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2016

Danigman : Yrd. Dog. Dr. Yusuf UCAR

Bu tez alt1 boliimden olugmaktadir. Girig bolimiinde, bu galigmanin amaci
hakkinda bilgi verildi.

Tkinci boliimde, klasik sonlu fark yéntemleri kisaca tamtildiktan sonra, yontemin
daha iyi anlagilabilmesi i¢in 2-boyutlu 1s1 iletim denklemi tizerinde uygulamas: yapildi.
Ayrica von Neumann kararlilik analizi anlatildiktan sonra, 2-boyutlu 1s1 iletim
denklemine klasik sonlu fark yontemlerinin uygulanmas ile elde edilen sonlu fark
semalarinin kararlilik analizi incelendi.

ﬁgﬁneﬁ boliimde, 2-boyutlu Burgers denkleminin literatiir taramasi verildikten
sonra farkli iki baglangi¢ ve siir sartlarina sahip problemler tanitildi.

Dordiincii boliimde, model problemlerin Agik, Kapali ve Crank-Nicolson klasik
sonlu fark yontemleri ile niimerik ¢oziimleri elde edildi. Elde edilen niimerik sonuclar
mevcut tam c¢oziimlerle ve literatiirdeki diger sonuglarla karsilagtirildi. Ayrica
2-boyutlu Burgers denklemi i¢in agirlikli averaj yaklagiminin kararlilik analizi incelendi.

Beginci boliim bu tezin orijinal boliimiini olugturmaktadir. Bu boliimde 2-boyutlu
Burgers denklemindeki lineer olmayan UU,, ve UU,, terimleri yerine farkl lineerlestirme
teknikleri kullanilarak model problemlerin niimerik ¢oziimleri elde edildi. Elde edilen



niimerik ¢oztimler mevcut tam c¢oziimlerle ve literatiirdeki diger sonuglarla
kargilagtirildi. Ayrica segilen SFY2 yaklagimi igin elde edilen ntimerik sonuglar grafiksel

olarak gosterildi.
Altinc1 boliimde, bu tezde goz 6niine alinan tiim yaklagimlarda elde edilen Ly ve

L., hata normlar karsilagtirildi ve digerlerine gore one ¢ikan yontemler belirlendi.

ANAHTAR KELIMELER: 2-Boyutlu Burgers Denklemi, 2-Boyutlu Isi Iletim

Problemi, Sonlu Fark Yontemleri, Fourier Kararlilik

Analizi
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This thesis consists of six chapters. In the introduction chapter, some information
about the aim of this study is presented.

In the second chapter, after introducing classical finite difference methods, an
application of the method has been carried out on 2-dimensional heat conduction
equation to understand the method better. Moreover, after explaining von Neumann
stability analysis, the stability analysis of finite difference schemes obtained by the
application of the classical finite difference methods to 2-dimensional heat conduction
equation.

In the third chapter, after presenting the literature survey of 2-dimensional Burgers’
equation, the problems with two different initial and boundary conditions are
introduced.

In the fourth chapter, numerical solutions of the model problems are obtained
using classical explicit, implicit and Crank-Nicolson finite difference methods. The
obtained results are compared with exact and other numerical results available in the
literature. Moreover, the stability analysis of the weighted-average approximation for
the 2-dimensional Burgers’ equation has been made.

il



The fifth chapter constitutes the original part of this thesis. In this section,
numerical solutions of the model problems are obtained using different linearization
techniques in place of the nonlinear terms UU, and UU, existing in the 2-dimensional
Burgers’ equation. The newly obtained results are compared with exact and other
numerical results available in the literature. Moreover the numerical results obtained
for FDA2 are presented graphically.

In the sixth chapter, the error norms Ly and L, for all approximation taken into
consideration in this thesis are compared and outstanding methods are determined.

KEY WORDS: 2-Dimensional Burgers Equation, 2-Dimensional Heat Transfer
Problem, Finite Difference Methods, Fourier Stability Analysis
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1. GIRIS

Dogada karsilagilan birgok olay fizik kanunlar1 yardimiyla matematiksel model
seklinde ifade edilir. Bu olaylarin biyolojik, kimyasal veya fiziksel gibi farkl alanlarda
olmasi durumu pek degistirmez. Her bir olay kendisine ait biiytikliikler goz ontinde
bulundurularak genellikle cebirsel, integral veya ¢cogunlukla diferansiyel denklemler ile
ifade edilirler. Farkl bilim dallarinda karsilagilan bu tiir problemlerin tam ¢oztimini
bulmak bazen zor olabilir. Bu durumda problemlerin tam ¢oziimii yerine genellikle
kabul edilebilir bir yaklasik ¢oziimii aranir. Son yillarda bilim adamlar1 bilgisayar
alanindaki gelismelere paralel olarak, tam ¢oziimii olmayan veya ¢oziimii zaman alan
problemler i¢in niimerik yontemler gelistirmeye baglamiglardir. Bu yontemleri
uygularken problemleri genellikle alt problemlere ayrigtirmiglar ya da problemleri
doniigtiirerek daha anlagilir bir forma getirmislerdir. Boylece niimerik yontemler
yardimiyla ¢ok karmagik problemler kisa siirede ve daha az zahmetle ¢oziilebilmistir[1].

Niimerik yontemler icerisinde énemli bir yere sahip olan Sonlu Fark Yontemleri,
lineer veya lineer olmayan kismi diferansiyel denklemlerin baslangi¢ ve siir sartlar
altinda ntimerik ¢oziimlerinin bulunmasinda yaygin olarak kullanilmaktadir. Bu tezde
iki boyutlu Burgers denkleminin sonlu fark yontemleri yardimiyla yaklagik ¢oztimleri
elde edilecektir. Literatiirde bir boyutlu Burgers denkleminin sonlu fark yontemleriyle
¢Ooziimi tzerine cok sayida calisma bulunmasina ragmen iki boyutlu Burgers
denkleminin sonlu fark yontemleriyle ¢oziimii {tzerine ¢ok sayida caligma

bulunmamaktadir.



Ik olarak Bateman tarafindan ortaya atilan ve daha sonra Burgers tarafindan

tiirbtilans i¢in matemetiksel bir model olarak kullanilan bir boyutlu Burgers denklemi
U + UUy = VUgy

seklinde verilir[2]. Burgers denklemi akigkanlar mekaniginde 6nemli bir yere sahip
olup literatiirde temel model denklemlerden biri olarak ele alinmaktadir.
Bu tezde

Up + Uy + Uty = V(Ugy + Uyy)

ile verilen iki boyutlu Burgers denklemi[3] farkli baglangic ve simr sartlar ile goz
ontine alindi. Denklemde bulunan lineer olmayan terimler yerine degisik lineerlestime
teknikleri kullanilarak Agik, Kapali ve Crank-Nicolson sonlu fark yontemleri ile

denklemin niimerik ¢oztimleri elde edildi.



2. TEMEL KAVRAMLAR

Bu bolimde daha sonraki bolimlerde kullanilacak olan bazi temel kavramlar

verildi.

2.1 Klasik Sonlu Fark Yontemleri

Sonlu Fark Yontemleri genel olarak diferansiyel denklemlerin niimerik ¢éziimlerinin
elde edilmesinde kullanilan yontemlerden biridir. Yontem uygulanirken, problemin
¢oziim bolgesi diizgiin geometrik sekiller igeren kafeslere boliintir ve yaklagik ¢oziim,
her bir kafesin diigtim (mesh veya grid) noktasinda, diferansiyel denklemdeki tiirevler
yerine Taylor serisi agilimindan elde edilen uygun sonlu fark yaklagimlar: kullanilarak
hesaplanir. Boylece lineer veya lineer olmayan diferansiyel denklemden olusan
baglangic ve/veya smir deger probleminin ¢oziimiinii bulma problemi fark
denklemlerinden olusan lineer veya lineer olmayan bir cebirsel denklem sisteminin
¢Ooziimiinii bulma problemine indirgenir. Elde edilen denklem sistemi direkt veya
iteratif yontemlerden biri yardimu ile ¢oziilerek géz oniine alinan problemin istenilen
diigiim noktalarida yaklagik ¢oziimii bulunur[4].

U fonksiyonu z, y ve t degiskenlerine bagh bir fonksiyon olsun. Genel olarak sonlu
fark yontemlerinde ¢oziim bolgesi Az (= h;) ( 2 yoniinde konum adim uzunlugu ),
Ay (= hy) (y yoniinde konum adim uzunlugu ) ve At (= k) ( ¢ yoniinde zaman adim
uzunlugu ) kenar uzunluklu kafeslere boliiniir.

Ornegin; [0,¢] x [0,00) yar1 acitk bolgesi iizerinde (x;,y;,t,) ile ifade edilen bir



diigiim noktast;

r; =iAx =ih,, i=0(1)M
y; = jAy = jhy, j=0(1)N

t, =nAt=nk, n=0,1,...

olarak wverilir. Temsili bir P (ihy,jh,,nk) digim noktasi tizerinde U (x,y,t)

fonksiyonunun noktasal degeri icin;

U, = U (ihg, jhy, nk) = U™

2¥]

gosterimlerinden birisi kullanilir. Bu gosterimlerin kullanilmasiyla U fonksiyonunun

birinci ve ikinci mertebeden tiirevlerine sonlu fark yaklagimlari,

ou ~ Ul — Uiy

~ 2.1.1
or hy ( )
oU U, —Up
—_— e 2.1.2
5 i (2.1.2)
oU  UP — Uy
—_— 2.1.3
ox hy ( )
dy h, o
oU Uﬁrlj -U, j
—_— e e 2.1.
ox 2h, (2.1.5)
oy 2h,, o
ou UMt =ur
— 2.1.
ot k (2.17)
ou Uinj B Uinj_l
— 2.1.
ot P (2.18)



U Ul =208, + Ul

or? h2
U UY = 2U7, + Ul
oy? h?
02U N Uin_2’j — 2Uin_17j + Ug}j
or? h2
U U, =203, + U
oy? h?
*U UMy, =20 + Ul
07 = 12
U UY 208 + Ul
oy? h2

olarak Taylor serisi yardimiyla bulunur.

(2.1.9)
(2.1.10)
(2.1.11)
(2.1.12)
(2.1.13)

(2.1.14)

(2.1.1), (2.1.3) ve (2.1.5) ile verilen &’ e gore birinci mertebeden, (2.1.2), (2.1.4)

ve (2.1.6) ile verilen y’ ye gore birinci mertebeden tiirev yaklagimlarina sirasiyla iki

nokta ileri, geri ve ii¢ nokta merkezi fark formiilleri denir. Aymi sekilde (2.1.7) ve

(2.1.8) ile verilen ¢’ ye gore birinci mertebeden tiirev yaklagimlarina sirasiyla ileri

ve geri fark formiilleri denir. (2.1.9), (2.1.11) ve (2.1.13) ile verilen z’ e gore ikinci

mertebeden, (2.1.10), (2.1.12) ve (2.1.14) ile verilen y’ ye gore ikinci mertebeden tiirev

yaklagimlarina da sirasiyla li¢ nokta ileri, geri ve merkezi fark formiilleri denir.

Bir diferansiyel denklemi sonlu fark formunda ifade etmek icin en ¢ok kullanilan

Sonlu Fark Yontemleri sunlardir:
1. Agik (Explicit) Sonlu Fark Yontemi
2. Kapali (Implicit) Sonlu Fark Yoéntemi
3. Crank-Nicolson Sonlu Fark Yontemi

Bu yontemler Klasik Sonlu Fark Yontemleri olarak bilinir[4].



2.1.1 Acik Sonlu Fark Yontemi (ASFY)
Bu y6ntemin daha iyi anlagilabilmesi igin D = [0, £] x [0, ¢] bolgesi tizerinde

o*U  9*U 10U

W—i_@_gﬂ:?a’ (x,y) €D, t>0 (2.1.1.1)

olarak verilen iki boyutlu 1s1 iletim denklemini
U(.I, Y, 0) = UO(J:7 y)
baglangic sart1 ve

U(I7y07t):gl(l‘7t> xOSxSmMa t>0
U(x7yN7t):.92(x7t) JJOSI‘SI'M, t>0
Ulzo,y,t) =hi(y,t)  mo<y<yn, t>0
U(mMayat):}Q(y?t) yOSySva t>0

sinr sartlarn ile birlikte gozoniine alindi[5]. (2.1.1.1) denklemindeki ‘?:7[2], '3272 ve U

tirevleri yerlerine sirasiyla

U Uity —2U7; + Ul

07 12
U Ufjoa — 2005 + Ul
oy h2

5’_U ~ UiT,Lj+1 — Uirfj

ot k

ile verilen sonlu fark yaklagimlari hatalar ihmal edilerek yazilirsa 1s1 iletim denkleminin

acik sonlu fark yaklagima;

n n n n n n n+l n
Uifl,j - 2Ui,j + Uz’+1,j i Ui,jfl — 2Ui7j + UW“ - lUM _ Ui’j (2.1.1.2)
" hz = z 1.1,
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bulunur. ry = Kk/h2 ve ry = Kk/h? olmak iizere yeniden diizenleme yapilirsa;

olur. Acik sonlu fark yaklagiminda ¢, zaman adiminda U}, degerleri verilirse ¢,

zaman adimindaki Uﬁfl degerleri (2.1.1.3) denkleminden bulunur.

2.1.2 Kapali Sonlu Fark Yontemi (KSFY)

(2.1.1.1) denklemindeki ‘?:TQ, 3;75 ve % tiirevleri yerlerine
Py _ UL - U+ U,
oz? h?
PU _ ULt — 20t + UL
0y? h2
n+1 n
a_U ~ —Ul’] _ Uz"j
ot k

seklinde verilen sonlu fark yaklagimlari hatalar ihmal edilerek yazilirsa 1s1 iletim

denkleminin kapali sonlu fark yaklagimi;

n+1 n+1 n+1 n+1 n+1 n+1 n+1 n
Uiny; — 205 + UL, n Uijmr — 2055 + Ui 1 U — U (2.1.2.1)
h? h? K k o
z Y

bulunur. ry = Kk/h2 ve ry = Kk/h? olmak iizere yeniden diizenleme yapilirsa;

n+1 n+1 n+1 n+1 n+1 n+1 n+1\ __ n
Urs = (U =20 + UlT) — (U =207 + U) = U

7/7]_1 ivj

(2.1.2.2)

olur.
Bu tezde elde edilen kapali sonlu fark yaklagimlarinin ¢oziimii icin izlenecek yol
agagida kisaca anlatilmigtir. Ornegin; 1= 1,2,...,mve 5 = 1,2,....,m olmak tlizere

n = 4, m = 5 olarak secelim. U(z;,y;) noktalar1 [ = i+ (m — 1 — j)(n — 1)



YA
ys 1
vl Py P Py
vl Pyl Ps| Ps
VoL P;| Pg| Py
A Py Py Py
Yo +
P R A A

Sekil 2.1: U; j; noktalarmim P, noktalarima doéniisiim semasi|6]

déniigtimii kullanilarak yukaridaki sekilde verildigi gibi P, = (z;,y;) ve Ui; = wy
olarak yeniden adlandiilir. Ornek olarak (z1,91) ve (x1,%:) noktalarn
Il =i+ (m—1-j)(n—1) doniigiimiinde sirasiyla ¢ = 1, 5 = I, n =4, m =5
vei=17=2n=4 m =5 yazilirsa Uy = wyp = Py ve U2 = wy = P; olarak

bulunur. Benzer sekilde diger U; ; noktalar

U1,3 = Wy, U1,4 = W, U2,1 = W11, U2,2 = ws, U2,3 = Ws
Usy =wq, Usy=wia, Usp=wy, Usz=mws Usy=ws
seklinde elde edilir[6]. Buradan (2.1.2.2) kulamlarak w bilinmeyeni cinsinden elde

edilen sistem ¢oziliir. Daha sonra [ = ¢ + (m — 1 — j)(n — 1) doniigiimi tersine

uygulanarak (n 4+ 1). zaman adimindaki U; ; degerleri elde edilir.



2.1.3 Crank-Nicolson Sonlu Fark Yoéntemi (CNSFY)

(2.1.1.1) denkleminin (2.1.1.2) ve (2.1.2.1) denklemleriyle verilen agik ve kapali

sonlu fark yaklagimlar: sirasiyla

n n n n n n n+1 n
Uly; =207+ Ul N Ui =200 + Ul iUi,j - U}

i—1,j ij—1

h2 h? Kk

ve

n+1 n+1 n+1 n+1 n+1 n+1 n+1 n
Uy =205 + ULy, Us =205 + U 1 U = U

h2 h2 K~k

oldugunu biliyoruz. (2.1.1.1) igin yukarida verilen acgik ve kapali sonlu fark

yaklagimlarinin averajlarinin alinmasiyla

n+1 n
205 Ul

K k
_ Uin—l,j r- QUZJ + Uiﬁ—l,j + U{fj—l B QU:] i UZ??j"rl (2131)
h2 hy
n+1 n+1 n+1 n+1 n+1 n+1
Uiji,j - 2Ui,;_ + Uiji,j Ui,jtl - 2Ui,j+ + Ui,jt].
h? h?
T Yy

seklinde Crank-Nicolson sonlu fark yaklagimi bulunur. Bu denklem r; = Kk/h2 ve

ry = Kk/h olmak {izere,

2U;}j+1 — rl(Uffl}j — 2U;}j+1 + U;fl}j) — rz(U;};jl — 2U;3+1 + U{fj;ll) (2.1.3.2)

i—1,5

=207+ Ul ) + (U =208 + U )

olarak yazilabilir. Burada UZ";r ! degerlerini elde etmek icin (2.1.3.2) ile verilen sistem,

kapali sonlu fark yaklagimindakine benzer olarak ¢oziiliir.

2.1.4 Agirlhikli Averaj Yaklasimi

PU U _Lou
ox2  oy2 K Ot

9



iki boyutlu 1s1 iletim denkleminin agirhikli averaj yaklagim A € [0, 1] olmak {izere,

1_17‘7

1 n n n n n n
o AU = 2007 + URR) + (L= MUy = 207 + Ul ) }
i,7—1 2,7—1

1 n n n n n n
Y

n+1 n
1 U5 U

K k

dir. 7y = Kk/h} ve ry = Kk/h olmak iizere,

n+1 n+1 n+1 n+1 n+1 n+1 n+1

ij—1

=207 + Uijj)
(2.1.4.2)

bulunur. (2.1.4.2) sistemi, A = 0 i¢in agik, A = 1 i¢in kapal, A = % icin Crank-Nicolson

sonlu fark semalarim verir.

2.2 Kararhlik Analizi

Bu bélimde von Neumann (Fourier Seri) kararlilik analizi tizerinde durulacaktir.

2.2.1 von Neumann (Fourier Seri) Yontemi

Fourier seri yontemi diferansiyel denklemin kararliligini sadece hata yayilimi igin

inceleler.
Burada T sonlu, éz = h — 0, 0t = k — 0 ve N — oo oldugunda
0 <t < T = Nk zaman arahginda U(z,t) igin lineer iki zaman seviyeli fark

denkleminin kararliligi konusu incelenecektir. von Neuman yontemi, ¢ = 0 digim

noktasi boyunca sonlu Fourier serisine gore basglangi¢ degerini ifade eder. Boylece

10



kismi diferansiyel denklemleri c¢ozmek icin kullanilan “degiskenlerine ayirma”
yontemine benzer olarak ¢ = 0 i¢in fourier serilerine indirgenen bir fonksiyon goz
ontine alinir.

Her ne kadar Fourier serileri sin ve cos fonksiyonlarima gore ifade

edilebiliyorsa da cebirsel olarak ftistel bigimde yazilmasi daha uygundur. Yani

iNTT

> @y cos(™7*) veya ) by, sin(™*) ifadeleri yerine bu denklemlere denk olan ) A,e” v

istel ifadesi yazilabilir. Burada i = v/—1 ve [, x araliginin uzunlugudur. Buna gore

inTE inmtmh

Ae’ T = Apje 1T = A, et

yazilabilir. Burada Mh = ve (,, = nm/Mh alinmgtr.

t = 0 pivot noktasindaki baglangig degerlerini U(mh,0) = U2, m = 0(1)M
seklinde olan (M + 1) tane denklem, Ay, Aq, As, ..., Ay bilinmeyen sabitlerini tek
tirlii belirlemek i¢in yeterlidir. Bu ise baslangi¢ diigiim degerlerinin kompleks iistel
formda aciklanabildigini gosterir. Buna gore goz ontine alinan lineer fark denkleminin
e’ gibi yalmz bir baslangic degerinden elde edilmesi miimkiindiir. Ciinkii lineer
fark denklemi bagimsiz ¢oziimlerin lineer birlesimi gseklinde yazilabilir.

t degerinin artigina gore iistel dagilima bakmak igin
Ur — ei,@xeat — eiﬁmheank — ei,@mhgn
m

ifadesi gozoniine alinir. Burada genellikle a kompleks bir sabit olmak iizere ¢ = e

olarak kullanilir ve € genellikle giiclendirme faktorii olarak adlandirilir. Sonlu fark
denkleminin kararlhihigi icin A — 0 ve £ — 0 oldugunda her n < N ve baslangic sartini
saglayan tiim [ degerleri i¢in |U”| kalintis1 sabit olmalidir. Sonlu fark denkleminin

tam ¢Ozliimii zamana bagh olarak tistel bicimde artmiyor ise kararlilik i¢in gerek ve

11



yeter sart
el <1
yani —1 < e < 1 olmasidir.

Bununla birlikte U], zamana bagh olarak artiyor ise kararlilik icin gerek ve yeter

sart; K pozitif sayisi, h, k, ve 8 degerlerinden bagimsiz olmak tizere
le| <1+ Kk =1+ 0(k)

olmasidir[4].

