0.11339
2.5 0.17213 0.17217 0.15629 0.15630 0.11698 0.11698
3.0 0.08804  0.08807 0.12736  0.12738 0.10948  0.10949
3.5 0.03581  0.03582 0.09130 0.09132 0.09367  0.09369
4.0 0.01186 0.01186 0.05796 0.05797 0.07359  0.07361
4.5 0.00325  0.00325 0.03283  0.03284 0.05329  0.05330
5.0 0.00074  0.00074 0.01673 0.01674 0.03571  0.03572
5.5 0.00014  0.00014 0.00772  0.00772 0.02223 0.02224
6.0 0.00002  0.00002 0.00324 0.00324 0.01290 0.01292
6.5 0.00000  0.00000 0.00124 0.00124 0.00697  0.00702
7.0 0.00000  0.00000 0.00043  0.00043 0.00345 0.00358
7.5 0.00000  0.00000 0.00013  0.00014 0.00139 0.00172

4.6 Sonlu Fark Yaklagimi 5 (SFY5)

(4.1) Burgers denkleminde UU, non-lineer teriminin yerine

UuU, >yt

7

2h

) +

Ui (

7

j+1 j+1
Ui+1 - Uz'—l

1

2h

sonlu fark yaklagimi|[19] U,, tiirevinin yerine

agik sonlu fark yaklagimi yazilir ve gerekli diizenlemeler yapilirsa

Ui, —2U0] + Ui,

I

UZI!:I?

2h + k(UL — UL))

7

h2

+(

2kh

14

Wit +

7

+33 (UL =207 + UL)

kapali sonlu fark yaklagimi bulunur.
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Niimerik Sonuclar

Problem 1, Problem 2 ve Problem 3’ iin SFY5 ile elde edilen niimerik
¢oziimleri Tablo 4.41-4.48 de verildi.

Tablo 4.41 ve 4.42 de Problem 1’ in mesh uzunlugu h ve kinematik
viskosite v niin degisik degerleri i¢in SFY5 ile elde edilen niimerik ¢oziimleri
ile problemin tam ¢oziimi karsilagtirilirken, Tablo 4.43 da v niin 0.005, 0.001,
0.0005, 0.00001 degerleri icin elde edilen niimerik ¢oziimleri ile 6nceki aragtir-

macilarin elde ettikleri niimerik sonuclar kargilagtirildi.

Tablo 4.44 ve 4.45 de Problem 2’ nin mesh uzunlugu h ve kinematik
viskosite v niin degisik degerleri i¢in SFY5 ile elde edilen niimerik ¢oztimleri
ile problemin tam ¢6ziimii kargilagtirildi. Tablo 4.46 da v niin 0.005 ve 0.001
degerleri i¢in elde edilen niimerik ¢éziimler ve Tablo 4.47 de v niin 0.0005 ve
0.0001 degerleri i¢in elde edilen niimerik ¢oziimleri ile 6nceki aragtirmacilarin

elde ettikleri niimerik sonuclar karsilagtirildi.

Tablo 4.48 de Problem 3’ iin A = 0.05, kK = 0.0001 ve v = 0.5 degerleri
igin SFY5 ile elde edilen ¢t = 1.5, t = 3, ve t = 4.5 zamanlarindaki niimerik

¢Oziimleri ve problemin tam ¢oziimii verildi.

Tablolara bakildiginda SFY5 ile elde edilen niimerik sonuglarin tam
¢oziime oldukg¢a yakin oldugu ve literatiirde mevcut olan onceki aragtirma-

cilarin verdigi sonuclarla uyum igerisinde oldugu kolayca goriilmektedir.
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Tablo 4.41: SFY5: ¢t =0.1, v =1, k = 0.00001 i¢in Problem 1’ in niimerik ve

tam ¢Oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11029 0.10972  0.10958 0.10955 0.10954
0.2 0.21127 0.21016  0.20988 0.20981 0.20979
0.3 0.29404 0.29242  0.29202 0.29192 0.29190
0.4 0.35063 0.34859  0.34808 0.34795 0.34792
0.5 0.37464 0.37233  0.37175 0.37161 0.37158
0.6 0.36219  0.35982  0.35922 0.35908 0.35905
0.7 0.31277 0.31061  0.31007 0.30993 0.30991
0.8 0.23002 0.22836  0.22794 0.22784 0.22782
0.9 0.12188 0.12098  0.12075 0.12070 0.12069

lelly x 103 7.48899 1.94141  0.46274 0.08129

Ly x 10? 2.20191 0.54050  0.12551 0.02178

Lo x 10? 3.14694 0.77270  0.17997 0.03123

Tablo 4.42: SFY5: v =1, v = 0.1, v = 0.01; h = 0.0125, £ = 0.0001 i¢in
Problem 1’ in niimerik ve tam ¢oziimleri

v = 1.0(k = 0.00001) vr=20.1 v =10.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01358 0.01357 0.30892  0.30889 0.34196 0.34191
0.6 0.00189 0.00189 0.24077  0.24074 0.26900 0.26896
0.8 0.00026 0.00026 0.19570  0.19568 0.22151 0.22148
1.0 0.00004 0.00004 0.16259 0.16256 0.18822  0.18819
3.0 0.00000 0.00000 0.02722  0.02720 0.07512 0.07511
050 04 0.01924 0.01924 0.56970  0.56963 0.66079 0.66071
0.6 0.00267 0.00267 0.44728  0.44721 0.52949  0.52942
0.8 0.00037 0.00037 0.35932 0.35924 0.43920 0.43914
1.0 0.00005 0.00005 0.29200 0.29192 0.37447 0.37442
3.0 0.00000 0.00000 0.04023  0.04020 0.15019 0.15018
0.75 04 0.01364 0.01363 0.62562 0.62544 0.91040 0.91026
0.6 0.00189 0.00189 0.48743 0.48721 0.76735 0.76724
0.8 0.00026 0.00026 0.37412  0.37392 0.64748  0.64740
1.0 0.00004 0.00004 0.28764  0.28747 0.55612  0.55605
3.0 0.00000 0.00000 0.02979  0.02977 0.22486  0.22481
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Tablo 4.44: SFY5: ¢t = 0.1, v = 1, k = 0.00001 i¢in Problem 2’ nin niimerik
ve tam ¢oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11366 0.11308  0.11294 0.11290 0.11289
0.2 0.21776  0.21663  0.21634 0.21627 0.21625
0.3 0.30316  0.30151  0.30109 0.30099 0.30097
0.4 0.36163 0.35955  0.35902 0.35889 0.35886
0.5 0.38657 0.38420  0.38360 0.38345 0.38342
0.6 0.37390 0.37146  0.37084 0.37069 0.37066
0.7 0.32303  0.32079  0.32023 0.32010 0.32007
0.8 0.23765 0.23593  0.23550 0.23539 0.23537
0.9 0.12596 0.12502  0.12479 0.12473 0.12472

lell x 103 7.46643 194265  0.46364 0.08169

Ly x 10? 2.26395 0.55776  0.12966 0.02254

Lo x 10? 3.23808 0.79747  0.18593 0.03232

Tablo 4.45: SFY5: v =1, v =

Problem 2’ nin niimerik ve tam ¢oziimleri

0.1, v = 0.01; A = 0.0125, £ = 0.0001 icin

v = 1.0(k = 0.00001) vr=20.1 v =10.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01401 0.01400 0.31755  0.31752 0.36231  0.36226
0.6 0.00195 0.00195 0.24616 0.24614 0.28208 0.28204
0.8 0.00027 0.00027 0.19958  0.19956 0.23049 0.23045
1.0 0.00004 0.00004 0.16563 0.16560 0.19472  0.19469
3.0 0.00000 0.00000 0.02777  0.02776 0.07614 0.07613
0.50 04 0.01986 0.01985 0.58459  0.58454 0.68373 0.68368
0.6 0.00276 0.00276 0.45805 0.45798 0.54837 0.54832
0.8 0.00038 0.00038 0.36748  0.36740 0.45377 0.45371
1.0 0.00005 0.00005 0.29843 0.29834 0.38572  0.38568
3.0 0.00000 0.00000 0.04109 0.04106 0.15219 0.15218
0.75 04 0.01407 0.01407 0.64581 0.64562 0.92057  0.92050
0.6 0.00195 0.00195 0.50290  0.50268 0.78306  0.78299
0.8 0.00027 0.00027 0.38554  0.38534 0.66278  0.66272
1.0 0.00004 0.00004 0.29603  0.29586 0.56938  0.56932
3.0 0.00000 0.00000 0.03046  0.03044 0.22779  0.22774
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Tablo 4.46: SFY5: h = 0.0125, £ = 0.00001; » = 0.005 ve v = 0.001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[30] [40] SFY5

T t vy =0.0060 v =20.001 v =20.006 v =0.001 v =0.000 v =0.001

0.25 0.05 0.67590 0.67711 0.67609 0.67738 0.67603 0.67732
0.15 0.55176 0.55315 0.55250 0.55496 0.55250 0.55495
0.25 0.43326 0.44450 0.46081 0.46349 0.46077 0.46345
0.50 0.05 0.98812 0.98957 0.98829 0.98983 0.98828 0.98981
0.15  0.91808 0.92073 0.91887 0.92241 0.91889 0.92242
0.25 0.81389 0.80709 0.82346 0.82748 0.82344 0.82746
0.75 0.05 0.82318 0.82497 0.82332 0.82522 0.82338 0.82529
0.15  0.94539 0.95063 0.94646 0.95282 0.94649 0.95283
0.25 0.97717 0.97296 0.99002 0.99815 0.99002 0.99814

Tablo 4.47: SFY5: h = 0.0125, £ = 0.00001; v = 0.0005 ve v = 0.0001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[40] SFY5

T t v =0.0005 v =0.0001 v =0.0006 v =0.0001

0.25 0.05 0.67754 0.67767 0.67749 0.67761
0.15 0.55526 0.55551 0.55526 0.55551
0.25 0.46382 0.46409 0.46378 0.46405

0.50 0.05  0.99002  0.99017 0.99001  0.99016
0.15 0.92285 0.92320 0.92287 0.92322
0.25 0.82798 0.82838 0.82796 0.82836

0.75 0.05 0.82456 0.82565 0.82553 0.82572
0.15 095361  0.95424 0.95363  0.95426
0.25 0.99915 0.99996 0.99915 0.99995
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Tablo 4.48: SFY5: v = 0.5, h = 0.05, & = 0.0001 ve [a,b] = [0,8] igin
Problem 3’ {in niimerik ve tam ¢oziimleri

t=1.5 t=3.0 t=4.5
T Nimerik Tam Niumerik  Tam Nimerik  Tam
0.5 0.15329  0.15327 0.06427  0.06426 0.03799  0.03799
1.0 0.26580  0.26577 0.11882  0.11880 0.07188  0.07187
1.5 0.30415 0.30412 0.15510  0.15509 0.09794  0.09793
2.0 0.26141 0.26142 0.16763 0.16762 0.11339 0.11339
2.5 0.17213 0.17217 0.15629 0.15630 0.11698 0.11698
3.0 0.08804  0.08807 0.12736  0.12738 0.10948  0.10949
3.5 0.03581  0.03582 0.09130 0.09132 0.09367  0.09369
4.0 0.01186 0.01186 0.05796 0.05797 0.07359  0.07361
4.5 0.00325  0.00325 0.03283  0.03284 0.05329  0.05330
5.0 0.00074  0.00074 0.01673 0.01674 0.03570  0.03572
5.5 0.00014  0.00014 0.00772  0.00772 0.02223 0.02224
6.0 0.00002  0.00002 0.00324 0.00324 0.01290 0.01292
6.5 0.00000  0.00000 0.00124 0.00124 0.00697  0.00702
7.0 0.00000  0.00000 0.00043  0.00043 0.00345 0.00358
7.5 0.00000  0.00000 0.00013  0.00014 0.00139 0.00172

4.7 Sonlu Fark Yaklagimi 6 (SFY6)

(4.1) Burgers denkleminde UU, non-lineer teriminin yerine

) Uj+1 _ Uj+l A
) + Uf(%hz_l) - Uj(

J J
U'+1 - Ui,

) Ul —u?
U, = U (= Zil Pl

i—1
(2 2h )

sonlu fark yaklagimi|[19] U,, tiirevinin yerine

+1 +1 +1
Ut —ouitt + Ul
h2

UZI)ZI! g

kapali sonlu fark yaklagimi yazilir ve gerekli diizenlemeler yapilirsa

WU? +2v 2h? + kh(U,, — U |) +4vk AU — 2w
—(—5r U+ ( ST U + (o UL =
- 2h+ k(UL — U/
pr AR 200,y -, =0y

kapali sonlu fark yaklagimi bulunur.
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Niimerik Sonuclar

Problem 1, Problem 2 ve Problem 3’ iin SFY6 ile elde edilen niimerik
¢oziimleri Tablo 4.49-4.56 da verildi.

Tablo 4.49 da Problem 1’ in ¢ = 0.1, v = 1, £ = 0.00001 alinarak mesh
uzunlugu A nin degigik degerleri i¢in niimerik ve tam ¢oziimii karsilagtirilirken
Tablo 4.50 de h = 0.0125, £ = 0.0001 alinarak v niin 1, 0.1, 0.001 degerleri i¢in
gesitli £ zamanlarinda niimerik ¢oziimler analitik ¢oziimle karsilastirildi. Tablo-
lardan niimerik ¢éziimlerin tam ¢6ziimle uyum igerisinde oldugu ve mesh uzun-
lugu A nin kiigiik seg¢ilmesi durumunda niimerik ¢oziimlerin analitik ¢oziime

oldukca yaklagtigi goriilmektedir.

Tablo 4.51 de Problem 1’ in h = 0.0125, £ = 0.00001 alinarak v
niin 0.005, 0.001, 0.0005, 0.0001 degerleri i¢in SFY6 ile elde edilen niimerik
sonuclar ile 6nceki arastirmacilarin verdikleri sonuglar karsilastirildi. Tablo-

dan sonuglarin uyum igerisinde oldugu acikca gortilmektedir.

Tablo 4.52 ve Tablo 4.53 de Problem 2’ nin mesh uzunlugu h ve kine-
matik viskosite v niin degisik degerleri i¢in farkli ¢ zamanlarinda elde edilen
niimerik ¢oziimler ile tam ¢oziim karsilastirildi. Tablolardan niimerik ve tam

degerlerin uyumlu oldugu kolayca goriilmektedir.

Tablo 4.54 ve Tablo 4.55 de Problem 2 i¢in v niin degisik degerleri i¢in
gesitli zamanlarda elde edilen niimerik ¢oziimler ile 6nceki aragtirmacilarin elde
ettikleri sonuglar karsilagtirildi. Tablolardan SFY6 ile elde edilen sonuglarin

onceki aragtirmacilarin verdigi sonugclar ile yeterince iyi oldugu gortilmektedir.

Tablo 4.56 da Problem 3’ iin v = 0.5, h = 0.05, £ = 0.0001 degerleri
igin SFYG6 ile edilen niimerik sonuglar ile tam ¢oziim karsilagtirildi. Tablodan

niimerik sonuclarin analitik ¢éziime yakin oldugu kolayca goriilmektedir.
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Tablo 4.49: SFY6: t = 0.1, » =1, £ = 0.00001 i¢in Problem 1’ in niimerik ve

tam ¢Oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11025 0.10969  0.10955 0.10951 0.10954
0.2 0.21121 0.21009  0.20981 0.20973 0.20979
0.3 0.29395 0.29233  0.29193 0.29181 0.29190
0.4 0.35052 0.34848  0.34797 0.34782 0.34792
0.5 0.37453 0.37221  0.37163 0.37147 0.37158
0.6 0.36208 0.35970  0.35911 0.35895 0.35905
0.7 0.31267 0.31051  0.30997 0.30982 0.30991
0.8 0.22994 0.22828  0.22787 0.22775 0.22782
0.9 0.12185 0.12094  0.12071 0.12065 0.12069

lelly x 103 7.20448  1.64187  0.14658 0.27744

Ly x 10? 2.11904 0.45789  0.04116 0.07394

Lo x 10? 3.03278  0.65838  0.06323 0.10466

Tablo 4.50: SFY6: v = 1, v = 0.1, v = 0.01; h = 0.0125, £ = 0.0001 i¢in
Problem 1’ in niimerik ve tam ¢oziimleri

vr=1.0 vr=20.1 v =0.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01360 0.01357 0.30890 0.30889 0.34193 0.34191
0.6 0.00189  0.00189 0.24073 0.24074 0.26896  0.26896
0.8 0.00026  0.00026 0.19566  0.19568 0.22147 0.22148
1.0 0.00004  0.00004 0.16255 0.16256 0.18817 0.18819
3.0 0.00000  0.00000 0.02719  0.02720 0.07507 0.07511
0.50 04 0.01928 0.01924 0.56965 0.56963 0.66072 0.66071
0.6 0.00268  0.00267 0.44721 0.44721 0.52940 0.52942
0.8 0.00037  0.00037 0.35924  0.35924 0.43910 0.43914
1.0 0.00005  0.00005 0.29191 0.29192 0.37437 0.37442
3.0 0.00000  0.00000 0.04019  0.04020 0.15009  0.15018
0.75 04 0.01366 0.01363 0.62553 0.62544 0.91028 0.91026
0.6 0.00190 0.00189 0.48734 0.48721 0.76721 0.76724
0.8 0.00026  0.00026 0.37403 0.37392 0.64734  0.64740
1.0 0.00004  0.00004 0.28755  0.28747 0.55597  0.55605
3.0 0.00000  0.00000 0.02976  0.02977 0.22470 0.22481
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Tablo 4.52: SFY6: ¢t = 0.1, v = 1, £ = 0.00001 i¢in Problem 2’ nin niimerik
ve tam ¢oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11363 0.11305  0.11290 0.11286 0.11289
0.2 0.21770 0.21656  0.21627 0.21619 0.21625
0.3 0.30307 0.30141  0.30100 0.30088 0.30097
0.4 0.36152 0.35943  0.35891 0.35876 0.35886
0.5 0.38645 0.38408  0.38348 0.38331 0.38342
0.6 0.37378 0.37134  0.37072 0.37055 0.37066
0.7 0.32292  0.32069  0.32013 0.31998 0.32007
0.8 0.23758 0.23586  0.23542 0.23531 0.23537
0.9 0.12592  0.12498  0.12475 0.12468 0.12472

lell x 103 7.18199 1.64313  0.14745 0.27710

Ly x 10? 2.17846  0.47252  0.04266 0.07627

Lo x 10? 3.12013  0.67989  0.06573 0.10803

Tablo 4.53: SFY6: v =1, v =

Problem 2’ nin niimerik ve tam ¢oziimleri

0.1, v = 0.01; A = 0.0125, £ = 0.0001 icin

vr=1.0 v=20.1 v =0.01
T t Niimerik Tam Niimerik Tam Nimerik Tam
0.25 04 0.01403 0.01400 0.31753  0.31752 0.36227  0.36226
0.6 0.00196 0.00195 0.24613 0.24614 0.28204 0.28204
0.8 0.00027  0.00027 0.19954 0.19956 0.23044 0.23045
1.0 0.00004  0.00004 0.16558  0.16560 0.19467 0.19469
3.0 0.00000  0.00000 0.02775  0.02776 0.07609 0.07613
0.50 04 0.01989 0.01985 0.58454  0.58454 0.68365 0.68368
0.6 0.00277  0.00276 0.45798  0.45798 0.54828  0.54832
0.8 0.00038  0.00038 0.36740  0.36740 0.45367 0.45371
1.0 0.00005  0.00005 0.29834 0.29834 0.38562  0.38568
3.0 0.00000  0.00000 0.04105 0.04106 0.15209 0.15218
0.75 04 0.01410 0.01407 0.64571  0.64562 0.92045  0.92050
0.6 0.00196  0.00195 0.50281  0.50268 0.78292  0.78299
0.8 0.00027  0.00027 0.38545 0.38534 0.66264 0.66272
1.0 0.00004  0.00004 0.29594  0.29586 0.56923  0.56932
3.0 0.00000  0.00000 0.03043 0.03044 0.22764 0.22774
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Tablo 4.54: SFY6: h = 0.0125, £ = 0.00001; » = 0.005 ve v = 0.001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[30] [40] SFY6

T t vy =0.0060 v =20.001 v =20.006 v =0.001 v =0.000 v =0.001

0.25 0.05 0.67590 0.67711 0.67609 0.67738 0.67590 0.67719
0.15 0.55176 0.55315 0.55250 0.55496 0.55221 0.55466
0.25 0.43326 0.44450 0.46081 0.46349 0.46040 0.46307
0.50 0.05 0.98812 0.98957 0.98829 0.98983 0.98808 0.98961
0.15  0.91808 0.92073 0.91887 0.92241 0.91836 0.92190
0.25 0.81389 0.80709 0.82346 0.82748 0.82272 0.82674
0.75 0.05 0.82318 0.82497 0.82332 0.82522 0.82321 0.82511
0.15  0.94539 0.95063 0.94646 0.95282 0.94586 0.95221
0.25 0.97717 0.97296 0.99002 0.99815 0.98900 0.99712

Tablo 4.55: SFY6: h = 0.0125, £ = 0.00001; v = 0.0005 ve v = 0.0001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[40] SFY6

T t v =0.0005 v =0.0001 v =0.0006 v =0.0001

0.25 0.05 0.67754 0.67767 0.67735 0.67748
0.15 0.55526 0.55551 0.55497 0.55521
0.25 0.46382 0.46409 0.46341 0.46367

0.50 0.05  0.99002  0.99017 0.03981  0.98996
0.15 0.92285 0.92320 0.92234 0.92269
0.25 0.82798 0.82838 0.82724 0.82764

0.75 0.05 0.82456 0.82565 0.82535 0.82554
0.15 095361  0.95424 0.95300  0.95363
0.25 0.99915 0.99996 0.99812 0.99892

89



Tablo 4.56: SFY6: v = 0.5, h = 0.05, k = 0.0001 ve [a,b] = [0,8] icin

Problem 3’ {in niimerik ve tam ¢oziimleri

t=1.5 t=3.0 t=4.5
T Niimerik Tam Niimerik Tam Niimerik Tam
0.5 0.15330 0.15327 0.06428  0.06426 0.03800 0.03799
1.0 0.26581  0.26577 0.11883 0.11880 0.07188 0.07187
1.5 0.30415 0.30412 0.15511  0.15509 0.09794  0.09793
2.0 0.26140 0.26142 0.16763 0.16762 0.11339 0.11339
2.5 0.17212 0.17217 0.15629 0.15630 0.11699 0.11698
3.0 0.08804 0.08807 0.12736  0.12738 0.10948  0.10949
3.5 0.03581 0.03582 0.09130 0.09132 0.09367 0.09369
4.0 0.01186 0.01186 0.05795 0.05797 0.07359 0.07361
4.5 0.00325 0.00325 0.03283 0.03284 0.05328  0.05330
5.0 0.00074  0.00074 0.01673 0.01674 0.03570  0.03572
5.5 0.00014 0.00014 0.00772  0.00772 0.02223 0.02224
6.0 0.00002  0.00002 0.00324 0.00324 0.01290 0.01292
6.5 0.00000  0.00000 0.00124 0.00124 0.00697  0.00702
7.0 0.00000  0.00000 0.00043  0.00043 0.00345 0.00358
7.5 0.00000  0.00000 0.00013 0.00014 0.00139 0.00172

4.8 Sonlu Fark Yaklagimi 7 (SFY7)

(4.1) Burgers denkleminde UU, non-lineer teriminin yerine

Y v - it it -
~ ,J+1 i+1 i—1 J i+1 =1y J 1+1 i—1

sonlu fark yaklagimi|[19] U,, tiirevinin yerine
LU U U
2 h? h?