2.2.2 von Neumann Yontemiyle Kararhilik Analizi

(2.1.1.1) ile verilen 1s1 iletim denkleminin (2.1.4.1) averaj yaklagiminda

h = h, = h, olmak lizere,

Ur. — elﬁ(i—i-j)heank Iﬁ(i—i—j)hgn’ I =+/—1

irj =¢€
yerine yazilirsa
%{)\(em(ilﬂ)hgnﬂ — 9eBlHihent1 | IB(i+1+i)hont1y

+ (1 = \)(efPitHihgn _ 9plBlithen 4 oIA(i+1+)hen )

%{)\(efﬁ(i—i-j—l)hgn—l-l _ 9eIBliHhgn+L | IR+ Dhn 1y

F (1= A)(elBiHI—Dhen _ 9o IBG+Dhn | oIBli+i+Dhon))

+

B 1 6[6(i+j)h€n+1 _ efﬁ(i-i-j)hgn

K k

elde edilir. Gerekli diizenlemeler yapildiginda

2 —IBh 18h —I8h 18h e—1

12



bulunur. Bu esitlikte e/#* = cos 8h + I sin Bh Euler formiiliiniin kullanilmasyla

h* + 2KkAe(2cos Sh — 2) + 2K k(1 — X\)(2 cos Bh — 2)
h2

=&

bulunur. cos fh = 1 — 2sin? % doniigimi yardimiyla e giiclendirme carpani

h? — 8(1 — \) Kk sin? 22
£ = 2 (2.2.2.1)
h? + 8AKksin? 2

olur.
(2.2.2.1)" de A = 0 ise acik sonlu fark yaklagimi i¢in yontemin kararh olmas |e| < 1
sart1 ile saglanir. O halde,

h? — 8Kk sin® 2

-1< = <1
bulunur. Gerekli diizenlemeler yapilirsa
—8Kk sin? %
A&
elde edilir. r = Ié—f olmak iizere buradan

Bh

—2 < —8rsin® o> <0

bulunur. Bu esitsizligin sag tarafindan

ve sol parcasindan ise

1
r<——s=0 <
4sin? 2

|

bulunur. Boylece yontemin kararli olmasi igin r parametresi 0 < r < }L olmaldir.
(2.2.2.1)" de A = 1 seqildiginde kararhlik || < 1 sart: ile saglanir. O halde

h2

h2 + 8Kk sin® %

13



bicimine doniigtir. Buradan r = % olmak fizere,

1
<1
1+87’sin25—2h‘ B

bulunur. Bu esitsizlik her » > 0 icin saglandigindan yontem sartsiz kararhdir.
(2.22.1) de A = % secilmesi ile elde edilen Crank-Nicolson sonlu fark yontemi icin
ise |e|] < 1 sart1 her > 0 i¢in saglanacagimmdan Crank-Nicolson sonlu fark yontemi

sartsiz kararhdir.

14



3. 2. BOYUTLU BURGERS DENKLEMI

3.1 Giris

Bu tezde ele alman 2-boyutlu Burgers denklemi|[3]
Ut + Uy + Uty = U(Ugy + Uyy) (3.1.1)

formundadir. Akigkanlar dinamiginde Oonemli yere sahip olan Burgers denklemi;
Brusselator modellerinin kimyasal reaksiyonlarini incelemede, sig su dalgalarini
aragtirmada, trafik akigi ve gaz dinamiginin modellenmesi gibi gesitli fiziksel
uygulamalarda kullanilir. Ayrica Burgers denklemi akustik dalgalar, konveksiyon
etkileri, difiizyon nakli, 1s1 iletimi, dinamik modelleme ile aralarindaki etkilesimleri
tanimlamak i¢in 6rnek bir model sergiler. Bu modeller ile ilgili caligmalar diger niimerik
ve analitik tekniklerin anlagilmasinda énemli rol oynar[2, 7, 8, 9, 10, 11].

Lineer olmayan yatay diflizyon denklemi olarak da bilinen Burgers denklemi,
Navier-Stokes denkleminin basitlestirilmis bir modelidir. Burgers denklemi ilk olarak
onu fiziksel bir yap1 icinde Bateman tarafindan onerilmis ve daha sonra da J. M.
Burger tarafindan kullanilmigtir. Analitik olarak Burgers denklemi, ilk defa J. M.
Burger tarafindan tiirbiilans model adli ¢alismasinda kullanilmig ve basit bir boyutlu
Burgers denkleminin kararh ¢oziimii ise Bateman tarafindan yapilmgtir[2, 7, 8].

Literatiirde iki boyutlu Burgers denklemi ile ilgili bircok c¢alisma mevcuttur.
Bunlardan bazilar1, Fan vd.[12], sembolik hesaplama ve genigletilmig tanh metodunu

kullanarak iki boyutlu KdV Burgers denklemi icin sok dalga ¢oziimlerini elde ettiler.
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Kannan ve Chung|[13], 2-boyutlu Burgers sistemleri i¢in sonlu fark yaklagik ¢dziimlerini
bir tiip igindeki galkantili akigini modelledi. Boules ve Eick[14], 2- boyutlu Burgers
denkleminin tam ¢oziimiine zamana bagli katsayilar ile kesilmis Fourier serileri
yardimiyla sunuldu. Bahadir[15], iki boyutlu Burgers denklemini tamamen kapali
sonlu fark yontemi ile ayrigstirarak, lineer olmayan diferansiyel denklem sisteminin
¢oztimlerine ulagt1. El-Sayed ve Kaya[16], baglangig sartlar: verilen iki boyutlu Burgers
denkleminin tam ve ntimerik ¢6ztimiinii ADM metodu ile elde ettiler. Radwan[17],
2-boyutlu Burgers denklemlerini dik egimi modere ettikten sonra yiiksek dereceden
tam sonlu fark yontemi ile niimerik sonuglari elde etti. Duan ve Liu[18], kararsiz
2-boyutlu Burgers denklemini simiile etmek icin 0zel bir Lattice Boltzmann modeli
lizerinde galigtilar. Zhua vd.[19], iki boyutlu lineer olmayan Burgers denkleminin
niimerik ¢oziimlerini ADM metodu ile elde ettiler. Srivastava vd.[20], iki boyutlu
coupled Burgers denkleminin sayisal ¢oztimlerini Crank-Nicolson yontemini kullanarak
buldular. Tamsir ve Srivastava[21], 2-boyutlu coupled Burgers denkleminin niimerik
¢oztimlerine ulagmak igin yar1 agik sonlu fark metodunu kullandilar. Kweyu vd.[22],
degiskenlerin ayrigtirilmasi ve Hopf-Cole dontigiimi kullanarak 2-boyutlu Burgers
denklemleri i¢in dirichlet sinir sartlarinin ve baslangic sartlarinin cesitli kiimelerini
meydana getirdiler. Aminikhah[23], lineer olmayan iki boyutlu Burgers denklemini
etkili bir gekilde ¢ozmeye yarayan Laplace doniigiim metodunun yeni bir formunu
olugturdu. Kadir vd.[24], 2-boyutlu Burgers denkleminin ntimerik olarak ¢oziimiinii
lineerlestirilmig Crank-Nicolson sonlu fark metodu ile verdi. Shukla vd.[25], 2-boyutlu
non-lineer coupled viskos Burgers denkleminin niimerik ¢oztimlerini uygun baslangig
ve siir sartlariyla modifiye edilmis kiibik B-spline diferansiyel quadrature metodu

kullanarak elde etti. Khan[26], 2-boyutlu lineer olmayan Burgers denklemini LDM
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metodu ile ¢ozdii. Kutluay ve Yagmurlu[27], modifiye edilmig bi-kuintik B-spline
fonksiyonlar: kullandi ve niimerik sonuglari elde etmek i¢in 2-boyutlu kararsiz Burgers
denklemine Galerkin metodu uyguladi. Hussain vd.[28], meshfree yontemi ile 2-boyutlu
Burgers denkleminin niimerik ¢oziimlerini elde ettiler. Zhanlav vd.[29], 2-boyutlu 1s1
denklemini ¢6zmek icin yiiksek dereceden sonlu fark metodunu kullandi. Sarboland ve
Aminataei[30], lineer olmayan coupled Burgers denklemlerini multikuadratik
quasi-interpolasyon semasi olarak bilinen meshless metodlarinin bir ¢esidi vasitasiyla
gozdiiler. Gardner ve Gardner[31], manyeto-hidro dinamik diizlem akigini 2-boyutlu
kiibik B-spline sonlu eleman metodunu kullanarak ¢ozdiiler. Ang[32], yerel olmayan
sarta bagh 2-boyutlu difiizyon denkleminin niimerik ¢éziimii i¢in sinir integral denklem
yontemini sundu ve 6zel bir problemi bu yontemle ¢ozdii. Velivelli ve Bryden[33],
2-boyutlu difiizyon denkleminin ¢éziimii i¢in kafes Boltzmann yonteminin 6n-etkin
(cache-efficient) uygulamasimi sundular. Wu ve Zhang[34], 2-boyutlu Burgers
denkleminin niimerik ¢oziimiinii bir yapay sinir yontemiyle elde ettiler. Gurefe ve
Misith[35], (G'/G)- agihm yontemi yardimiyla Riccati denkleminin bazi tam
¢oziimlerini elde ettikten sonra Riccati denkleminin kendisi ve tam ¢oztimlerini
kullanarak 2-boyutlu Burgers denkleminin iki keyfi fonksiyonlu degiskenlerine
ayrilabilir ¢oziimlerini buldular. Mittal ve Jiwari[36], uygun baslangi¢ ve sinir gartlar
ile birlikte verilen lineer olmayan 2-boyutlu Burgers denklem sisteminin niimerik
¢oziimlerini elde etmek icin hizhi yakinsayan diferansiyel quadrature yontemini
onerdiler. Allery vd.[37], 2-boyutlu Burgers denklemlerini herbir iterasyonda bazmn
daha da iyilestirildigi bir baza dayali iteratif prosediir olan indirgeme yontemini
kullanarak ¢ozdiiler. Inan vd.[38], dokuzuncu mertebe Korteweg-de Vries (nKdv)

denklemi ve 2-boyutlu Burgers denklemlerinin kompleks ¢oziimleri i¢in direkt bir
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cebirsel yontem uygulamig ve bu denklemlerin bir takim kompleks c¢oztimlerini
bulmusglardir. Huang ve Abduwali[39], bir ve iki boyutlu Burgers denklemine modifiye
edilmis lokal Crank-Nicolson metodunu uyguladilar.

Simdi (3.1.1) ile verilen 2-boyutlu Burgers denklemini agagida sunulan farklh

baslangic ve sinir gartlar ile ele alalim.

3.2 Model Problem 1
Ik model problem olarak
Ut + Uty + Uty = V(U + Uyy) (x,y)e D, t>0 (3.2.1)

2-boyutlu Burgers denklemi D = [0, 1] x [0, 1] bélgesinde

0,y,t) = ! t>0
u(0,y,t) = 11 cw—b/20’ >3
1
uw(l,y,t) = T i t>0
0,t) = ! t>0
u(,0,t) = 11 e/’ >
1
u(m,l,t):m, t>0
sinir gartlar: ve
1

u(z,y,0) = uo(z,y) = T otz

baglangic sarti ile ele alindi. Problemin analitik ¢oziimi

1

wwyt) = T o

dir[27).
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3.3 Model Problem 2

Ikinci model problem olarak
Up + Uty + Uty = V(Ugy + Uyy) (x,y) €D, t>0
2-boyutlu Burgers denklemi D = [0, 1] x [0, 1] bolgesinde

u(0,y,t) =0, t>0
u(l,y,t) =0, t>0
u(z,0,t) =sin(2rx), t>0

u(z,1,t) =sin(2rx), t>0

sinir gartlar: ve

u(z,y,0) = up(z,y) = sin(27rx) cos(27wy)

baglangig sart1 ile ele alindi[24].
(Caligmada elde edilen sonuglarin dogrulugunu, etkinligini ve ntimerik ¢oziimlerin

analitik sonuglara ne kadar yakin oldugunu 6l¢gmek igin literatiirde bulunan

N-—1

L2 = Z |Ui7j - (utam)i,j|2
ij=1

Lo = 0<ir,?3]}\{771 ’Ui,j - (Utam)i,j|

hata normlar: kullanildi.
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4. MODEL PROBLEMLERIN KLASIK SONLU
FARK YONTEMLERI ILE NUMERIK

COZUMLERI

4.1 Acik Sonlu Fark Yontemi (ASFY) ile Coziimii

(3.1.1) denkleminin agik sonlu fark yaklagimini elde etmek igin denklemde bulunan

tirevler yerine

oU Ul — Ul

~

oz 2h,

ou Ul = Ul

dy 2h,,

n+1 n

a_U ~ —Ui7;_ _ U(L’j

ot k
U ULy, =20 + Uy
0% 12
U Ulja — 2055 + Ui
oy? h2

sonlu fark yaklagimlar yazilirsa;

n+1 n n n n n
Uiy — U n Un‘Ui—i-l,j — Uy, n U‘nAUi,j—H Ul _
k TS TS
Uiy =207+ Uity N Uiy =200+ Ul
2 2
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bulunur. Burada ¢, = 1(1)M — 1 olmak iizere h, = h, = h almir ve gerekli

diizenlemeler yapilirsa;

n n k n n n n n
Uit =Up - o5 Ui Uy — Uty + Ul = Ula)
vk n n n n n n
+ 75 (Uit = 207 + Ul + Uiy = 2075 + Ui (4.1.1)

elde edilir.

4.2 Kapali Sonlu Fark Yontemi (KSFY) ile Coziimii

(3.1.1) ile verilen denklemin kapali sonlu fark yaklagimi i¢in, denklemde bulunan

tirevler yerine

n+1 n+1
ou Uiy, Uy,

or 2h,
n+1 n+1
8_U -~ Ui,}:—l - Ui,j—’_—l
oy 2h,
n+1 n
a_U ~ —Uz’] _ Uz’j
ot k
U U U U,
or? h2
U Ui U U
oy h2

sonlu fark yaklagimlari yazilirsa;

n+1 n n+1 n+1 n+1 n+1
Ui,j - Ui,j + U.n,(UH—l’j - Ui—l,j + Ui,j-{—l - Ui,j—1>
k i 2h, 2h,

n+1 n+1 n+1 n+1 n+1 n+1

02 02
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olur. 4, j = 1(1)M — 1 olmak {izere gerekli diizenlemeler yapilirsa

Ul ur. v ur v 1 2v 20
bl Zhi Y nil (Zid Uy o2 202U 4191
L 7,—1,]( th h;25> + 2+17J(2hx hi) + 1,J <k? + hi + h;) ( )
uro o urow
Unfl Y R UnJrl vy 7
+ z,j—l( 2hy hi)—i_ 17J+1<2hy h%/)

elde edilir.

4.3 Crank-Nicolson Sonlu Fark Yontemi (CNSFY) ile Coziimii

Crank-Nicolson sonlu fark yaklagimi actk  ve kapali  sonlu fark
yaklagimlarinin averajlarinin  alinmasiyla elde edilir. Denklemin acgik sonlu

fark yaklagimi

k
n+1 n n n n n n
Ui~ = Uiy = 57 Uis (Ultry = Uitay + Uil = Uijja)

Uk n n n n n mn
+ 2 (Ui—l,j - 2Ui,j + Ui+1,j + Ui,j—l - 2Ui,j + Ui,j+1)

ve kapali sonlu fark yaklagimi

n 1 n+1 UZ} v n+1 UZ} v n+1 1 2v 2v
Uisg =Ustog, — ) F UG, — ) U G e )
T T T T T Y
Ur. v n v
Un.Jrl Y U<n-+1 vy 7
+ Z,j—l( 2hfy hg) + Z,]+1(2hy hg)
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dir. Bunlarmn 7,5 = 1(1)M — 1 olmak iizere averajlarinin alinmasiyla

Uy v Uy
oy = — - — g = - —
YT dh, 2R 7 4h, 202
1 N v N v Ul v
a3=——t 5ty =T
k= h: h2 4h,  2h2
Ui v U v
5= PYDR 6= + 53
ah,  2h 4h,  2h2
o — i n v 1 v w
T 4h, | 2R2 Tk h2 2
b i v U 1 v
Qg = PYTR Q10 = — PYID)
4h, ~ 2h2 4h,  2hZ

olmak tlizere

n n n n n
Uiy ; + Uiy ; + aaUs; + Uy + asUs 1,
_ n+1 n+1 n+1 n+1 n+1
— aGUi—l,j + a7Ui+1,j + agUi,j + agUi,j—l + Oélo

elde edilir.
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4.4 Kararlhilik Analizi

(3.1.1) ile verilen iki boyutlu Burgers denklemi igin agirlikli averaj yaklagimi,

A€ [0,1], h=h, = h, ve

o — Uﬁ:ﬁ}j B Uzn—ﬁlg o — Uﬁkl,j — Uin—l,j
! 2h T 2h
n+1 n+1 n n
O — Ui,]t,-l - Ui,j+—1 Uy — Ui,j+1 B Ui,j—l
’ 2h T 2h
n+1 n+1 n+1
o — Uty =200 + Ul
5 — h2
o Uin—l,j B 2Uz'7,lj + Uz?}i-l,j
Qg =
72
1 1 1
o, ol U:j—k—l B 2Ui7?j+ + U;};—l
7T — h2
_ Ul = 2U5 + Uil
g =
B2
olmak tzere,
urtt —yn
WTW + U [ag A + ag(1 = N)] 4+ U [asA + aq(1 — V)]
= v [asA + ag(l — A) + az A + ag(1 — N)] (4.4.1)

dir. Bu yaklasgimda A = 0, A = %, ve A = 1 secilmesi ile sirasiyla Acik, Crank Nicolson
ve Kapali yontemleri elde edilir.

Simdi (4.4.1) denklemine von-Neumann kararlilik analizi uygulayalim.

Bunun i¢in U}"; yerine

Un. — elﬁ(i+j)hgn

ij y I: V _1

yazilir ve gerekli diizenlemeler yapilirsa

1 1Bl _ o~Tph e—1Bh _ 9 1 Iph
¢ l% L e = ]

1 oIBh _ o—IBh e—1Bh _ 9 1 oIBh
=|=-=20(1—-X 20(1 — A

R e ]
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elde edilir. Son esitlikte

e = cos Bh + I sin Bh

Euler formiiliiniin kullanilmasiyla

% . U(l o /\)(2[81th) . U(l . )\)(4cosﬂh74)

€= STeFR Lcos fh—4 =
14 UN(EESh) — p)(fesfit)
bulunur.
h
cos Bh =1 — 2sin? %
oldugundan

1— (1= \)[3% sin® 2* + 12UE gin Bh]
1+ A8 sin® 'Bh + I2% sin 5]

dir. Bu egitlikte r = :—2 yazilirsa

8:1—(1—)\)[8vrsin2%+l%sin5h] (1.42)
1+ A[8vrsin? 2 4 T2UE gin g o

elde edilir.
A = 0 ise agik sonlu fark yaklagimi igin (4.4.2)” nin kararh olmasi |e] < 1 gart1

ile saglanir. O halde, || < 1ise 0 < |e|* < 1 dur.

vk h 2Wk
> = (1— —z sin 2%)2 + (Tsmﬁh)

ifadesi |e|” < 1 esitsizliginde

h h
sin fh = QSIH% cos%
kullanilir ve gerekli diizenlemeler yapilirsa
1—16—81112 Bh+64 vk 46h—i—16@51112@6032@<1
h? 2 h# 2 h? 2 2~
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elde edilir. Buradan
272 2 5,2\ 2 B
T’|:Uh + (4v* — U"h?) sin 7} <w

bulunur. Boylece yontemin kararli olmasi i¢in r parametresinin

r < min (L,i)
U?h? 4v
esitsizligini saglayacak sekilde secilmesi gerekir.

A = 1 secilmesi ile elde edilen kapali sonlu fark yaklagimi icin (4.4.2)" nin
kararh olmas |¢| < 1 sart1 ile saglanir. Bu sart her r > 0 i¢in saglanacagindan kapali
yontem sartsiz kararhdir.

A = 3 secilmesi ile elde edilen Crank Nicolson sonlu fark yaklagim i¢in (4.4.2)°
nin kararli olmasi |¢| < 1 sart1 ile saglanir. Bu sart her » > 0 i¢in saglanacagindan
Crank Nicolson sonlu fark yontemi sartsiz kararhdir.

Nimerik Sonuglar

Bu kisimda (4.1.1), (4.2.1) ve (4.3.1) ile verilen swrasiyla Agk, Kapal ve
Crank-Nicolson sonlu fark semalarinda Problem 1 ve Problem 2’ de verilen baglangig
ve sinir sartlar: kullanilarak elde edilen niimerik sonuclar verildi. ASFY i¢in elde edilen
niimerik sonuglar Tablo 4.1 ve Tablo 4.2" de sunuldu.

Tablo 4.1 de v = 1, k = 0.001 ve t = 0.25 secilerek farkli A konum adimi
uzunluklar: i¢in acik sonlu fark yontemi ile elde edilen niimerik sonuclar, Lo, L.
hata normlar1 ve problemin tam ¢oziimii ile niimerik ¢oziimlerinin karsilagtirilmasi
sunuldu. Tablodan goriilecegi iizere niimerik ¢oziim ile tam ¢oéziim birbiriyle uyum
icinde olup hata normlar1 yeterince kiigiiktiir. Konum boliintii sayis1 arttirildiginda

Ly ve Ly hata normlarimin oldukga kiigiildiigii goriilmektedir.
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Tablo 4.2 de v = 1, h = 0.1, t = 0.25 ve farkli k degerleri i¢in Problem
17 in acik sonlu fark yontemi ile elde edilen niimerik sonuglarinin tam c¢oziimlerle
kargilagtirilmasi sunuldu. Tablodan & zaman adimi kiigiildiikge niimerik ¢oziimlerin
tam ¢oziime yaklagtigi ve Lo ve L, normlariin yeterince kiigiik oldugu goriilmektedir.

Tablo 4.3’ te k = 0.0001, ¢t = 0.25 ve v’ nin farkli degerleri i¢in Problem 1’ in L,
ve L, hata normlar1 Ref. [24] ile kargilagtirildi. Tablodan v’ nin farkli degerlerinde
elde edilen Ly ve Lo, hata normlarmin Ref. [24] ile verilen hata normlarimdan daha
kii¢iik oldugu goriilmektedir.