1%

wa

Crank-Nicolson sonlu fark yaklagimi yazilir ve gerekli diizenlemeler yapilirsa

W +v 20 + kh(Ul,, — Ul )+ 2vk Wi —v
_ 7 U~J+1 i+1 i—1 U-]Jrl i U~j+1 —
( 2h2 ) i—1 +( 2k‘h2 ) 7 + ( 2h2 ) i+1
O+ k(U — U . ) ‘
g M 2Oy Vo v ) L = 10N -1 =0

kapali sonlu fark yaklagimi bulunur.
Niimerik Sonuglar

Problem 1, Problem 2 ve Problem 3’ iin SFY7 ile elde edilen niimerik
¢ozliimleri Tablo 4.57-4.64 de verildi.
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v =1, k = 0.00001 degerleri ve degisik mesh uzunlugu h i¢in Problem
1" in SFYT7 ile elde edilen ¢t = 0.1 daki nlimerik ¢oziimleri ile problemin tam
¢OzUmiiniin karsilagtirilmasi Tablo 4.57 de verildi. Tablodan A nin yeterince
kiigiik secilmesi durumunda elde edilen niimerik ¢oziimlerin analitik ¢6ziime

yakin olacagl goriilmektedir.

h = 0.0125, kK = 0.0001 degerleri ve kinematik viskosite v niin 1, 0.1,
0.001 degerleri i¢in Problem 1’ in gesitli ¢ zamanlarinda SFY7 ile elde edilen
niimerik ¢oziimler ile analitik ¢oziimiin karsilagtirilmas: Tablo 4.58 de verildi.

Tablodan, elde edilen sonuglarin analitik ¢éziime yakin oldugu goriilmektedir.

h = 0.0125, £ = 0.00001 alnarak v niin 0.005, 0.001, 0.0005, 0.0001
degerleri i¢in Problem 1’ in SFY7 ile elde edilen niimerik sonuclar ile énceki
aragtirmacilarin verdikleri sonuclarin kargilagtirilmasi1 Tablo 4.59 da verildi.
Tablodan elde edilen sonuclarin 6nceki aragtirmacilarin verdikleri sonuglar ile

uyum igerisinde oldugu goriilmektedir.

Mesh uzunlugu h ve kinematik viskosite v niin degisik degerleri igin
Problem 2’ nin farkli ¢ zamanlarinda SFY7 ile elde edilen niimerik ¢oziimleri
ile tam ¢oziimii Tablo 4.60 ve Tablo 4.61 de karsilagtirildi. Tablolardan elde

edilen sonuclarin tam ¢oziimle yeterince uyumlu oldugu goriilmektedir.

v =0.005, 0.001, 0.0005, 0.0001 degerleri igin Problem 2’ nin gesitli
zamanlarda SFY7 ile elde edilen niimerik ¢oziimler ile nceki aragtirmacilarin
elde ettikleri sonuglar Tablo 4.62 ve Tablo 4.63 de kargilagtirildi. Tablolardan

SFY7 ile elde edilen sonuglarin yeterince iyi oldugu goriilmektedir.

Tablo 4.64 de Problem 3’ iin v = 0.5, h = 0.05, £ = 0.0001 degerleri
igcin SFY7 ile edilen niimerik sonuclar ile tam ¢6ziim karsilastirildi. Tablodan,

niimerik sonuclarin analitik ¢6ziime oldukca yakin oldugu goriilmektedir.
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Tablo 4.57: SFYT7:t =0.1, v =1, £ = 0.00001 i¢in Problem 1’ in niimerik ve

tam ¢Oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11025 0.10968  0.10954 0.10950 0.10954
0.2 0.21120 0.21008  0.20980 0.20973 0.20979
0.3 0.29394 0.29232  0.29191 0.29181 0.29190
0.4 0.35050 0.34846  0.34795 0.34782 0.34792
0.5 0.37451 0.37220  0.37162 0.37146 0.37158
0.6 0.36206  0.35969  0.35909 0.35894 0.35905
0.7 0.31266  0.31049  0.30995 0.30981 0.30991
0.8 0.22993 0.22827  0.22786 0.22775 0.22782
0.9 0.12184 0.12094  0.12071 0.12065 0.12069

lelly x 103 7.16116 1.59699  0.10521 0.30001

Ly x 10? 2.10639 0.44549  0.03038 0.07993

Lo x 10? 3.01508 0.64101  0.04832 0.11311

Tablo 4.58: SFY7: v =1, v = 0.1, v = 0.01; h = 0.0125, £ = 0.0001 i¢in
Problem 1’ in niimerik ve tam ¢oziimleri

vr=1.0 vr=20.1 v =0.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01358 0.01357 0.30889  0.30889 0.34192 0.34191
0.6 0.00189  0.00189 0.24073 0.24074 0.26896  0.26896
0.8 0.00026  0.00026 0.19566  0.19568 0.22147 0.22148
1.0 0.00004  0.00004 0.16255 0.16256 0.18817 0.18819
3.0 0.00000  0.00000 0.02719  0.02720 0.07507 0.07511
0.50 04 0.01924 0.01924 0.56963 0.56963 0.66071 0.66071
0.6 0.00267 0.00267 0.44720 0.44721 0.52940 0.52942
0.8 0.00037  0.00037 0.35923 0.35924 0.43910 0.43914
1.0 0.00005  0.00005 0.29191 0.29192 0.37437 0.37442
3.0 0.00000  0.00000 0.04018  0.04020 0.15009  0.15018
0.75 04 0.01363 0.01363 0.62552 0.62544 0.91027  0.91026
0.6 0.00189 0.00189 0.48733 0.48721 0.76721 0.76724
0.8 0.00026  0.00026 0.37401 0.37392 0.64734  0.64740
1.0 0.00004  0.00004 0.28754  0.28747 0.55597  0.55605
3.0 0.00000  0.00000 0.02976  0.02977 0.22471 0.22481
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Tablo 4.60: SFY7: ¢t = 0.1, v = 1, k = 0.00001 i¢in Problem 2’ nin niimerik
ve tam ¢oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11362 0.11304  0.11290 0.11286 0.11289
0.2 0.21769 0.216565  0.21626 0.21619 0.21625
0.3 0.30305 0.30140  0.30098 0.30087 0.30097
0.4 0.36150 0.35942  0.35889 0.35875 0.35886
0.5 0.38643 0.38406  0.38346 0.38331 0.38342
0.6 0.37376  0.37132  0.37071 0.37055 0.37066
0.7 0.32291 0.32068  0.32012 0.31997 0.32007
0.8 0.23756  0.23584  0.23541 0.23530 0.23537
0.9 0.12592  0.12498  0.12474 0.12468 0.12472

lell x 103 7.13865 1.59826  0.10611 0.29962

Ly x 10? 2.16541 0.45974  0.03158 0.08244

Lo x 10? 3.10190 0.66199  0.05047 0.11672

Tablo 4.61: SFY7: v =1, v =

Problem 2’ nin niimerik ve tam ¢oziimleri

0.1, v = 0.01; A = 0.0125, £ = 0.0001 icin

vr=1.0 v=20.1 v =0.01
T t Niimerik Tam Niimerik Tam Nimerik Tam
0.25 04 0.01401 0.01400 0.31752  0.31752 0.36227  0.36226
0.6 0.00195 0.00195 0.24612 0.24614 0.28203 0.28204
0.8 0.00027  0.00027 0.19954 0.19956 0.23044 0.23045
1.0 0.00004  0.00004 0.16558  0.16560 0.19467 0.19469
3.0 0.00000  0.00000 0.02774  0.02776 0.07609 0.07613
0.50 04 0.01985 0.01985 0.58453  0.58454 0.68365 0.68368
0.6 0.00276  0.00276 0.45797  0.45798 0.54828  0.54832
0.8 0.00038  0.00038 0.36739  0.36740 0.45367 0.45371
1.0 0.00005  0.00005 0.29833  0.29834 0.38562  0.38568
3.0 0.00000  0.00000 0.04104 0.04106 0.15209 0.15218
0.75 04 0.01407 0.01407 0.64571  0.64562 0.92044  0.92050
0.6 0.00195 0.00195 0.50279  0.50268 0.78292  0.78299
0.8 0.00027  0.00027 0.38543 0.38534 0.66264 0.66272
1.0 0.00004  0.00004 0.29592  0.29586 0.56923  0.56932
3.0 0.00000  0.00000 0.03042 0.03044 0.22764 0.22774
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Tablo 4.62: SFY7: h = 0.0125, £ = 0.00001; » = 0.005 ve v = 0.001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[30] [40] SFY7

T t vy =0.0060 v =20.001 v =20.006 v =0.001 v =0.000 v =0.001

0.25 0.05 0.67590 0.67711 0.67609 0.67738 0.67590 0.67719
0.15 0.55176 0.55315 0.55250 0.55496 0.55221 0.55466
0.25 0.43326 0.44450 0.46081 0.46349 0.46040 0.46307
0.50 0.05 0.98812 0.98957 0.98829 0.98983 0.98808 0.98961
0.15  0.91808 0.92073 0.91887 0.92241 0.91836 0.92190
0.25 0.81389 0.80709 0.82346 0.82748 0.82272 0.82674
0.75 0.05 0.82318 0.82497 0.82332 0.82522 0.82321 0.82511
0.15  0.94539 0.95063 0.94646 0.95282 0.94586 0.95221
0.25 0.97717 0.97296 0.99002 0.99815 0.98900 0.99712

Tablo 4.63: SFY7: h = 0.0125, £ = 0.00001; v = 0.0005 ve v = 0.0001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[40] SFYT
ot v =0.0005 v=0000l v=0.0005 v=0.0001
025 0.05 0.67754  0.67767 0.67735  0.67748
0.15 0.55526  0.55551 0.55497  0.55521
0.25 0.46382  0.46409 0.46341  0.46367
0.50 0.05 0.99002  0.99017 0.98981  0.98996
0.15 092285  0.92320 092234 0.92269
0.25 0.82798  0.82838 0.82724  0.82764
0.75 0.05 0.82456  0.82565 0.82535  0.82554
0.15 0.95361  0.95424 0.95300  0.95363
0.25 0.99915  0.99996 0.99812  0.99892
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Tablo 4.64: SFY7: v = 0.5, h = 0.05, & = 0.0001 ve [a,b] = [0,8] igin
Problem 3’ {in niimerik ve tam ¢oziimleri

t=1.5 t=3.0 t=4.5
T Nimerik Tam Niumerik  Tam Nimerik  Tam
0.5 0.15330  0.15327 0.06427  0.06426 0.03799  0.03799
1.0 0.26581  0.26577 0.11882  0.11880 0.07188  0.07187
1.5 0.30415 0.30412 0.15511  0.15509 0.09794  0.09793
2.0 0.26140 0.26142 0.16763 0.16762 0.11339 0.11339
2.5 0.17213 0.17217 0.15629 0.15630 0.11698 0.11698
3.0 0.08804  0.08807 0.12736  0.12738 0.10948  0.10949
3.5 0.03581  0.03582 0.09130 0.09132 0.09367  0.09369
4.0 0.01186 0.01186 0.05795 0.05797 0.07359  0.07361
4.5 0.00325  0.00325 0.03283  0.03284 0.05328  0.05330
5.0 0.00074  0.00074 0.01673 0.01674 0.03570  0.03572
5.5 0.00014  0.00014 0.00772  0.00772 0.02223 0.02224
6.0 0.00002  0.00002 0.00324 0.00324 0.01290 0.01292
6.5 0.00000  0.00000 0.00124 0.00124 0.00697  0.00702
7.0 0.00000  0.00000 0.00043  0.00043 0.00345 0.00358
7.5 0.00000  0.00000 0.00013  0.00014 0.00139 0.00172

4.9 Sonlu Fark Yaklagimi 8 (SFY8)

(4.1) Burgers denkleminde UU, non-lineer teriminin yerine

U + Ul Ul U

UU, = (F ) (L

sonlu fark yaklagimi U,, tiirevinin yerine

Ui, —2U0] + Ui,
B2

I

UZI!ZI!
agik sonlu fark yaklagimi yazilir ve gerekli diizenlemeler yapilirsa

W“=W+—@L%M+WM—EW+WMML4KJ,

i=11)N =1, j=0(1)J

acik sonlu fark yaklagimi bulunur.
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Niimerik Sonuclar

Problem 1, Problem 2 ve Problem 3’ iin SFY8 ile elde edilen niimerik
¢oziimleri Tablo 4.65-4.72 de verildi.

Tablo 4.65 ve 4.66 da Problem 1" in mesh uzunlugu A ve kinematik
viskosite v niin degisik degerleri i¢in SF'YS ile elde edilen niimerik ¢oéziimleri
ile problemin tam ¢oziimi karsilagtirilirken, Tablo 4.67 da v niin baz1 kii¢iik
degerleri icin elde edilen niimerik ¢oziimleri ile 6nceki arastirmacilarin elde

ettikleri niimerik sonuglar kargilagtirildi.

Tablo 4.68 ve 4.69 da Problem 2’ nin mesh uzunlugu h ve kinematik
viskosite v niin degisik degerleri i¢in SFYS8 ile elde edilen niimerik ¢oziimleri
ile problemin tam ¢oziimii karsilagtirildi. Tablo 4.70 de v niin 0.005 ve 0.001
degerleri i¢in elde edilen niimerik ¢éziimler ve Tablo 4.71 de v niin 0.0005 ve
0.0001 degerleri icin elde edilen niimerik ¢oziimler ile 6nceki aragtirmacilarin

elde ettikleri niimerik sonuclar karsilagtirildi.

Tablo 4.72 de Problem 3’ iin A = 0.05, kK = 0.0001 ve v = 0.5 degerleri
igin SFY8 ile elde edilen ¢t = 1.5, t = 3, ve t = 4.5 zamanlarindaki niimerik

¢Oziimleri ve problemin tam ¢oziimii verildi.

Tablolara bakildiginda SFY8 ile elde edilen niimerik sonuglarin tam
¢Oziime yakin oldugu ve literatiirde mevcut olan 6nceki aragtirmacilarin verdigi

sonuglarla uyum igerisinde oldugu agikca goriilmektedir.
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Tablo 4.65: SFY8:t=0.1, v =1, k£ = 0.00001 i¢in Problem 1’ in niimerik ve

tam ¢Oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.10853 0.10879  0.10910 0.10930 0.10954
0.2 0.20836  0.20861  0.20908 0.20940 0.20979
0.3 0.29049 0.29053  0.29105 0.29143 0.29190
0.4 0.34671 0.34651  0.34702 0.34742 0.34792
0.5 0.37048 0.37016  0.37065 0.37106 0.37158
0.6 0.35784 0.35759  0.35811 0.35852 0.35905
0.7 0.30846 0.30844  0.30899 0.30940 0.30991
0.8 0.22627 0.22650  0.22702 0.22738 0.22782
0.9 0.11954 0.11982  0.12018 0.12041 0.12069

lelly x 103 5.16036  5.08647  3.20834 1.79108

Ly x 10? 1.22273  1.20865  0.75396 0.41836

Lo x 10? 1.54710  1.46757  0.93520 0.52521

Tablo 4.66: SFY8: v =1, v = 0.1, v = 0.01; h = 0.0125, £ = 0.0001 i¢in
Problem 1’ in niimerik ve tam ¢oziimleri

v = 1.0(k = 0.00001) vr=20.1 v =10.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01354 0.01357 0.30563 0.30889 0.33557 0.34191
0.6 0.00188 0.00189 0.23790 0.24074 0.26256  0.26896
0.8 0.00026 0.00026 0.19323 0.19568 0.21550 0.22148
1.0 0.00004 0.00004 0.16044 0.16256 0.18273  0.18819
3.0 0.00000 0.00000 0.02671  0.02720 0.07279 0.07511
0.50 04 0.01919 0.01924 0.56631  0.56963 0.65592  0.66071
0.6 0.00267 0.00267 0.44354 0.44721 0.52350 0.52942
0.8 0.00037 0.00037 0.35564 0.35924 0.43295 0.43914
1.0 0.00005 0.00005 0.28855  0.29192 0.36833  0.37442
3.0 0.00000 0.00000 0.03947  0.04020 0.14681 0.15018
0.75 04 0.01360 0.01363 0.62040 0.62544 0.90873  0.91026
0.6 0.00189 0.00189 0.48172 0.48721 0.76316  0.76724
0.8 0.00026 0.00026 0.36875  0.37392 0.64218  0.64740
1.0 0.00004 0.00004 0.28296  0.28747 0.55045 0.55605
3.0 0.00000 0.00000 0.02919  0.02977 0.22093 0.22481
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Tablo 4.68: SFY8: ¢t = 0.1, v = 1, £ = 0.00001 i¢in Problem 2’ nin niimerik
ve tam ¢oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11182 0.11210  0.11244 0.11265 0.11289
0.2 0.21474 0.21501  0.21551 0.21585 0.21625
0.3 0.29947  0.29954  0.30008 0.30048 0.30097
0.4 0.35757 0.35739  0.35792 0.35834 0.35886
0.5 0.38225 0.38194  0.38246 0.38288 0.38342
0.6 0.36938 0.36914  0.36969 0.37011 0.37066
0.7 0.31853 0.31853  0.31911 0.31954 0.32007
0.8 0.23372 0.23398  0.23454 0.23492 0.23537
0.9 0.12350 0.12381  0.12419 0.12443 0.12472

lell x 103 5.31528 5.16196  3.24837 1.81173

Ly x 10? 1.30072  1.26317  0.78585 0.43563

Lo x 10? 1.64618 1.53233  0.97296 0.54560

Tablo 4.69: SFY8: v =1, v =

Problem 2’ nin niimerik ve tam ¢oziimleri

0.1, v = 0.01; A = 0.0125, £ = 0.0001 icin

v = 1.0(k = 0.00001) vr=20.1 v =10.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01397 0.01400 0.31413 0.31752 0.35532  0.36226
0.6 0.00194 0.00195 0.24321 0.24614 0.27502  0.28204
0.8 0.00027 0.00027 0.19704  0.19956 0.22394  0.23045
1.0 0.00004 0.00004 0.16342 0.16560 0.18881 0.19469
3.0 0.00000 0.00000 0.02726  0.02776 0.07373 0.07613
0.50 04 0.01980 0.01985 0.58117 0.58454 0.67910 0.68368
0.6 0.00275 0.00276 0.45422  0.45798 0.54228  (0.54832
0.8 0.00038 0.00038 0.36371  0.36740 0.44723 0.45371
1.0 0.00005 0.00005 0.29489  0.29834 0.37924  0.38568
3.0 0.00000 0.00000 0.04031  0.04106 0.14868 0.15218
0.75 04 0.01403 0.01407 0.64059  0.64562 0.91921  0.92050
0.6 0.00195 0.00195 0.49707 0.50268 0.77919  0.78299
0.8 0.00027 0.00027 0.38001 0.38534 0.65759  0.66272
1.0 0.00004 0.00004 0.29120 0.29586 0.56364 0.56932
3.0 0.00000 0.00000 0.02984 0.03044 0.22371 0.22774
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Tablo 4.70: SFY8: h = 0.0125, £ = 0.00001; » = 0.005 ve v = 0.001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[30] [40] SFY38