Tablo 4.4’ te v =1, k = 0.001 ve M = 16 olmak iizere farkli ¢ zamaninda Problem
1”7 in ASFY ile elde edilen niimerik ve tam ¢oziimleri ile Ly ve L., degerleri verildi.
Farkli ¢ zamanlarinda niimerik ve tam sonuclara bakildiginda birbirine yakin olduklar:

goriilmektedir. Ayrica Ly ve L., degerleri farkli ¢t zamanlarinda yeterince kii¢tiktiir.
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Tablo 4.1: Problem 1’ in v = 1, £k = 0.001 ve A’ nin farkhi degerleri i¢in ¢ = 0.25
zamaninda ASFY ile elde edilen niimerik ve tam g¢oziimleri (x” da k£ = 0.0001 alindi)

Niimerik Coztiim Tam Coziim
(x,y) h=0.1 (x)h = 0.05 (x)h = 0.025
(0.0,0.0) 0.531209 0.531209 0.531209 0.531209
(0.0,0.1) 0.518741 0.518741 0.518741 0.518741
(0.0,0.2) 0.506250 0.506250 0.506250 0.506250
(0.0,0.3) 0.493750 0.493750 0.493750 0.493750
(0.0,0.4) 0.481259 0.481259 0.481259 0.481259
(0.1,0.0) 0.518741 0.518741 0.518741 0.518741
(0.1,0.1) 0.506249 0.506250 0.506250 0.506250
(0.1,0.2) 0.493750 0.493750 0.493750 0.493750
(0.1,0.3) 0.481258 0.481259 0.481259 0.481259
(0.2,0.0) 0.506250 0.506250 0.506250 0.506250
(0.2,0.1) 0.493750 0.493750 0.493750 0.493750
(0.3,0.0) 0.493750 0.493750 0.493750 0.493750
(0.3,0.1) 0.481258 0.481259 0.481259 0.481259
(0.4,0.0) 0.481259 0.481259 0.481259 0.481259
(0.5,0.0) 0.468791 0.468791 0.468791 0.468791
(1.0,1.0) 0.294215 0.294215 0.294215 0.294215
Lo 1.316 x 107 5.92 x 107° 3.67 x 107°
Lo 2.36 x 1076 5.3 x 1077 1.7 x 1077
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Tablo 4.2: Problem 1" in v = 1, h = 0.1 ve farkhh k£ zaman adimlar i¢in ¢ = 0.25
zamaninda ASFY ile elde edilen niimerik ve tam ¢oziimleri

Niimerik Coztiim Tam Coziim
(x,y) k= 0.001 k = 0.0005 k = 0.0001
(0.0,0.0) 0.531209 0.531209 0.531209 0.531209
(0.0,0.1) 0.518741 0.518741 0.518741 0.518741
(0.0,0.2) 0.506250 0.506250 0.506250 0.506250
(0.0,0.3) 0.493750 0.493750 0.493750 0.493750
(0.0,0.4) 0.481259 0.481259 0.481259 0.481259
(0.1,0.0) 0.518741 0.518741 0.518741 0.518741
(0.1,0.1) 0.506249 0.506249 0.506249 0.506250
(0.1,0.2) 0.493750 0.493750 0.493750 0.493750
(0.1,0.3) 0.481258 0.481258 0.481258 0.481259
(0.2,0.0) 0.506250 0.506250 0.506250 0.506250
(0.2,0.1) 0.493750 0.493750 0.493750 0.493750
(0.3,0.0) 0.493750 0.493750 0.493750 0.493750
(0.3,0.1) 0.481258 0.481258 0.481258 0.481259
(0.4,0.0) 0.481259 0.481259 0.481259 0.481259
(0.5,0.0) 0.468791 0.468791 0.468791 0.468791
(1.0,1.0) 0.294215 0.294215 0.294215 0.294215
Loy 1.136 x 107° 1.199 x 107 1.107 x 107°
Lo 2.36 x 1076 2.15 x 1076 1.99 x 10°¢
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Tablo 4.3: Problem 1° in k&

= 0.0001,

0.25 ve v’

nin farkl

degerleri icin ASFY ile elde edilen Lo ve degerlerinin  Ref. [24] ile
kargilagtirilmasi

v M Lo(k = 0.0001)  Ly[24] Loo(k = 0.0001)  Loo[24]

8 X 8 1.4 x107° 5.311 x 10~° 3.0 x 1076 1.189 x 10~

1 32 x 32 419 x 1076 1.904 x 1074 2.3 x 1077 1.065 x 107

48 x 48 3.37x107¢  2.843 x 1074 1.3x 1077 1.060 x 1072

8 X 8 5.151 x 1073 5.811 x 1073 2.452 x 1073 1.751 x 1073

0.1 32x 32 1.491 x 10™*  9.465 x 1073 2.02 x 1074 1.722 x 1073

40 x 40 1.244 x 1073 1.224 x 1072 1.34 x 1074 1.242 x 1073

8 X 8 2.4412 x 1072 2.255 x 1072 2.1626 x 1072 1.016 x 1072

0.0 24 x 24 9.702 x 1073 2.044 x 1072 2.61 x 1073 6.011 x 1073

32 X 32 7.399 x 1072 2.735 x 1072 1.511 x 1073 6.663 x 1073
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Tablo 4.4: Problem 1’ in v = 1, kK = 0.001 ve M = 16 olmak tizere farkli ¢ zamaninda
ASFY ile elde edilen niimerik ve tam ¢oziimleri ile Ly ve L., degerleri

t=0.1 t=0.25
(x,y) Niimerik ~ Tam Niimerik ~ Tam
(1/8,1/8) 0.481259 0.481259  0.500000 0.500000
(3/8,1/8) 0.450166 0.450166 0.468790 0.468791
(3/8,3/8) 0.419457 0.419458 0.437823 0.437823
(4/8,3/8) 0.404318 0.404319  0.422504 0.422505
(4/8,4/8) 0.389360 0.389361 0.407332 0.407333
(5/8,4/8) 0.374607 0.374608  0.392336 0.392337
(5/8,5/8) 0.360083 0.360084  0.377540 0.377541
(7/8,5/8) 0.331812 0.331812 0.348645 0.348645
(7/8,7/8) 0.304703 0.304703 0.320821 0.320821
(1/8,7/8) 0.389360 0.389361 0.407333 0.407333
Ly 1.0x107° 11x107°
Lo, 1.0 x 1079 1.0 x 1076
t=0.5 t=0.75
(z,y) Nimerik ~ Tam Nimerik ~ Tam
(1/8,1/8) 0.531209 0.531209 0.562304 0.562177
(3/8,1/8) 0.500000 0.500000 0.531539 0.531209
(3/8,3/8) 0.468791 0.468791 0.500849  0.500000
(4/8,3/8) 0.453262 0.453262  0.485327 0.484380
(4/8,4/8) 0.437824 0.437823  0.469847 0.468791
(5/8,4/8) 0.422505 0.422505  0.454266 0.453262
(5/8,5/8) 0.407333 0.407333 0.438778 0.437823
(7/8,5/8) 0.377541 0.377541 0.407750 0.407333
(7/8,7/8) 0.348645 0.348645 0.377722  0.377541
(1/8,7/8) 0.437823 0.437823  0.468945 0.468791
Lo 1.3x107° 8.47 x 1073
Lo 2.0 x 107 1.056 x 1073
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Problem 1’ in (4.2.1) ile verilen kapal sonlu fark semas ile elde edilen niimerik
sonuclar1 Tablo 4.5 ve Tablo 4.6” da sunuldu.

Tablo 4.5’ te v = 1, k = 0.001 ve t = 0.25 segilerek farkli konum adim uzunluklari
i¢in, kapali sonlu fark yontemi ile elde edilen ntimerik sonuclar, Ly ve L., hata normlari
ve problemin segilen (z;,y;) noktalar: i¢in tam ¢dziimi sunuldu. Tablodan goriilecegi
lizere numerik ¢oziim ile tam ¢ozim birbiriyle uyum icindedir ve hata normlar:
oldukea kii¢iiktiir. Tablo 4.5 ten goriilecegi tizere A konum adim uzunlugu azaldiginda
Ly ve L., hata normlarinda kayda deger bir azalma gozlenmedi.

Tablo 4.6’dav =1, h = 0.05, t = 0.25 ve farkli k degerleri icin Problem 1’ in kapali
sonlu fark yontemi ile elde edilen niimerik sonuclarinin tam sonuclarla karsilagtirilmasi
sunuldu. Tablodan goriilecegi tizere k degerleri azaldik¢a Ly ve Lo, hata normlarinda
azalma olmaktadir.

Tablo 4.7 de k = 0.01, t = 0.25 ve v’ nin farkh degerleri i¢in Problem 1’ in KSFY
ile elde edilen Ly ve L, degerlerinin Ref. [24] ile kargilagtirilmasi verildi. Tablodan
goriilecegi tizere farkli v ve M degerlerinde Ly ve L., hata normlar: uyum icerisindedir.

Tablo 4.8 de v =1, k = 0.01 ve M = 16 olmak tizere farkli ¢ zamaninda Problem
1”7 in KSFY ile elde edilen niimerik ve tam ¢oziimleri ile Ly ve L., hata normlari
verildi. ¢’ nin farkl degerlerinde elde edilen niimerik sonuclar tam sonuclara oldukca

yakindir. Ly ve Lo, hata normlar1 da oldukga kiictiktiir.
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Tablo 4.5: Problem 1’ in v = 1, k£ = 0.001 ve A’ nin farkhi degerleri i¢in ¢ = 0.25
zamaninda KSFY ile elde edilen niimerik ve tam ¢oztimleri

Niimerik Coziim Tam Coziim
(x,y) h=0.1 h = 0.05 h =0.025
(0.0,0.0) 0.531209 0.531209 0.531209 0.531209
(0.0,0.1) 0.518741 0.518741 0.518741 0.518741
(0.0,0.2) 0.506250 0.506250 0.506250 0.506250
(0.0,0.3) 0.493750 0.493750 0.493750 0.493750
(0.0,0.4) 0.481259 0.481259 0.481259 0.481259
(0.1,0.0) 0.518741 0.518741 0.518741 0.518741
(0.1,0.1) 0.506249 0.506249 0.506256 0.506250
(0.1,0.2) 0.493749 0.493749 0.493748 0.493750
(0.1,0.3) 0.481257 0.481257 0.481256 0.481259
(0.2,0.0) 0.506250 0.506250 0.506250 0.506250
(0.2,0.1) 0.493749 0.493749 0.493748 0.493750
(0.3,0.0) 0.493750 0.493750 0.493750 0.493750
(0.3,0.1) 0.481257 0.481257 0.481256 0.481259
(0.4,0.0) 0.481259 0.481259 0.481259 0.481259
(0.5,0.0) 0.468791 0.468791 0.468791 0.468791
(1.0,1.0) 0.294215 0.294215 0.294215 0.294215
Loy 2.995 x 107 5.579 x 107° 1.9768 x 10~*
Lo 5.36 x 1076 4.98 x 1076 8.84 x 1076
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Tablo 4.6: Problem 1" in v = 1, A = 0.05 ve farkhh £ zaman adimlar i¢in ¢ = 0.25
zamaninda KSFY ile elde edilen niimerik ve tam ¢oztimleri

Niimerik Coztim Tam Coziim
(x,y) =0.01 k = 0.005 k= 0.001
(0.0,0.0) 0.531209 0.531209 0.531209 0.531209
(0.0,0.1) 0.518741 0.518741 0.518741 0.518741
(0.0,0.2) 0.506250 0.506250 0.506250 0.506250
(0.0,0.3) 0.493750 0.493750 0.493750 0.493750
(0.0,0.4) 0.481259 0.481259 0.481259 0.481259
(0.1,0.0) 0.518741 0.518741 0.518741 0.518741
(0.1,0.1) 0.506246 0.506248 0.506249 0.506250
(0.1,0.2) 0.493744 0.493747 0.493749 0.493750
(0.1,0.3) 0.481252 0.481255 0.481257 0.481259
(0.2,0.0) 0.506250 0.506250 0.506250 0.506250
(0.2,0.1) 0.493744 0.493747 0.493749 0.493750
(0.3,0.0) 0.493750 0.493750 0.493750 0.493750
(0.3,0.1) 0.481252 0.481255 0.481257 0.481259
(0.4,0.0) 0.481259 0.481259 0.481259 0.481259
(0.5,0.0) 0.468791 0.468791 0.468791 0.468791
(1.0,1.0) 0.294215 0.294215 0.294215 0.294215
Ly 2.0819 x 1074 1.1374 x 1074 5.579 x 107°
Lo 1.858 x 107° 1.014 x 107° 4.98 x 1076
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Tablo 4.7: Problem 1’ in k = 0.01, t = 0.25 ve v’ nin farkli degerleri i¢in KSFY ile

elde edilen Ly ve L, degerlerinin Ref. [24] ile kargilagtirilmas:

v M Ly Ly[24] Lee Loo[24]
8x8  8.736x10° 5311x10° 1.955x 10~° 1.189 x 10~°
1 32x32  3.013x107% 1.904x10~%  1.690 x 10~° 1.065 x 10~°
48 x 48  1.096 x 107 2.843 x 107*  4.02x 1075  1.060 x 10~°
8x8  7423x107% 5811x107%  3.704x 1073 1.751 x 1073
01  32x32 1.387x1072 9.465x 10~  1.633 x 1073 1.722 x 1073
40 x40 2964 x 1071 1.224 x 1072 1.925 x 1072 1.242 x 1073
8x8  2895x1072 2255x10°2 2575 x 1072 1.016 x 1072
0.05 24x24  3402x 1072 2.044x 1072 9573 x 10~% 6.011 x 1073
32x32  4.098x1072 2735 x 1072 8599 x 1073 6.663 x 1073
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Tablo 4.8: Problem 1’ in v = 1, £ = 0.01 ve M = 16 olmak tizere farkli £ zamaninda
KSFY ile elde edilen niimerik ve tam ¢oziimleri ile Ly ve L., degerleri

t=0.1 t=1
(x,y) Niimerik ~ Tam Niimerik ~ Tam
(1/8,1/8) 0.481255 0481259  0.592661 0.592667
(3/8,1/8) 0.450159 0.450166 0.562166 0.562176
(3/8,3/8) 0.419445 0.419458 0.531189 0.531209
(4/8,3/8) 0.404306 0.404319 0.515598 0.515620
(4/8,4/8) 0.389347 0.389361 0.499977  0.500000
(5/8,4/8) 0.374595 0.374608  0.484358 0.484380
(5/8,5/8) 0.360073 0.360084  0.468770 0.468791
(7/8,5/8) 0.331807 0.331812 0.437813 0.437823
(7/8,7/8) 0.304701 0.304703 0.407328 0.407333
(1/8,7/8) 0.389357 0.389361 0.499994  0.500000
L, 1.232 x 10~* 2.0759 x 10~*
Lo, 1.355 x 107° 2.324 x 1075
t=3 t=9
(z,y) Nimerik ~ Tam Nimerik ~ Tam
(1/8,1/8) 0.798182 0.798187 0.987568 0.987568
(3/8,1/8) 0.777291 0.777300 0.985936  0.985936
(3/8,3/8) 0.754896 0.754915 0.984093  0.984094
(4/8,3/8) 0.743148 0.743168  0.983084 0.983085
(4/8,4/8) 0.731036 0.731059 0.982012 0.982014
(5/8,4/8) 0.718572 0.718594  0.980875 0.980876
(5/8,5/8) 0.705763 0.705785 0.979666 0.979668
(7/8,5/8) 0.679167 0.679179 0.977022 0.977023
(7/8,7/8) 0.651348 0.651355 0.974042 0.974043
(1/8,7/8) 0.731053 0.731059 0.982013 0.982014
Lo 2.0139 x 1074 1.236 x 1077
Lo 2.262 x 107 1.43 x 1076
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Problem 1’ in (4.3.1) ile elde edilen niimerik ¢oztimleri Tablo 4.9 ve Tablo 4.10’
da verildi.

Tablo 4.9” da v = 1, k = 0.001 ve farkli A uzunluklar1 i¢in ¢ = 0.25 zamaninda
Problem 1’ in Crank-Nicolson sonlu fark yontemi ile elde edilen niimerik sonuglarinin
tam c¢oziimlerle karsilagtirilmasi ile Ly, ve L., hata normlar1 verildi. Tablodan
goriilecegi tizere nliimerik ¢oziim ile tam ¢ozim birbiriyle uyum igerisinde ve hata
normlari oldukca kii¢liktiir. A degeri 0.1’ den 0.05” e azaltildiginda Lo degerleri uyum
icindeyken, 0.05" ten 0.025" e azaltildiginda ise Ly degeri az miktarda artmigtir. Benzer
sekilde h degeri azaldikca L., hata normlar: uyum igerisindedir.

Tablo 4.10 da v = 1, h = 0.05, t = 0.25 ve farkli k& degerleri i¢in Problem
17 in Crank-Nicolson sonlu fark yontemi ile elde edilen niimerik sonuglarinin tam
cozumlerle karsilagtirilmasi gosterilmigtir. Tablodan goriilecegi iizere £ = 0.01” den
k= 0.005 e azaldiginda Ly ve L., degerlerde azalma olmaktadir. k& degeri
k = 0.005" den k = 0.001" e azaldiginda ise Lo ve L. hata normlarimin uyumlu
oldugu gorilmektedir.

Kadir Ref. [24]" de Problem 1 ve Problem 2’ nin lineerlestirilmis Crank-Nicolson
yontemini kullanarak niimerik c¢oziimlerini vermigtir. Bu calismada ayni sema
kullanilarak aynm1 sonuclar elde edilmis ve Tablo 4.11° de gosterilmistir.
Tablo 4.11” de k = 0.01 ve t = 0.25 i¢in farkli v ve h degerleri se¢imi ile elde edilen
Ly ve Lo, degerleri gosterilmistir. Tablodan, elde edilen sonuglarin Ref. [24] ¢caligmast
ile ayn1 oldugu sonucuna varilir.

Tablo 4.12’ de v = 1, k = 0.01 ve M = 16 olmak tizere farkl ¢ zamaninda Problem
1”7 in CNSFY ile elde edilen niimerik ve tam ¢oziimleri ile Ly ve L., degerleri verildi.

Tablodan niimerik sonuglarin tam sonuclara yakin oldugu goriilmektedir.
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Tablo 4.9: Problem 1’ in v = 1, k£ = 0.001 ve A’ nin farkhi degerleri i¢in ¢ = 0.25
zamaninda CNSFY ile elde edilen niimerik ve tam ¢oziimleri

Niimerik Coztim Tam Coziim
(x,y) h=0.1 h = 0.05 h =0.025
(0.0, 0.0) 0.531209 0.531209 0.531209 0.531209
(0.0,0.1) 0.518741 0.518741 0.518741 0.518741
(0.0,0.2) 0.506250 0.506250 0.506250 0.506250
(0.0,0.3) 0.493750 0.493750 0.493750 0.493750
(0.0,0.4) 0.481259 0.481259 0.481259 0.481259
(0.1,0.0) 0.518741 0.518741 0.518741 0.518741
(0.1,0.1) 0.506249 0.506249 0.506248 0.506250
(0.1,0.2) 0.493749 0.493749 0.493749 0.493750
(0.1,0.3) 0.481258 0.481258 0.481256 0.481259
(0.2,0.0) 0.506250 0.506250 0.506250 0.506250
(0.2,0.1) 0.493749 0.493749 0.493748 0.493750
(0.3,0.0) 0.493750 0.493750 0.493750 0.493750
(0.3,0.1) 0.481258 0.481258 0.481256 0.481259
(0.4,0.0) 0.481259 0.481259 0.481259 0.481259
(0.5,0.0) 0.468791 0.468791 0.468791 0.468791
(1.0,1.0) 0.294215 0.294215 0.294215 0.294215
Lo 1.842 x 107° 3.341 x 107 1.774 x 10~*
Lo 3.29 x 1076 2.99 x 1076 7.93 x 1076
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Tablo 4.10: Problem 1" in v = 1, h = 0.05 ve farkhh k£ zaman adimlar: i¢in ¢t = 0.25
zamaninda CNSFY ile elde edilen niimerik ve tam ¢oziimleri

Niimerik Coziim Tam Coziim
(x,y) k= 0.01 k = 0.005 k= 0.001
(0.0,0.0) 0.531209 0.531209 0.531209 0.531209
(0.0,0.1) 0.518741 0.518741 0.518741 0.518741
(0.0,0.2) 0.506250 0.506250 0.506250 0.506250
(0.0,0.3) 0.493750 0.493750 0.493750 0.493750
(0.0,0.4) 0.481259 0.481259 0.481259 0.481259
(0.1,0.0) 0.518741 0.518741 0.518741 0.518741
(0.1,0.1) 0.506248 0.506248 0.506249 0.506250
(0.1,0.2) 0.493747 0.493748 0.493749 0.493750
(0.1,0.3) 0.481255 0.481256 0.481258 0.481259
(0.2,0.0) 0.506250 0.506250 0.506250 0.506250
(0.2,0.1) 0.493747 0.493748 0.493749 0.493750
(0.3,0.0) 0.493750 0.493750 0.493750 0.493750
(0.3,0.1) 0.481255 0.481256 0.481258 0.481259
(0.4,0.0) 0.481259 0.481259 0.481259 0.481259
(0.5,0.0) 0.468791 0.468791 0.468791 0.468791
(1.0,1.0) 0.294215 0.294215 0.294215 0.294215
Loy 1.3421 x 10~ 7.524 x 107° 3.341 x 107
Lo 1.201 x 107° 6.72 x 1076 2.99 x 1076
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Tablo 4.11: Problem 17 in k£ = 0.01, ¢ = 0.25 ve v’ nin farkli degerleri i¢in CNSFY ile

elde edilen Ly ve L., degerleri

v M L2 Loo
8 x 8 5.311 x 10~° 1.189 x 107°
1 32 X 32 1.904 x 1074 1.065 x 107
48 x 48 2.843 x 1074 1.060 x 107°
8 x 8 5.811 x 1073 1.751 x 1073
0.1 32 x 32 9.465 x 1073 1.722 x 1073
40 x 40 1.224 x 1072 1.242 x 1073
8 x 8 2.255 x 1072 1.016 x 1072
0.05 24 x 24 2.044 x 1072 6.011 x 1073
32 x 32 2.735 x 1072 6.663 x 1073
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Tablo 4.12: Problem 1’'in v = 1, £ = 0.01 ve M = 16 olmak fizere farkli ¢ zamaninda
CNSFY ile elde edilen niimerik ve tam ¢oziimleri ile Ly ve L, degerleri

t=0.1 t=1
(x,y) Niimerik ~ Tam Niimerik ~ Tam
(1/8,1/8) 0.481256 0481250  0.502664 0.502667
(3/8,1/8) 0.450162 0.450166 0.562171 0.562176
(3/8,3/8) 0.419449 0.419458 0.531199 0.531209
(4/8,3/8) 0.404311 0.404319 0.515609 0.515620
(4/8,4/8) 0.389352 0.389361 0.499988  0.500000
(5/8,4/8) 0.374599 0.374608  0.484368 0.484380
(5/8,5/8) 0.360076 0.360084  0.468779 0.468791
(7/8,5/8) 0.331808 0.331812 0.437818 0.437823
(7/8,7/8) 0.304701 0.304703 0.407330 0.407333
(1/8,7/8) 0.389358 0.389361 0.499997  0.500000
L, 8.177 x 107° 1.0847 x 10~*
Loo 8.98 x 107¢ 1.215 x 107°
t=3 t=9
(z,y) Nimerik ~ Tam Nimerik ~ Tam
(1/8,1/8) 0.798185 0.798187 0.987568 0.987568
(3/8,1/8) 0.777297 0.777300 0.985936  0.985936
(3/8,3/8) 0.754909 0.754915 0.984094  0.984094
(4/8,3/8) 0.743161 0.743168 0.983085 0.983085
(4/8,4/8) 0.731051 0.731059 0.982014 0.982014
(5/8,4/8) 0.718587 0.718594  0.980876 0.980876
(5/8,5/8) 0.705777 0.705785 0.979668 0.979668
(7/8,5/8) 0.679174 0.679179 0.977023 0.977023
(7/8,7/8) 0.651352 0.651355 0.974043 0.974043
(1/8,7/8) 0.731057 0.731059  0.982014 0.982014
Ly 7.006 x 1077 6.8 x 1077
Lo 7.95 x 1076 8.0 x 1078
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Problem 2’ nin (4.1.1) semasi kullamlarak elde edilen niimerik ¢oziimleri farkh A
konum adimi ve k£ zaman adimlari i¢in elde edildi. Elde edilen niimerik sonuglar Tablo
4.13 ve Tablo 4.14’ te sunuldu.

Tablo 4.13 te k = 0.001, A’ min ve v’ nin farkli degerleri igin ¢t = 0.25 zamaninda
Problem 2’ nin ASFY ile elde edilen ntimerik sonuglari verildi. Tablodan, i degerinin
azalmasiyla elde edilen niimerik sonuclar kendi i¢inde uyumludur.

Tablo 4.14’ te h = 0.1, v ve k£’ min farkli degerleri i¢in ¢ = 0.05 zamaninda Problem
2’ nin ASFY ile elde edilen niimerik sonuclari verildi. Tablodan &’ nin degisen degerleri

icin niimerik sonuclar birbiriyle uyum igerisindedir.
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Tablo 4.13: Problem 2" nin k£ = 0.001, A" nin ve v’ nin farkh degerleri i¢in ¢t = 0.25
zamaninda ASFY ile elde edilen niimerik sonuglari

Niimerik Coziim

v (x,y) h=0.1 h =0.05 h =0.025
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) 0.055650 0.051785 0.050819

1 (0.4,0.4) 0.070433 0.066309 0.065280
(0.7,0.7) —0.173929 —0.166190 —0.164242
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) 0.054542 0.050862 0.049940

0.5 (0.4,04) 0.073563 0.069655 0.068680
(0.7,0.7)  —0.180736  —0.173284  —0.171411
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) —0.088222 —0.082576 —0.081274

0.1 (0.4,04) —0.044072 —0.040841 —0.040085
(0.7,0.7) —0.047977 —0.049756 —0.050104
(1.0,1.0) 0.000000 0.000000 0.000000
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Tablo 4.14: Problem 2" nin h = 0.1, v ve k&’ nin farkl degerleri igin ¢ = 0.05 zamaninda
ASFY ile elde edilen niimerik sonuglar

Niimerik Coziim

v (z,y) k=000l  k=00001 % =0.00001
(0.1,0.0) 0.587785 0.587735 0.587785
(0.1,0.5) 0.020568 0.018453 0.018240

1 (0.4,0.4) 0.035557 0.033595 0.033398
(0.7,0.7)  —0.126556  —0.124097 —0.123853
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587735 0.587785 0.587735
(0.1,0.5)  —0.079055  —0.081788 —0.082060

0.5 (0.4,04)  —0.053893  —0.056008 —0.056218
(0.7,0.7)  —0.018735  —0.017126 —0.016966
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5)  —0.460303  —0.460197 —0.460187

0.1 (0.4,04)  —0.305697  —0.306287 —0.306346
(0.7,0.7) 0.224404 0.224281 0.224269
(1.0,1.0) 0.000000 0.000000 0.000000
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Problem 2’ nin (4.2.1) semasi kullanmlarak elde edilen niimerik ¢oziimleri farkh A
konum adimi ve k£ zaman adimlari i¢in elde edildi. Elde edilen niimerik sonuglar Tablo
4.15 ve Tablo 4.16" da sunuldu.

Tablo 4.15” te k = 0.001, A’ min ve v’ nin farkli degerleri igin ¢t = 0.25 zamaninda
Problem 2’ nin KSFY ile elde edilen niimerik sonuglar1 verildi. Tablodan, A’ nin farkh
degerlerinde elde edilen niimerik sonuclar kendi icinde uyum icindedir.

Tablo 4.16" da h = 0.1, v ve £’ min farkli degerleri i¢in ¢ = 0.05 zamaninda Problem
2’ nin KSFY ile elde edilen niimerik sonuglar1 verildi. Tablodan gortilecegi tizere k’

nin farkli degerlerinde elde edilen niimerik sonuglar birbirleriyle uyumludur.
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Tablo 4.15: Problem 2" nin k£ = 0.001, A" nin ve v’ nin farkh degerleri i¢in ¢t = 0.25
zamaninda KSFY ile elde edilen niimerik sonuglari

Niimerik Coziim

v (x,y) h=0.1 h =0.05 h = 0.025
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) 0.055649 0.051784 0.050818

1 (0.4,0.4) 0.070432 0.066308 0.065279
(0.7,0.7) —0.173927 —0.166189 —0.164240
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) 0.054461 0.050789 0.049868

0.5 (0.4,04) 0.073472 0.069574 0.068600
(0.7,0.7) —0.180611 —0.173173 —0.171301
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) —0.088984 —0.083309 —0.081999

0.1 (0.4,04) —0.044540 —0.041295 —0.040535
(0.7,0.7) —0.047444 —0.049245 —0.049596
(1.0,1.0) 0.000000 0.000000 0.000000
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Tablo 4.16: Problem 2’ nin A = 0.1, v ve k£’ nin farkli degerleri i¢in ¢ = 0.05 zamaninda
KSFY ile elde edilen niimerik sonuglari

Niimerik Coziim

v (x,y) k = 0.001 k = 0.0001 k = 0.00001
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) 0.015827 0.017979 0.018192

1 (0.4,0.4) 0.031140 0.033153 0.033355
(0.7,0.7) —0.121060 —0.123547 —0.123802
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) —0.085170 —0.082400 —0.082132

0.5 (0.4,0.4) —0.058584 —0.056478 —0.056274
(0.7,0.7) —0.015079 —0.016760 —0.016925
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) —0.460333 —0.460207 —0.460249

0.1 (0.4,0.4) —0.306790 —0.306400 —0.306394
(0.7,0.7) 0.224279 0.224272 0.224299
(1.0, 1.0) 0.000000 0.000000 0.000000
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Problem 2’ nin (4.3.1) ile verilen niimerik ¢oziimleri farkli A konum adimi ve k
zaman adimlari i¢in elde edildi. Elde edilen niimerik sonuclar Tablo 4.17 ve Tablo
4.18" de sunuldu.

Tablo 4.17" de k = 0.001, A’ min ve v’ nin farkl degerleri i¢in ¢ = 0.25 zamaninda
Problem 2’ nin CNSFY ile elde edilen niimerik sonuclari verildi. Tablodan h konum
adimmin farkli degerlerinde elde edilen niimerik sonuclarin uyumlu oldugu
goriilmektedir.

Tablo 4.18 de h = 0.1, v ve k’ nin farkli degerleri icin ¢ = 0.05 zamaninda
Problem 2’ nin CNSFY ile elde edilen niimerik sonuglar1 verildi. Tablodan, k&’ nin

degisen degerleri i¢in niimerik sonuclar birbiriyle uyum icerisindedir.
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Tablo 4.17: Problem 2" nin k£ = 0.001, A" nin ve v’ nin farkh degerleri i¢in t = 0.25
zamaninda CNSFY ile elde edilen niimerik sonuglari

Niimerik Coziim

v (z,y) h=0.1 h =0.05 h =0.025
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) 0.055690 0.051791 0.050820

1 (0.4,0.4) 0.069686 0.066114 0.065230
(0.7,0.7) —0.172430 —0.165800 —0.164142
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) 0.054558 0.050854 0.049933

0.5 (0.4,04) 0.071970 0.069229 0.068565
(0.7,0.7) —0.177576 —0.172450 —0.171190
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) —0.086090 —0.082261 —0.081247

0.1 (0.4,0.4) —0.047197 —0.041864 —0.040376
(0.7,0.7) —0.039064 —0.047008 —0.049323
(1.0,1.0) 0.000000 0.000000 0.000000

49



Tablo 4.18: Problem 2’ nin A = 0.1, v ve K’ nin farkli degerleri i¢in ¢ = 0.05 zamaninda
CNSFY ile elde edilen niimerik sonuclari

Niimerik Coziim

v (x,y) k = 0.001 k = 0.0001 k = 0.00001
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) 0.018254 0.018232 0.018232

1 (0.4,0.4) 0.032931 0.032928 0.032930
(0.7,0.7) —0.122714 —0.122724 —0.122730
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) —0.081671 —0.081663 —0.081639

0.5 (0.4,0.4) —0.056559 —0.056568 —0.056551
(0.7,0.7) —0.015932 —0.015970 —0.015983
(1.0, 1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) —0.446913 —0.446788 —0.446691
0.1 (0.4,04) —0.309107 —0.309176 —0.309129
(0.7,0.7) 0.219650 0.219598 0.219551
(1.0, 1.0) 0.000000 0.000000 0.000000
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Bu kisimda Problem 1’ e Acgik, Kapali, Crank-Nicolson sonlu fark yontemlerinin
uygulanmasi ile elde edilen sonuclarin karsilagtirilmas: Tablo 4.19 ve Tablo 4.20” de
verildi.

Tablo 4.19’ da v = 1, t = 0.25, £ = 0.001 ve farkli h degerlerinde Lo ve L.,
hata normlar1 karsilagtirilmasi verildi. Tablodan Problem 17 in farkli A degerleri
icin en kii¢iikk hata normlarimin Crank-Nicolson sonlu fark yontemi ile elde edildigi
goriilmektedir.

Tablo 4.20" de h = 0.05, t = 0.25 ve farkh k£ degerlerinde Ly ve L., hata normlar:
kargilagtirilmas: verildi. Tablodan goriilecegi gibi Problem 17 in farkli k& degerleri igin

en kii¢lik hata normlar1 Crank-Nicolson sonlu fark yontemi ile elde edildi.

Tablo 4.19: Problem 1" in v = 1, t = 0.25, k = 0.001 ve farkli A degerlerinde ASFY,
KSFY ve CNSFY ile elde edilen Ly ve Lo, hata normlarmin kargilagtirilmas: (%’ da
k = 0.0001 alind)

ASFY KSFY CNSFY

h Ly Loo Loy Lo Lo L
0.1 1316 x 10~ ° 236 x 10 ©° 2095 x 10-° 5.36x 10 ©° 1.842x10°° 329x10°©
0.05  (%¥)5.92x 1076  (¥)5.3x 1077 5.579 x 1075 4.98 x 106 3.341 x 1075 2.99 x 10~6
0.025 (%)3.67 x 1076 (%)1,7 x 1077 1.9768 x 10~%  8.84 x 1076 1.774 x 1074 7.93 x 1076
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Tablo 4.20: Problem 1" in v = 1, h = 0.05, ¢ = 0.25 ve farkli k degerlerinde ASFY,
KSFY ve CNSFY ile elde edilen Ly ve L., hata normlarinin karsilagtirilmasi

ASFY (h =0.1) KSFY CNSFY
k Ly Lo k Lo Loo Ly Loo
0.001 1.136 x10°° 2,36x10°° 0.01 20819 x10 ¥ 1.858x10 ° 1.3421 x 10° % 1.201 x 10" °
0.0005 1.199 x 10~° 2.15x10-¢ 0.005 1.1374x 10~% 1.014 x 105 7.524 x 1075 6.72 x 10~
0.0001 1.107 x 107% 1.99x10-¢ 0.001 5.579 x 10~° 4.98 x 106 3.341 x 10~° 2.99 x 10~
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5. 2-BOYUTLU BURGERS DENKLEMININ
FARKLI LINEERLESTIRME TEKNIKLERI ILE

SONLU FARK COZUMLERI

Tezin bu bolumiunde
Ui+ UU, +UU, = v(Uypy + Uyy) (5.1)

2-boyutlu Burgers denklemindeki UU, ve UU, lineer olmayan terimleri i¢in farklh
lineerlestime teknikleri kullanildi ve farkli baglangic ve sinir sartlarina sahip iki model

problem i¢in niimerik ¢oztimler elde edildi.

5.1 Sonlu Fark Yaklagimi 1 (SFY1)

(5.1) ile verilen 2-boyutlu Burgers denkleminde U, yerine (2.1.7) ile verilen ileri

fark yaklasimi, UU, ve UU, lineer olmayan terimleri i¢in ise sirasiyla

ur. . —ynr, . prtl _pntl ur. . —ynr, .
UUx g Un+1 7’+17.7 2_173 U?’l 7‘+1’] 7'_17.7 _ Un Z+17.7 2_17]
1,] ( 2hx ) + ’L,j( 2h’x ) Z,]( 2hx )
Ur. . — U pyrtl _ pnitl Ur. . — U
UU, =~ [+l t,j+1 t,j—1 Un. 4, +1 hy—1y Ur. t,y+1 t,j—1
Yy 2,7 ( th ) + 'L,]( th ) z,g( 2hy )

sonlu fark yaklagimlari[40], U,, ve U,, tirevleri i¢in de sirasiyla

n n n
Uifl,j - 2Ui,j + Uz’+1,j

U~ Uiy =200+ Ul
vy = 72
Yy
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merkezi acgik sonlu fark yaklagimlar: yazilir ve gerekli diizenlemeler yapilirsa

ur, oy 1 Uhy, Ub,, Ury, UP

. _ _ = il L+l Tiy-1
T o T o TR T on, T 2m 2, 2m
Ui Ui Uj v Uij v
Ay = — ar = g = ——= J— o = —2 N
YT on, T 2n, 0T 2my B2 T 2, 2
1 20 20 Ul L Uy, o
g =7 — 35 35 Q9= — 790 Q10 = )
k2 k2 2h, | R2 2h, | h2
ve i,j = 1(1)M — 1 olmak iizere
U5 + axULT; + asUp™ + aaUSE, + asUr (5.1.1)

. n n n n n
= aﬁUi*l,j + a7Ui+1,j + O‘8Ui,j + OégU’i,jfl + OélOUi,j+1

elde edilir.

Nimerik Sonuglar

Problem 1 ve Problem 2’ nin (5.1.1) ile elde edilen niimerik sonuglar: Tablo 5.1-5.6’
da verildi.

Problem 17 in t = 0.25 zamaninda v = 1, kK = 0.0001 ve A’ nin farklh degerleri
icin elde edilen niimerik sonuglari ile Ly ve L, hata normlar1 Tablo 5.1" de sunuldu.
Tablodan A’ min kiigiilen degerlerinde L., hata normunun da kayda deger olgiide
azaldigl, Lo hata normunun ise A = 0.1 den A = 0.05" e kiiciildiigiinde azaldig1 ancak
h = 0.025 i¢in L, hata normunun az miktarda arttigi goriilmektedir.

Tablo 5.2” de ise Problem 1" in t = 0.25, v = 1 ve h = 0.1 igin k£’ nin farkh
degerlerinde elde edilen niimerik ve tam sonuglari ile Ly ve L., hata normlar: verildi.
Tablodan k zaman adimi kii¢iildiikge niimerik sonuclarin tam sonuglara yakin oldugu
ancak hata normlarinda biiyiik o6lciide degisim olmadigr goriillmektedir.

Problem 1’ in ¢ = 0.25 zamaninda h = 0.01, £ = 0.01 igin farkh v ve M

boliintii degerlerinde elde edilen Ly ve L, hata normlarmm, Ref. [24] de
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lineerlestirilmig Crank-Nicolson semas1 kullanilarak elde edilen hata normlariyla
kargilagtirilmasi Tablo 5.3" te verildi. Tablo 5.3 te v degerleri diigtiikge M’ nin artan
degerlerinde L, ve L., hata normlarinda iyilesme oldugu goriillmektedir. Tablodan
SFY1 yaklagimi kullanilarak elde edilen hata normlarimm Ref. [24]" de verilenlerden
daha iyi oldugu acik¢a goriilmektedir. Yine tablodan v = 0.1 ve farkli M boliinti
sayilar i¢in de hata normlarini karsilagtirdigimizda elde edilen sonuglarin Ref. [24]" de
verilenlerden daha kiigiik oldugu goriiliir. Ancak v = 0.05 ve farkli M boliinti sayilar
i¢in sonuglar1 kargilagtirdigimizda hata normlarimin Ref. [24]’ de verilenlerle uyumlu
oldugu gorilmektedir.

Problem 2’ nin tam ¢oziimi mevcut olmadigindan v = 0.01, k£ = 0.0125, t = 0.125
ve farkli M boliintii sayilarinda sadece niimerik sonuglarinin Ref. [24]” de verilenler
ile kargilagtirilmasi Tablo 5.4" te verildi. Tablodan M = 32 ve M = 48 icin elde edilen
niimerik sonuglarin Ref. [24]” de verilen sonuglarla uyumlu oldugu goriilmektedir.

Tablo 5.5 ve Tablo 5.6’ da sirasiyla farkli h ve k degerlerinde Problem 2’ nin
elde edilen niimerik sonuglar1 sunuldu. Problem 2’ nin Tablo 5.5’ te £ = 0.001, A’
nin ve v’ nin farkli degerleri i¢in t = 0.25 zamaninda SFY1 ile elde edilen niimerik
¢oztimleri verildi. Ayrica Tablo 5.6’ da h = 0.1, v ve k” min farkli degerleri igin t = 0.25

zamaninda SFYT1 ile elde edilen niimerik ¢oztimleri verildi.
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Tablo 5.1: Problem 1’ in v = 1, £ = 0.0001 ve A’ nin farkl degerleri i¢in ¢t = 0.25
zamaninda SFY1 ile elde edilen niimerik ve tam sonuglari

Niimerik Coziim Tam Coziim

(x,y) h=0.1 h =0.05 h =0.025
(0.0,0.0) 0.531209 0.531209 0.531209 0.531209
(0.0,0.5) 0.468791 0.468791 0.468791 0.468791
(0.0,1.0) 0.407333 0.407333 0.407333 0.407333
(0.1,0.0) 0.518741 0.518741 0.518741 0.518741
(0.1,0.2) 0.493751 0.493751 0.493751 0.493750
(0.2,0.2) 0.481258 0.481259 0.481259 0.481259
(0.2,0.5) 0.443985 0.443986 0.443986 0.443986
(0.3,0.1) 0.481258 0.481259 0.481259 0.481259
(0.3,0.5) 0.431679 0.431680 0.431680 0.431680
(0.3,0.6) 0.419456 0.419458 0.419458 0.419458
(0.4,0.5) 0.419456 0.419458 0.419458 0.419458
(0.5,0.6) 0.395319 0.395321 0.395321 0.395321
(0.6,0.3) 0.419456 0.419458 0.419458 0.419458
(0.7,0.4) 0.395319 0.395321 0.395321 0.395321
(0.8,0.7) 0.348644 0.348645 0.348645 0.348645
(0.9,0.2) 0.395320 0.395321 0.395321 0.395321
(1.0,1.0) 0.294215 0.294215 0.294215 0.294215

Loy 8.86 x 107° 4.16 x 107° 5.1 x 107

Lo 1.98 x 107¢ 8.50 x 1077 6.9 x 1077
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Tablo 5.2: Problem 1" in v =1, h = 0.1 ve t = 0.25 igin farkli £ degerlerinde SFY1
ile elde edilen niimerik ve tam sonuglari

Niimerik Coztim Tam Coziim

(z,y) k= 0.001 k = 0.0005 k = 0.0001
(0.0,0.0) 0.531209 0.531209 0.531209 0.531209
(0.0,0.5) 0.468791 0.468791 0.468791 0.468791
(0.0, 1.0) 0.407333 0.407333 0.407333 0.407333
(0.1,0.0) 0.518741 0.518741 0.518741 0.518741
(0.1,0.2) 0.493750 0.493750 0.493751 0.493750
(0.2,0.2) 0.481259 0.481258 0.481258 0.481259
(0.2,0.5) 0.443986 0.443986 0.443985 0.443986
(0.3,0.1) 0.481259 0.481258 0.481258 0.481259
(0.3,0.5) 0.431680 0.431679 0.431679 0.431680
(0.3,0.6) 0.419458 0.419457 0.419456 0.419458
(0.4,0.5) 0.419458 0.419457 0.419456 0.419458
(0.5,0.6) 0.395321 0.395320 0.395319 0.395321
(0.6,0.3) 0.419458 0.419457 0.419456 0.419458
(0.7,0.4) 0.395321 0.395320 0.395319 0.395321
(0.8,0.7) 0.348645 0.348645 0.348644 0.348645
(0.9,0.2) 0.395321 0.395321 0.395320 0.395321
(1.0,1.0) 0.294215 0.294215 0.294215 0.294215
Ly 2.09 x 107° 4.35 x 107° 8.86 x 107°
Lo 3.8 x 1077 7.7 %1077 1.98 x 10°¢
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Tablo 5.3: Problem 17 in k£ = 0.01, t = 0.25 ve v’ nin farkl degerlerinde SFY1 ile elde
edilen Ly ve Lo, degerlerinin Ref. [24] ile kargilagtirilmasi

v M Lo L,[24] Lo Loo[24]

1.0 8x8 319x10% 5311 x107° 71x1077 1.189 x 10~°
8x 8 4.753 x 1073 5.811 x 1073 2.260 x 1073 1.751 x 1073

0.1 32x32 3.178 x 107* 9.465 x 1073 4.9284 x 1075 1.722 x 1073
40 x 40 1.031 x 1073 1.224 x 102 1.124 x 107*  1.242 x 1073

8x 8 2354 x 1072 2.255x 1072 2.086 x 1072 1.016 x 1072

0.05 24x24 6.267 x 1073 2.044 x 102 1.688 x 1073 6.011 x 103
32 x32 2788 x 1073 2.735 x 1072 5717 x 1074 6.663 x 1073