T t vy =0.0060 v =20.001 v =20.006 v =0.001 v =0.000 v =0.001

0.25 0.05 0.67590 0.67711 0.67609 0.67738 0.67468 0.67597
0.15 0.55176 0.55315 0.55250 0.55496 0.54852 0.55097
0.25 0.43326 0.44450 0.46081 0.46349 0.45499 0.45765
0.50 0.05 0.98812 0.98957 0.98829 0.98983 0.98823 0.98978
0.15  0.91808 0.92073 0.91887 0.92241 0.91799 0.92154
0.25 0.81389 0.80709 0.82346 0.82748 0.82094 0.82495
0.75 0.05 0.82318 0.82497 0.82332 0.82522 0.82234 0.82425
0.15  0.94539 0.95063 0.94646 0.95282 0.94546 0.95191
0.25 0.97717 0.97296 0.99002 0.99815 0.98991 0.99814

Tablo 4.71: SFY8: h = 0.0125, £ = 0.00001; v = 0.0005 ve v = 0.0001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[40] SFY8
ot v =0.0005 v=0000l v=0.0005 v=0.0001
025 0.05 0.67754  0.67767 0.67614  0.67626
0.15 0.55526  0.55551 0.55127  0.55152
0.25 0.46382  0.46409 045798  0.45825
0.50 0.05 0.99002  0.99017 0.98997  0.99012
0.15 092285  0.92320 092198  0.92234
0.25 0.82798  0.82838 0.82545  0.82585
0.75 0.05 0.82456  0.82565 0.82449  0.82468
0.15 0.95361  0.95424 095271  0.95335
0.25 0.99915  0.99996 0.99916  0.99997
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Tablo 4.72: SFY8: v = 0.5, h = 0.05, k& = 0.0001 ve [a,b] = [0,8] igin
Problem 3’ {in niimerik ve tam ¢oziimleri

t=1.5 t=3.0 t=4.5
T Nimerik Tam Niumerik  Tam Nimerik  Tam
0.5 0.15259  0.15327 0.06387  0.06426 0.03774  0.03799
1.0 0.26523  0.26577 0.11822  0.11880 0.07145 0.07187
1.5 0.30375  0.30412 0.15444  0.15509 0.09741  0.09793
2.0 0.26092 0.26142 0.16695 0.16762 0.11281 0.11339
2.5 0.17163  0.17217 0.15561  0.15630 0.11637 0.11698
3.0 0.08775  0.08807 0.12673  0.12738 0.10888  0.10949
3.5 0.03571  0.03582 0.09079  0.09132 0.09311  0.09369
4.0 0.01184 0.01186 0.05761  0.05797 0.07312  0.07361
4.5 0.00325  0.00325 0.03263  0.03284 0.05292  0.05330
5.0 0.00074  0.00074 0.01663 0.01674 0.03545 0.03572
5.5 0.00014  0.00014 0.00768  0.00772 0.02207  0.02224
6.0 0.00002  0.00002 0.00322  0.00324 0.01281 0.01292
6.5 0.00000  0.00000 0.00123 0.00124 0.00693  0.00702
7.0 0.00000  0.00000 0.00043  0.00043 0.00343  0.00358
7.5 0.00000  0.00000 0.00013  0.00014 0.00138 0.00172

4.10 Sonlu Fark Yaklasim 9 (SFY9)

(4.1) Burgers denkleminde UU, non-lineer teriminin yerine
2 2h

UU, = (

sonlu fark yaklagimi U,, tiirevinin yerine
Ui - 20t 4 Ul
2

1%

wa

agik sonlu fark yaklagimi yazilir ve gerekli diizenlemeler yapilirsa

WU} + UL +4v U} + U7 — dv
4h? 4h?

—( W+ (—5 U+ (

i=1(1)N -1, j=0(1)J

kapali sonlu fark yaklagimi bulunur.
Niimerik Sonuglar

Problem 1, Problem 2 ve Problem 3’ iin SFY9 ile elde edilen niimerik
¢oziimleri Tablo 4.73-4.80 de verildi.
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v =1, k = 0.00001 degerleri ve degisik mesh uzunlugu A icin Prob-
lem 17 in SFY9 ile elde edilen ¢ = 0.1 deki niimerik ¢oziimleri ile problemin
tam ¢Ozlimiiniin karsilagtirilmasi Tablo 4.73 de verildi. h = 0.0125, £ = 0.0001
degerleri ve kinematik viskosite v niin 1, 0.1, 0.001 degerleri i¢in Problem 1’
in ¢esitli ¢ zamanlarinda SFY9 ile elde edilen niimerik ¢oziimler ile analitik
¢oziimiin kargilagtirilmas: Tablo 4.74 de verildi. Tablolardan, niimerik ¢6ziim-
lerin analitik ¢6ziim ile uyum igerisinde oldugu ve A nin gittikge kiigiik segilmesi

durumunda niimerik ¢oziimlerin analitik ¢oziime yakin oldugu goriilmektedir.

h = 0.0125, £ = 0.00001 alnarak v niin 0.005, 0.001, 0.0005, 0.0001
degerleri i¢in Problem 1’ in SFY9 ile elde edilen niimerik sonuglar ile énceki
aragtirmacilarin verdikleri sonuclarin kargilagtirilmas:1 Tablo 4.75 de verildi.

Tablodan sonuglarin uyum igerisinde oldugu acikca goriilmektedir.

Mesh uzunlugu h ve kinematik viskosite v niin degisik degerleri igin
Problem 2’ nin farkh ¢ zamanlarinda SFY?9 ile elde edilen niimerik ¢oziimleri ile
tam ¢oziimi Tablo 4.76 ve Tablo 4.77 de karsilastirildi. Tablolardan goriildiigi

gibi elde edilen niimerik ¢oziimler tam ¢oziimle uyumludur.

v =0.005, 0.001, 0.0005, 0.0001 degerleri i¢in Problem 2’ nin ¢esitli za-
manlarda SFY9 ile elde edilen niimerik ¢oziimler ile 6nceki aragtirmacilarin
elde ettikleri sonuglar Tablo 4.78 ve Tablo 4.79 da karsilagtirildi. Elde edilen
sonuclarin onceki aragtirmacilarin verdigi sonuclara yakin oldugu goriilmekte-
dir.

Tablo 4.80 de Problem 3’ iin v = 0.5, h = 0.05, £ = 0.0001 degerleri
igin SFY9 ile edilen niimerik sonuglar ile tam ¢oziim karsilagtirildi. Tablodan

niimerik ¢oziimlerin analitik ¢ozlime yeterince yakin oldugu agikca goriilmek-

tedir.
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Tablo 4.73: SFY9: t =0.1, v = 1, k£ = 0.00001 i¢in Problem 1’ in niimerik ve

tam ¢Oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.10854 0.10880  0.10911 0.10931 0.10954
0.2 0.20838 0.20863  0.20910 0.20942 0.20979
0.3 0.29052  0.29056  0.29108 0.29145 0.29190
0.4 0.34675 0.34655  0.34705 0.34745 0.34792
0.5 0.37052 0.37019  0.37069 0.37109 0.37158
0.6 0.35788 0.35763  0.3581H 0.35856 0.35905
0.7 0.30849 0.30847  0.30902 0.30943 0.30991
0.8 0.22629 0.22652  0.22704 0.22740 0.22782
0.9 0.11955 0.11983  0.12019 0.12043 0.12069

lelly x 103 5.07293 499376  3.11308 1.69454

Ly x 10? 1.19870 1.18334  0.72852 0.39289

Lo x 10? 1.52438 1.43388  0.90025 0.48957

Tablo 4.74: SFY9: v = 1, v = 0.1, v = 0.01; h = 0.0125, £ = 0.0001 i¢in
Problem 1’ in niimerik ve tam ¢oziimleri

vr=1.0 vr=20.1 v =0.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01357 0.01357 0.30567  0.30889 0.33561 0.34191
0.6 0.00189  0.00189 0.23793 0.24074 0.26259  0.26896
0.8 0.00026  0.00026 0.19325 0.19568 0.21552 0.22148
1.0 0.00004  0.00004 0.16045 0.16256 0.18275 0.18819
3.0 0.00000  0.00000 0.02672  0.02720 0.07279 0.07511
0.50 04 0.01923 0.01924 0.56634 0.56963 0.65594 0.66071
0.6 0.00267 0.00267 0.44357 0.44721 0.52354  0.52942
0.8 0.00037  0.00037 0.35567 0.35924 0.43298 0.43914
1.0 0.00005  0.00005 0.28858  0.29192 0.36836  0.37442
3.0 0.00000  0.00000 0.03948  0.04020 0.14682 0.15018
0.75 04 0.01363 0.01363 0.62037 0.62544 0.90861 0.91026
0.6 0.00189 0.00189 0.48174 0.48721 0.76315 0.76724
0.8 0.00026  0.00026 0.36879  0.37392 0.64221  0.64740
1.0 0.00004  0.00004 0.28301  0.28747 0.55049  0.55605
3.0 0.00000  0.00000 0.02920 0.02977 0.22095 0.22481
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Tablo 4.76: SFY9: ¢t = 0.1, v = 1, £ = 0.00001 i¢in Problem 2’ nin niimerik
ve tam ¢oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11183 0.11211  0.11245 0.11266 0.11289
0.2 0.21476 0.21503  0.21553 0.21587 0.21625
0.3 0.29950 0.29957  0.30011 0.30051 0.30097
0.4 0.35761 0.35743  0.35796 0.35837 0.35886
0.5 0.38229 0.38198  0.38250 0.38292 0.38342
0.6 0.36941 0.36918  0.36972 0.37015 0.37066
0.7 0.31856  0.31857  0.31914 0.31957 0.32007
0.8 0.23375 0.23401  0.23456 0.23494 0.23537
0.9 0.12351 0.12382  0.12420 0.12444 0.12472

lell x 103 5.22774  5.06925  3.15318 1.71534

Ly x 10? 1.27588 1.23706  0.75962 0.40937

Lo x 10? 1.62269 1.49921  0.93719 0.50901

Tablo 4.77: SFY9: v =1, v =

Problem 2’ nin niimerik ve tam ¢oziimleri

0.1, v = 0.01; A = 0.0125, £ = 0.0001 icin

vr=1.0 v=20.1 v =0.01
T t Niimerik Tam Niimerik Tam Nimerik Tam
0.25 04 0.01400 0.01400 0.31417 0.31752 0.35536  0.36226
0.6 0.00195 0.00195 0.24323 0.24614 0.27505 0.28204
0.8 0.00027  0.00027 0.19706  0.19956 0.22397 0.23045
1.0 0.00004  0.00004 0.16343 0.16560 0.18883  0.19469
3.0 0.00000  0.00000 0.02726  0.02776 0.07373 0.07613
0.50 04 0.01985 0.01985 0.58120 0.58454 0.67911 0.68368
0.6 0.00276  0.00276 0.45426  0.45798 0.54231 0.54832
0.8 0.00038  0.00038 0.36374  0.36740 0.44727 0.45371
1.0 0.00005  0.00005 0.29492 0.29834 0.37927 0.38568
3.0 0.00000  0.00000 0.04032  0.04106 0.14869 0.15218
0.75 04 0.01406 0.01407 0.64055  0.64562 0.91909  0.92050
0.6 0.00195 0.00195 0.49709  0.50268 0.77917  0.78299
0.8 0.00027  0.00027 0.38005 0.38534 0.65760 0.66272
1.0 0.00004  0.00004 0.29124  0.29586 0.56367 0.56932
3.0 0.00000  0.00000 0.02985 0.03044 0.22373 0.22774
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Tablo 4.78: SFY9: h = 0.0125, £ = 0.00001; » = 0.005 ve v = 0.001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[30] [40] SFY9

T t vy =0.0060 v =20.001 v =20.006 v =0.001 v =0.000 v =0.001

0.25 0.05 0.67590 0.67711 0.67609 0.67738 0.67468 0.67597
0.15 0.55176 0.55315 0.55250 0.55496 0.54852 0.55097
0.25 0.43326 0.44450 0.46081 0.46349 0.45499 0.45765
0.50 0.05 0.98812 0.98957 0.98829 0.98983 0.98823 0.98977
0.15  0.91808 0.92073 0.91887 0.92241 0.91799 0.92153
0.25 0.81389 0.80709 0.82346 0.82748 0.82093 0.82495
0.75 0.05 0.82318 0.82497 0.82332 0.82522 0.82234 0.82425
0.15  0.94539 0.95063 0.94646 0.95282 0.94545 0.95190
0.25 0.97717 0.97296 0.99002 0.99815 0.98989 0.99812

Tablo 4.79: SFY9: h = 0.0125, £ = 0.00001; v = 0.0005 ve v = 0.0001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[40] SFY9

T t v =0.0005 v =0.0001 v =0.0006 v =0.0001

0.25 0.05 0.67754 0.67767 0.67614 0.67626
0.15 0.55526 0.55551 0.55128 0.55152
0.25 0.46382 0.46409 0.45799 0.45825

0.50 0.05  0.99002  0.99017 0.98996  0.99012
0.15 0.92285 0.92320 0.92198 0.92233
0.25 0.82798 0.82838 0.82545 0.82585

0.75 0.05 0.82456 0.82565 0.82449 0.82468
0.15 095361  0.95424 0.95270  0.95334
0.25 0.99915 0.99996 0.99914 0.99995
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Tablo 4.80: SFY9: v = 0.5, h = 0.05, & = 0.0001 ve [a,b] = [0,8] igin
Problem 3’ {in niimerik ve tam ¢oziimleri

t=1.5 t=3.0 t=4.5
T Nimerik Tam Niumerik  Tam Nimerik  Tam
0.5 0.15260  0.15327 0.06387  0.06426 0.03774  0.03799
1.0 0.26524  0.26577 0.11823  0.11880 0.07145 0.07187
1.5 0.30376  0.30412 0.15445  0.15509 0.09741  0.09793
2.0 0.26092 0.26142 0.16695 0.16762 0.11281 0.11339
2.5 0.17162 0.17217 0.15561  0.15630 0.11637 0.11698
3.0 0.08774  0.08807 0.12672  0.12738 0.10888  0.10949
3.5 0.03571  0.03582 0.09078  0.09132 0.09311  0.09369
4.0 0.01184 0.01186 0.05760 0.05797 0.07311  0.07361
4.5 0.00325  0.00325 0.03263  0.03284 0.05292  0.05330
5.0 0.00074  0.00074 0.01663 0.01674 0.03545  0.03572
5.5 0.00014  0.00014 0.00768  0.00772 0.02207 0.02224
6.0 0.00002  0.00002 0.00322  0.00324 0.01281 0.01292
6.5 0.00000  0.00000 0.00124 0.00124 0.00693  0.00702
7.0 0.00000  0.00000 0.00043  0.00043 0.00343  0.00358
7.5 0.00000  0.00000 0.00013  0.00014 0.00138 0.00172

4.11 Sonlu Fark Yaklagimi 10 (SFY10)

(4.1) Burgers denkleminde UU, non-lineer teriminin yerine

Ui]—l + Ulj Ui]—i-l - U'J—l

UU, = (L) (T

sonlu fark yaklagimi U,, tiirevinin yerine

Ui, —2U0] + Ui,
B2

I

UZI!ZI!
agik sonlu fark yaklagimi yazilir ve gerekli diizenlemeler yapilirsa

Uz']H = U] + _(UZJ—I - 2Uij + Ui‘7+1) - E(Uz'j—l + Uij)(Uz']H - Uz']—1) )

i=11)N =1, j=0(1)J

acik sonlu fark yaklagimi bulunur.
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Niimerik Sonuclar

Problem 1, Problem 2 ve Problem 3’ iin SFY10 ile elde edilen niimerik
¢oziimleri Tablo 4.81-4.88 de verildi.

Problem 1’ in, Tablo 4.81 de t = 0.1, v = 1, kK = 0.00001 alinarak mesh
uzunlugu A nin degisik degerleri i¢in niimerik ve tam ¢oziimii karsilagtirilirken,
Tablo 4.82 de h = 0.0125, £ = 0.0001 alinarak v niin 1, 0.1, 0.001 degerleri
igin ¢esitli ¢t zamanlarinda elde edilen niimerik c¢oziimler ile analitik ¢oziim
kargilagtirildi. Mesh uzunlugu A nin kii¢iik secilmesi durumunda elde edilen

niimerik ¢oziimlerin analitik ¢oziime oldukca yaklastigir goriilmektedir.

Tablo 4.83 te Problem 1’ in h = 0.0125, £ = 0.00001 alinarak v
niin 0.005, 0.001, 0.0005, 0.0001 degerleri i¢in SFY10 ile elde edilen niimerik
sonuclar ile 6nceki aragtirmacilarin verdikleri sonuglar kargilagtirildi. Tablodan

sonuclarin uyum icerisinde oldugu acikca goriilmektedir.

Tablo 4.84 ve Tablo 4.85 te Problem 2’ nin mesh uzunlugu h ve kine-
matik viskosite v niin degisik degerleri i¢in farkli ¢ zamanlarinda elde edilen
niimerik ¢ozlimleri tam ¢oziimi ile karsilagtirildi ve ¢oziimlerin birbirleriyle

uyumlu oldugu goriildii.

Tablo 4.86 ve Tablo 4.87 de Problem 2’ nin v =0.005, 0.001, 0.0005,
0.0001 degerleri i¢in gesitli zamanlarda elde edilen niimerik ¢oziimler ile 6nceki
aragtirmacilarin elde ettikleri sonuglar kargilagtirildi. Tablolardan SFY10 ile
elde edilen sonuglarin 6nceki arastirmacilarin verdikleri sonuclar ile yeterince

iyi oldugu goriilmektedir.