Tablo 5.4: Problem 2’ nin v = 0.01, £ = 0.0125 ve t = 0.125 zamaninda farkh
M bolinti degerlerinde SFY1 ile elde edilen niimerik sonuglarmin Ref. [24] ile
kargilagtirilmasi

M = 32 M =48

(x,y) Niimerik Niimerik[24] Niimerik Niimerik[24]
(1/8,1/8) 0.390860 0.391154 0.388149 0.387991
(3/8,1/8) 0.878054 0.894478 0.875226 0.893949
(3/8,3/8) —0.381189 —0.380232 —0.380547 —0.379037
(4/8,3/8) —0.005095 —0.005224 —0.005098 —0.005715
(4/8,4/8) 0.000000 0.000000 0.000000 0.000000
(5/8,4/8) 0.405000 0.394053 0.404635 0.392413
(5/8,5/8) 0.381189 0.380232 0.380547 0.379037
(7/8,5/8) 0.857566 0.891940 0.852728 0.889148
(7/8,7/8) —0.319242 —0.391154 —0.330303 —0.387991
(1/8,7/8) 0.270671 0.262426 0.270522 0.261139
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Tablo 5.5: Problem 2’ nin k£ = 0.001, A" nin ve v’ nin farkli degerleri icin t = 0.25
zamaninda SFY1 ile elde edilen niimerik sonuglari

Niimerik Coziim

v (2,y) h=0.1 h = 0.05 h=0.025
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) 0.055650 0.051785 0.050819

1 (0.4,0.4) 0.070433 0.066309 0.065280
(0.7,0.7)  —0.173929  —0.166190  —0.164242
(1.0,1.0) 0.000000 0.000000 0.000000

k = 0.0001

(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) 0.054605 0.050919 0.049940

0.5 (0.4,0.4) 0.073634 0.069718 0.068681
(0.7,0.7)  —0.180831  —0.173370  —0.171411
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5)  —0.087482  —0.081890  —0.080602

0.1 (0.4,04)  —0.043674  —0.040448  —0.039693
(0.7,0.7)  —0.048538  —0.050310  —0.050659
(1.0,1.0) 0.000000 0.000000 0.000000
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Tablo 5.6: Problem 2’ nin h = 0.1, v ve k£’ nin farkh degerleri i¢in ¢ = 0.05 zamaninda
SFY1 ile elde edilen niimerik sonuglari

Niimerik Coziim

v (x,y) k = 0.001 k = 0.0001 k = 0.00001
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) 0.020567 0.018453 0.018240

1 (0.4,0.4) 0.035614 0.033601 0.033399
(0.7,0.7) —0.126640 —0.124105 —0.123853
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) —0.078894 —0.081771 —0.082058

0.5 (0.4,0.4) —0.053857 —0.056005 —0.056218
(0.7,0.7) —0.018940 —0.017146 —0.016968
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) —0.459300 —0.460098 —0.460178

0.1 (0.4,04) —0.305927 —0.306310 —0.306348
(0.7,0.7) 0.223926 0.224234 0.224265
(1.0,1.0) 0.000000 0.000000 0.000000
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5.2 Sonlu Fark Yaklagimi 2 (SFY2)

(5.1) ile verilen 2-boyutlu Burgers denkleminde U, yerine (2.1.7) ile verilen ileri

fark yaklasimi, UU, ve UU, non-lineer terimleri yerine

Ur. . —ynr. . prtl _ pgntl no_[n._
UUQ; g UTL+1 1+17.7 2717] Un 7’+17] 2717.] o U’Vl 1+17.7 1717]
(2%} ( 2hz ) + Z,]( 2h’x ) 7,,]( Qhw )
Ur. . —Un. yrtl _ pnitl Ur. . —Un.
UU, o+l Zitl bi—1 U (—bitt Wimly _ pn (ZiEL bj—1
Yy 1,7 ( th ) + z,]( th ) z,]( 2hy )

sonlu fark yaklasimlari[40] ile U,, ve Uy, tiirevlerinin yerine

n+1 n+1 n+1
UML — 2UmH 1 U

i+1,5
T

n+l n+1 n+1

U, o Ui,jfl 2Uz’,j + Ui,j+1
yy — 12
Y

kapali sonlu fark yaklagimlari yazilir ve gerekli diizenlemeler yapilirsa

U”;Lj v UiT’Lj v
ap=—=—2 - — oy = _ Y
YT 2h, R 27 9, k2
L2 2 S UM UM = U
O[g = — + —/U + _U + +1.5 1,j _|_ J+1 ,J—1
ko hi ok 2h, 2h,
Oy = —53— — 75 = - — ap — ——2>=
4 th h27 5 2hy h?/’ 6 2h$
a7 = Ui,j’ 8:1’ O{QZ—%’ 0410:%
2hyg k 2h, 2h,

ve 4,j = 1(1)M — 1 olmak tizere

n+1 n+1 n+1 n+1 n+1
a]_Ui_l’j +a2Ui+1,j +a3Ui,j +Oé4Ui,j—1 +a5Ui,j+l

= OZGUZ’L_L]‘ _I_ O[7UZ_L~_17‘ _I_ OZSU,ZZ _I_ agU’fj—l _|_ OélOUiiLj—‘rl (521)

J

61



bulunur.

Niimerik Sonuclar

Problem 1 ve Problem 2’ nin (5.2.1) ile elde edilen niimerik sonuglari Tablo
5.7-5.13’ te verildi.

Problem 1’ in t = 0.25 zamaninda v = 1, £ = 0.001 ve A’ nin farkli degerleri
icin elde edilen niimerik sonuclari ile Ly ve L., hata normlar1 Tablo 5.7’ de sunuldu.
Tablodan h = 0.1" den h = 0.05" e kiigiildiiginde Ly ve L, hata normlarinin giderek
azaldigi ancak h = 0.025 se¢ciminde hemen hemen ayni kaldigi goriilmektedir.

Tablo 5.8" de ise Problem 1’ in ¢t = 0.25, v = 1 ve h = 0.05 i¢in &” nin farkh
degerlerinde elde edilen niimerik ve tam ¢oziimleri ile Ly ve L., hata normlar: verildi.
Tablodan k zaman adimi kiigiildiik¢e ntiimerik ¢oziimlerin tam ¢oziime yakin oldugu,
ayrica Ly ve Ly, hata normlarinin da kiigiildiigii goriilmektedir.

Problem 1’ in ¢ = 0.25 zamaninda, & = 0.01 i¢in farkli v ve M boliintii degerlerinde
elde edilen Ly ve Lo, hata normlarmm Ref. [24]" de lineerlestirilmig Crank-Nicolson
semas1 kullanilarak elde edilen hata normlariyla kargilagtirilmas: Tablo 5.9 da verildi.
Tablodan v = 1 ve farklh M bolinti sayilar igin, SFY2 yaklagimi kullanilarak
elde edilen hata normlarinin Ref. [24] de verilenlerden daha kiigiik oldugu agikca
goriilmektedir. Yine tablodan v = 0.1 ve v = 0.05 i¢in farkli M béliinti sayilarinda
elde edilen hata normlarim karsilagtirdigimizda sonuglarin Ref. [24]’ de verilenlerle
uyum i¢inde oldugu goriildii.

Tablo 5.10" da Problem 1" in, v = 1, £ = 0.01 ve M = 16 olmak tzere farkl ¢
zamaninda elde edilen niimerik ve tam ¢oztimler ile Ly ve Lo, hata normlar: verilmigtir.
Tablodan, t = 0.1, t =1, ¢t = 3 ve t = 9 i¢in elde edilen niimerik sonuclar ile tam

sonuclarin birbirine ¢ok yakin oldugu aciktir. Ly ve L., hata normlarinin ise oldukca
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kiigiik oldugu goriildii.

Problem 2’ nin tam ¢oziimii mevcut olmadigindan v = 0.01, k£ = 0.0125, t = 0.125
ve farkll M boliintii sayilarinda sadece niimerik sonuglarin Ref. [24]" de verilenler ile
kargilagtirilmasi Tablo 5.117 de verildi. Tablodan M = 32 ve M = 48 i¢in elde edilen
niimerik sonuglarin birbiriyle uyumlu oldugu goriilmektedir.

Tablo 5.12 ve Tablo 5.13’ te sirasiyla farkli h ve k degerlerinde Problem 2’ nin
elde edilen niimerik sonuglar1 sunuldu. Problem 2’ nin Tablo 5.12" de £ = 0.001, A’
nin ve v’ nin farkh degerleri i¢in ¢ = 0.25 zamaninda SFY?2 ile elde edilen niimerik
¢oziimleri verildi. Problem 2’ nin Tablo 5.13’ te A = 0.1, v ve k£’ min farkli degerleri

i¢in ¢ = 0.05 zamaninda SFY?2 ile elde edilen niimerik ¢oziimleri verildi.
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Tablo 5.7: Problem 1’ in v = 1, k£ = 0.001 ve A’ nin farkhi degerleri i¢in ¢ = 0.25
zamaninda SFY?2 ile elde edilen niimerik ve tam sonuglari

Niimerik Coziim Tam Coziim
(z,y) h=0.1 h = 0.05 h = 0.025
(0.0,0.0) 0.531209 0.531209 0.531209 0.531209
(0.0,0.5) 0.468790 0.468790 0.468790 0.468790
(0.0, 1.0) 0.407333 0.407333 0.407333 0.407333
(0.1,0.0) 0.518741 0.518741 0.518741 0.518741
(0.1,0.2) 0.493749 0.493750 0.493749 0.493750
(0.2,0.2) 0.481258 0.481258 0.481258 0.481258
(0.2,0.5) 0.443985 0.443985 0.443986 0.443986
(0.3,0.1) 0.481258 0.481258 0.481258 0.481258
(0.3,0.5) 0.431678 0.431679 0.431680 0.431680
(0.3,0.6) 0.419456 0.419457 0.419457 0.419457
(0.4,0.5) 0.419456 0.419457 0.419457 0.419457
(0.5,0.6) 0.395319 0.395320 0.395321 0.395320
(0.6,0.3) 0.419456 0.419457 0.419457 0.419457
(0.7,0.4) 0.395319 0.395320 0.395321 0.395320
(0.8,0.7) 0.348644 0.348645 0.348645 0.348645
(0.9,0.2) 0.395320 0.395320 0.395321 0.395320
(1.0,1.0) 0.294214 0.294214 0.294214 0.294214
Ly 8.35 x 107° 2.15 x 107° 6.33 x 107°
Lo 1.5 x 107¢ 2.9 x 1077 4.8 x 1077
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Tablo 5.8: Problem 1" in v = 1, A = 0.05 ve farklh £ zaman adimlar i¢in ¢ = 0.25
zamaninda SFY?2 ile elde edilen niimerik ve tam sonuglari

Niimerik Coztim Tam Coziim
(x,y) k= 0.01 k = 0.005 k = 0.001
(0.0,0.0) 0.531209 0.531209 0.531209 0.531209
(0.0,0.5) 0.468790 0.468790 0.468790 0.468790
(0.0, 1.0) 0.407333 0.407333 0.407333 0.407333
(0.1,0.0) 0.518741 0.518741 0.518741 0.518741
(0.1,0.2) 0.493750 0.493750 0.493750 0.493750
(0.2,0.2) 0.481259 0.481259 0.481258 0.481258
(0.2,0.5) 0.443987 0.443986 0.443985 0.443986
(0.3,0.1) 0.481259 0.481259 0.481258 0.481258
(0.3,0.5) 0.431682 0.431681 0.431679 0.431680
(0.3,0.6) 0.419460 0.419458 0.419457 0.419457
(0.4,0.5) 0.419460 0.419459 0.419457 0.419457
(0.5,0.6) 0.395324 0.395322 0.395320 0.395320
(0.6,0.3) 0.419460 0.419458 0.419457 0.419457
(0.7,0.4) 0.395324 0.395322 0.395320 0.395320
(0.8,0.7) 0.348648 0.348646 0.348645 0.348645
(0.9,0.2) 0.395322 0.395321 0.395320 0.395320
(1.0,1.0) 0.294214 0.294214 0.294214 0.294214
Loy 4.138 x 107 1.807 x 107° 2.15 x 107°
Lo 3.91 x 1076 1.76 x 107¢ 2.9 x 1077
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Tablo 5.9: Problem 17 in & = 0.01, t = 0.25 ve v’ nin farkh degerlerinde SFY?2 ile elde

edilen Ly ve Lo, degerlerinin Ref. [24] ile kargilastirilmasi

v M Loy L,y[24] Loo Loo[24]
8x8 6.11x10°% 5.311x10°° 1.64 x 107 1.189 x 10~°
1 32x32 6.848x107° 1.904 x 1074 425 %x107%  1.065 x 107
48 x 48 1.117 x 107* 2.843 x 1074 4.66 x 107 1.060 x 107
8x8 6.062x 103 5.811 x 1073 1.867 x 1072 1.751 x 1073
0.1 32x32 2073x107% 9.465 x 1073 1.692 x 1073 1.722 x 1073
40 x 40 2.611 x 1072 1.224 x 1072 1.718 x 1073 1.242 x 103
8x8 2166 x 1072 2.255 x 1072 1.776 x 1072 1.016 x 1072
0.05 24 x24 2197 x 1072 2.044 x 1072 4.818 x 107® 6.011 x 1073
32 x32 3.885x 1072 2.735 x 1072 5.154 x 1073 6.663 x 1073
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Tablo 5.10: Problem 1’ in v

uzere farklh ¢ zamaninda SFY2

= 1,

k

= 001 ve M = 16 olmak

ile elde edilen niimerik ve tam sonuclarinin

kargilagtirilmasi
t=0.1 t=1
(x,y) Niimerik ~ Tam Niimerik ~ Tam
(1/8,1/8) 0.481259 0.481259 0.592666 0.592667
(3/8,1/8) 0.450167 0.450166 0.562176 0.562177
(3/8,3/8) 0.419460 0.419458 0.531208 0.531209
(4/8,3/8) 0.404322 0.404319 0.515619 0.515620
(4/8,4/8) 0.389364 0.389361 0.500000 0.500000
(5/8,4/8) 0.374611 0.374608 0.484380 0.484380
(5/8,5/8) 0.360087 0.360084 0.468791 0.468791
(7/8,5/8) 0.331814 0.331812 0.437824 0.437823
(7/8,7/8) 0.304705 0.304703 0.407334 0.407333
(1/8,7/8) 0.389362 0.389361 0.500000 0.500000
Ly 3.087 x 107 7.92 x 1076
Lo 3.58 x 1076 1.13 x 1076
t=3 t=9
(x,y) Niimerik Tam Niimerik Tam
(1/8,1/8) 0.798185 0.798187 0.987568 0.987568
(3/8,1/8) 0.777296 0.777300 0.985936  0.985936
(3/8,3/8) 0.754908 0.754915 0.984092  0.984094
(4/8,3/8) 0.743160 0.743168 0.983084 0.983085
(4/8,4/8) 0.731050 0.731059 0.982012 0.982014
(5/8,4/8) 0.718587 0.718594 0.980875 0.980876
(5/8,5/8) 0.705777 0.705785 0.979666 0.979668
(7/8,5/8) 0.679175 0.679179 0.977022 0.977023
(7/8,7/8) 0.651353 0.651355 0.974042 0.974043
(1/8,7/8) 0.731057 0.731059 0.982013 0.982014
Lo 7.301 x 107 1.212 x 107°
Lo 8.23 x 1076 1.38 x 1076
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Tablo 5.11: Problem 2’ nin v = 0.01, £ = 0.0125 ve t = 0.125 zamaninda SFY?2 ile
elde edilen niimerik sonuglarinin Ref. [24] ile kargilagtirilmast

M =32 M =48

(x,y) Niimerik Niimerik|[24] Niimerik Niimerik|24]
(1/8,1/8) 0.395668 0.391154 0.393226 0.387991
(3/8,1/8) 0.881355 0.894478 0.877808 0.893949
(3/8,3/8) —0.383560 —0.380232 —0.382909 —0.379037
(4/8,3/8) —0.005558 —0.005224 —0.005561 —0.005715
(4/8,4/8) 0.000000 0.000000 0.000000 0.000000
(5/8,4/8) 0.407323 0.394053 0.406958 0.392413
(5/8,5/8) 0.383561 0.380232 0.382910 0.379037
(7/8,5/8) 0.862318 0.891940 0.856914 0.889148
(7/8,7/8) —0.313757 —0.391154 —0.323159 —0.387991
(1/8,7/8) 0.270925 0.262426 0.270454 0.261139

Tablo 5.12: Problem 2’ nin £ = 0.001, A’ nin ve v’ nin farkl degerleri i¢in ¢t = 0.25
zamaninda SFY2 ile elde edilen niimerik sonuclari

Niimerik Coziim

v (z,y) h=0.1 h =0.05 h =0.025
0.1,0.0) 0.587785 0.587785 0.587785
0.1,0.5) 0.055649 0.051784 0.050819

1 0.4,0.4) 0.070432 0.066309 0.065280
0.7,0.7) —0.173927 —0.166189 —0.164241
1.0,1.0) 0.000000 0.000000 0.000000
0.1,0.0) 0.587785 0.587785 0.587785
0.1,0.5) 0.054461 0.050789 0.049869

0.5 (0.4,0.4) 0.073477 0.069578 0.068605
0.7,0.7) —0.180619 —0.173179 —0.171309
1.0,1.0) 0.000000 0.000000 0.000000
0.1,0.0) 0.587785 0.587785 0.587785
0.1,0.5) —0.088971 —0.083323 —0.082020

0.1 (0.4,0.4) —0.044560 —0.041326 —0.040569
0.7,0.7) —0.047575 —0.049348 —0.049693
1.0,1.0) 0.000000 0.000000 0.000000
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Tablo 5.13: Problem 2’ nin A = 0.1, v ve K’ nin farkli degerleri i¢in ¢ = 0.05 zamaninda
SFY?2 ile elde edilen niimerik sonuglari

Niimerik Coziim

v (x,y) k = 0.001 k = 0.0001 k = 0.00001
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) 0.015829 0.017979 0.018192

1 (0.4,0.4) 0.031184 0.033158 0.033355
(0.7,0.7) —0.121142 —0.123555 —0.123798
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) —0.085089 —0.082392 —0.082120

0.5 (0.4,0.4) —0.058571 —0.056476 —0.056265
(0.7,0.7) —0.015200 —0.016772 —0.016931
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) —0.460076 —0.460175 —0.460185

0.1 (0.4,0.4) —0.307001 —0.306418 —0.306359
(0.7,0.7) 0.224135 0.224255 0.224267
(1.0, 1.0) 0.000000 0.000000 0.000000
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Sekil 5.1: M = 20, t = 0.25, £ = 0.001 degerleri i¢in Problem 1" in SFY?2 ile elde
edilen niimerik ¢oztimlerin farkli v degerlerinde gosterimi
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Sekil 5.2: M = 32, t = 0.25, k = 0.001 degerleri i¢in Problem 1" in SFY?2 ile elde

lerindeki gosterimi
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Sekil 5.3: M =16, t =9, k = 0.01 degerleri i¢in Problem 1" in SFY?2 ile elde edilen

niimerik ¢oziimlerin farkl v degerlerindeki gosterimi
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Sekil 5.4: M = 40, t = 0.25, k = 0.001, degerleri igin Problem 2’ nin SFY?2 ile elde

edilen niimerik ¢oztimlerin farkli v degerlerindeki gosterimi
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Sekil 5.5: M = 48, t = 0.25, k = 0.01 degerleri i¢in Problem 2’ nin SFY?2 ile elde

edilen niimerik ¢oztimlerin farkli v degerlerindeki gosterimi
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T

Sekil 5.6: M = 16, v = 1, k = 0.01, degerleri i¢in Problem 1’ in SFY2 ile elde edilen
niimerik ¢oztimlerin (a) ¢ = 0.1, (b) t = 1, (¢) t = 3, (d) t = 9 zamanlarindaki
gosterimi
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5.3 Sonlu Fark Yaklagimi 3 (SFY3)

(5.1) ile verilen 2-boyutlu Burgers denkleminde U, yerine (2.1.7) ile verilen ileri

fark yaklasimi, UU, ve UU, non-lineer terimleri yerine

ur. . —ynr. . yrtl _ pntl Uur. . —ynr. .
UUQ; g UTL+1 1+17.7 2717] Un 7’+17] 2717.] o U’Vl 1+17.7 1717]
(2%} ( 2hz ) + Z,]( 2h’x ) 7,,]( Qhw )
Ur. . —Un. yrtl _ pnitl Ur. . —Un.
UU, =~ [+l t,y+1 t,j—1 Un. 4, +1 bhj—1y Ur. ty+1 t,j—1
Yy 1,7 ( th ) + z,]( th ) z,]( 2hy )

sonlu fark yaklagimlari[40] ile U,, ve Uy, tiirevlerinin yerine

(7 rn+1 n+1 n+1 n n n o
e ] Uity = 2055 + UL p Uiy, — 20U + Uiy
Tx —

2 h2 12

[ 7rn+1 n+1 n+1 n n no |
oo L Yim 22057 Uiy | Uiy = 207 + Ui
vy —

2 02 02

sonlu fark yaklagimlar: yazilir ve gerekli diizenlemeler yapilirsa

N Uy Uy v
= — _—— Qo = _——
! 2h, 2h2° ° 2h, 2h2

n n n n
. 1 v v Ui+1 i Ui—l,j 4 Uz‘,j—i—l - U;

_ . . 5] Z:j_l
R TR YT 2h,
Uij v Ui v Uiy v
4= = ~ 5727 5= ~ 520 % ~ 52
2h,  2h2 2h,  2h2 2h,  2h2
Ul v 1w v
a7 = — — o - —
T 2h, 202 TPk R2R2
irj v Uty v
g = — —, « —
YT 2n, 22 T 2h, 22
ve 1,7 = 1(1)M — 1 olmak tizere
UMY + aoUlHh + asUl + anUSSH + asUSY (5.3.1)

n n n n n
- OéﬁUifl ; + OK?U,L' 1.4 + OégU,L' ; + OZQU,L' i1 + OélOU,L' i+1
»J +1, »J »J I+

bulunur.
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Nimerik Sonuglar

Problem 1 ve Problem 2’ nin (5.3.1) ile elde edilen niimerik sonuglar1 Tablo
5.14-5.20" de verildi.

Problem 1’ in ¢t = 0.25 zamaninda v = 1, £ = 0.001 ve A’ min farkli degerleri
icin elde edilen niimerik sonuglar ile Ly ve L., hata normlar:1 Tablo 5.14’ te sunuldu.
Tablodan h degeri kiiciildiigiinde L, hata normunun arttigl, A = 0.1 den A = 0.05’
e kiiciildiigiinde L., hata normlarimin uyumlu oldugu, A~ = 0.05" ten A = 0.025" e
kiigiildiigiinde ise L., hata normunun arttigr gorilmektedir.