Tablo 4.88 de Problem 3’ iin v = 0.5, h = 0.05, £ = 0.0001 degerleri
icin SF'Y10 ile edilen niimerik sonugclar ile tam ¢oziim karsilagtirildi. Tablodan

niimerik sonuclarin analitik ¢éziime yakin oldugu kolayca goriilmektedir.
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Tablo 4.81: SFY10: t = 0.1, » = 1, k = 0.00001 i¢in Problem 1’ in niimerik
ve tam ¢oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.00 h=0.025 h=0.0125 Cozlim
0.1 0.11233  0.11073  0.11008 0.10979 0.10954
0.2 0.21462  0.21181  0.21070 0.21021 0.20979
0.3 0.29805  0.29443  0.29301 0.29241 0.29190
0.4 0.35483  0.35073  0.34915 0.34848 0.34792
0.5 0.37883  0.37451  0.37285 0.37216 0.37158
0.6 0.36627  0.36198  0.36032 0.35963 0.35905
0.7 0.31662  0.31266  0.31112 0.31046 0.30991
0.8 0.23329  0.23011  0.22884 0.22829 0.22782
0.9 0.12395  0.12207  0.12131 0.12098 0.12069

lell, x 103 20.17995 8.98421  4.13742 1.95388

Ly x 103 5.54227  2.27512  1.00165 0.46118

Lo x 103 7.25241  2.94809  1.28242 0.58562

Tablo 4.82: SFY10: v = 1, v = 0.1, v = 0.01; h = 0.0125, £ = 0.0001 i¢in
Problem 1’ in niimerik ve tam ¢oziimleri

v = 1.0(k = 0.00001) vr=20.1 v =10.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01361 0.01357 0.31220 0.30889 0.34826  0.34191
0.6 0.00189 0.00189 0.24363 0.24074 0.27542  0.26896
0.8 0.00026 0.00026 0.19818  0.19568 0.22757  0.22148
1.0 0.00004 0.00004 0.16475 0.16256 0.19378  0.18819
3.0 0.00000 0.00000 0.02772  0.02720 0.07754 0.07511
0.50 04 0.01929 0.01924 0.57306 0.56963 0.66554  0.66071
0.6 0.00268 0.00267 0.45099 0.44721 0.53531 0.52942
0.8 0.00037 0.00037 0.36296 0.35924 0.44530 0.43914
1.0 0.00005 0.00005 0.29541 0.29192 0.38050  0.37442
3.0 0.00000 0.00000 0.04099  0.04020 0.15362 0.15018
0.75 04 0.01367 0.01363 0.63065 0.62544 0.91232 0.91026
0.6 0.00190 0.00189 0.49295 0.48721 0.77147 0.76724
0.8 0.00026 0.00026 0.37935 0.37392 0.65262  0.64740
1.0 0.00004 0.00004 0.29222  0.28747 0.56162  0.55605
3.0 0.00000 0.00000 0.03039  0.02977 0.22876  0.22481
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Tablo 4.84: SFY10: t = 0.1, v = 1, £k = 0.00001 igin Problem 2’ nin niimerik
ve tam ¢oziimleri

Niimerik Cozim Tam

x h=0.1 h=0.00 h=0.025 h=0.0125 (ozlim
0.1 0.11580  0.11413  0.11345 0.11316 0.11289
0.2 0.22126  0.21835  0.21719 0.21669 0.21625
0.3 0.30733  0.30359  0.30213 0.30150 0.30097
0.4 0.36600  0.36177  0.36014 0.35945 0.35886
0.5 0.39091  0.38646  0.38474 0.38403 0.38342
0.6 0.37812  0.37370  0.37198 0.37126 0.37066
0.7 0.32703  0.32293  0.32133 0.32065 0.32007
0.8 0.24107  0.23776  0.23644 0.23587 0.23537
0.9 0.12812  0.12617  0.12537 0.12503 0.12472

lell x 103 20.28933 9.06219  4.17927 1.97538

Ly x 10? 5.73889  2.36284  1.04153 0.47989

Lo x 103 7.48657  3.05365  1.33023 0.60788

Tablo 4.85: SFY10: v =1, v = 0.1, v = 0.01; h = 0.0125, £ = 0.0001 i¢in
Problem 2’ nin niimerik ve tam ¢oziimleri

v = 1.0(k = 0.00001) vr=20.1 v =10.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01405 0.01400 0.32096 0.31752 0.36920 0.36226
0.6 0.00196 0.00195 0.24913 0.24614 0.28913 0.28204
0.8 0.00027 0.00027 0.20214  0.19956 0.23709 0.23045
1.0 0.00004 0.00004 0.16785  0.16560 0.20073  0.19469
3.0 0.00000 0.00000 0.02829  0.02776 0.07865 0.07613
0.50 04 0.01991 0.01985 0.58801 0.58454 0.68828  (0.68368
0.6 0.00277 0.00276 0.46184  0.45798 0.55430 0.54832
0.8 0.00038 0.00038 0.37121  0.36740 0.46015 0.45371
1.0 0.00005 0.00005 0.30193 0.29834 0.39210 0.38568
3.0 0.00000 0.00000 0.04187 0.04106 0.15576  0.15218
0.75 04 0.01411 0.01407 0.65083  0.64562 0.92219  0.92050
0.6 0.00196 0.00195 0.50853  0.50268 0.78690  0.78299
0.8 0.00027 0.00027 0.39092 0.38534 0.66784  0.66272
1.0 0.00004 0.00004 0.30076  0.29586 0.57495 0.56932
3.0 0.00000 0.00000 0.03108 0.03044 0.23186  0.22774
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Tablo 4.86: SFY10: h = 0.0125, £ = 0.00001; v = 0.005 ve v = 0.001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[30] [40] SFY10

T t vy =0.0060 v =20.001 v =20.006 v =0.001 v =0.000 v =0.001

0.25 0.05 0.67590 0.67711 0.67609 0.67738 0.67743 0.67872
0.15 0.55176 0.55315 0.55250 0.55496 0.55652 0.55898
0.25 0.43326 0.44450 0.46081 0.46349 0.46657 0.46925
0.50 0.05 0.98812 0.98957 0.98829 0.98983 0.98834 0.98987
0.15  0.91808 0.92073 0.91887 0.92241 0.91984 0.92337
0.25 0.81389 0.80709 0.82346 0.82748 0.82599 0.83002
0.75 0.05 0.82318 0.82497 0.82332 0.82522 0.82435 0.82624
0.15  0.94539 0.95063 0.94646 0.95282 0.94738 0.95364
0.25 0.97717 0.97296 0.99002 0.99815 0.99016 0.99818

Tablo 4.87: SFY10: h = 0.0125, £ = 0.00001; v = 0.0005 ve v = 0.0001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[40] SFY10
ot v =00005 »=00001 v =00005 v=0.0001
0.25 0.05 0.67754  0.67767 0.678388  0.67901
0.15 0.55526  0.55551 0.55928  0.55953
0.25 046382  0.46409 046959  0.46986
0.50 0.05 0.99002  0.99017 0.99006  0.99022
0.15 0.92285  0.92320 0.92381  0.92416
0.25 0.82798  0.82838 0.83052  0.83092
0.75 0.05 0.82456  0.82565 0.82648  0.82667
0.15 0.95361  0.95424 0.95442  0.95504
0.25 0.99915  0.99996 0.99917  0.99996
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Tablo 4.88: SFY10: v = 0.5, h = 0.05, £ = 0.0001 ve [a,b] = [0,8] igin
Problem 3’ {in niimerik ve tam ¢oziimleri

t=1.5 t=3.0 t=4.5
T Nimerik Tam Niumerik  Tam Nimerik  Tam
0.5 0.15401  0.15327 0.06469  0.06426 0.03825  0.03799
1.0 0.26640  0.26577 0.11944  0.11880 0.07231  0.07187
1.5 0.30455  0.30412 0.15578  0.15509 0.09848  0.09793
2.0 0.26189 0.26142 0.16832 0.16762 0.11399 0.11339
2.5 0.17264 0.17217 0.15698  0.15630 0.11761  0.11698
3.0 0.08835  0.08807 0.12801 0.12738 0.11010 0.10949
3.5 0.03593  0.03582 0.09183 0.09132 0.09424  0.09369
4.0 0.01189 0.01186 0.05832  0.05797 0.07407  0.07361
4.5 0.00325  0.00325 0.03304 0.03284 0.05366  0.05330
5.0 0.00074  0.00074 0.01684 0.01674 0.03596  0.03572
5.5 0.00014  0.00014 0.00776  0.00772 0.02239 0.02224
6.0 0.00002  0.00002 0.00326  0.00324 0.01299  0.01292
6.5 0.00000  0.00000 0.00125 0.00124 0.00702  0.00702
7.0 0.00000  0.00000 0.00043  0.00043 0.00347  0.00358
7.5 0.00000  0.00000 0.00013  0.00014 0.00140 0.00172

4.12 Sonlu Fark Yaklagimi 11 (SFY11)

(4.1) Burgers denkleminde UU, non-lineer teriminin yerine

J J J+1 Jj+1
Ui, +07 Uiy — U

U, = (FELTn) (T

sonlu fark yaklagimi U,, tiirevinin yerine

+1 +1 +1
Ut —ouitt + Ul
h2

UZL‘ZI! g

agik sonlu fark yaklagimi yazilir ve gerekli diizenlemeler yapilirsa

h<U¢j—1 + Uzj) +4Av. i h? + 2vk 41 h(Uz‘j—l + Uzj) —4dv. i Uij
—( e U +(W>Ui + ( 12 Wik = 5

i=11)N =1, j=0(1)J

kapali sonlu fark yaklagimi bulunur.
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Niimerik Sonuclar

Problem 1, Problem 2 ve Problem 3’ iin SF11 ile elde edilen niimerik

¢oziimleri Tablo 4.89-4.96 da verildi.

Tablo 4.89 ve 4.90 da Problem 1’ in mesh uzunlugu A ve kinematik
viskosite v niin degisik degerleri i¢in SF'Y11 ile elde edilen niimerik ¢oziimleri
ile problemin tam ¢oziimii karsilagtirilirken, Tablo 4.91 de v niin baz1 kii¢iik
degerleri icin elde edilen niimerik ¢oziimleri ile 6nceki arastirmacilarin elde

ettikleri niimerik sonuglar kargilagtirildi.

Tablo 4.92 ve 4.93 de Problem 2’ nin mesh uzunlugu h ve kinematik
viskosite v niin degigik degerleri i¢in SFY11 ile elde edilen niimerik ¢oziimleri
ile problemin tam ¢oziimii karsilagtirildi. Tablo 4.94 de v niin 0.005 ve 0.001
degerleri i¢in elde edilen niimerik ¢éziimler ve Tablo 4.95 de v niin 0.0005 ve
0.0001 degerleri icin elde edilen niimerik ¢oziimler ile 6nceki aragtirmacilarin

elde ettikleri niimerik sonuclar karsilagtirildi.

Tablo 4.96 da Problem 3’ iin h = 0.05, k£ = 0.0001 ve v = 0.5 degerleri
igin SFY11 ile elde edilen t = 1.5, t = 3, ve t = 4.5 zamanlarindaki niimerik

¢Oziimleri ve problemin tam ¢oziimii verildi.

Tablolara bakildiginda SFY11 ile elde edilen niimerik sonuglarin tam
¢Oziime yakin oldugu ve literatiirde mevcut olan 6nceki aragtirmacilarin verdigi

sonuglarla uyum igerisinde oldugu agikca goriilmektedir.
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Tablo 4.89: SFY11: t = 0.1, » = 1, k = 0.00001 i¢in Problem 1’ in niimerik
ve tam ¢oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.00 h=0.025 h=0.0125 Cozlim
0.1 0.11234 0.11074  0.11009 0.10980 0.10954
0.2 0.21464 0.21183  0.21071 0.21023 0.20979
0.3 0.29807  0.29446  0.29304 0.29244 0.29190
0.4 0.35487  0.35077  0.34918 0.34852 0.34792
0.5 0.37887  0.37454  0.37289 0.37219 0.37158
0.6 0.36630  0.36201  0.36036 0.35967 0.35905
0.7 0.31665  0.31270  0.31115 0.31050 0.30991
0.8 0.23332  0.23013  0.22886 0.22832 0.22782
0.9 0.12396  0.12209  0.12133 0.12099 0.12069

lell, x 103 20.26678  9.07666  4.23257 2.05036

Ly x 103 5.56746  2.30052  1.02712 0.48666

Lo x 103 7.28783  2.98401  1.31851 0.62158

Tablo 4.90: SFY11: v = 1, v = 0.1, v = 0.01; h = 0.0125, £ = 0.0001 i¢in
Problem 1’ in niimerik ve tam ¢oziimleri

vr=1.0 vr=20.1 v =0.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01364 0.01357 0.31224  0.30889 0.34829 0.34191
0.6 0.00190 0.00189 0.24366 0.24074 0.27545 0.26896
0.8 0.00026  0.00026 0.19820 0.19568 0.22759  0.22148
1.0 0.00004  0.00004 0.16477 0.16256 0.19380 0.18819
3.0 0.00000  0.00000 0.02773  0.02720 0.07754 0.07511
0.50 04 0.01933 0.01924 0.57309 0.56963 0.66556  0.66071
0.6 0.00269 0.00267 0.45102 0.44721 0.53535  0.52942
0.8 0.00037  0.00037 0.36299  0.35924 0.44533 0.43914
1.0 0.00005  0.00005 0.29544  0.29192 0.38053  0.37442
3.0 0.00000  0.00000 0.04100  0.04020 0.15363 0.15018
0.75 04 0.01370 0.01363 0.63031 0.62544 0.91221 0.91026
0.6 0.00190 0.00189 0.49297 0.48721 0.77146 0.76724
0.8 0.00026  0.00026 0.37939 0.37392 0.65264  0.64740
1.0 0.00004  0.00004 0.29227  0.28747 0.56165 0.55605
3.0 0.00000  0.00000 0.03040 0.02977 0.22878  0.22481
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Tablo 4.92: SFY11: t = 0.1, v = 1, k£ = 0.00001 igin Problem 2’ nin niimerik
ve tam ¢oziimleri

Niimerik Cozim Tam

x h=0.1 h=0.00 h=0.025 h=0.0125 (ozlim
0.1 0.11581 0.11414  0.11346 0.11317 0.11289
0.2 0.22128  0.21838  0.21721 0.21671 0.21625
0.3 0.30736  0.30362  0.30216 0.30153 0.30097
0.4 0.36603  0.36181  0.36017 0.35948 0.35886
0.5 0.39095  0.38649  0.38478 0.38406 0.38342
0.6 0.37816  0.37373  0.37202 0.37130 0.37066
0.7 0.32706  0.32297  0.32136 0.32068 0.32007
0.8 0.24109  0.23778  0.23646 0.23589 0.23537
0.9 0.12813  0.12618  0.12539 0.12504 0.12472

lell x 103 20.37603  9.15451  4.27427 2.07169

Ly x 10? 5.76481  2.38900  1.06777 0.50615

Lo x 103 7.52297  3.09062  1.36709 0.64482

Tablo 4.93: SFY11: v =1, v = 0.1, v = 0.01; h = 0.0125, £ = 0.0001 i¢in
Problem 2’ nin niimerik ve tam ¢oziimleri

vr=1.0 v=20.1 v =0.01
T t Niimerik Tam Niimerik Tam Nimerik Tam
0.25 04 0.01408 0.01400 0.32100 0.31752 0.36923  0.36226
0.6 0.00196 0.00195 0.24916 0.24614 0.28916  0.28204
0.8 0.00027  0.00027 0.20215 0.19956 0.23712 0.23045
1.0 0.00004  0.00004 0.16786  0.16560 0.20075  0.19469
3.0 0.00000  0.00000 0.02830 0.02776 0.07866 0.07613
0.50 04 0.01995 0.01985 0.58804 0.58454 0.68828  0.68368
0.6 0.00277  0.00276 0.46188  0.45798 0.55434  0.54832
0.8 0.00039  0.00038 0.37124  0.36740 0.46019 0.45371
1.0 0.00005  0.00005 0.30196  0.29834 0.39213 0.38568
3.0 0.00000  0.00000 0.04189  0.04106 0.15577 0.15218
0.75 04 0.01414  0.01407 0.65079  0.64562 0.92207  0.92050
0.6 0.00196  0.00195 0.50855  0.50268 0.78687  0.78299
0.8 0.00027  0.00027 0.39096 0.38534 0.66785  0.66272
1.0 0.00004  0.00004 0.30080  0.29586 0.57497 0.56932
3.0 0.00000  0.00000 0.03109 0.03044 0.23187 0.22774
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Tablo 4.94: SFY11: h = 0.0125, £ = 0.00001; v = 0.005 ve v = 0.001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[30] [40] SFY11

T t vy =0.0060 v =20.001 v =20.006 v =0.001 v =0.000 v =0.001

0.25 0.05 0.67590 0.67711 0.67609 0.67738 0.67743 0.67872
0.15 0.55176 0.55315 0.55250 0.55496 0.55653 0.55898
0.25 0.43326 0.44450 0.46081 0.46349 0.46657 0.46926
0.50 0.05 0.98812 0.98957 0.98829 0.98983 0.98833 0.98987
0.15  0.91808 0.92073 0.91887 0.92241 0.91984 0.92336
0.25 0.81389 0.80709 0.82346 0.82748 0.82599 0.83002
0.75 0.05 0.82318 0.82497 0.82332 0.82522 0.82434 0.82624
0.15  0.94539 0.95063 0.94646 0.95282 0.94736 0.95362
0.25 0.97717 0.97296 0.99002 0.99815 0.99014 0.99816

Tablo 4.95: SFY11: h = 0.0125, £ = 0.00001; v = 0.0005 ve v = 0.0001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[40] SFY11
ot v =00005 »=00001 v =00005 v=0.0001
0.25 0.05 0.67754  0.67767 0.678388  0.67901
0.15 0.55526  0.55551 0.55920  0.55953
0.25 046382  0.46409 046959  0.46986
0.50 0.05 0.99002  0.99017 0.99006  0.99021
0.15 0.92285  0.92320 0.92380  0.92415
0.25 0.82798  0.82838 0.83052  0.83092
0.75 0.05 0.82456  0.82565 0.82648  0.82667
0.15 0.95361  0.95424 0.95440  0.95503
0.25 0.99915  0.99996 0.99915  0.99994
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Tablo 4.96: SFY11: v = 0.5, h = 0.05, £ = 0.0001 ve [a,b] = [0,8] igin
Problem 3’ iin niimerik ve tam ¢oziimleri

t=1.5 t=3.0 t=4.5
T Nimerik Tam Niumerik  Tam Nimerik  Tam
0.5 0.15402  0.15327 0.06469  0.06426 0.03826  0.03799
1.0 0.26641 0.26577 0.11944  0.11880 0.07232  0.07187
1.5 0.30455  0.30412 0.15579  0.15509 0.09849  0.09793
2.0 0.26188  0.26142 0.16833 0.16762 0.11400 0.11339
2.5 0.17263  0.17217 0.15698  0.15630 0.11761 0.11698
3.0 0.08835  0.08807 0.12800 0.12738 0.11010  0.10949
3.5 0.03593  0.03582 0.09182  0.09132 0.09424  0.09369
4.0 0.01189 0.01186 0.05831  0.05797 0.07407  0.07361
4.5 0.00326  0.00325 0.03304 0.03284 0.05366  0.05330
5.0 0.00074  0.00074 0.01684 0.01674 0.03596  0.03572
5.5 0.00014  0.00014 0.00776  0.00772 0.02239 0.02224
6.0 0.00002  0.00002 0.00326  0.00324 0.01299  0.01292
6.5 0.00000  0.00000 0.00125 0.00124 0.00702  0.00702
7.0 0.00000  0.00000 0.00043  0.00043 0.00347 0.00358
7.5 0.00000  0.00000 0.00013  0.00014 0.00140 0.00172

4.13 Sonlu Fark Yaklasim 12 (SFY12)

(4.1) Burgers denkleminde UU, non-lineer teriminin yerine
3 2h

UU, = (

sonlu fark yaklagimi|62| U,, tiirevinin yerine
UL, - 207 + UL,
12

12

Uw:p

agik sonlu fark yaklagimi yazilir ve gerekli diizenlemeler yapilirsa

vk

1 (Ul = 207 + Ufy) = o (Ul + U7 + UL)(UL = ULy)

Uittt — g
(A (A + 6h

i=11)N-1, j=0(1)J
agik sonlu fark yaklagimi bulunur.

Niimerik Sonuglar

Problem 1, Problem 2 ve Problem 3’ iin SFY12 ile elde edilen niimerik
¢oziimleri Tablo 4.97-4.104 de verildi.
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Tablo 4.97 de Problem 1" in ¢t = 0.1, » = 1, £ = 0.00001 alinarak mesh
uzunlugu A nin degisik degerleri i¢in niimerik ve tam ¢oziimii karsilagtirildi.
Tablodan niimerik ¢éziimlerin tam ¢oziime yakin oldugu agikca goriilmektedir.
Mesh uzunlugu h nin yeterince kiicgiik se¢ilmesi durumunda elde edilen niimerik

¢oziimlerin analitik ¢oziime oldukca yaklagtigr goriilmektedir.

Tablo 4.98 de Problem 1’ in A = 0.0125, £ = 0.0001 alinarak kine-
matik viskosite v niin 1, 0.1, 0.001 degerleri i¢in ¢esitli ¢ zamanlarinda niimerik
¢Oziimler analitik ¢ozlimle karsilagtirildi. Elde edilen niimerik ¢6ziimlerin ana-

litik ¢oziimle uyum igerisinde oldugu agikca goriilmektedir.

Tablo 4.99 da Problem 1" in A = 0.0125, £ = 0.00001 alinarak v
niin 0.005, 0.001, 0.0005, 0.0001 degerleri i¢in SFY12 ile elde edilen niimerik
sonuclar ile 6nceki aragtirmacilarin verdikleri sonuglar kargilagtirildi. Tablodan
elde edilen sonuclarin 6nceki aragtirmacilarinki ile uyum igerisinde goriilmek-

tedir.

Tablo 4.100 ve Tablo 4.101 de Problem 2’ nin mesh uzunlugu A ve kine-
matik viskosite v niin degisik degerleri i¢in farkli £ zamanlarinda elde edilen
niimerik ¢oziimler ile tam ¢oziim karsilagtirildi. Tablolardan sonuglarin birbir-

leriyle uyumlu oldugu goriilmektedir.

Tablo 4.102 ve Tablo 4.103 de Problem 2’ nin » =0.005, 0.001, 0.0005,
0.0001 degerleri i¢in gesitli zamanlarda elde edilen niimerik ¢oziimler ile 6nceki
aragtirmacilarin elde ettikleri sonuglar karsilagtirildi ve sonuglarin birbirleriyle

uyumlu oldugu gozlendi.