Tablo 5.15" te ise Problem 1" in ¢ = 0.25, v = 1 ve h = 0.05 i¢in £’ nin
farkli degerlerinde elde edilen niimerik ve tam ¢oziimleri ile Ly ve L., hata normlar
verildi. Tablodan £ zaman adimi kiigiildiikge niimerik ¢oziimlerin tam ¢oziime yakin
oldugu, L, hata normunun ise kiigiildiigii gortilmektedir. Ayrica k£ = 0.01’ den k =
0.005” e kiicildiigiinde L., hata normunun kiigiilldiigii, £ = 0.005’ ten £ = 0.001" e
kiigiildiigiinde ise Lo, hata normunun arttigi gorildii.

Problem 17 in ¢ = 0.25 zamaninda k£ = 0.01 i¢in farkli v ve M boliinti degerlerinde
elde edilen Ly ve Ly, hata normlarimin, Ref. [24]" de lineerlegtirilmig Crank-Nicolson
semasi kullanilarak elde edilen hata normlariyla karsilastirilmas: Tablo 5.16” da verildi.
Tablodan v = 1 ve farkli M bolintii sayilar i¢in SFY3 yaklagimi kullanilarak elde
edilen hata normalarinin Ref. [24]" de verilenlerle uyumlu oldugu agikga goriilmektedir.
Benzer sekilde v = 0.1 ve v = 0.05 olmak tizere farkli M boliintii sayilar: icin de hata
normlarini kargilagtirdigimizda elde edilen sonuglarin Ref. [24]" de verilenlerle uyum
icinde oldugu agiktar.

Tablo 5.17" de Problem 1’ in, v = 1, k = 0.01 ve M = 16 olmak tizere farklh ¢

zamaninda Problem 17 in SFY3 ile elde edilen niimerik ve tam sonuclarinin
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kargilagtirilmas verildi. Tablodan ¢ degerinin artmasiyla birlikte elde edilen niimerik
sonuglar tam sonuglara yaklagmaktadir. Ayrica Ly ve Lo, degerleri ise yeterince
kiigiiktiir.

Tablo 5.18" de v = 0.01, £ = 0.0125 ve t = 0.125 zamaninda Problem 2’ nin SFY3
ile elde edilen niimerik sonuglarinin Ref. [24] ile kargilagtirilmasi verildi. Tablodan
M = 32 ve M = 48 igin elde edilen niimerik sonuclarin Ref. [24] ile elde edilen
niimerik sonuglarla uyumlu oldugu goriilmektedir.

Tablo 5.19 ve Tablo 5.20” de Problem 2’ nin sirasiyla farkli h ve k degerlerinde
elde edilen niimerik sonuglari sunuldu. Problem 2’ nin Tablo 5.19” da k£ = 0.001, A’
nin ve v’ nin farkh degerleri i¢in ¢ = 0.25 zamaninda SFY3 ile elde edilen niimerik
¢oziimleri verildi. Problem 2" nin Tablo 5.20" de A = 0.1, v ve k’ nin farkli degerleri

icin t = 0.05 zamaninda SFY3 ile elde edilen niimerik ¢oziimleri verildi.
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Tablo 5.14: Problem 1" in v = 1, kK = 0.001 ve A’ nin farkl degerleri i¢in ¢ = 0.25
zamaninda SFY3 ile elde edilen niimerik ve tam sonuglar

Niimerik Coztim Tam Coziim
(x,y) h=0.1 h = 0.05 h =0.025
(0.0,0.0) 0.531209 0.531209 0.531209 0.531209
(0.0,0.5) 0.468791 0.468791 0.468791 0.468791
(0.0,1.0) 0.407333 0.407333 0.407333 0.407333
(0.1,0.0) 0.518741 0.518741 0.518741 0.518741
(0.1,0.2) 0.493750 0.493750 0.493751 0.493750
(0.2,0.2) 0.481259 0.481259 0.481259 0.481259
(0.2,0.5) 0.443986 0.443987 0.443987 0.443986
(0.3,0.1) 0.481259 0.481259 0.481259 0.481259
(0.3,0.5) 0.431680 0.431681 0.431681 0.431680
(0.3,0.6) 0.419457 0.419458 0.419459 0.419458
(0.4,0.5) 0.419457 0.419459 0.419459 0.419458
(0.5,0.6) 0.395320 0.395322 0.395322 0.395321
(0.6,0.3) 0.419457 0.419458 0.419459 0.419458
(0.7,0.4) 0.395320 0.395322 0.395322 0.395321
(0.8,0.7) 0.348645 0.348646 0.348646 0.348645
(0.9,0.2) 0.395321 0.395321 0.395321 0.395321
(1.0,1.0) 0.294215 0.294215 0.294215 0.294215
Lo 3.11 x 107 1.022 x 107° 3.032 x 107
Lo 5.6 x 1077 9.3 x 1077 1.43 x 107°
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Tablo 5.15: Problem 1" in v = 1, h = 0.05 ve farkhh k£ zaman adimlar: i¢in ¢t = 0.25
zamaninda SFY3 ile elde edilen niimerik ve tam sonuglari

Niimerik Coztiim Tam Coziim
(x,y) k=0.01 k = 0.005 k = 0.001
(0.0, 0.0) 0.531209 0.531209 0.531209 0.531209
(0.0,0.5) 0.468790 0.468790 0.468790 0.468790
(0.0, 1.0) 0.407333 0.407333 0.407333 0.407333
(0.1,0.0) 0.518741 0.518741 0.518741 0.518741
(0.1,0.2) 0.493754 0.493752 0.493750 0.493750
(0.2,0.2) 0.481264 0.481261 0.481259 0.481259
(0.2,0.5) 0.443995 0.443990 0.443987 0.443986
(0.3,0.1) 0.481263 0.481261 0.481259 0.481259
(0.3,0.5) 0.431691 0.431685 0.431681 0.431680
(0.3,0.6) 0.419469 0.419463 0.419458 0.419458
(0.4,0.5) 0.419470 0.419464 0.419459 0.419458
(0.5,0.6) 0.395334 0.395327 0.395322 0.395321
(0.6,0.3) 0.419469 0.419463 0.419458 0.419458
(0.7,0.4) 0.395332 0.395326 0.395322 0.395321
(0.8,0.7) 0.348653 0.348649 0.348646 0.348645
(0.9,0.2) 0.395325 0.395323 0.395321 0.395321
(1.0,1.0) 0.294215 0.294215 0.294215 0.294215
Lo 1.4930 x 10~ 7.218 x 107° 1.022 x 107°
Lo 1.343 x 107° 6.49 x 1076 9.3x107°
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Tablo 5.16: Problem 1’ in £ = 0.01, ¢ = 0.25 ve v’ nin farkh degerleri i¢in SFY3 ile
elde edilen Ly ve Lo, degerlerinin Ref. [24] ile kargilagtirilmas:

v M Lo Ly[24] Loo Loo[24]
8 x 8 4755 x 1075 5311 x 1077 1.067 x 107°  1.189 x 10~°
1 32x32 24338x10~* 1.904 x 10~ 1.374 x 107> 1.065 x 107°
48 x 48 3.6860 x 107*  2.843 x 1074 1.378 x 10~ 1.060 x 107°
8 x8 347213 x10°% 5.811 x 1073 1.25061 x 1072 1.751 x 1073
0.1 32x32 1.454966 x 1072 9.465 x 1073 1.60514 x 1072 1.722 x 1073
40 x 40 1.868219 x 1072 1.224 x 102 1.67562 x 1072 1.242 x 1073
8 x 8 1.860204 x 1072 2.255 x 1072 1.613717 x 1072 1.016 x 1072
0.05 24 x24 1.944979 x 1072 2.044 x 1072 412161 x 1073 6.011 x 1073
32 x 32 3.020744 x 102 2.735 x 1072 5.12029 x 10~%  6.663 x 103
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Tablo 5.17: Problem 1° in v
tizere farkli ¢ zamaninda SFY3 ile elde edilen niimerik ve tam sonuglarinin

= 1,

k

= 001 ve M

kargilagtirilmasi
t=0.1 t=1
(x,y) Niimerik ~ Tam Niimerik ~ Tam

(1/8,1/8) 0.481261 0.481259 0.592668 0.592667
(3/8,1/8) 0.450171 0.450166 0.562180 0.562177
(3/8,3/8) 0.419468 0.419458 0.531218 0.531209
(4/8,3/8) 0.404330 0.404319 0.515630 0.515620
(4/8,4/8) 0.389372 0.389361 0.500011 0.500000
(5/8,4/8) 0.374618 0.374608 0.484391 0.484380
(5/8,5/8) 0.360094 0.360084 0.468801 0.468791
(7/8,5/8) 0.331818 0.331812 0.437829 0.437823
(7/8,7/8) 0.304706 0.304703 0.407337 0.407333
(1/8,7/8) 0.389364 0.389361 0.500003  0.500000

Ly 1.0182 x 10~* 9.614 x 107°

s 1.124 x 107° 1.094 x 107°

t=3 t=9
(z,y) Nimerik ~ Tam Nimerik ~ Tam

(1/8,1/8) 0.798185 0.798187 0.987568 0.987568
(3/8,1/8) 0.777297 0.777300 0.985935  0.985936
(3/8,3/8) 0.754910 0.754915 0.984091 0.984094
(4/8,3/8) 0.743163 0.743168 0.983083  0.983085
(4/8,4/8) 0.731054 0.731059 0.982011 0.982014
(5/8,4/8) 0.718590 0.718594 0.980873 0.980876
(5/8,5/8) 0.705782 0.705785 0.979665 0.979668
(7/8,5/8) 0.679177 0.679179 0.977021 0.977023
(7/8,7/8) 0.651354 0.651355 0.974042 0.974043
(1/8,7/8) 0.731057 0.731059 0.982013 0.982014

Lo 4.142 x 107 2.52 x 107

Lo 4.74 x 107¢ 2.91 x 107¢
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Tablo 5.18: Problem 2’ nin v = 0.01, £k = 0.0125 ve t = 0.125 zamaninda SFY3 ile
elde edilen niimerik sonuglarinin Ref. [24] ile kargilagtirilmast

M =32 M =48

(z,y) Niimerik Niimerik|[24] Niimerik Niimerik|24]
(1/8,1/8) 0.393323 0.391154 0.390765 0.387991
(3/8,1/8) 0.879669 0.894478 0.876522 0.893949
(3/8,3/8) —0.382383 —0.380232 —0.381737 —0.379037
(4/8,3/8) —0.005330 —0.005224 —0.005333 —0.005715
(4/8,4/8) 0.000000 0.000000 0.000000 0.000000
(5/8,4/8) 0.406162 0.394053 0.405797 0.392413
(5/8,5/8) 0.382383 0.380232 0.381737 0.379037
(7/8,5/8) 0.859911 0.891940 0.854860 0.889148
(7/8,7/8) —0.316374 —0.391154 —0.326487 —0.387991
(1/8,7/8) 0.270818 0.262426 0.270517 0.261139

Tablo 5.19: Problem 2’ nin £ = 0.001, A’ nin ve v’ nin farkl degerleri i¢in ¢t = 0.25
zamaninda SFY3 ile elde edilen niimerik sonugclari

Niimerik Coziim

v (x,y) h=0.1 h =0.05 h = 0.025
0.1,0.0) 0.587785 0.587785 0.587785
0.1,0.5) 0.055650 0.051785 0.050819

1 0.4,0.4) 0.070433 0.066309 0.065280
0.7,0.7) —0.173929 —0.166190 —0.164242
1.0,1.0) 0.000000 0.000000 0.000000
0.1,0.0) 0.587785 0.587785 0.587785
0.1,0.5) 0.054535 0.050856 0.049934

0.5 (0.4,0.4) 0.073557 0.069650 0.068675
0.7,0.7) —0.180728 —0.173277 —0.171404
1.0,1.0) 0.000000 0.000000 0.000000
0.1,0.0) 0.587785 0.587785 0.587785
0.1,0.5) —0.088226 —0.082606 —0.081310

0.1 (0.4,0.4) —0.044117 —0.040887 —0.040131
0.7,0.7) —0.048056 —0.049828 —0.050175
1.0,1.0) 0.000000 0.000000 0.000000
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Tablo 5.20: Problem 2’ nin A = 0.1, v ve K’ nin farkli degerleri i¢in ¢ = 0.05 zamaninda
SFY3 ile elde edilen niimerik sonuglari

Niimerik Coziim

v (x,y) k = 0.001 k = 0.0001 k = 0.00001
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) 0.018239 0.018216 0.018216

1 (0.4,0.4) 0.033424 0.033379 0.033377
(0.7,0.7) —0.123889 —0.123830 —0.123826
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) —0.081985 —0.082081 —0.082089

0.5 (0.4,0.4) —0.056212 —0.056240 —0.056242
(0.7,0.7) —0.017057 —0.016959 —0.016950
(1.0, 1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) —0.459691 —0.460137 —0.460181
0.1 (0.4,04) —0.306466 —0.306364 —0.306354
(0.7,0.7) 0.224032 0.224244 0.224266
(1.0, 1.0) 0.000000 0.000000 0.000000
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5.4 Sonlu Fark Yaklagimi 4 (SFY4)

(5.1) ile verilen 2-boyutlu Burgers denkleminde Uy yerine (2.1.7) ile verilen ileri

fark yaklasimi, UU, ve UU, non-lineer terimleri yerine

~ (Zitlj i i—1,j

vu, = : (k)
Uy + Ul + ULy Uy — UP

UUy o~ ( J+1 5] J—1 )( J+1 5] 1)

3 2hy

sonlu fark yaklagimlari ile U, ve U,, tirevlerinin yerine

n n n
Ui ; =200 + Ul

U~ Ul =200+ Ul
vy = 72
Yy

sonlu fark yaklagimlar: yazilir ve gerekli diizenlemeler yapilirsa

1
a1 = %
6hs h2
o= Yy —UG v
’ 6h, h2
1 2v 2v
a _— — ——
YTk R R
o Uy + U0 v
6h, h2
U, U,
ag= il Tk U
6h, h2

ve 1,7 = 1(1)M — 1 olmak tizere

n+1 __ n n n n n
Ui = Uiy j + agUfly j + aulUpy + asUy o + aeUi
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sonlu fark yaklagimi bulunur.

Niimerik Sonuclar

Problem 1 ve Problem 2’ nin (5.4.1) ile elde edilen niimerik sonuglar1 Tablo
5.21-5.26" da verildi.

Problem 1" in ¢ = 0.25 zamaninda v = 1, £k = 0.0001 ve A’ min farklh degerleri
icin elde edilen ntimerik sonuglari ile Ly ve L., hata normlar1 Tablo 5.21" de sunuldu.
Tablodan h = 0.1" den h = 0.05" e kiiciildiigiinde Ly hata normlarinin uyumlu oldugu,
ancak h = 0.025 se¢iminde L, hata normunun arttigi goriilmektedir. Ayrica L., hata
normlarinin segilen h degerlerinde uyumlu oldugu goriilmektedir.

Tablo 5.22" de ise Problem 1’ in t = 0.25, v = 1 ve h = 0.1 i¢in &£" nin farkh
degerlerinde elde edilen niimerik ve tam ¢oziimleri ile Ly ve L., hata normlar: verildi.
Tablodan zaman adimi £ = 0.001’ den k£ = 0.0005’ e kiigiildiigiinde L, hata normunun
uyumlu oldugu, £ = 0,0001" e kiculdiginde ise L, hata normunun arttig
goriilmektedir. Yine tablodan segilen zaman adimlarinda L., hata normlarinin uyumlu
oldugu gorilmektedir.

Tablo 5.23’ te k = 0.01, t = 0.25 ve v’ nin farkl degerleri i¢in Problem 1’ in SFY4
ile elde edilen Ly ve L, degerlerinin Ref. [24] ile kargilagtirilmast verildi. Tablodan
v = 0.1 icin elde edilen Ly degerlerinin uyumlu oldugu, L., degerlerinin daha iyi
oldugu aciktir. v = 0.05 icin ise elde edilen Ly ve L, degerlerinin birbirleriyle uyumlu
oldugu gorilmektedir.

Tablo 5.24° te v = 0.01, k£ = 0.0125 ve t = 0.125 zamaninda Problem 2’ nin SF'Y4
ile elde edilen niimerik sonuclarimin Ref. [24] ile karsilagtirilmas: verildi. Farkhh M
boliintii sayilari i¢in elde edilen niimerik sonuclarin birbiriyle uyumlu oldugu goriildi.

Tablo 5.25 ve Tablo 5.26" da sirasiyla farkli A ve k degerlerinde Problem 2’ nin
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elde edilen niimerik sonuclari sunuldu. Problem 2’ nin Tablo 5.25" te £k = 0.001, A’
nin ve v’ nin farkh degerleri i¢in t = 0.25 zamaninda SFY4 ile elde edilen niimerik
coztimleri verildi. Problem 2’ nin Tablo 5.26" da A = 0.1, v ve k£’ nin farkl degerleri

i¢in ¢ = 0.05 zamaninda SFY4 ile elde edilen niimerik ¢oziimleri verildi.
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Tablo 5.21: Problem 1’ in v = 1, k£ = 0.0001 ve A’ min farkh degerleri i¢in ¢ = 0.25
zamaninda SFY4 ile elde edilen niimerik ve tam sonuglari

Niimerik Coziim Tam Coziim
(z,y) h=0.1 h = 0.05 h = 0.025
(0.0,0.0) 0.531209 0.531209 0.531209 0.531209
(0.0,0.5) 0.468791 0.468791 0.468791 0.468791
(0.0, 1.0) 0.407333 0.407333 0.407333 0.407333
(0.1,0.0) 0.518741 0.518741 0.518741 0.518741
(0.1,0.2) 0.493752 0.493752 0.493753 0.493750
(0.2,0.2) 0.481262 0.481262 0.481262 0.481259
(0.2,0.5) 0.443990 0.443991 0.443991 0.443986
(0.3,0.1) 0.481261 0.481261 0.481261 0.481259
(0.3,0.5) 0.431685 0.431686 0.431686 0.431680
(0.3,0.6) 0.419463 0.419464 0.419464 0.419458
(0.4,0.5) 0.419464 0.419465 0.419465 0.419458
(0.5,0.6) 0.395327 0.395328 0.395328 0.395321
(0.6,0.3) 0.419463 0.419464 0.419464 0.419458
(0.7,0.4) 0.395326 0.395327 0.395327 0.395321
(0.8,0.7) 0.348649 0.348649 0.348649 0.348645
(0.9,0.2) 0.395323 0.395323 0.395323 0.395321
(1.0,1.0) 0.294215 0.294215 0.294215 0.294215
Ly 3.418 x 107 7.964 x 107° 1.6496 x 10~4
Lo 6.1 x 1076 7.11 x 1076 7.36 x 1076
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Tablo 5.22: Problem 1" in v = 1, h = 0.1 ve t = 0.25 i¢in farkh £ degerlerinde SFY4
ile elde edilen niimerik ve tam sonuglari

Niimerik Coztiim Tam Coziim
(z,y) k= 0.001 kE = 0.0005 k = 0.0001
(0.0,0.0) 0.531209 0.531209 0.531209 0.531209
(0.0,0.5) 0.468791 0.468791 0.468791 0.468791
(0.0, 1.0) 0.407333 0.407333 0.407333 0.407333
(0.1,0.0) 0.518741 0.518741 0.518741 0.518741
(0.1,0.2) 0.493750 0.493750 0.493752 0.493750
(0.2,0.2) 0.481258 0.481258 0.481262 0.481259
(0.2,0.5) 0.443985 0.443986 0.443990 0.443986
(0.3,0.1) 0.481258 0.481259 0.481261 0.481259
(0.3,0.5) 0.431679 0.431679 0.431685 0.431680
(0.3,0.6) 0.419457 0.419457 0.419463 0.419458
(0.4,0.5) 0.419456 0.419457 0.419464 0.419458
(0.5,0.6) 0.395320 0.395320 0.395327 0.395321
(0.6,0.3) 0.419457 0.419457 0.419463 0.419458
(0.7,0.4) 0.395320 0.395320 0.395326 0.395321
(0.8,0.7) 0.348644 0.348645 0.348649 0.348645
(0.9,0.2) 0.395321 0.395321 0.395323 0.395321
(1.0, 1.0) 0.294215 0.294215 0.294215 0.294215
Ly 7.25 x 107° 3.86 x 107° 3.418 x 107°
Lo 1.3 x107¢ 6.9 x 1077 6.1 x 1076
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Tablo 5.23: Problem 1’ in k£ = 0.01, ¢ = 0.25 ve v’ nin farkli degerleri igin SF'Y4 ile
elde edilen Ly ve Ly, degerlerinin Ref. [24] ile kargilagtirlmasi (%’ da & = 0.001 alind.)

v M L La[24] Lo Loo[24]
8 x8 3.10452 x 103 5811 x 10° 1.91074 x 103 1.751 x 102
0.1 32x32 % 1.48096x 1073 9.465x 10~% 1.8058 x 1074  1.722 x 103
40 x 40 2.06442 x 107%  1.224 x 1072 1.6528 x 10~*  1.242 x 10~*
8 x 8 1.460532 x 1072 2.255 x 1072 1.215761 x 10~2 1.016 x 102
0.05 24x24  3.036948 x 1072 2.044 x 10~2  6.13385 x 1073 6.011 x 102
32x32 % 524338 x 1073 2.735x 1072 1.18309 x 103  6.663 x 102

Tablo 5.24: Problem 2’ nin v = 0.01, £ = 0.0125 ve ¢t = 0.125 zamaninda SFY4 ile
elde edilen niimerik sonuglarin Ref. [24] ile karsilagtirilmasi

M = 32 M = 48

(x,y) Niimerik Niimerik[24] Niimerik Niimerik[24]
(1/8,1/8) 0.387841 0.391154 0.384463 0.387991
(3/8,1/8) 0.943187 0.894478 0.937145 0.893949
(3/8,3/8) —0.379511 —0.380232 —0.378808 —0.379037
(4/8,3/8) —0.005551 —0.005224 —0.005927 —0.005715
(4/8,4/8) 0.000000 0.000000 0.000000 0.000000
(5/8,4/8) 0.387634 0.394053 0.386398 0.392413
(5/8,5/8) 0.379511 0.380232 0.378808 0.379037
(7/8,5/8) 0.959400 0.891940 0.954668 0.889148
(7/8,7/8) —0.387841 —0.391154 —0.384463 —0.387991
(1/8,7/8) 0.257393 0.262426 0.256459 0.261139
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Tablo 5.25: Problem 2’ nin k£ = 0.001, A" min ve v’ nin farkh degerleri i¢in t = 0.25
zamaninda SFY4 ile elde edilen niimerik sonuclari