Tablo 4.104 de Problem 3’ iin v = 0.5, h = 0.05, £ = 0.0001 degerleri
igin SFY12 ile edilen niimerik sonuglar ile tam ¢oziim karsilagtirildi. Tablodan

niimerik sonuclarin analitik ¢6ziime yakin oldugu kolayca goriilmektedir.
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Tablo 4.97: SFY12: t = 0.1, » = 1, k = 0.00001 i¢in Problem 1’ in niimerik
ve tam ¢oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11045 0.10976  0.10959 0.10955 0.10954
0.2 0.21153 0.21022  0.20989 0.20981 0.20979
0.3 0.29432 0.29249  0.29203 0.29192 0.29190
0.4 0.35080  0.34863  0.34809 0.34795 0.34792
0.5 0.37464 0.37233  0.37175 0.37161 0.37158
0.6 0.36199  0.35977  0.35921 0.35907 0.35905
0.7 0.31244  0.31053  0.31005 0.30993 0.30991
0.8 0.22967 0.22827  0.22792 0.22784 0.22782
0.9 0.12166  0.12093  0.12074 0.12070 0.12069

lelly x 103 7.40156 191742  0.45611 0.07922

Ly x 10? 2.16489 0.53142  0.12321 0.02117

Lo x 10? 3.06414  0.75208  0.17442 0.03003

Tablo 4.98: SFY12: v = 1, v = 0.1, v = 0.01; h = 0.0125, £ = 0.0001 i¢in
Problem 1’ in niimerik ve tam ¢oziimleri

v = 1.0(k = 0.00001) vr=20.1 v =10.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01358 0.01357 0.30891  0.30889 0.34193 0.34191
0.6 0.00189 0.00189 0.24076  0.24074 0.26897  0.26896
0.8 0.00026 0.00026 0.19569  0.19568 0.22148  0.22148
1.0 0.00004 0.00004 0.16258  0.16256 0.18819  0.18819
3.0 0.00000 0.00000 0.02721  0.02720 0.07511 0.07511
050 04 0.01924 0.01924 0.56970  0.56963 0.66079 0.66071
0.6 0.00267 0.00267 0.44727 0.44721 0.52945  0.52942
0.8 0.00037 0.00037 0.35929 0.35924 0.43915 0.43914
1.0 0.00005 0.00005 0.29197 0.29192 0.37442  0.37442
3.0 0.00000 0.00000 0.04022  0.04020 0.15017  0.15018
0.75 04 0.01364 0.01363 0.62553 0.62544 0.91058  0.91026
0.6 0.00189 0.00189 0.48732 0.48721 0.76738 0.76724
0.8 0.00026 0.00026 0.37402 0.37392 0.64746  0.64740
1.0 0.00004 0.00004 0.28755  0.28747 0.55608  0.55605
3.0 0.00000 0.00000 0.02978  0.02977 0.22483 0.22481
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Tablo 4.100: SFY12: t =0.1, v = 1, £ = 0.00001 i¢in Problem 2’ nin niimerik
ve tam ¢oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11383 0.11312  0.11295 0.11290 0.11289
0.2 0.21805 0.21669  0.21635 0.21627 0.21625
0.3 0.30346 0.30158  0.30111 0.30099 0.30097
0.4 0.36182  0.35959  0.35903 0.35889 0.35886
0.5 0.38657 0.38420  0.38360 0.38345 0.38342
0.6 0.37368 0.37140  0.37083 0.37069 0.37066
0.7 0.32266  0.32071  0.32021 0.32009 0.32007
0.8 0.23727 0.23584  0.23548 0.23539 0.23537
0.9 0.12572  0.12497  0.12478 0.12473 0.12472

lell x 103 7.37898 191874  0.45704 0.07965

Ly x 10? 2.22476  0.54820  0.12725 0.02190

Lo x 10? 3.14470 0.77501  0.17993 0.03101

Tablo 4.101: SFY12: v =1, v = 0.1, v = 0.01; A = 0.0125, £ = 0.0001 i¢in
Problem 2’ nin niimerik ve tam ¢oziimleri

v = 1.0(k = 0.00001) vr=20.1 v =10.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01401 0.01400 0.31755  0.31752 0.36231  0.36226
0.6 0.00195 0.00195 0.24616 0.24614 0.28207  0.28204
0.8 0.00027 0.00027 0.19957  0.19956 0.23047  0.23045
1.0 0.00004 0.00004 0.16562 0.16560 0.19470  0.19469
3.0 0.00000 0.00000 0.02777  0.02776 0.07613 0.07613
0.50 04 0.01985 0.01985 0.58461 0.58454 0.68376  0.68368
0.6 0.00276 0.00276 0.45804  0.45798 0.54836  0.54832
0.8 0.00038 0.00038 0.36746  0.36740 0.45374 0.45371
1.0 0.00005 0.00005 0.29840 0.29834 0.38570  0.38568
3.0 0.00000 0.00000 0.04108 0.04106 0.15218 0.15218
0.75 04 0.01407 0.01407 0.64572  0.64562 0.92074  0.92050
0.6 0.00195 0.00195 0.50279  0.50268 0.78312  0.78299
0.8 0.00027 0.00027 0.38544 0.38534 0.66278  0.66272
1.0 0.00004 0.00004 0.29594  0.29586 0.56935 0.56932
3.0 0.00000 0.00000 0.03045 0.03044 0.22776  0.22774
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Tablo 4.102: SFY12: h = 0.0125, £ = 0.00001; v = 0.005 ve v = 0.001 i¢in
Problem 2’ nin niimerik sonuglarin kargilagtirilmasi

[30] [40] SEY12

T t vy =0.0060 v =20.001 v =20.006 v =0.001 v =0.000 v =0.001

0.25 0.05 0.67590 0.67711 0.67609 0.67738 0.67607 0.67736
0.15 0.55176 0.55315 0.55250 0.55496 0.55257 0.55502
0.25 0.43326 0.44450 0.46081 0.46349 0.46085 0.46352
0.50 0.05 0.98812 0.98957 0.98829 0.98983 0.98829 0.98983
0.15  0.91808 0.92073 0.91887 0.92241 0.91894 0.92248
0.25 0.81389 0.80709 0.82346 0.82748 0.82352 0.82754
0.75 0.05 0.82318 0.82497 0.82332 0.82522 0.82334 0.82524
0.15  0.94539 0.95063 0.94646 0.95282 0.94642 0.95277
0.25 0.97717 0.97296 0.99002 0.99815 0.99004 0.99816

Tablo 4.103: SFY12: h = 0.0125, £ = 0.00001; v = 0.0005 ve v = 0.0001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[40] SFY12
ot v =00005 »=00001 v =00005 v=0.0001
0.25 0.05 0.67754  0.67767 0.67752  0.67765
0.15 0.55526  0.55551 0.55533  0.55557
0.25 046382  0.46409 0.46385  0.46412
0.50 0.05 0.99002  0.99017 0.99002  0.99017
0.15 0.92285  0.92320 0.92292  0.92327
0.25 0.82798  0.82838 0.82804  0.82844
0.75 0.05 0.82456  0.82565 0.82548  0.82567
0.15 0.95361  0.95424 0.95356  0.95419
0.25 0.99915  0.99996 0.99916  0.99997
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Tablo 4.104: SFY12: v = 0.5, h = 0.05, k = 0.0001 ve [a,b] = [0,8] icin

Problem 3’ {in niimerik ve tam ¢oziimleri

t=1.5 t=3.0 t=4.5
T Niimerik Tam Niimerik Tam Niimerik Tam
0.5 0.15331 0.15327 0.06428  0.06426 0.03800 0.03799
1.0 0.26582  0.26577 0.11883 0.11880 0.07188 0.07187
1.5 0.30415 0.30412 0.15511  0.15509 0.09795 0.09793
2.0 0.26141 0.26142 0.16764 0.16762 0.11340 0.11339
2.5 0.17213 0.17217 0.15629 0.15630 0.11699 0.11698
3.0 0.08805 0.08807 0.12737 0.12738 0.10949  0.10949
3.5 0.03582  0.03582 0.09131  0.09132 0.09368  0.09369
4.0 0.01186 0.01186 0.05796  0.05797 0.07360 0.07361
4.5 0.00325 0.00325 0.03284 0.03284 0.05329 0.05330
5.0 0.00074  0.00074 0.01673 0.01674 0.03571  0.03572
5.5 0.00014 0.00014 0.00772  0.00772 0.02223 0.02224
6.0 0.00002  0.00002 0.00324 0.00324 0.01290 0.01292
6.5 0.00000  0.00000 0.00124 0.00124 0.00697  0.00702
7.0 0.00000  0.00000 0.00043  0.00043 0.00345 0.00358
7.5 0.00000  0.00000 0.00013 0.00014 0.00139 0.00172

4.14 Sonlu Fark Yaklagimi 13 (SFY13)

(4.1) Burgers denkleminde UU, non-lineer teriminin yerine
Uiy + U 4 UL, U - U7

DU, 2 (R (i

sonlu fark yaklagimi|62| U,, tiirevinin yerine
i+1 +1 +1
e

kapali sonlu fark yaklagimi yazilir ve gerekli diizenlemeler yapilirsa

(g T U g T
Ul U 4+ U7 < !
(( H_1+6;l+ 1-1)_%) ijillz% 7 Zzl(l)N_L :O(l)J

kapali sonlu fark yaklagimi bulunur.
Niimerik Sonuglar

Problem 1, Problem 2 ve Problem 3’ in SFY13 ile elde edilen niimerik
¢ozlimleri Tablo 4.105-4.112 de verildi.
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v =1, k = 0.00001 degerleri ve degisik mesh uzunlugu h i¢in Problem
1" in SFY13 ile elde edilen ¢t = 0.1 deki niimerik ¢oziimleri ile problemin tam
¢OzUmiiniin karsilagtirilmas: Tablo 4.105 de verildi. A~ = 0.0125, £ = 0.0001
degerleri ve kinematik viskosite v niin 1, 0.1, 0.001 degerleri i¢in Problem
17 in ¢esitli ¢t zamanlarinda SFY13 ile elde edilen niimerik ¢oziimler ile ana-
litik ¢Ozlimiin karsilagtirilmasi Tablo 4.106 da verildi. Tablolardan, niimerik
¢Oziimlerin analitik ¢oziim ile uyum igerisinde oldugu ve A nin kiiciik segilmesi

durumunda niimerik ¢oziimlerin analitik ¢oziime yakin oldugu goriilmektedir.

h = 0.0125, £ = 0.00001 alnarak v niin 0.005, 0.001, 0.0005, 0.0001
degerleri i¢in Problem 1" in SFY13 ile elde edilen niimerik sonuglar ile énceki
aragtirmacilarin verdikleri sonuclarin karsilagtirilmasi Tablo 4.107 de verildi.

Tablodan sonuglarin uyum icerisinde oldugu kolayca goriilmektedir.

Mesh uzunlugu h ve kinematik viskosite v niin degisik degerleri igin
Problem 2’ nin farkh ¢ zamanlarinda SFY13 ile elde edilen niimerik ¢6ziim-
leri ile tam ¢6ziimii Tablo 4.108 ve Tablo 4.109 da karsilastirildi. Tablolardan

kolayca goriildiigii iizere sonuglar birbirleriyle uyum icerisindedir.

v =0.005, 0.001, 0.0005, 0.0001 degerleri i¢in Problem 2’ nin c¢esitli
zamanlarda SFY13 ile elde edilen niimerik ¢6ziimler ile 6nceki aragtirmacilarin
elde ettikleri sonuglar Tablo 4.110 ve Tablo 4.111 de karsilagtirildi ve sonuglarin

birbirleriyle uyumlu oldugu goriildii.

Tablo 4.112 de Problem 3’ iin v = 0.5, h = 0.05, £ = 0.0001 degerleri
igin SFY13 ile edilen niimerik sonuglar ile tam ¢oziim kargilagtirildi. Tablodan

niimerik ¢oziimlerin analitik ¢oziime yakin oldugu kolayca goriilmektedir.
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Tablo 4.105: SFY13: ¢t =0.1, v = 1, £ = 0.00001 i¢in Problem 1’ in niimerik
ve tam ¢oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11046  0.10977  0.10960 0.10956 0.10954
0.2 0.21155 0.21024  0.20991 0.20983 0.20979
0.3 0.29434 0.29252  0.29206 0.29195 0.29190
0.4 0.35084 0.34866  0.34812 0.34799 0.34792
0.5 0.37468 0.37237  0.37179 0.37164 0.37158
0.6 0.36203  0.35980  0.35925 0.35911 0.35905
0.7 0.31247 0.31056  0.31008 0.30996 0.30991
0.8 0.22969 0.22830  0.22795 0.22786 0.22782
0.9 0.12168 0.12094  0.12075 0.12071 0.12069

lelly x 103 7.48870 2.01000  0.55132 0.17574

Ly x 10? 2.19034 0.55702  0.14886 0.04683

Lo x 10? 3.10002 0.78817  0.21071 0.06631

Tablo 4.106: SFY13: v =1, v = 0.1, v = 0.01; A = 0.0125, £ = 0.0001 i¢in
Problem 1’ in niimerik ve tam ¢oziimleri

vr=1.0 vr=20.1 v =0.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01361 0.01357 0.30895  0.30889 0.34196 0.34191
0.6 0.00190 0.00189 0.24078  0.24074 0.26900 0.26896
0.8 0.00026  0.00026 0.19571 0.19568 0.22151 0.22148
1.0 0.00004  0.00004 0.16260 0.16256 0.18821 0.18819
3.0 0.00000  0.00000 0.02722  0.02720 0.07512 0.07511
0.50 04 0.01928 0.01924 0.56974  0.56963 0.66081 0.66071
0.6 0.00268  0.00267 0.44730 0.44721 0.52949  0.52942
0.8 0.00037  0.00037 0.35932  0.35924 0.43919 0.43914
1.0 0.00005  0.00005 0.29200 0.29192 0.37446  0.37442
3.0 0.00000  0.00000 0.04023  0.04020 0.15019  0.15018
0.75 04 0.01366 0.01363 0.62550 0.62544 0.91046 0.91026
0.6 0.00190 0.00189 0.48734 0.48721 0.76738  0.76724
0.8 0.00026  0.00026 0.37406 0.37392 0.64748  0.64740
1.0 0.00004  0.00004 0.28760  0.28747 0.55611 0.55605
3.0 0.00000  0.00000 0.02979  0.02977 0.22484 0.22481
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Tablo 4.108: SFY13:t = 0.1, v = 1, £ = 0.00001 i¢in Problem 2’ nin niimerik
ve tam ¢oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11384 0.11313  0.11296 0.11291 0.11289
0.2 0.21807 0.21671  0.21637 0.21629 0.21625
0.3 0.30349 0.30161  0.30114 0.30102 0.30097
0.4 0.36185 0.35963  0.35907 0.35893 0.35886
0.5 0.38660 0.38423  0.38364 0.38349 0.38342
0.6 0.37372 0.37144  0.37087 0.37072 0.37066
0.7 0.32270  0.32074  0.32025 0.32012 0.32007
0.8 0.23730 0.23586  0.23550 0.23541 0.23537
0.9 0.12574 0.12498  0.12479 0.12474 0.12472

lell x 103 746611 2.01126  0.55214 0.17600

Ly x 10? 2.25100 0.57460  0.15369 0.04835

Lo x 10? 3.18163 0.81218  0.21731 0.06839

Tablo 4.109: SFY13: v =1, v = 0.1, v = 0.01; A = 0.0125, £ = 0.0001 i¢in
Problem 2’ nin niimerik ve tam ¢oziimleri

vr=1.0 v=20.1 v =0.01
T t Niimerik Tam Niimerik Tam Nimerik Tam
0.25 04 0.01404 0.01400 0.31758  0.31752 0.36234  0.36226
0.6 0.00196 0.00195 0.24618 0.24614 0.28210 0.28204
0.8 0.00027  0.00027 0.19959 0.19956 0.23050  0.23045
1.0 0.00004  0.00004 0.16563 0.16560 0.19473  0.19469
3.0 0.00000  0.00000 0.02778  0.02776 0.07614 0.07613
0.50 04 0.01990 0.01985 0.58464 0.58454 0.68377 0.68368
0.6 0.00277  0.00276 0.45807 0.45798 0.54839  0.54832
0.8 0.00038  0.00038 0.36749  0.36740 0.45378 0.45371
1.0 0.00005  0.00005 0.29843 0.29834 0.38573  0.38568
3.0 0.00000  0.00000 0.04109 0.04106 0.15219 0.15218
0.75 04 0.01410 0.01407 0.64568 0.64562 0.92063  0.92050
0.6 0.00196  0.00195 0.50281  0.50268 0.78310  0.78299
0.8 0.00027  0.00027 0.38548 0.38534 0.66280 0.66272
1.0 0.00004  0.00004 0.29598  0.29586 0.56938  0.56932
3.0 0.00000  0.00000 0.03046  0.03044 0.22778  0.22774
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Tablo 4.110: SFY13: h = 0.0125, £ = 0.00001; v = 0.005 ve v = 0.001 i¢in
Problem 2’ nin niimerik sonuglarin kargilagtirilmasi

[30] [40] SEFY13

T t vy =0.0060 v =20.001 v =20.006 v =0.001 v =0.000 v =0.001

0.25 0.05 0.67590 0.67711 0.67609 0.67738 0.67607 0.67736
0.15 0.55176 0.55315 0.55250 0.55496 0.55257 0.55502
0.25 0.43326 0.44450 0.46081 0.46349 0.46085 0.46352
0.50 0.05 0.98812 0.98957 0.98829 0.98983 0.98828 0.98982
0.15  0.91808 0.92073 0.91887 0.92241 0.91893 0.92247
0.25 0.81389 0.80709 0.82346 0.82748 0.82351 0.82753
0.75 0.05 0.82318 0.82497 0.82332 0.82522 0.82334 0.82524
0.15  0.94539 0.95063 0.94646 0.95282 0.94641 0.95276
0.25 0.97717 0.97296 0.99002 0.99815 0.99002 0.99814

Tablo 4.111: SFY13: h = 0.0125, £ = 0.00001; v = 0.0005 ve v = 0.0001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[40] SFY13
ot v =00005 »=00001 v =00005 v=0.0001
0.25 0.05 0.67754  0.67767 0.67752  0.67765
0.15 0.55526  0.55551 0.55533  0.55558
0.25 046382  0.46409 0.46386  0.46412
0.50 0.05 0.99002  0.99017 0.99001  0.99017
0.15 0.92285  0.92320 0.92291  0.92326
0.25 0.82798  0.82838 0.82803  0.82843
0.75 0.05 0.82456  0.82565 0.82548  0.82567
0.15 0.95361  0.95424 0.95355  0.95418
0.25 0.99915  0.99996 0.99915  0.99995
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Tablo 4.112: SFY13: v = 0.5, h = 0.05, & = 0.0001 ve [a,b] = [0,8] igin
Problem 3’ {in niimerik ve tam ¢oziimleri

t=1.5 t=3.0 t=4.5
T Nimerik Tam Niumerik  Tam Nimerik  Tam
0.5 0.15332  0.15327 0.06428  0.06426 0.03800  0.03799
1.0 0.26583  0.26577 0.11884  0.11880 0.07188  0.07187
1.5 0.30416  0.30412 0.15512  0.15509 0.09795 0.09793
2.0 0.26140 0.26142 0.16764 0.16762 0.11340 0.11339
2.5 0.17213 0.17217 0.15629 0.15630 0.11699 0.11698
3.0 0.08804  0.08807 0.12736  0.12738 0.10949  0.10949
3.5 0.03582  0.03582 0.09130 0.09132 0.09368  0.09369
4.0 0.01186 0.01186 0.05796 0.05797 0.07359  0.07361
4.5 0.00325  0.00325 0.03284 0.03284 0.05329  0.05330
5.0 0.00074  0.00074 0.01673 0.01674 0.03571  0.03572
5.5 0.00014  0.00014 0.00772  0.00772 0.02223 0.02224
6.0 0.00002  0.00002 0.00324 0.00324 0.01290 0.01292
6.5 0.00000  0.00000 0.00124 0.00124 0.00697  0.00702
7.0 0.00000  0.00000 0.00043  0.00043 0.00345 0.00358
7.5 0.00000  0.00000 0.00013  0.00014 0.00139 0.00172

4.15 Sonlu Fark Yaklagimi 14 (SFY14)

(4.1) Burgers denkleminde UU, non-lineer teriminin yerine

J+1 J+1 J+1 J J
Ui+1 +U + U Ui+1 - U,

U, = - )(—HEL i

sonlu fark yaklagimi|62| U,, tiirevinin yerine

Ui, —2U0] + Ui,
B2

I

UZI!:I?

agik sonlu fark yaklagimi yazilir ve gerekli diizenlemeler yapilirsa

Ui, — Ul Gh+ kU, —UL) . UL, —U.,
(PR Ty (P By (e Sy
J . . .
%"‘%(UZJA—ZW"‘ULI) o i=1HN =1 5 =001)J

kapali sonlu fark yaklagimi bulunur.
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Niimerik Sonuclar

Problem 1, Problem 2 ve Problem 3’ in SFY14 ile elde edilen niimerik
¢oziimleri Tablo 4.113-4.120 de verildi.