Niimerik Coztiim

v (z,) h=01 h = 0.05 h = 0.025
k = 0.0001

(0.1,0.0) 0.587785 0.587785 0.587785

(0.1,0.5) 0.055703 0.051797 0.050823

1 (04,04) 0.070782 0.066405 0.065305

(0.7,0.7)  —0.174731  —0.166401  —0.164296

(1.0,1.0) 0.000000 0.000000 0.000000

k = 0.0001

(0.1,0.0) 0.587785 0.587785 0.587785

(0.1,0.5) 0.054720 0.050945 0.049947

0.5 (0.4,0.4) 0.074372 0.069917 0.068733

(0.7,07)  —0.182484  —0.173800  —0.171523

(1.0,1.0) 0.000000 0.000000 0.000000

(0.1,0.0) 0.587785 0.587785 0.587785

(0.1,05)  —0.085304  —0.081470  —0.080543

0.1 (0.4,04)  —0.041148  —0.039801  —0.039528

(0.7,0.7)  —0.056036  —0.052014  —0.050924

(1.0,1.0) 0.000000 0.000000 0.000000
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Tablo 5.26: Problem 2" nin h = 0.1, v ve k&’ nin farkl degerleri igin t = 0.05 zamaninda
SFY4 ile elde edilen niimerik sonuglari

Niimerik Coziim

v (x,y) k = 0.001 k = 0.0001 k = 0.00001
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) 0.020592 0.018477 0.018264

1 (0.4,0.4) 0.035928 0.033962 0.033765
(0.7,0.7) —0.127416 —0.124951 —0.124710
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) —0.078745 —0.081470 —0.081751

0.5 (0.4,0.4) —0.053520 —0.055637 —0.055855
(0.7,0.7) —0.020049 —0.018435 —0.018272
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) —0.450798 —0.450795 —0.450848

0.1 (0.4,04) —0.306683 —0.307263 —0.307354
(0.7,0.7) 0.218827 0.218745 0.218764
(1.0,1.0) 0.000000 0.000000 0.000000
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5.5 Sonlu Fark Yaklagimi 5 (SFY5)

(5.1) ile verilen 2-boyutlu Burgers denkleminde Uy yerine (2.1.7) ile verilen ileri

fark yaklagimi, UU, ve UU, non-lineer terimleri yerine

n n n n+1 n+1
Uy T UL+ UL, Uiy — U

i+1,5 i—1,7
3 (=)

n n n n+1 n+1
Uy + UR + ULy USEL — U

~ 7 3,7—1 7,7+1 7,7—1

UU, = (

sonlu fark yaklasimlari ile U, ve Uy, tirevlerinin yerine

n+1 n+1 n+1
U, = 2U5 + Uiy

X

n+1 n+1 n+1

U~ Upjo1 —2U55 + Ui
yy = 72
Yy

sonlu fark yaklagimlar yazilir ve gerekli diizenlemeler yapilirsa

o — Uy, — U5 —ULy, v
6ha h2
U YU+ UL v
Ay = ~ 79
6hy h2
1 n 2v n 2v
a3 =—+—+ —
STk h2 T R2
oy = Vi Z UG = Ui v
! 6, h?
o = G UG+ UG v
’ Gh, h2
1
o = —
Tk
ve 1,7 = 1(1)M — 1 olmak tizere
UM+ onUPHY 4+ asU + auUR + os UL = a6UY (5.5.1)
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bulunur.

Niimerik Sonuclar

Problem 1 ve Problem 2’ nin (5.5.1) ile elde edilen niimerik sonuglari Tablo
5.27-5.33 te verildi.

Problem 1’ in t = 0.25 zamaninda v = 1, £ = 0.001 ve A’ nin farkli degerleri
icin elde edilen ntimerik sonuglari ile Ly ve L., hata normlar1 Tablo 5.27" de sunuldu.
Tablodan A degeri kii¢ildiigiinde L, ve L., hata normlarinin birbirleriyle uyumlu
oldugu gorilmektedir.

Tablo 5.28" de ise Problem 1" in ¢ = 0.25, v = 1 ve h = 0.05 i¢in k&’ nin farkh
degerlerinde elde edilen niimerik ve tam sonuglari ile Ly ve L., hata normlar: verildi.
Tablodan, k degeri kiiciildiikce niimerik sonuclarin tam sonuclara yakin oldugu, Lo
ve L., hata normlarinin iyilesgtigi gortiilmektedir.

Tablo 5.29" dat = 0.25 zamaninda, k = 0.01 i¢in farkli v ve M boliintii degerlerinde
elde edilen Ly ve Lo, hata normlarimin, Ref. [24]" de lineerlegtirilmis Crank-Nicolson
semasi kullanilarak elde edilen hata normlariyla karsilagtirilmasi verildi. Tablodan
v=19v=01vewv = 0.05 ve farkli M bolintii sayilar1 i¢in, SFY5 yaklagimi
kullamlarak elde edilen hata normlarmin Ref. [24]" de verilenlerle uyumlu oldugu
goriilmektedir.

Tablo 5.30" da Problem 1’ in v = 1, k = 0.01 ve M = 16 olmak iizere farkl ¢
zamaninda elde edilen niimerik c¢oziimlerin tam ¢oziimler ile karsilagtirilmasi
verildi. Tablodan t = 0.1, t =1, t = 3 ve t = 9 i¢in elde edilen niimerik sonuclar tam
sonuclara oldukga yakindir. Ayrica Ly ve L., hata normlar1 oldukca kiigiiktiir.

Tablo 5.31’ de v = 0.01, k = 0.0125 ve t = 0.125 zamaninda Problem 2’ nin SFY5

ile elde edilen niimerik sonuglarinin Ref. [24] ile kargilagtirilmas: verildi. Tablodan
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M = 32 ve M = 48 icin elde edilen niimerik sonuclarin birbiriyle uyumlu oldugu
goriilmektedir.

Tablo 5.32 ve Tablo 5.33” te sirasiyla farkli h ve k degerlerinde Problem 2’ nin
elde edilen niimerik sonuglar1 sunuldu. Problem 2’ nin Tablo 5.32" de £ = 0.001, A’
nin ve v’ nin farkh degerleri i¢in t = 0.25 zamaninda SFY5 ile elde edilen niimerik
¢oztimleri verildi. Problem 2’ nin Tablo 5.33" te h = 0.1, v ve k’ nin farklh degerleri

i¢in ¢ = 0.05 zamaninda SFY5 ile elde edilen niimerik ¢oziimleri verildi.
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Tablo 5.27: Problem 1" in v = 1, kK = 0.001 ve A’ nin farkl degerleri i¢in ¢ = 0.25
zamaninda SFY5 ile elde edilen niimerik ve tam sonuglar

Niimerik Coziim Tam Coziim
(z,y) h=0.1 h = 0.05 h = 0.025
(0.0,0.0) 0.531209 0.531209 0.531209 0.531209
(0.0,0.5) 0.468791 0.468791 0.468791 0.468791
(0.0,1.0) 0.407333 0.407333 0.407333 0.407333
(0.1,0.0) 0.518741 0.518741 0.518741 0.518741
(0.1,0.2) 0.493749 0.493749 0.493748 0.493750
(0.2,0.2) 0.481256 0.481256 0.481256 0.481259
(0.2,0.5) 0.443986 0.443983 0.443980 0.443986
(0.3,0.1) 0.481257 0.481257 0.481256 0.481259
(0.3,0.5) 0.431676 0.431676 0.431672 0.431680
(0.3,0.6) 0.419454 0.419454 0.419450 0.419458
(0.4,0.5) 0.419453 0.419453 0.419449 0.419458
(0.5,0.6) 0.395316 0.395316 0.395312 0.395321
(0.6,0.3) 0.419454 0.419454 0.419450 0.419458
(0.7,0.4) 0.395317 0.395317 0.395317 0.395321
(0.8,0.7) 0.348643 0.348642 0.348642 0.348645
(0.9,0.2) 0.395320 0.395320 0.395320 0.395321
(1.0, 1.0) 0.294215 0.294215 0.294215 0.294215
Lo 2.626 x 107° 5.404 x 107 1.9748 x 10~%
Lo 4.69 x 107¢ 4.82 x 107¢ 8.79 x 1076

96



Tablo 5.28: Problem 1" in v = 1, h = 0.05 ve farklh k£ zaman adimlar: i¢in ¢t = 0.25
zamaninda SFY5 ile elde edilen niimerik ve tam sonuglari

Niimerik Coztim Tam Coziim
(z,y) k= 0.01 k = 0.005 k = 0.001
(0.0,0.0) 0.531209 0.531209 0.531209 0.531209
(0.0,0.5) 0.468791 0.468791 0.468791 0.468791
(0.0, 1.0) 0.407333 0.407333 0.407333 0.407333
(0.1,0.0) 0.518741 0.518741 0.518741 0.518741
(0.1,0.2) 0.493744 0.493747 0.493749 0.493750
(0.2,0.2) 0.481249 0.481254 0.481256 0.481259
(0.2,0.5) 0.443973 0.443979 0.443983 0.443986
(0.3,0.1) 0.481252 0.481255 0.481257 0.481259
(0.3,0.5) 0.431664 0.431671 0.431676 0.431680
(0.3,0.6) 0.419442 0.419449 0.419454 0.419458
(0.4,0.5) 0.419440 0.419448 0.419453 0.419458
(0.5,0.6) 0.395303 0.395311 0.395316 0.395321
(0.6,0.3) 0.419442 0.419449 0.419454 0.419458
(0.7,0.4) 0.395306 0.395313 0.395317 0.395321
(0.8,0.7) 0.348635 0.348640 0.348642 0.348645
(0.9,0.2) 0.395316 0.395318 0.395320 0.395321
(1.0, 1.0) 0.294215 0.294215 0.294215 0.294215
Lo 2.0643 x 1074 1.1214 x 1074 5.404 x 107
Lo 1.838 x 107° 1.0 x 107° 4.82 x 1076
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Tablo 5.29: Problem 1’ in £ = 0.01, ¢ = 0.25 ve v’ nin farkh degerleri i¢in SFY5 ile
elde edilen Ly ve Lo, degerlerinin Ref. [24] ile kargilagtirilmas:

v M Lo Ly[24] Loo Loo[24]
8 x 8 8256 x 10°° 5311 x 1077 1.844 x 107°  1.189 x 107°
1 32x32 3.0203x10~* 1.904 x 10~ 1.700 x 107> 1.065 x 10~°
48 x 48 1.1283 x 107* 2.843 x 1074 418 x 107 1.060 x 10~°
8 x8  7.59642 x 10~% 5.811 x 1073 2.49370 x 1073  1.751 x 1073
0.1 32x32 1.394734 x 1072 9.465 x 1073 1.56405 x 1072 1.722 x 1073
40 x 40 1.696055 x 1072 1.224 x 1072 1.53690 x 1072 1.242 x 1073
8 x 8 2.343358 x 1072 2.255 x 1072 1.226429 x 1072 1.016 x 1072
0.05 24 x24 3.165270 x 1072 2.044 x 1072 8.38257 x 1073 6.011 x 1073
32 x 32 3.924601 x 1072 2.735 x 1072 8.00159 x 1073  6.663 x 1073
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Tablo 5.30: Problem 1° in v
tizere farkli ¢ zamaninda SFY5 ile elde edilen niimerik ve tam sonuglarinin

= 1,

k

= 001 ve M

kargilagtirilmasi
t=0.1 t=1
(x,y) Niimerik ~ Tam Niimerik ~ Tam

(1/8,1/8) 0481255 0481250  0.502661 0.502667
(3/8,1/8) 0.450159 0.450166 0.562166 0.562177
(3/8,3/8) 0.419445 0.419458 0.531189 0.531209
(4/8,3/8) 0.404306 0.404319 0.515598 0.515620
(4/8,4/8) 0.389348 0.389361 0.499977  0.500000
(5/8,4/8) 0.374596 0.374608  0.484358 0.484380
(5/8,5/8) 0.360073 0.360084  0.468770 0.468791
(7/8,5/8) 0.331807 0.331812 0.437813 0.437823
(7/8,7/8) 0.304701 0.304703 0.407328 0.407333
(1/8,7/8) 0.389357 0.389361 0.499994  0.500000

Lo 1.2065 x 10~* 2.0801 x 10~%

L. 1.327 x 1077 9.329 x 1075

t=3 t=9
(z,y) Nimerik ~ Tam Nimerik ~ Tam

(1/8,1/8) 0.798182 0.798187 0.987568 0.987568
(3/8,1/8) 0.777291 0.777300 0.985936  0.985936
(3/8,3/8) 0.754896 0.754915 0.984092 0.984094
(4/8,3/8) 0.743147 0.743168  0.983084 0.983085
(4/8,4/8) 0.731036 0.731059 0.982012 0.982014
(5/8,4/8) 0.718572 0.718594 0.980874  0.980876
(5/8,5/8) 0.705763 0.705785 0.979666 0.979668
(7/8,5/8) 0.679167 0.679179 0.977022 0.977023
(7/8,7/8) 0.651348 0.651355  0.974042 0.974043
(1/8,7/8) 0.731053 0.731059 0.982013 0.982014

Lo 2.0481 x 1074 1.382 x 107°

Lo, 2.304 x 1075 1.58 x 106
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Tablo 5.31: Problem 2’ nin v = 0.01, k£ = 0.0125 ve t = 0.125 zamaninda SFY5 ile
elde edilen niimerik sonuglarinin Ref. [24] ile kargilagtirilmast

M =32 M =48

(x,y) Niimerik Niimerik|[24] Niimerik Niimerik|[24]
(1/8,1/8) 0.393261 0.391154 0.390505 0.387991
(3/8,1/8) 0.867840 0.894478 0.866943 0.893949
(3/8,3/8) —0.379336 —0.380232 —0.378571 —0.379037
(4/8,3/8) —0.005440 —0.005224 —0.005751 —0.005715
(4/8,4/8) 0.000000 0.000000 0.000000 0.000000
(5/8,4/8) 0.398746 0.394053 0.397526 0.392413
(5/8,5/8) 0.379337 0.380232 0.378572 0.379037
(7/8,5/8) 0.849991 0.891940 0.846311 0.889148
(7/8,7/8) —0.393261 —0.391154 —0.390505 —0.387991
(1/8,7/8) 0.266041 0.262426 0.265148 0.261139

Tablo 5.32: Problem 2’ nin £ = 0.001, A’ nin ve v’ nin farkl degerleri i¢in ¢ = 0.25
zamaninda SFY5 ile elde edilen niimerik sonuclar:

Niimerik Coziim

v (z,y) h=0.1 h = 0.05 h =0.025
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) 0.055702 0.051795 0.050821

1 (0.4,0.4) 0.070780 0.066404 0.065303
(0.7,0.7) —0.174729 —0.166399 —0.164293
(1.0, 1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) 0.054575 0.050815 0.049874

0.5 (0.4,04) 0.074214 0.069775 0.068652
(0.7,0.7) —0.182269 —0.173607 —0.171411
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) —0.086671 —0.082815 —0.081880

0.1 (0.4,0.4) —0.042059 —0.040664 —0.040376
(0.7,0.7) —0.055087 —0.051142 —0.050071
(1.0, 1.0) 0.000000 0.000000 0.000000
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Tablo 5.33: Problem 2’ nin A = 0.1, v ve Kk’ nin farkli degerleri i¢in ¢ = 0.05 zamaninda
SFY5 ile elde edilen niimerik sonuglar

Niimerik Coziim

v (x,y) k = 0.001 k = 0.0001 k = 0.00001
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) 0.015851 0.018003 0.018217

1 (0.4,0.4) 0.031491 0.033518 0.033721
(0.7,0.7) —0.121891 —0.124399 —0.124655
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) —0.084833 —0.082079 —0.081812

0.5 (0.4,0.4) —0.058238 —0.056109 —0.055902
(0.7,0.7) —0.016336 —0.018064 —0.018234
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) —0.451076 —0.450823 —0.450851

0.1 (0.4,04) —0.307814 —0.307376 —0.307365
(0.7,0.7) 0.218846 0.218747 0.218764
(1.0,1.0) 0.000000 0.000000 0.000000
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5.6 Sonlu Fark Yaklagimi 6 (SFYG6)

(5.1) ile verilen 2-boyutlu Burgers denkleminde U, yerine (2.1.7) ile verilen ileri

fark yaklasimi, UU, ve UU, non-lineer terimleri yerine

Ugr . —pn . prtl el ]
UUw o~ Un+1 i+1,j i—1,j Un. i+1,7 i—1,j
2 (2%} ( th ) + Z,]( 2h’x )
11 Ur. . —yn. yrrl _ e+l ]
Ul =~ — Un+1 1,j+1 1,j—1 Un. 3,5+1 1,j—1
Y 2 1,] ( 2h'y ) + z,]( 2hy )
sonlu fark yaklagimlari[41] ile U,, ve Uy, tiirevlerinin yerine
U~ Uiy =205 + Ul
vy — hz
sonlu fark yaklagimlar yazilir ve gerekli diizenlemeler yapilirsa
U Ur.
AV ) — [2¥)
NT T, T,
o= Lt Uiy — Uity N Ui — Ul
k 4h, 4h,
Ui Ui v
g = — a5 = g = —
YT an, 0 ah, 0T R2
1 2v 2v
Q= - — 75— 75, Q=5
A h2
ve 1,5 = 1(1)M — 1 olmak tizere
UM+ aoURY + asUP + aqU + asUY (5.6.1)

n n n n n
= a6Ui—1,j + aﬁUi—‘—l,j + O['YUq;,j + aSUi’j—l + a8Ui,j+1
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bulunur.

Niimerik Sonuclar

Problem 1 ve Problem 2’ nin (5.6.1) ile elde edilen niimerik sonuglar1 Tablo
5.34-5.39" da verildi.

Problem 1" in ¢ = 0.25 zamaninda v = 1, £k = 0.0001 ve A’ min farklh degerleri
icin elde edilen niimerik sonuclar ile Ly ve L, hata normlar1 Tablo 5.34" te sunuldu.
Tablodan h degerleri kiigiildiikce Ly ve L, hata normlarinin daha da kiigiildiigi agiktir.

Tablo 5.35" te ise Problem 1’ in ¢t = 0.25, v = 1 ve h = 0.1 i¢in £’ nin farkh
degerlerinde elde edilen niimerik ve tam coziimleri ile Ly ve L., hata normlar: verildi.
Tablodan zaman adimi & = 0.001’ den £ = 0.0005" e kiicildiginde Ly ve L
hata normlarmin uyumlu oldugu, £ = 0,0001" e kiigiildiigiinde ise L, ve L. hata
normlarinin arttigr goriilmektedir.

Problem 1’ in, ¢ = 0.25 zamaninda h = 0.01, £ = 0.01 igin farkh v ve M
boliintti degerlerinde elde edilen Ly ve L, hata normlarmm, Ref. [24] de
lineerlestirilmig Crank-Nicolson gemasi kullanilarak elde edilen hata normlariyla
kargilagtirilmas: Tablo 5.36" da verildi. Tablodan v = 1 ve M = 8 bolinti sayisi
icin, £ = 0.001 i¢in SFY6 yaklagimi kullanilarak elde edilen hata normalarinin Ref.
[24]" de verilenlerden daha iyi oldugu goriilmektedir. Ayni gekilde v = 0.1, £ = 0.01
ve M = 8 i¢in hata normlarim kargilagtirdigimizda elde edilen sonuglarin Ref. [24]’
de verilenlerle uyumlu oldugu aciktir. v = 0.1, £ = 0.001, M = 32 ve M = 40 igin
hata normlarin karsilagtirdigimizda elde edilen sonuglarin Ref. [24]” de verilenlerle
uyumlu oldugu aciktir. Benzer sekilde v = 0.05, M = 8 ve M = 24 i¢in hata normlar1
birbirleriyle uyumludur. Aym sekilde v = 0.05, £ = 0.001 ve M = 32 i¢in hata

normlari birbirleriyle uyumludur.

103



Problem 2’ nin tam ¢oziimi mevcut olmadigindan v = 0.01, k = 0.0125, t = 0.125
ve farkli M boliintii sayilarinda sadece niimerik sonuglar Ref. [24]” de verilenler ile
kargilagtirilarak Tablo 5.37" de verildi. Tablodan M = 32 ve M = 48 i¢in elde edilen
niimerik sonuglarin birbiriyle uyumlu oldugu goriildii.