Tablo 4.113 ve 4.114 de Problem 1’ in mesh uzunlugu A ve kinematik
viskosite v niin degisik degerleri i¢in SF'Y14 ile elde edilen niimerik ¢oziimleri
ile problemin tam ¢oziimii kargilagtirilirken, Tablo 4.115 de v niin baz kii¢iik
degerleri icin elde edilen niimerik ¢oziimleri ile 6nceki arastirmacilarin elde

ettikleri niimerik sonuglar kargilagtirildi.

Tablo 4.116 ve 4.117 de Problem 2’ nin mesh uzunlugu h ve kinematik
viskosite v niin degigik degerleri i¢in SFY14 ile elde edilen niimerik ¢éziimleri
ile problemin tam ¢éziimi kargilagtirildi. Tablo 4.118 de v niin 0.005 ve 0.001
degerleri icin elde edilen niimerik ¢oziimler ve Tablo 4.119 da v niin 0.0005 ve
0.0001 degerleri icin elde edilen niimerik ¢oziimler ile 6nceki aragtirmacilarin

elde ettikleri niimerik sonuclar karsilagtirildi.

Tablo 4.120 de Problem 3’ iin h = 0.05, £ = 0.0001 ve v = 0.5 degerleri
igin SFY14 ile elde edilen t = 1.5, t = 3, ve t = 4.5 zamanlarindaki niimerik

¢Oziimleri ve problemin tam ¢oziimii verildi.

Tablolardan kolayca goriilecegi gibi SF'Y 14 ile elde edilen niimerik sonuglar
tam ¢ozlime oldukca yakindir ve literatiirde mevcut olan 6nceki aragtirma-

cilarin verdigi sonuglarla uyum igerisindedir.
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Tablo 4.113: SFY14: t = 0.1, v = 1, £ = 0.00001 i¢in Problem 1’ in niimerik
ve tam ¢oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11045 0.10976  0.10959 0.10955 0.10954
0.2 0.21153 0.21022  0.20989 0.20981 0.20979
0.3 0.29432 0.29249  0.29203 0.29192 0.29190
0.4 0.35080  0.34863  0.34809 0.34795 0.34792
0.5 0.37464 0.37233  0.37175 0.37161 0.37158
0.6 0.36199  0.35977  0.35921 0.35907 0.35905
0.7 0.31243 0.31053  0.31005 0.30993 0.30991
0.8 0.22967 0.22827  0.22792 0.22783 0.22782
0.9 0.12166  0.12093  0.12074 0.12070 0.12069

lelly x 103 7.40224 191819  0.45691 0.08003

Ly x 10? 2.16508 0.53162  0.12342 0.02139

Lo x 10? 3.06447 0.75244  0.17476 0.03037

Tablo 4.114: SFY14: v =1, v = 0.1, v = 0.01; A = 0.0125, £ = 0.0001 i¢in
Problem 1’ in niimerik ve tam ¢oziimleri

v = 1.0(k = 0.00001) vr=20.1 v =10.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01358 0.01357 0.30894  0.30889 0.34197 0.34191
0.6 0.00189 0.00189 0.24078  0.24074 0.26900 0.26896
0.8 0.00026 0.00026 0.19571  0.19568 0.22151 0.22148
1.0 0.00004 0.00004 0.16260 0.16256 0.18821 0.18819
3.0 0.00000 0.00000 0.02721  0.02720 0.07512 0.07511
050 04 0.01924 0.01924 0.56974  0.56963 0.66084 0.66071
0.6 0.00267 0.00267 0.44730 0.44721 0.52950 0.52942
0.8 0.00037 0.00037 0.35932 0.35924 0.43919 0.43914
1.0 0.00005 0.00005 0.29199 0.29192 0.37446  0.37442
3.0 0.00000 0.00000 0.04022  0.04020 0.15019 0.15018
0.75 04 0.01364 0.01363 0.62555  0.62544 0.91061 0.91026
0.6 0.00189 0.00189 0.48734 0.48721 0.76744 0.76724
0.8 0.00026 0.00026 0.37403 0.37392 0.64751  0.64740
1.0 0.00004 0.00004 0.28757  0.28747 0.55613  0.55605
3.0 0.00000 0.00000 0.02979  0.02977 0.22484  0.22481

134



00000°T 106660 1226670 7.L86°0 666660 006660 9.L66°0 €LL86°0 Gc o

LOTV6°0 621760  080¥6'0  9¥TE6°0 gITH6°0 FEIF6'0  GE0F60  0STE60 G1°0
181280 €eTL8°0 €080  G6S9%°0 9LTL8°0 QCTIL8°0  890.80 682980 010
6688L°0 0888L°0  9988.°0  9998L.°0 9688L°0 LJ88)°0  €G988L°0  €998L°0 €00
9622L 0 €622L°0  0623L°0  09%2L0 g1€TL0 60€CL°0  GOETL0  GLTTLO 100 GL0
2908°0 GRGO8'0  8EC08°0  FIT080 ¢1908°0 816080  TES080  8GT0S0 Gz0
LS606°0 026060  €.8060  S6V06°0 096060 216060 98060  88¥06°0 )
16€GS6°0 667C6'0  6S¥S60  THIS60 TEGC6'0 00SS6'0  T19¥S6'0  SGFIS6°0 010
96.86°0 QLI86'0  GGL86'0 695860 162860 8L186'0  GGL86'0  69GR6'0 500
056660 9¥666'0  I¥666'0 06660 676660 G¥666'0  0F666'0 006660 100 050
TLIEV 0 LGIEF'0  SEIEV0 166870 99TEF0 ZCIEF'0  €EIEF0 986310 <z0
L091S°0 T6G1S0  TLCIG0  LIVICO 0091S°0 ¥8GIC0  G9STIS0  60FIG0 ¢1°0
266950 L1690 096950 LT89S0 766950 6L69S°0 796950  0Z89G°0 01°0
0v€£9°0 06€€9°0  LTIEE90  81%E90 17€€9°0 1€6€9°0 61890  0TZ€90 00
8CT69°0 9S169°0  7S169°0 921690 €¥169°0 71690  LE169°0  TT169°0 100 G20

10000 =7 G0000=7 T000=4 G000=7  T0000=+ G0000=+ T000= GOO'0=~" P

V1AALS lov]

rsewrLnSeiSiey] ULRONUOS YLOWNU Ul
T T[0T UDI TO00'0 = 7 94 G000'0 = 2 ‘TO0'0 = 7 ‘G00°0 = / ‘T0000°0 = ¥ ‘GZT0'0 = Y *FTAAS ‘CTT¥ O[qBL

135



Tablo 4.116: SFY14: t = 0.1, v = 1, £ = 0.00001 i¢in Problem 2’ nin niimerik
ve tam ¢oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11383 0.11312  0.11295 0.11290 0.11289
0.2 0.21805 0.21669  0.21636 0.21627 0.21625
0.3 0.30346 0.30158  0.30111 0.30099 0.30097
0.4 0.36182  0.35959  0.35903 0.35889 0.35886
0.5 0.38657 0.38420  0.38360 0.38345 0.38342
0.6 0.37368 0.37140  0.37083 0.37069 0.37066
0.7 0.32266  0.32071  0.32021 0.32009 0.32007
0.8 0.23727 0.23584  0.23548 0.23539 0.23537
0.9 0.12572  0.12497  0.12478 0.12473 0.12472

lell x 103 7.37968 191954  0.45787 0.08049

Ly x 10? 2.22496 0.54842  0.12747 0.02213

Lo x 10? 3.14506  0.77540  0.18031 0.03138

Tablo 4.117: SFY14: v =1, v = 0.1, v = 0.01; A = 0.0125, £ = 0.0001 i¢in
Problem 2’ nin niimerik ve tam ¢oziimleri

v = 1.0(k = 0.00001) vr=20.1 v =10.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01401 0.01400 0.31757 0.31752 0.36235 0.36226
0.6 0.00195 0.00195 0.24618 0.24614 0.28210 0.28204
0.8 0.00027 0.00027 0.19959  0.19956 0.23050  0.23045
1.0 0.00004 0.00004 0.16563 0.16560 0.19473  0.19469
3.0 0.00000 0.00000 0.02777  0.02776 0.07614 0.07613
0.50 04 0.01985 0.01985 0.58465 0.58454 0.68381 0.68368
0.6 0.00276 0.00276 0.45807 0.45798 0.54841 (0.54832
0.8 0.00038 0.00038 0.36748  0.36740 0.45379 0.45371
1.0 0.00005 0.00005 0.29842 0.29834 0.38574  0.38568
3.0 0.00000 0.00000 0.04108 0.04106 0.15219 0.15218
0.75 04 0.01407 0.01407 0.64573  0.64562 0.92077  0.92050
0.6 0.00195 0.00195 0.50281  0.50268 0.78317  0.78299
0.8 0.00027 0.00027 0.38546 0.38534 0.66284  0.66272
1.0 0.00004 0.00004 0.29596  0.29586 0.56940 0.56932
3.0 0.00000 0.00000 0.03045 0.03044 0.22778  0.22774
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Tablo 4.118: SFY14: h = 0.0125, £ = 0.00001; v = 0.005 ve v = 0.001 i¢in
Problem 2’ nin niimerik sonuglarin kargilagtirilmasi

[30] [40] SEY14

T t vy =0.0060 v =20.001 v =20.006 v =0.001 v =0.000 v =0.001

0.25 0.05 0.67590 0.67711 0.67609 0.67738 0.67607 0.67736
0.15 0.55176 0.55315 0.55250 0.55496 0.55257 0.55503
0.25 0.43326 0.44450 0.46081 0.46349 0.46085 0.46353
0.50 0.05 0.98812 0.98957 0.98829 0.98983 0.98829 0.98983
0.15  0.91808 0.92073 0.91887 0.92241 0.91894 0.92248
0.25 0.81389 0.80709 0.82346 0.82748 0.82352 0.82754
0.75 0.05 0.82318 0.82497 0.82332 0.82522 0.82334 0.82525
0.15  0.94539 0.95063 0.94646 0.95282 0.94642 0.95277
0.25 0.97717 0.97296 0.99002 0.99815 0.99004 0.99816

Tablo 4.119: SFY14: h = 0.0125, k£ = 0.00001; v = 0.0005 ve v = 0.0001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[40] SFY14
ot v =00005 »=00001 v =00005 v=0.0001
0.25 0.05 0.67754  0.67767 0.67752  0.67765
0.15 0.55526  0.55551 0.55533  0.55558
0.25 046382  0.46409 0.46386  0.46413
0.50 0.05 0.99002  0.99017 0.99002  0.99017
0.15 0.92285  0.92320 0.92292  0.92327
0.25 0.82798  0.82838 0.82804  0.82844
0.75 0.05 0.82456  0.82565 0.82548  0.82567
0.15 0.95361  0.95424 0.95356  0.95419
0.25 0.99915  0.99996 0.99916  0.99997
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Tablo 4.120: SFY14: v = 0.5, h = 0.05, £ = 0.0001 ve [a,b] = [0,8] igin
Problem 3’ {in niimerik ve tam ¢oziimleri

t=1.5 t=3.0 t=4.5
T Nimerik Tam Niumerik  Tam Nimerik  Tam
0.5 0.15331  0.15327 0.06428  0.06426 0.03800  0.03799
1.0 0.26582  0.26577 0.11883  0.11880 0.07188  0.07187
1.5 0.30415 0.30412 0.15511  0.15509 0.09795 0.09793
2.0 0.26141 0.26142 0.16764 0.16762 0.11340 0.11339
2.5 0.17214 0.17217 0.15630  0.15630 0.11699 0.11698
3.0 0.08805  0.08807 0.12737 0.12738 0.10949  0.10949
3.5 0.03582  0.03582 0.09131 0.09132 0.09368  0.09369
4.0 0.01186 0.01186 0.05796  0.05797 0.07360 0.07361
4.5 0.00325  0.00325 0.03284 0.03284 0.05329  0.05330
5.0 0.00074  0.00074 0.01673 0.01674 0.03571  0.03572
5.5 0.00014  0.00014 0.00772  0.00772 0.02223 0.02224
6.0 0.00002  0.00002 0.00324 0.00324 0.01290 0.01292
6.5 0.00000  0.00000 0.00124 0.00124 0.00697  0.00702
7.0 0.00000  0.00000 0.00043  0.00043 0.00345 0.00358
7.5 0.00000  0.00000 0.00013  0.00014 0.00139 0.00172

4.16 Sonlu Fark Yaklasim 15 (SFY15)

(4.1) Burgers denkleminde UU, non-lineer teriminin yerine
1. U —U) I gt
UU;U ~ U_j—i—l i+1 i—1 Ul i+1 i—1

sonlu fark yaklagimi|[15| U,, tiirevinin yerine
U 0 Ul
12

1%

wa

agik sonlu fark yaklagimi yazilir ve gerekli diizenlemeler yapilirsa

Ul Ah + k(U — U , Ul U’ , . ,
L PO 2O B O P vt vy

i=11)N =1, j=0(1)J

kapali sonlu fark yaklagimi bulunur.
Niimerik Sonuglar

Problem 1, Problem 2 ve Problem 3’ in SFY15 ile elde edilen niimerik
¢ozlimleri Tablo 4.121-4.128 de verildi.
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Tablo 4.121 de Problem 1’ in ¢t = 0.1, » = 1, £ = 0.00001 alinarak mesh
uzunlugu A nin degisik degerleri i¢in niimerik ve tam ¢oziimii karsilagtirildi.
Tablodan niimerik ¢oziimlerin tam ¢oziimle uyum igerisinde oldugu ve mesh
uzunlugu h nin kiigiik segilmesi durumunda elde edilen niimerik ¢oziimlerin

analitik ¢oziime oldukca yaklagtigi goriilmektedir.

Tablo 4.122 de Problem 1’ in h = 0.0125, £ = 0.0001 alinarak kine-
matik viskosite v niin 1, 0.1, 0.001 degerleri i¢in ¢esitli ¢ zamanlarinda niimerik
¢Oziimler analitik ¢ozlimle kargilagtirildi ve her iki ¢6zlimiin birbirleriyle uyumlu

oldugu goriildii.

Tablo 4.123 de Problem 1’ in A = 0.0125, £ = 0.00001 alimarak v
niin 0.005, 0.001, 0.0005, 0.0001 degerleri i¢cin SEY15 ile elde edilen niimerik
sonuclar ile 6nceki aragtirmacilarin verdikleri sonuglar kargilagtirildi. Tablodan

sonuglarin uyum icerisinde oldugu kolayca goriilmektedir.

Tablo 4.124 ve Tablo 4.125 de Problem 2’ nin mesh uzunlugu h ve
kinematik viskosite v niin degigik degerleri i¢in farkli ¢ zamanlarinda elde
edilen niimerik ¢oziimler ile tam ¢ozlim kargilagtirildi. Tablolardan sonuglarin

iyi oldugu goriilmektedir.

Tablo 4.126 ve Tablo 4.127 de Problem 2’ nin v =0.005, 0.001, 0.0005,
0.0001 degerleri i¢in gesitli zamanlarda elde edilen niimerik ¢éziimler ile 6nceki
aragtirmacilarin elde ettikleri sonuclar karsilagtirildi ve sonuglarin birbirlerine

yakin oldugu goriildii.

Tablo 4.128 de Problem 3’ iin v = 0.5, h = 0.05, £ = 0.0001 degerleri
igin SFY15 ile edilen niimerik sonuglar ile tam ¢oziim karsilagtirildi. Tablodan

niimerik sonuclarin analitik ¢éziime yakin oldugu kolayca goriilmektedir.
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Tablo 4.121: SFY15: ¢t =0.1, v = 1, £ = 0.00001 i¢in Problem 1’ in niimerik
ve tam ¢oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11029 0.10972  0.10958 0.10955 0.10954
0.2 0.21127 0.21015  0.20988 0.20981 0.20979
0.3 0.29404 0.29242  0.29202 0.29192 0.29190
0.4 0.35063 0.34859  0.34808 0.34795 0.34792
0.5 0.37464 0.37233  0.37175 0.37161 0.37158
0.6 0.36219  0.35982  0.35923 0.35908 0.35905
0.7 0.31277 0.31061  0.31007 0.30993 0.30991
0.8 0.23002 0.22836  0.22794 0.22784 0.22782
0.9 0.12189 0.12098  0.12076 0.12070 0.12069

lelly x 103 7.48878 1.94117  0.46249 0.08104

Ly x 10? 2.20192 0.54051  0.12552 0.02180

Lo x 10? 3.14738 0.77284  0.18025 0.03154

Tablo 4.122: SFY15: v =1, v = 0.1, v = 0.01; A = 0.0125, £ = 0.0001 i¢in
Problem 1’ in niimerik ve tam ¢oziimleri

v = 1.0(k = 0.00001) vr=20.1 v =10.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01358 0.01357 0.30890 0.30889 0.34193 0.34191
0.6 0.00189 0.00189 0.24075  0.24074 0.26898  0.26896
0.8 0.00026 0.00026 0.19569  0.19568 0.22149 0.22148
1.0 0.00004 0.00004 0.16258  0.16256 0.18820 0.18819
3.0 0.00000 0.00000 0.02721  0.02720 0.07512 0.07511
050 04 0.01924 0.01924 0.56968  0.56963 0.66076 0.66071
0.6 0.00267 0.00267 0.44727 0.44721 0.52945  0.52942
0.8 0.00037 0.00037 0.35930 0.35924 0.43916 0.43914
1.0 0.00005 0.00005 0.29199 0.29192 0.37443 0.37442
3.0 0.00000 0.00000 0.04023  0.04020 0.15018 0.15018
0.75 04 0.01364 0.01363 0.62565 0.62544 0.91045 0.91026
0.6 0.00189 0.00189 0.48744 0.48721 0.76733 0.76724
0.8 0.00026 0.00026 0.37412  0.37392 0.64744  0.64740
1.0 0.00004 0.00004 0.28763  0.28747 0.55608  0.55605
3.0 0.00000 0.00000 0.02979  0.02977 0.22484  0.22481
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Tablo 4.124: SFY15:t = 0.1, v = 1, £ = 0.00001 i¢in Problem 2’ nin niimerik
ve tam ¢oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11366 0.11308  0.11294 0.11290 0.11289
0.2 0.21776 0.21662  0.21634 0.21627 0.21625
0.3 0.30316  0.30151  0.30109 0.30099 0.30097
0.4 0.36163 0.35955  0.35902 0.35889 0.35886
0.5 0.38657 0.38420  0.38360 0.38345 0.38342
0.6 0.37390 0.37146  0.37084 0.37069 0.37066
0.7 0.32303 0.32079  0.32024 0.32010 0.32007
0.8 0.23765 0.23593  0.23550 0.23539 0.23537
0.9 0.12596 0.12502  0.12479 0.12473 0.12472

lell x 103 7.46622 1.94242  0.46340 0.08145

Ly x 10? 2.26398 0.55777  0.12967 0.02256

Lo x 10? 3.23854 0.79791  0.18622 0.03266

Tablo 4.125: SFY15: v =1, v = 0.1, v = 0.01; A = 0.0125, £ = 0.0001 i¢in
Problem 2’ nin niimerik ve tam ¢oziimleri

v = 1.0(k = 0.00001) vr=20.1 v =10.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01401 0.01400 0.31753 0.31752 0.36227  0.36226
0.6 0.00195 0.00195 0.24615 0.24614 0.28205 0.28204
0.8 0.00027 0.00027 0.19957  0.19956 0.23046  0.23045
1.0 0.00004 0.00004 0.16562 0.16560 0.19470  0.19469
3.0 0.00000 0.00000 0.02777  0.02776 0.07614 0.07613
0.50 04 0.01985 0.01985 0.58458  0.58454 0.68371 0.68368
0.6 0.00276 0.00276 0.45803 0.45798 0.54833  0.54832
0.8 0.00038 0.00038 0.36747  0.36740 0.45373 0.45371
1.0 0.00005 0.00005 0.29841 0.29834 0.38569  0.38568
3.0 0.00000 0.00000 0.04109 0.04106 0.15218 0.15218
0.75 04 0.01407 0.01407 0.64584  0.64562 0.92062  0.92050
0.6 0.00195 0.00195 0.50291  0.50268 0.78305 0.78299
0.8 0.00027 0.00027 0.38554  0.38534 0.66275 0.66272
1.0 0.00004 0.00004 0.29602 0.29586 0.56934  0.56932
3.0 0.00000 0.00000 0.03046  0.03044 0.22777  0.22774
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Tablo 4.126: SFY15: h = 0.0125, £ = 0.00001; v = 0.005 ve v = 0.001 i¢in
Problem 2’ nin niimerik sonuglarin kargilagtirilmasi

[30] [40] SEY15

T t vy =0.0060 v =20.001 v =20.006 v =0.001 v =0.000 v =0.001

0.25 0.05 0.67590 0.67711 0.67609 0.67738 0.67603 0.67732
0.15 0.55176 0.55315 0.55250 0.55496 0.55250 0.55495
0.25 0.43326 0.44450 0.46081 0.46349 0.46077 0.46344
0.50 0.05 0.98812 0.98957 0.98829 0.98983 0.98828 0.98982
0.15  0.91808 0.92073 0.91887 0.92241 0.91889 0.92243
0.25 0.81389 0.80709 0.82346 0.82748 0.82344 0.82746
0.75 0.05 0.82318 0.82497 0.82332 0.82522 0.82338 0.82529
0.15  0.94539 0.95063 0.94646 0.95282 0.94649 0.95284
0.25 0.97717 0.97296 0.99002 0.99815 0.99003 0.99815

Tablo 4.127: SFY15: h = 0.0125, k£ = 0.00001; v = 0.0005 ve v = 0.0001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[40] SFY15
ot v =00005 »=00001 v =00005 v=0.0001
0.25 0.05 0.67754  0.67767 0.67749  0.67761
0.15 0.55526  0.55551 0.55526  0.55550
0.25 046382  0.46409 046378  0.46404
0.50 0.05 0.99002  0.99017 0.99001  0.99016
0.15 0.92285  0.92320 0.92287  0.92322
0.25 0.82798  0.82838 0.82796  0.82836
0.75 0.05 0.82456  0.82565 0.82553  0.82572
0.15 0.95361  0.95424 0.95363  0.95426
0.25 0.99915  0.99996 0.99916  0.99996
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Tablo 4.128: SFY15: v = 0.5, h = 0.05, & = 0.0001 ve [a,b] = [0,8] igin
Problem 3’ {in niimerik ve tam ¢oziimleri

t=1.5 t=3.0 t=4.5
T Nimerik Tam Niumerik  Tam Nimerik  Tam
0.5 0.15329  0.15327 0.06427  0.06426 0.03799  0.03799
1.0 0.26580  0.26577 0.11882  0.11880 0.07188  0.07187
1.5 0.30415 0.30412 0.15510  0.15509 0.09794  0.09793
2.0 0.26141 0.26142 0.16763 0.16762 0.11339 0.11339
2.5 0.17213  0.17217 0.15629  0.15630 0.11698 0.11698
3.0 0.08804  0.08807 0.12736  0.12738 0.10948  0.10949
3.5 0.03581  0.03582 0.09130 0.09132 0.09367  0.09369
4.0 0.01186 0.01186 0.05796  0.05797 0.07359  0.07361
4.5 0.00325  0.00325 0.03283  0.03284 0.05329  0.05330
5.0 0.00074  0.00074 0.01673 0.01674 0.03570  0.03572
5.5 0.00014  0.00014 0.00772  0.00772 0.02223 0.02224
6.0 0.00002  0.00002 0.00324 0.00324 0.01290 0.01292
6.5 0.00000  0.00000 0.00124 0.00124 0.00697  0.00702
7.0 0.00000  0.00000 0.00043  0.00043 0.00345 0.00358
7.5 0.00000  0.00000 0.00013  0.00014 0.00139 0.00172

4.17 Sonlu Fark Yaklasim 16 (SFY16)

(4.1) Burgers denkleminde UU, non-lineer teriminin yerine

1 .
UU, = S[UF(

J J
Ui+1 - U,

2h )

+ UL

1

sonlu fark yaklagimi|[15| U,, tiirevinin yerine

wa

1%

Jj+1 Jj+1 J+1
Uiy =207 + Ui,

h2

J+1 J+1
Ui+1 - U

2h

—)]

kapali sonlu fark yaklagimi yazilir ve gerekli diizenlemeler yapilirsa

+(

AR? + kh(Ul,, — UL, + 8vk

Akh?

kapali sonlu fark yaklagimi bulunur.

Niimerik Sonuglar

. hU? —
Jj+1 i
i=1(1)N

4v i1 Ug
)Uijjl - ? )

Problem 1, Problem 2 ve Problem 3’ in SFY16 ile elde edilen niimerik

¢ozliimleri Tablo 4.129-4.136 da verildi.
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v =1, k = 0.00001 degerleri ve degisik mesh uzunlugu h i¢in Problem
1" in SFY16 ile elde edilen ¢t = 0.1 deki niimerik ¢oziimleri ile problemin tam
¢OzUmiiniin kargilagtirilmas: Tablo 4.129 da verildi. A~ = 0.0125, & = 0.0001
degerleri ve kinematik viskosite v niin 1, 0.1, 0.001 degerleri i¢in Problem
17 in cesitli ¢t zamanlarinda SFY16 ile elde edilen niimerik ¢oziimler ile ana-
litik ¢Ozlimiin karsilagtirilmas: Tablo 4.130 da verildi. Tablolardan, niimerik
¢oziimlerin analitik ¢oziim ile uyum igerisinde oldugu ve A nin kiiciik segilmesi

durumunda niimerik ¢oziimlerin analitik ¢oziime yakin oldugu goriilmektedir.

h = 0.0125, £ = 0.00001 alnarak v niin 0.005, 0.001, 0.0005, 0.0001
degerleri i¢in Problem 1’ in SFY16 ile elde edilen niimerik sonuglar ile 6nceki
aragtirmacilarin verdikleri sonuclarin karsilagtirilmas: Tablo 4.131 de verildi.

Tablodan sonuglarin uyum icerisinde oldugu kolayca goriilmektedir.

Mesh uzunlugu h ve kinematik viskosite v niin degisik degerleri igin
Problem 2’ nin farkhi ¢ zamanlarinda SFY16 ile elde edilen niimerik ¢6ziim-
leri ile tam ¢ozlimii Tablo 4.132 ve Tablo 4.133 de karsilastirildi. Tablolardan

¢oziimlerin uyumlu oldugu goriilmektedir.

v = 0.005, 0.001, 0.0005, 0.0001 degerleri icin Problem 2’ nin cesitli
zamanlarda SF'Y16 ile elde edilen niimerik ¢oziimler ile 6nceki aragtirmacilarin
elde ettikleri sonuglar Tablo 4.134 ve Tablo 4.135 de karsilagtirildi. Tablolardan
SEY16 ile elde edilen sonuclarin 6nceki aragtirmacilarin verdigi sonuglar ile

yeterince iyi oldugu goriilmektedir.

Tablo 4.136 da Problem 3’ iin v = 0.5, h = 0.05, £ = 0.0001 degerleri
icin SF'Y16 ile edilen niimerik sonugclar ile tam ¢6ziim karsilagtirildi. Tablodan

niimerik sonuclarin analitik ¢éziime oldukc¢a yakin oldugu goriilmektedir.
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Tablo 4.129: SFY16: t = 0.1, v = 1, £ = 0.00001 i¢in Problem 1’ in niimerik
ve tam ¢oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11030  0.10973  0.10959 0.10955 0.10954
0.2 0.21129 0.21017  0.20989 0.20982 0.20979
0.3 0.29407 0.29245  0.29205 0.29194 0.29190
0.4 0.35066 0.34862  0.34811 0.34798 0.34792
0.5 0.37468 0.37237  0.37179 0.37164 0.37158
0.6 0.36223  0.35985  0.35926 0.35911 0.35905
0.7 0.31280 0.31064  0.31010 0.30997 0.30991
0.8 0.23004 0.22838  0.22797 0.22786 0.22782
0.9 0.12190  0.12099  0.12077 0.12071 0.12069

lelly x 103 7.57617 2.03404  0.55801 0.17787

Ly x 10? 2.22746  0.56620  0.15125 0.04754

Lo x 10? 3.18307 0.80934  0.21664 0.06793

Tablo 4.130: SFY16: v =1, v = 0.1, v = 0.01; A = 0.0125, £ = 0.0001 i¢in
Problem 1’ in niimerik ve tam ¢oziimleri

vr=1.0 vr=20.1 v =0.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01361 0.01357 0.30893  0.30889 0.34193 0.34191
0.6 0.00190 0.00189 0.24077  0.24074 0.26898  0.26896
0.8 0.00026  0.00026 0.19570  0.19568 0.22149 0.22148
1.0 0.00004  0.00004 0.16259  0.16256 0.18820 0.18819
3.0 0.00000  0.00000 0.02722  0.02720 0.07512 0.07511
0.50 04 0.01928 0.01924 0.56972  0.56963 0.66077 0.66071
0.6 0.00268  0.00267 0.44730 0.44721 0.52945 0.52942
0.8 0.00037  0.00037 0.35933 0.35924 0.43916 0.43914
1.0 0.00005  0.00005 0.29201 0.29192 0.37444  0.37442
3.0 0.00000  0.00000 0.04024  0.04020 0.15018  0.15018
0.75 04 0.01366 0.01363 0.62568 0.62544 0.91046 0.91026
0.6 0.00190 0.00189 0.48749  0.48721 0.76734 0.76724
0.8 0.00026  0.00026 0.37417 0.37392 0.64745 0.64740
1.0 0.00004  0.00004 0.28768  0.28747 0.55608  0.55605
3.0 0.00000  0.00000 0.02980 0.02977 0.22484 0.22481
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Tablo 4.132: SFY16: t = 0.1, v = 1, £ = 0.00001 i¢in Problem 2’ nin niimerik
ve tam ¢oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11367 0.11309  0.11295 0.11291 0.11289
0.2 0.21778 0.21664  0.21636 0.21629 0.21625
0.3 0.30319 0.30153  0.30112 0.30101 0.30097
0.4 0.36166  0.35958  0.35906 0.35892 0.35886
0.5 0.38660 0.38423  0.38364 0.38349 0.38342
0.6 0.37393 0.37149  0.37088 0.37073 0.37066
0.7 0.32306  0.32083  0.32027 0.32013 0.32007
0.8 0.23768 0.23596  0.23553 0.23542 0.23537
0.9 0.12598 0.12504  0.12480 0.12474 0.12472

lell x 103 7.55363 2.03527  0.55885 0.17817

Ly x 10? 2.29030 0.58427  0.15621 0.04910

Lo x 10? 3.27531 0.83493  0.22372 0.07013

Tablo 4.133: SFY16: v =1, v = 0.1, v = 0.01; A = 0.0125, £ = 0.0001 i¢in
Problem 2’ nin niimerik ve tam ¢oziimleri

vr=1.0 v=20.1 v =0.01
T t Niimerik Tam Niimerik Tam Nimerik Tam
0.25 04 0.01404 0.01400 0.31756  0.31752 0.36228  0.36226
0.6 0.00196 0.00195 0.24617 0.24614 0.28205 0.28204
0.8 0.00027  0.00027 0.19958  0.19956 0.23046  0.23045
1.0 0.00004  0.00004 0.16563 0.16560 0.19470 0.19469
3.0 0.00000  0.00000 0.02778  0.02776 0.07614 0.07613
0.50 04 0.01990 0.01985 0.58462 0.58454 0.68371 0.68368
0.6 0.00277  0.00276 0.45807 0.45798 0.54834  0.54832
0.8 0.00038  0.00038 0.36749  0.36740 0.45373 0.45371
1.0 0.00005  0.00005 0.29844  0.29834 0.38569  0.38568
3.0 0.00000  0.00000 0.04110 0.04106 0.15218 0.15218
0.75 04 0.01410 0.01407 0.64587 0.64562 0.92063  0.92050
0.6 0.00196  0.00195 0.50297  0.50268 0.78306  0.78299
0.8 0.00027  0.00027 0.38560 0.38534 0.66276  0.66272
1.0 0.00004  0.00004 0.29607  0.29586 0.56934 0.56932
3.0 0.00000  0.00000 0.03047  0.03044 0.22778  0.22774
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Tablo 4.134: SFY16: h = 0.0125, £ = 0.00001; v = 0.005 ve v = 0.001 i¢in
Problem 2’ nin niimerik sonuc¢larin kargilagtirilmasi

[30] [40] SFY16

T t v=20.005 v=0.001 v =0.000 v =0.001 v =0.006 v =0.001

0.25 0.05 0.67590 0.67711 0.67609 0.67738 0.67603 0.67732
0.15 0.55176 0.55315 0.55250 0.55496 0.55250 0.55495
0.25 0.43326 0.44450 0.46081 0.46349 0.46077 0.46344
0.50 0.05 0.98812 0.98957 0.98829 0.98983 0.98828 0.98982
0.15  0.91808 0.92073 0.91887 0.92241 0.91889 0.92243
0.25 0.81389 0.80709 0.82346 0.82748 0.82344 0.82746
0.75 0.05 0.82318 0.82497 0.82332 0.82522 0.82338 0.82529
0.15  0.94539 0.95063 0.94646 0.95282 0.94649 0.95284
0.25 0.97717 0.97296 0.99002 0.99815 0.99003 0.99815

Tablo 4.135: SFY16: h = 0.0125, £ = 0.00001; v = 0.0005 ve v = 0.0001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[40] SFY16
ot v =00005 »=00001 v =00005 v=0.0001
025 0.05 0.67754  0.67767 0.67749  0.67761
0.15 0.55526  0.55551 0.55526  0.55550
0.25 046382  0.46409 046378  0.46404
0.50 0.05 0.99002  0.99017 0.99001  0.99016
0.15 0.92285  0.92320 0.92287  0.92322
0.25 0.82798  0.82838 0.82796  0.82836
0.75 0.05 0.82456  0.82565 0.82553  0.82572
0.15 0.95361  0.95424 0.95363  0.95426
0.25 0.99915  0.99996 0.99916  0.99996
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Tablo 4.136: SFY16: v = 0.5, h = 0.05, & = 0.0001 ve [a,b] = [0,8] igin
Problem 3’ {in niimerik ve tam ¢oziimleri

t=1.5 t=3.0 t=4.5
T Nimerik Tam Niumerik  Tam Nimerik  Tam
0.5 0.15330  0.15327 0.06427  0.06426 0.03800  0.03799
1.0 0.26581  0.26577 0.11883  0.11880 0.07188  0.07187
1.5 0.30415 0.30412 0.15511  0.15509 0.09794  0.09793
2.0 0.26141 0.26142 0.16763 0.16762 0.11340 0.11339
2.5 0.17212 0.17217 0.15629 0.15630 0.11699 0.11698
3.0 0.08804  0.08807 0.12736  0.12738 0.10948  0.10949
3.5 0.03581  0.03582 0.09130 0.09132 0.09367  0.09369
4.0 0.01186 0.01186 0.05795 0.05797 0.07359  0.07361
4.5 0.00325  0.00325 0.03283  0.03284 0.05328  0.05330
5.0 0.00074  0.00074 0.01673 0.01674 0.03570  0.03572
5.5 0.00014  0.00014 0.00772  0.00772 0.02223 0.02224
6.0 0.00002  0.00002 0.00324 0.00324 0.01290 0.01292
6.5 0.00000  0.00000 0.00124 0.00124 0.00697  0.00702
7.0 0.00000  0.00000 0.00043  0.00043 0.00345 0.00358
7.5 0.00000  0.00000 0.00013  0.00014 0.00139 0.00172

4.18 Sonlu Fark Yaklagimi 17 (SFY17)

(4.1) Burgers denkleminde UU, non-lineer teriminin yerine

(Uzj—l-l B Uij—1> + U](Uzjrll _ Uij—Jrll )]
2h ' 2h

sonlu fark yaklagimi|15| U,, tiirevinin yerine

- - - . A .
2 h2 h2

12

UZL‘II!

Crank Nicolson sonlu fark yaklagimi yazilir ve gerekli diizenlemeler yapilirsa

WU? +2v AR? + kh(Ul, — UL ) +4vk AU — 2w
—(T)Uﬂl + Z}{;hg . Uit + (—4h2 WL =
UZJ 1% j j j . .
Tt (UL =207+ ULy L i=1()N =1, j=0(1)]

kapali sonlu fark yaklagimi bulunur.
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Niimerik Sonuclar

Problem 1, Problem 2 ve Problem 3’ iin SFY17 ile elde edilen niimerik
¢oziimleri Tablo 4.137-4.144 de verildi.

Tablo 4.137 ve 4.138 de Problem 1’ in mesh uzunlugu A ve kinematik
viskosite v niin degisik degerleri i¢in SF'Y17 ile elde edilen niimerik ¢oziimleri
ile problemin tam ¢oziimii karsilagtirilirken, Tablo 4.139 da v niin baz kii¢iik
degerleri icin elde edilen niimerik ¢oziimleri ile 6nceki arastirmacilarin elde

ettikleri niimerik sonuglar kargilagtirildi.

Tablo 4.140 ve 4.141 de Problem 2’ nin mesh uzunlugu h ve kinematik
viskosite v niin degigik degerleri i¢in SFY17 ile elde edilen niimerik ¢oziimleri
ile problemin tam ¢6ziimi kargilagtirildi. Tablo 4.142 de v niin 0.005 ve 0.001
degerleri i¢in elde edilen niimerik ¢oziimler ve Tablo 4.143 de v niin 0.0005 ve
0.0001 degerleri icin elde edilen niimerik ¢oziimler ile 6nceki aragtirmacilarin

elde ettikleri niimerik sonuclar karsilagtirildi.

Tablo 4.144 de Problem 3’ iin h = 0.05, £ = 0.0001 ve v = 0.5 degerleri
igin SFY17 ile elde edilen t = 1.5, t = 3, ve t = 4.5 zamanlarindaki niimerik

¢Oziimleri ve problemin tam ¢oziimii verildi.

Tablolara bakildiginda SFY17 ile elde edilen niimerik sonuglarin tam
¢Oziime yakin oldugu ve literatiirde mevcut olan 6nceki aragtirmacilarin verdigi

sonuglarla uyum igerisinde oldugu agikca goriilmektedir.
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Tablo 4.137: SFY17: ¢t =0.1, v = 1, £ = 0.00001 i¢in Problem 1’ in niimerik
ve tam ¢oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11029 0.10973  0.10959 0.10955 0.10954
0.2 0.21128 0.21016  0.20989 0.20982 0.20979
0.3 0.29406 0.29244  0.29203 0.29193 0.29190
0.4 0.35064 0.34860  0.34809 0.34797 0.34792
0.5 0.37466  0.37235  0.37177 0.37163 0.37158
0.6 0.36221 0.35984  0.35924 0.35909 0.35905
0.7 0.31279 0.31062  0.31008 0.30995 0.30991
0.8 0.23003 0.22837  0.22796 0.22785 0.22782
0.9 0.12189 0.12099  0.12076 0.12071 0.12069

lelly x 103 7.53249 1.98763  0.51027 0.12948

Ly x 10? 2.21470 0.55336  0.13839 0.03467

Lo x 10? 3.16523 0.79110  0.19845 0.04972

Tablo 4.138: SFY17: v =1, v = 0.1, v = 0.01; h = 0.0125, £ = 0.0001 i¢in
Problem 1’ in niimerik ve tam ¢oziimleri

vr=1.0 vr=20.1 v =0.01
T t Niimerik Tam Niimerik Tam Niimerik Tam
0.25 04 0.01358 0.01357 0.30892  0.30889 0.34193 0.34191
0.6 0.00189  0.00189 0.24076  0.24074 0.26898  0.26896
0.8 0.00026  0.00026 0.19570  0.19568 0.22149 0.22148
1.0 0.00004  0.00004 0.16259  0.16256 0.18820 0.18819
3.0 0.00000  0.00000 0.02722  0.02720 0.07512 0.07511
0.50 04 0.01925 0.01924 0.56970  0.56963 0.66076 0.66071
0.6 0.00267 0.00267 0.44728 0.44721 0.52945 0.52942
0.8 0.00037  0.00037 0.35932  0.35924 0.43916 0.43914
1.0 0.00005  0.00005 0.29200 0.29192 0.37443 0.37442
3.0 0.00000  0.00000 0.04023  0.04020 0.15018  0.15018
0.75 04 0.01364 0.01363 0.62566 0.62544 0.91046 0.91026
0.6 0.00189 0.00189 0.48747 0.48721 0.76733 0.76724
0.8 0.00026  0.00026 0.37415 0.37392 0.64744  0.64740
1.0 0.00004  0.00004 0.28766  0.28747 0.55608  0.55605
3.0 0.00000  0.00000 0.02979  0.02977 0.22484 0.22481
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Tablo 4.140: SFY17:t = 0.1, v = 1, £ = 0.00001 i¢in Problem 2’ nin niimerik
ve tam ¢oziimleri

Niimerik Coziim Tam

x h=0.1 h=0.05 h=0.025 h=0.0125 (ozlim
0.1 0.11366 0.11309  0.11294 0.11290 0.11289
0.2 0.21777 0.21663  0.21635 0.21628 0.21625
0.3 0.30317 0.30152  0.30110 0.30100 0.30097
0.4 0.36165 0.35956  0.35904 0.35891 0.35886
0.5 0.38659 0.38422  0.38362 0.38347 0.38342
0.6 0.37391 0.37147  0.37086 0.37071 0.37066
0.7 0.32304 0.32081  0.32025 0.32011 0.32007
0.8 0.23766 0.23594  0.23551 0.23541 0.23537
0.9 0.12597 0.12503  0.12480 0.12474 0.12472

lell x 103 7.50994 1.98886  0.51114 0.12983

Ly x 10? 227715 0.57103  0.14294 0.03583

Lo x 10? 3.25694 0.81643  0.20498 0.05138

Tablo 4.141: SFY17: v =1, v = 0.1, v = 0.01; A = 0.0125, £ = 0.0001 i¢in
Problem 2’ nin niimerik ve tam ¢oziimleri

vr=1.0 v=20.1 v =0.01
T t Niimerik Tam Niimerik Tam Nimerik Tam
0.25 04 0.01401 0.01400 0.31754  0.31752 0.36227  0.36226
0.6 0.00195 0.00195 0.24616 0.24614 0.28205 0.28204
0.8 0.00027  0.00027 0.19958  0.19956 0.23046  0.23045
1.0 0.00004  0.00004 0.16562  0.16560 0.19470 0.19469
3.0 0.00000  0.00000 0.02778  0.02776 0.07614 0.07613
0.50 04 0.01986 0.01985 0.58460 0.58454 0.68371 0.68368
0.6 0.00276  0.00276 0.45805 0.45798 0.54834  0.54832
0.8 0.00038  0.00038 0.36748  0.36740 0.45373 0.45371
1.0 0.00005  0.00005 0.29843 0.29834 0.38569  0.38568
3.0 0.00000  0.00000 0.04109 0.04106 0.15218 0.15218
0.75 04 0.01407 0.01407 0.64585  0.64562 0.92063  0.92050
0.6 0.00195 0.00195 0.50294  0.50268 0.78306  0.78299
0.8 0.00027  0.00027 0.38557 0.38534 0.66275 0.66272
1.0 0.00004  0.00004 0.29605 0.29586 0.56934 0.56932
3.0 0.00000  0.00000 0.03046  0.03044 0.22778  0.22774
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Tablo 4.142: SFY17: h = 0.0125, £ = 0.00001; v = 0.005 ve v = 0.001 i¢in
Problem 2’ nin niimerik sonuglarin kargilagtirilmasi

[30] [40] SEY17

T t vy =0.0060 v =20.001 v =20.006 v =0.001 v =0.000 v =0.001

0.25 0.05 0.67590 0.67711 0.67609 0.67738 0.67603 0.67732
0.15 0.55176 0.55315 0.55250 0.55496 0.55250 0.55495
0.25 0.43326 0.44450 0.46081 0.46349 0.46077 0.46344
0.50 0.05 0.98812 0.98957 0.98829 0.98983 0.98828 0.98982
0.15  0.91808 0.92073 0.91887 0.92241 0.91889 0.92243
0.25 0.81389 0.80709 0.82346 0.82748 0.82344 0.82746
0.75 0.05 0.82318 0.82497 0.82332 0.82522 0.82338 0.82529
0.15  0.94539 0.95063 0.94646 0.95282 0.94649 0.95284
0.25 0.97717 0.97296 0.99002 0.99815 0.99003 0.99815

Tablo 4.143: SFY17: h = 0.0125, k£ = 0.00001; v = 0.0005 ve v = 0.0001 i¢in
Problem 2’ nin niimerik sonuglarin karsilagtirilmasi

[40] SFY17
ot v =00005 »=00001 v =00005 v=0.0001
0.25 0.05 0.67754  0.67767 0.67749  0.67761
0.15 0.55526  0.55551 0.55526  0.55550
0.25 046382  0.46409 046378  0.46404
0.50 0.05 0.99002  0.99017 0.99001  0.99016
0.15 0.92285  0.92320 0.92287  0.92322
0.25 0.82798  0.82838 0.82796  0.82836
0.75 0.05 0.82456  0.82565 0.82553  0.82572
0.15 0.95361  0.95424 0.95363  0.95426
0.25 0.99915  0.99996 0.99916  0.99996
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Tablo 4.144: SFY17: v = 0.5, h = 0.05, & = 0.0001 ve [a,b] = [0,8] igin
Problem 3’ iin niimerik ve tam ¢oziimleri

t=1.5 t=3.0 t=4.5
T Nimerik Tam Niumerik  Tam Nimerik  Tam
0.5 0.15329  0.15327 0.06427  0.06426 0.03799  0.03799
1.0 0.26581  0.26577 0.11882  0.11880 0.07188  0.07187
1.5 0.30415 0.30412 0.15511  0.15509 0.09794  0.09793
2.0 0.26141 0.26142 0.16763 0.16762 0.11339 0.11339
2.5 0.17213 0.17217 0.15629 0.15630 0.11698 0.11698
3.0 0.08804  0.08807 0.12736  0.12738 0.10948  0.10949
3.5 0.03581  0.03582 0.09130 0.09132 0.09367  0.09369
4.0 0.01186 0.01186 0.05795 0.05797 0.07359  0.07361
4.5 0.00325  0.00325 0.03283  0.03284 0.05328  0.05330
5.0 0.00074  0.00074 0.01673 0.01674 0.03570  0.03572
5.5 0.00014  0.00014 0.00772  0.00772 0.02223 0.02224
6.0 0.00002  0.00002 0.00324 0.00324 0.01290 0.01292
6.5 0.00000  0.00000 0.00124 0.00124 0.00697  0.00702
7.0 0.00000  0.00000 0.00043  0.00043 0.00345 0.00358
7.5 0.00000  0.00000 0.00013  0.00014 0.00139 0.00172

4.19 Sonlu Fark Yaklagimlarinin Karsilagtirilmasi

Tablo 4.145 de Problem 1’ in v = 1, k£ = 0.00001 degerleri icin ¢t = 0.1
zamaninda 4. boélimde uygulanan tiim sonlu fark yaklagimlarimin |le||; hata
normlarinin kargilagtirilmasi verildi. Tablodan uygulanan yaklagimlarin ||e||;

hata normlarinin birbirine oldukc¢a yakin oldugu goriilmektedir.

Tablo 4.146 da Problem 1’ in v = 1, k = 0.00001 degerleri i¢in ¢t = 0.1
zamaninda 4. boliimde uygulanan tiim sonlu fark yaklagimlarinin L, hata
normlarimin kargilagtirilmasi verildi. Tablodan baz1 yaklagimlarin diger yak-

lagimlara gore daha iyi sonuclar verdigi goriilmektedir.

Tablo 4.147 de Problem 1’ in v = 1, k = 0.00001 degerleri i¢in ¢ = 0.1
zamaninda 4. boliimde uygulanan tiim sonlu fark yaklagimlarinin L., hata
normlarinin karsilagtirilmasi verildi. Tablodan uygulanan tiim yaklagimlarda

L, hata normunun birbirlerine ¢ok yakin oldugu agikca goriilmektedir.
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Tablo 4.148 de Problem 3’ iin v = 0.5, k£ = 0.0001 ve h = 0.05 degerleri
igint =1.5,t = 1.5 ve t = 1.5 zamanlarinda 4. boliimde uygulanan tiim sonlu
fark yaklagimlarinin ||e||;, L2 ve Lo hata normlari kargilagtirildi. Tablodan baz
yaklagimlarin diger yaklagimlara gére hata normlarinin kiigiik ¢iktigi kolayca

gorilmektedir.

Sekil 4.1-4.4 ile Problem 1’ in HY ile elde edilen ¢oziimleri degisik kine-
matik viskosite (v = 1,0.1,0.01,0.005) degerleri igin grafikler yardimiyla gos-
terildi. Grafiklerden de goriildiigii gibi v < 0.01 kiigiik viskosite degerlerinde
yaklagik olarak ¢ = 0.6 zamanindan itibaren sag siira yakin keskin diigtlisler
baglamaktadir. Burgers denkleminin yapisindan kaynaklanan bu durum Sekil

4.3 ve Sekil 4.4 de agikca goriilmektedir.

Sekil 4.5-4.8 ile Problem 3’ iin SFY5 ile elde edilen niimerik ¢oziimleri
farkli kinematik viskosite (v = 0.5,0.05,0.005,0.001) degerleri i¢in grafikler

yardimiyla gosterildi.
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Tablo 4.145: t = 0.1, v = 1, kK = 0.00001 igin Problem 1’ in ||e||; normunun
kargilagtirilmasi

el  10°
Yontem N =10 N =20 N =40 N =80
HY 7.40620 1.95234 0.49965 0.12103
SFY1 7.48857 1.94093 0.46225 0.08079
SFY2 7.57496 2.03043 0.54473 0.12564
SFY3 7.53214 1.98724 0.50987 0.12907
SEFY4 7.48932 1.94175 0.46309 0.08164
SFY5 7.48899 1.94141 0.46274 0.08129
SFYG6 7.20448 1.64187 0.14658 0.27744
SEFYT7 7.16116 1.59699 0.10521 0.30001
SFY8 5.16036 5.08647 3.20834 1.79108
SFY9 5.07293 4.99376 3.11308 1.69454

SFY10 20.17995 8.98421 4.13742 1.95388
SFY11 20.26678 9.07666 4.23257 2.05036
SFY12 7.40156 1.91742 0.45611 0.07922
SFY13 7.48870 2.01000 0.55132 0.17574
SFY14 7.40224 1.91819 0.45691 0.08003
SFY15 7.48878 1.94117 0.46249 0.08104
SFY16 7.57617 2.03404 0.55801 0.17787
SFY17 7.53249 1.98763 0.51027 0.12948

Tablo 4.146: t = 0.1, v = 1, £ = 0.00001 i¢in Problem 1’ in L, normunun
kargilagtirilmasi

L2 X 103
Yontem N =10 N =20 N =40 N =80
HY 2.16915 0.54191 0.13515 0.03232

SFY1 2.20194 0.54052 0.12553 0.02184
SEY?2 2.22710 0.56521 0.14768 0.03367
SFY3 2.21463 0.55329 0.13832 0.03460
SFY4 2.20208 0.54067 0.12568 0.02196
SEYb5 2.20191 0.54050 0.12551 0.02178
SEY6 2.11904 0.45789 0.04116 0.07394
SEYT7 2.10639 0.44549 0.03038 0.07993
SFYS8 1.22273 1.20865 0.75396 0.41836
SFY9 1.19870 1.18334 0.72852 0.39289
SEFY10 5.54227 2.27512 1.00165 0.46118
SFY11 5.56746 2.30052 1.02712 0.48666
SFY12 2.16489 0.53142 0.12321 0.02117
SFY13 2.19034 0.55702 0.14886 0.04683
SFY14 2.16508 0.53162 0.12342 0.02139
SFY15 2.20192 0.54051 0.12552 0.02180
SFY16 2.22746 0.56620 0.15125 0.04754
SEFY17 2.21470 0.55336 0.13839 0.03467

158



Tablo 4.147: t = 0.1, v = 1, k = 0.00001 i¢in Problem 1’ in L., normunun
karsilagtirilmasi

Lo, x 103
Yontem N =10 N =20 N =40 N =280
HY 3.08193 0.76985 0.19227 0.04599

SFY1 3.14782 0.77302 0.18053 0.03194
SFY2 3.18259 0.80792 0.21163 0.04844
SFY3 3.16535 0.79106 0.19849 0.04975
SEFY4 3.14759 0.77306 0.18047 0.03176
SEFY5 3.14694 0.77270 0.17997 0.03123
SFY6 3.03278 0.65838 0.06323 0.10466
SFY7 3.01508 0.64101 0.04832 0.11311
SFYS8 1.54710 1.46757 0.93520 0.52521
SEY9 1.52438 1.43388 0.90025 0.48957
SFY10 7.25241 2.94809 1.28242 0.58562
SFY11 7.28783 2.98401 1.31851 0.62158
SFY12 3.06414 0.75208 0.17442 0.03003
SFY13 3.10002 0.78817 0.21071 0.06631
SFY14 3.06447 0.75244 0.17476 0.03037
SEFY15 3.14738 0.77284 0.18025 0.03154
SFY16 3.18307 0.80934 0.21664 0.06793
SFY17 3.16523 0.79110 0.19845 0.04972
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U(x,t)

Sekil 4.1: v = 1, k = 0.0001, h = 0.0125 degerleri i¢in Problem 1’ in HY ile
elde edilen niimerik ¢oziimlerin degisik zamanlarda gosterimi.

1.0

t=0.0
0.81 t=0.2
0.6 t=0.4
%
= t=0.6
0.4
t=0.8
t=1.0
0.2 1
O T T T T
0 0.2 0.4 0.6 0.8 1.0

X

Sekil 4.2: v = 0.1, £ = 0.0001, h = 0.0125 degerleri i¢in Problem 1’ in HY ile
elde edilen niimerik ¢oziimlerin degisik zamanlarda gosterimi.
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Sekil 4.3: v = 0.01, £ = 0.0001, A = 0.0125 degerleri i¢in Problem 1’ in HY ile
elde edilen niimerik ¢oziimlerin degisik zamanlarda gosterimi.

U(x,t)

Sekil 4.4: v = 0.005, £ = 0.0001, h = 0.0125 degerleri i¢in Problem 1’ in HY
ile elde edilen niimerik ¢oziimlerin degisik zamanlarda gosterimi.
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0.5

t=1.0

U(x,t)

Sekil 4.5: v = 0.5, & = 0.0001, h = 0.05 ve [a,b] = [0,8] degerleri i¢in
Problem 3’ iin SFY5 ile elde edilen niimerik ¢oziimlerin degisik zamanlarda
gosterimi.

t=1.0

Sekil 4.6: v = 0.05, £ = 0.0001, h = 0.05 ve [a,b] = [0,8] degerleri igin
Problem 3’ iin SFY5 ile elde edilen niimerik ¢oziimlerin degisik zamanlarda
gosterimi.

163



0.5

t=1.0

0.41

03- t=2.0
5 t=3.0
302, t=4.0

0.1-

O T T T T T
0 0.2 0.4 06 08 1.0 12

X

Sekil 4.7: v = 0.005, £k = 0.005, h = 0.012 ve [a,b] = [0,1.2] degerleri icin
Problem 3’ in SFY5 ile elde edilen niimerik ¢oziimlerin degisik zamanlarda
gosterimi.

05 =1.0

0.4
t=2.0

0.31 t=3.0
t=4.0

U(x,t)

0.2

0.1+

0 T T T T T T T T T
0O 01 02 03 04 O).(S 06 07 08 09 1
Sekil 4.8: v = 0.001, k£ = 0.01, h = 0.005 ve [a,b] = [0,1] degerleri i¢in

Problem 3’ iin SFY5 ile elde edilen niimerik ¢oziimlerin degisik zamanlarda
gosterimi.
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4.20 Kararhlik Analizi

(4.1) ile verilen Burgers denklemi yani

denklemi i¢in agirhkh averaj yaklagimi, A € [0, 1] olmak {izere,

st —un iy Unbi = Ut Up 1 —Un_

WU 4 (RS (Bt =
n+1 _ n+1 n+1 n _ n n . .

[N 4 (1 ) (PR )

dir. Bu yaklagim A =0, A = 1/2 ve A = 1 i¢in sirasiyla standart agik, Crank-

Nicolson ve kapali yontem olarak bilinir|[1].

Simdi (4.19.1) yaklagimina von Neumann kararlihk yontemini uygulayalim.

Bunun i¢in U]}, yerine
Ur = efrhgs i =+/—1

yazilir ve gerekli diizenlemeler yapilirsa

1 . eiBh _ o—iBh ciBh _ 9 4 o—iBh 1 . oiBh _ o—iBh
—Z B — - _U(1 - —

€ - O ) =) = L~ U - N ()
(1= N ()

elde edilir. Son esitlikte e’ = cos Bh 4+ isin 3h Euler formiiliiniin kullanil-

masiyla
5 _ % T (1 _ )\)isir;lﬁh + I/(l . A)(?coshﬁzh—Q)
% o U)\ZSlr}lLﬁh . V)\(Zcoshgh72)
bulunur.
h
cos fh =1 — 2sin? %
oldugundan A
1— (1= M\)[2sin? 22 4 Bk gin g1
1+ A[%4 sin® % + 5% sin 8h]
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elde edilir. Bu egitlikte r = k/h? yazilirsa

1= = A)4vr sin? 2* + ZUTk sin Bh|
1+ A[4vrsin® % + 2% sin Bh]

elde edilir.

e A = 0 ise (4.19.1) yaklagimi acik sonlu fark yaklagimina kargilik gelir.
Yontemin kararli olmas: igin gerek ve yeter sart | £ |< 1 olmasidir.
| €< Tise 0 <[ € < 1 olur.

h Uk

| € *= (1 — 4vrsin? %)2 + (T sin h)?

ifadesi | £ |*< 1 esitsizliginde

h
sin Sh = 2sin7605%

kullanilir ve gerekli diizenlemeler yapilirsa;

., Bh o . uBh U ,Bh ., Bh
1 — 8vrsin 7+16yr sin 74— e 4 sin 7COS 7§1

elde edilir. Buradan

r[U%h? + (40? — U?h?) sin® %] <2v

bulunur. Boylece yontemin kararli olmasi i¢in 7 parametresinin

2v 1

U2h27 %)

r < min(
esitsizligini saglayacak sekilde secilmesi gerekir.

e A\ = 1 ise (4.19.1) yaklasimi tamamen kapali sonlu fark yaklagimina
kargilik gelir. Yontemin kararh olmasi igin yine gerek ve yeter gart | £ |[< 1
olmasidir. Bu sart her » > 0 icin saglanacagindan kapali yontem sartsiz

kararhdir.
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e A\ = 1/2 ise (4.19.1) yaklagimi Crank-Nicolson sonlu fark yaklagimina
karsilik gelir. Yine kararhilik i¢in gerek ve yeter sart £ parametresinin
| € |< 1 sartmn saglamasidir. Bu sart her » > 0 i¢in saglanacagindan

Crank-Nicolson sonlu fark yontemi sartsiz kararhdir.

167



5. SONUC VE ONERILER

Bu ¢aligmada 1-Boyutlu Burgers tipi denklemlerin sonlu fark ¢éziimleri

verildi.

Tezin birinci boliimiinde sonlu fark yontemleri ve kararlilik analizleri
ile ilgili temel kavramlar verildi. Tezin ikinci boliimiinde 1-Boyutlu Burgers
denkleminin literatiirde mevcut olan 6nceki arastirmacilar tarafindan verilen
niimerik ¢oztimleri elde edildi. Ayrica bu béliimde Hopf-Cole doniigiimii ve
Burgers denklemi i¢in gozoniine alinan farkli baglangi¢ sartlarina sahip olan

model problemler verildi.

Tezin {i¢lincii boliimiinde Hopf-Cole doniisiimii yardimiyla lineerlegti-
rilen Burgers denkleminin klasik sonlu fark ¢oziimleri arastirildi. Elde edilen
niimerik ¢oziimler analitik ¢ozlimler ile karsilagtirildi ve hata normlar1 hesap-
landi. Yontemler kendi igerisinde konum-zaman adimlarinin ve viskosite para-
metresinin farkli degerleri i¢in karsilagtirildi. Ayrica bu boliimde kullanilan

yontemlerin kararlilik analizi incelendi.

Tezin dordiincii boliimiinde 1-boyutlu Burgers denklemindeki UU, non-
lineer terim yerine degisik sonlu fark yaklagimlar1 yazilarak niimerik ¢6ziim-
ler elde edildi. Sonuglar, analitik ¢oziimlerle ve 6nceki aragtirmacilarin verdigi
niimerik sonuglarla kargilagtirildi. Ayrica hata normlar1 hesaplandi. Uygulanan
degisik sonlu fark yaklagimlari ile elde edilen niimerik sonuclar ve hata norm-
lar1 kendi aralarinda karsilagtirildi. Niimerik sonuglarin degigik zamanlar igin

grafikleri cizildi. Burgers denkleminde UU, non-lineer terimindeki U yerine
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yerel sabit alinarak agirlikli averaj yaklagimi ile kararlilik analizi incelendi.

Elde edilen niimerik sonuglarin, her bir model problemin analitik ¢6ziimii
ve yayinlanmig niimerik sonuglarla uyum igerisinde oldugu goriildii. Sonug
olarak UU, non-lineer terimi yerine bu tezde kullanilan degigik sonlu fark
yaklagimlar1 Burgers denklemine kolayca uygulanabildigi gibi miihendislikte
kargilagilan bu tip non-lineer yapiya sahip problemlere de rahatlikla uygula-

nabilir.
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