Tablo 5.38 ve Tablo 5.39" da sirasiyla farkli h ve k degerlerinde Problem 2’ nin
elde edilen niimerik sonuclar1 sunuldu. Problem 2’ nin Tablo 5.38" de k£ = 0.001, A’
nin ve v’ nin farkh degerleri i¢in ¢ = 0.25 zamaninda SFY6 ile elde edilen niimerik
¢oziimleri verildi. Problem 2’ nin Tablo 5.39" da h = 0.1, v ve k’ nin farkh degerleri

icin t = 0.05 zamaninda SFY6 ile elde edilen niimerik ¢oziimleri verildi.
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Tablo 5.34: Problem 1’ in v = 1, k£ = 0.0001 ve A’ min farkh degerleri i¢in ¢ = 0.25
zamaninda SFYG6 ile elde edilen niimerik ve tam sonuglari

Niimerik Coztim Tam Coziim
(z,y) h=0.1 h = 0.05 h = 0.025
(0.0,0.0) 0.531209 0.531209 0.531209 0.531209
(0.0,0.5) 0.468791 0.468791 0.468791 0.468791
(0.0, 1.0) 0.407333 0.407333 0.407333 0.407333
(0.1,0.0) 0.518741 0.518741 0.518741 0.518741
(0.1,0.2) 0.493751 0.493751 0.493751 0.493750
(0.2,0.2) 0.481259 0.481259 0.481259 0.481259
(0.2,0.5) 0.443985 0.443986 0.443986 0.443986
(0.3,0.1) 0.481259 0.481259 0.481259 0.481259
(0.3,0.5) 0.431678 0.431680 0.431680 0.431680
(0.3,0.6) 0.419455 0.419457 0.419458 0.419458
(0.4,0.5) 0.419455 0.419457 0.419458 0.419458
(0.5,0.6) 0.395319 0.395321 0.395321 0.395321
(0.6,0.3) 0.419455 0.419457 0.419458 0.419458
(0.7,0.4) 0.395319 0.395321 0.395321 0.395321
(0.8,0.7) 0.348645 0.348645 0.348645 0.348645
(0.9,0.2) 0.395320 0.395321 0.395321 0.395321
(1.0, 1.0) 0.294215 0.294215 0.294215 0.294215
Ly 1.177 x 107 5.51 x 107° 6.75 x 107°
Lo 2.57 x 1076 9.5 x 1077 9.0 x 1077
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Tablo 5.35: Problem 1’in v =1, h = 0.1 ve t = 0.25 igin farkli £ degerlerinde SFY6
ile elde edilen niimerik ve tam sonuglari

Niimerik Coziim Tam Coziim
(x,y) k =0.001 k = 0.0005 k = 0.0001
(0.0, 0.0) 0.531209 0.531209 0.531209 0.531209
(0.0,0.5) 0.468791 0.468791 0.468791 0.468791
(0.0, 1.0) 0.407333 0.407333 0.407333 0.407333
(0.1,0.0) 0.518741 0.518741 0.518741 0.518741
(0.1,0.2) 0.493750 0.493750 0.493750 0.493750
(0.2,0.2) 0.481258 0.481258 0.481259 0.481259
(0.2,0.5) 0.443985 0.443985 0.443985 0.443986
(0.3,0.1) 0.481258 0.481258 0.481259 0.481259
(0.3,0.5) 0.431679 0.431679 0.431678 0.431680
(0.3,0.6) 0.419457 0.419456 0.419455 0.419458
(0.4,0.5) 0.419457 0.419456 0.419455 0.419458
(0.5,0.6) 0.395320 0.395320 0.395319 0.395321
(0.6,0.3) 0.419457 0.419456 0.419455 0.419458
(0.7,0.4) 0.395320 0.395320 0.395319 0.395321
(0.8,0.7) 0.348645 0.348644 0.348645 0.348645
(0.9,0.2) 0.395321 0.395321 0.395320 0.395321
(1.0,1.0) 0.294215 0.294215 0.294215 0.294215
Lo 5.49 x 107° 8.21 x 107° 1.177 x 107°
Lo 9.8 x 1077 1.49 x 1077 2.57 x 1076
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Tablo 5.36: Problem 1’ in £ = 0.01, ¢ = 0.25 ve v’ nin farkh degerleri icin SFY6 ile
elde edilen Ly ve L, degerlerinin Ref. [24] ile kargilagtirilmas: (x” da & = 0.001 alind.)

v M Lo Ly[24] Loo Loo[24]
1 8x 8 % 9.26 x 1076 5.311 x 107° 2.08 x 107 1.189 x 10~°
8 x 8 4.79353 x 1073 5.811 x 1073 2.12854 x 10™3 1.751 x 1073
0.1 32x32 % 1.37266 x 1072 9.465 x 1073 1.4487 x 10~* 1.722 x 1073
40 x 40 * 3.623134 x 1072 1.224 x 1072 7.28942 x 10~* 1.242 x 1073
8 x 8 2.325248 x 1072 2.255 x 1072 2.003551 x 1072 1.016 x 102
0.05 24 x 24 1.484442 x 1072 2.044 x 1072  2.54568 x 1073  6.011 x 1073
32x32 % 6.37596 x 1072 2.735 x 1072  1.23435 x 103  6.663 x 103

Tablo 5.37: Problem 2’ nin v = 0.01, £ = 0.0125 ve t = 0.125 zamaninda SFY6 ile
elde edilen niimerik sonuglarinin Ref. [24] ile kargilagtirilmast

M = 32 M =48

(x,y) Niimerik Niimerik[24] Niimerik Niimerik[24]
(1/8,1/8)  0.380452 0.391154  0.386502 0.387991
(3/8,1/8) 0.903728 0.894478 0.898330 0.893949
(3/8,3/8)  —0.380478 0.380232  —0.379767 ~0.379037
(4/8,3/8) —0.005628 —0.005224 —0.005633 —0.005715
(4/8,4/8) 0.000000 0.000000 0.000000 0.000000
(5/8,4/8) 0.395909 0.394053 0.395523 0.392413
(5/8,5/8) 0.479100 0.380232 0.379767 0.379037
(7/8,5/8) 0.900320 0.891940 0.893494 0.889148
(7/8,7/8) —0.389451 —0.391154 —0.386502 —0.387991
(1/8,7/8) 0.263364 0.262426 0.263202 0.261139
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Tablo 5.38: Problem 2’ nin k£ = 0.001, A" min ve v’ nin farkh degerleri i¢in t = 0.25
zamaninda SFY6 ile elde edilen niimerik sonuclar:

Niimerik Coztiim

v (2,y) h=0.1 h = 0.05 h=0.025
k=0.0001 k= 0.0001

(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) 0.055650 0.051785 0.050819

1 (0.4,0.4) 0.070434 0.066309 0.065280
(0.7,0.7)  —0.173929  —0.166190  —0.164242
(1.0,1.0) 0.000000 0.000000 0.000000

k = 0.0001

(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) 0.054605 0.050919 0.049940

0.5 (0.4,0.4) 0.073632 0.069717 0.068680
(0.7,0.7)  —0180829  —0.173368  —0.171411
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5)  —0.087545  —0.081926  —0.080632

0.1 (0.4,04)  —0.043673  —0.040446  —0.039691
(0.7,0.7)  —0.048423  —0.050201  —0.050551
(1.0,1.0) 0.000000 0.000000 0.000000
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Tablo 5.39: Problem 2’ nin A = 0.1, v ve k£’ nin farkli degerleri i¢in ¢ = 0.05 zamaninda
SFY6 ile elde edilen niimerik sonuglari

Niimerik Coziim

v (x,y) k = 0.001 k = 0.0001 k = 0.00001
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) 0.020567 0.018453 0.018240

1 (0.4,0.4) 0.035586 0.033598 0.033399
(0.7,0.7) —0.126598 —0.124101 —0.123854
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) —0.078974 —0.081779 —0.082059

0.5 (0.4,0.4) —0.053875 —0.056006 —0.056218
(0.7,0.7) —0.018837 —0.017136 —0.016967
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) —0.459801 —0.460147 —0.460182

0.1 (0.4,0.4) —0.305812 —0.306299 —0.306347
(0.7,0.7) 0.224165 0.224258 0.224267
(1.0, 1.0) 0.000000 0.000000 0.000000
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5.7 Sonlu Fark Yaklagimi 7 (SFYT7)

(5.1) ile verilen 2-boyutlu Burgers denkleminde U, yerine (2.1.7) ile verilen ileri

fark yaklasimi, UU, ve UU, non-lineer terimleri yerine

Ugr . —pn . prtl el ]

UU, = — el L i1, U (L i—1,j
2 (2%} ( th ) + Z,]( 2h’x )
[ Ur. . —Un yrtl _ gl ]

UU ~ = Un+1 4,j+1 4,j—1 U?’L 4,j+1 4,j—1
Y 2 1,] ( 2h'y ) + z,]( 2hy )

sonlu fark yaklagimlari[41] ile U,, ve Uy, tiirevlerinin yerine

n+1 n+1 n+1
U, — 22U + Uiy

T

n+l n+1 n+1

U~ U0 =205 + Ui
vy — 72
Yy

sonlu fark yaklagimlar: yazilir ve gerekli diizenlemeler yapilirsa

U Uy v

M= TR T, R

as:l+2_”+2_“ Uﬁrl,j_Ufl—l,j+U3j+1—U3j—1
k  h2 h% 4h, 4h,

Oé4f—4—hy—h—§, 045*4—%—}713, OCG*E

ve i,j = 1(1)M — 1 olmak tizere
n+1 n+1 n+1 n+1 n+1 __ n
alUi—l,j + Oé2Ui+1,j + Oé3Ui,j + a4Ui,j—1 + a5Ui,j+1 - aﬁU’i,j

sonlu fark yaklagimi bulunur.

110

(5.7.1)



Nimerik Sonuglar

Problem 1 ve Problem 2’ nin (5.7.1) ile elde edilen niimerik sonuglar1 Tablo
5.40-5.46" da verildi.

Problem 1’ in ¢t = 0.25 zamaninda v = 1, £ = 0.001 ve A’ min farkli degerleri
icin elde edilen niimerik sonuclari ile Ly ve L., hata normlar1 Tablo 5.40° ta sunuldu.
Tablodan h degeri kiigiildiikce Ly ve Lo, hata normlarimin birbiriyle uyumlu oldugu
goriildii.

Tablo 5.41° de ise Problem 1’ in ¢ = 0.25, v = 1 ve h = 0.05 icin k&’ nin farkh
degerlerinde elde edilen niimerik ve tam coziimleri ile Ly ve L., hata normlar: verildi.
Tablodan, k zaman adimi kiigiildiikge niimerik ¢oziimlerin tam ¢oziime yakin oldugu,
Ly ve L., hata normlarinda kii¢iilme oldugu goriilmektedir.

Problem 1’ in, t = 0.25 zamaninda, £ = 0.01 icin farkli v ve M boliinti degerlerinde
elde edilen Ly ve Ly hata normlarimin, Ref. [24]" de lineerlegtirilmig Crank-Nicolson
semasi kullanilarak elde edilen hata normlariyla kargilagtirilmas: Tablo 5.42" de verildi.
Tablodan goriilecegi iizere hata normlarini karsilagtirdigimizda elde edilen sonuglarin
Ref. [24] de verilenlerle uyum iginde oldugu gorildi.

Tablo 5.43’ te v =1, k = 0.01 ve M = 16 olmak iizere farkli ¢ zamaninda Problem
17 in SFYT7 ile elde edilen niimerik ve tam sonuclarinin kargilagtirilmas: verilmigtir.
Tablodan farkli t zamanlarinda niimerik ve tam sonuclarin birbirine yakin oldugu
goriildii. Ly ve Ly, hata normlarinin ise yeterince kiigiiktiir.

Problem 2’ nin tam ¢oztimii mevcut olmadigindan v = 0.01, k£ = 0.0125, ¢t = 0.125
ve farkll M boliintii sayilarinda sadece niimerik sonuglarin Ref. [24]" de verilenler ile
kargilagtirilmas: Tablo 5.44" te verildi. Tablodan M = 32 ve M = 48 i¢in elde edilen

niimerik sonuclarin birbiriyle uyumlu oldugu gortildii.
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Tablo 5.45 ve Tablo 5.46" da Problem 2’ nin sirasiyla farkli h ve & degerlerinde
elde edilen niimerik sonuclari sunuldu. Problem 2’ nin Tablo 5.45" te £ = 0.001, A’
nin ve v’ nin farkh degerleri i¢in ¢t = 0.25 zamaninda SFY7 ile elde edilen niimerik
¢oztimleri verildi. Problem 2’ nin Tablo 5.46" da A = 0.1, v ve Kk’ nin farkl degerleri

icin ¢t = 0.05 zamaninda SFY7 ile elde edilen niimerik ¢oziimleri verildi.
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Tablo 5.40: Problem 1" in v = 1, kK = 0.001 ve A’ nin farkl degerleri i¢in ¢ = 0.25
zamaninda SFY7 ile elde edilen niimerik ve tam sonuglar

Niimerik Coziim Tam Coziim
(z,y) h=0.1 h = 0.05 h =0.025
(0.0,0.0) 0.531209 0.531209 0.531209 0.531209
(0.0,0.5) 0.468791 0.468791 0.468791 0.468791
(0.0,1.0) 0.407333 0.407333 0.407333 0.407333
(0.1,0.0) 0.518741 0.518741 0.518741 0.518741
(0.1,0.2) 0.493750 0.493750 0.493749 0.493750
(0.2,0.2) 0.481257 0.481258 0.481258 0.481259
(0.2,0.5) 0.443984 0.443985 0.443985 0.443986
(0.3,0.1) 0.481258 0.481258 0.481258 0.481259
(0.3,0.5) 0.431678 0.431679 0.431679 0.431680
(0.3,0.6) 0.419455 0.419457 0.419457 0.419458
(0.4,0.5) 0.419455 0.419456 0.419457 0.419458
(0.5,0.6) 0.395318 0.395320 0.395320 0.395321
(0.6,0.3) 0.419455 0.419457 0.419457 0.419458
(0.7,0.4) 0.395318 0.395320 0.395320 0.395321
(0.8,0.7) 0.348643 0.348644 0.348645 0.348645
(0.9,0.2) 0.395320 0.395321 0.395321 0.395321
(1.0,1.0) 0.294215 0.294215 0.294215 0.294215
Lo 1.619 x 10~° 1.608 x 10~ 2.658 x 107°
Lo 2.89 x 107¢ 1.37 x 107¢ 1.15 x 107¢
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Tablo 5.41: Problem 1" in v = 1, h = 0.05 ve farkhh k£ zaman adimlar: i¢in ¢t = 0.25
zamaninda SFY7 ile elde edilen niimerik ve tam sonugclari

Niimerik Coztim Tam Coziim
(x,y) k=0.01 k = 0.005 k = 0.001
(0.0, 0.0) 0.531209 0.531209 0.531209 0.531209
(0.0,0.5) 0.468791 0.468791 0.468791 0.468791
(0.0, 1.0) 0.407333 0.407333 0.407333 0.407333
(0.1,0.0) 0.518741 0.518741 0.518741 0.518741
(0.1,0.2) 0.493747 0.493749 0.493750 0.493750
(0.2,0.2) 0.481254 0.481256 0.481258 0.481259
(0.2,0.5) 0.443979 0.443982 0.443985 0.443986
(0.3,0.1) 0.481255 0.481257 0.481258 0.481259
(0.3,0.5) 0.431671 0.431675 0.431679 0.431680
(0.3,0.6) 0.419449 0.419453 0.419457 0.419458
(0.4,0.5) 0.419448 0.419452 0.419456 0.419458
(0.5,0.6) 0.395311 0.395316 0.395320 0.395321
(0.6,0.3) 0.419449 0.419453 0.419457 0.419458
(0.7,0.4) 0.395312 0.395316 0.395320 0.395321
(0.8,0.7) 0.348640 0.348642 0.348644 0.348645
(0.9,0.2) 0.395318 0.395319 0.395321 0.395321
(1.0,1.0) 0.294215 0.294215 0.294215 0.294215
Lo 1.1496 x 10~4 5.973 x 107° 1.608 x 10=°
Lo 1.036 x 107° 5.36 x 1076 1.37 x 1076
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Tablo 5.42: Problem 1’ in £ = 0.01, ¢ = 0.25 ve v’ nin farkh degerleri i¢in SFY7 ile
elde edilen Ly ve Lo, degerlerinin Ref. [24] ile kargilagtirilmas:

v M Lo Ly[24] Loo Loo[24]
8 x 8 5.59 x 10~° 5.311 x 1077 1.256 x 107 1.189 x 107 °
1 32x32 1.7976 x 10~* 1.904 x 10~* 1.003 x 10~®> 1.065 x 10~
48 x 48 2.5987 x 1074 2.843 x 10~* 9.81 x 107% 1.060 x 10~°
8 x 8 6.70584 x 1073 5.811 x 1073 3.07340 x 1073 1.751 x 1073
0.1 32x32 1.186936 x 1072 9.465 x 1073 8.8513 x 10~ 1.722 x 1073
40 x 40 1.452069 x 102 1.224 x 102 8.3044 x 10~* 1.242 x 1073
8 x 8 2.644817 x 1072 2.255 x 1072 2.318571 x 1072 1.016 x 1072
0.05 24 x24 2265204 x 1072 2.044 x 1072 5.52447 x 1073 6.011 x 1073
32 x 32 2.613906 x 1072 2.735 x 1072 4.43698 x 1073 6.663 x 103
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Tablo 5.43: Problem 1° in v
tizere farkli ¢ zamanminda SFY7 ile elde edilen niimerik ve tam sonuglarinin

= 1,

k

= 001 ve M

kargilagtirilmasi
t=0.1 t=1
(z,y) Niimerik ~ Tam Nimerik ~ Tam

(1/8,1/8) 0481256 0481259  0.592664 0.592667
(3/8,1/8) 0.450162 0.450166 0.562172  0.562177
(3/8,3/8) 0.419450 0.419458 0.531199 0.531209
(4/8,3/8) 0.404311 0.404319 0515609 0.515620
(4/8,4/8) 0.389353 0.389361 0.499988  0.500000
(5/8,4/8) 0.374600 0.374608  0.484369 0.484380
(5/8,5/8) 0.360077 0.360084 0.468780 0.468791
(7/8,5/8) 0.331809 0.331812 0.437818 0.437823
(7/8,7/8) 0.304702 0.304703 0.407330 0.407333
(1/8,7/8) 0.389359 0.389361 0.499997  0.500000

L, 7.351 x 107° 1.0741 x 107*

Lo 8.02 x 10~ 1.193 x 10~°

t=3 t=9
(z,y) Niimerik Tam Niimerik Tam

(1/8,1/8) 0.798187 0.798187 0.987569 0.987568
(3/8,1/8) 0.777299 0.777300 0.985937 0.985936
(3/8,3/8) 0.754913 0.754915 0.984095 0.984094
(4/8,3/8) 0.743165 0.743168 0.983086 0.983085
(4/8,4/8) 0.731055 0.731059 0.982015 0.982014
(5/8,4/8) 0.718591 0.718594 0.980877 0.980876
(5/8,5/8) 0.705781 0.705785 0.979669 0.979668
(7/8,5/8) 0.679176 0.679179 0.977023 0.977023
(7/8,7/8) 0.651353 0.651355  0.974043 0.974043
(1/8,7/8) 0.731058 0.731059  0.982014 0.982014

Ly 3.139 x 107 1.358 x 107°

L 3.85 x 1076 1.55 x 107¢
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Tablo 5.44: Problem 2’ nin v = 0.01, k£ = 0.0125 ve t = 0.125 zamaninda SFY7 ile
elde edilen niimerik sonuglarin Ref. [24] ile karsilagtirilmasi

M =32 M =48

(x,y) Niimerik Niimerik|[24] Niimerik Niimerik|[24]
(1/8,1/8) 0.394664 0.391154 0.392062 0.387991
(3/8,1/8) 0.909923 0.894478 0.904216 0.893949
(3/8,3/8) —0.383053 —0.380232 —0.382332 —0.379037
(4/8,3/8) —0.006102 —0.005224 —0.006106 —0.005715
(4/8,4/8) 0.000000 0.000000 0.000000 0.000000
(5/8,4/8) 0.398305 0.394053 0.397918 0.392413
(5/8,5/8) 0.383054 0.380232 0.382333 0.379037
(7/8,5/8) 0.906432 0.891940 0.898960 0.889148
(7/8,7/8) —0.394664 —0.391154 —0.392062 —0.387991
(1/8,7/8) 0.264593 0.262426 0.264424 0.261139

Tablo 5.45: Problem 2’ nin k£ = 0.001, A" nin ve v’ nin farkh degerleri i¢in ¢t = 0.25
zamaninda SFY7 ile elde edilen niimerik sonugclar:

Niimerik Coziim

v (z,y) h=0.1 h = 0.05 h =0.025
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) 0.055649 0.051784 0.050819

1 (0.4,0.4) 0.070432 0.066309 0.065280
(0.7,0.7) —0.173927 —0.166189 —0.164241
(1.0, 1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) 0.054461 0.050789 0.049869

0.5 (0.4,04) 0.073475 0.069576 0.068604
(0.7,0.7) —0.180617 —0.173178 —0.171307
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) —0.089036 —0.083361 —0.083361

0.1 (0.4,0.4) —0.044558 —0.041323 —0.041323
(0.7,0.7) —0.047459 —0.049238 —0.049238
(1.0, 1.0) 0.000000 0.000000 0.000000
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Tablo 5.46: Problem 2" nin h = 0.1, v ve k&’ nin farkli degerleri igin ¢ = 0.05 zamaninda
SFY7 ile elde edilen niimerik sonuglar

Niimerik Coziim

v (x,y) k = 0.001 k = 0.0001 k = 0.00001
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) 0.015827 0.017979 0.018192

1 (0.4,0.4) 0.031156 0.033155 0.033354
(0.7,0.7) —0.121098 —0.123551 —0.123799
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) —0.085180 —0.082400 —0.082121

0.5 (0.4,0.4) —0.058585 —0.056477 —0.056265
(0.7,0.7) —0.015096 —0.016762 —0.016930
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) —0.460568 —0.460224 —0.460190

0.1 (0.4,04) —0.306888 —0.306407 —0.306358
(0.7,0.7) 0.224370 0.224278 0.224269
(1.0,1.0) 0.000000 0.000000 0.000000
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5.8 Sonlu Fark Yaklagimi 8 (SFY8)

(5.1) ile verilen 2-boyutlu Burgers denkleminde Uy yerine (2.1.7) ile verilen ileri

fark yaklasimi, UU, ve UU, non-lineer terimleri yerine

1 ur, . —Ur, Urtl ]

UU, = — el ZitL i1, U (L i—1,j
2 (2%} ( th )+ ’L,]( 2hx )
[ Ur. . —yn. yrrl _prtl ]

UU ~ Un+1 1,j+1 1,j—1 U?’L 3,5+1 1,j—1
Yy 2 1,7 ( 2h'y ) + z,]( 2hy )

sonlu fark yaklasimlari[41] ile U,, ve Uy, tiirevlerinin yerine

B n+1 n+1 n+1 n n n 7
U. o 1 Ui—Lj a 2U’L,] + Ui+1,j + Ui—l,j - 2UZ,] + U’H—Lj
> 2 2
. n+1 n+1 n+1 n n n .
U, o _ Ui,j—l - 2U’L,] i Ui,j+1 + U’i,j—l ™ 2UZ7] -0 Ui,j-‘rl
s z i

sonlu fark yaklagimlar: yazilir ve gerekli diizenlemeler yapilirsa

_ U v _ U v
W T, 2 T an, o2
g = 1 LY Ul — Uit n Ul — Ui
kbl b 4h, 4h,
Uy CU W
a4__4hy_2_h§’ a5_4hy_2_h§’ @6 = op2
1 v v v

ve 1,7 = 1(1)M — 1 olmak tizere

n+1 n+1 n+1 n+1 n+1

n n n n n
= agU"y ; + Ul + a7U + asUf_ + asU' 4
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bulunur.

Niimerik Sonuclar

Problem 1 ve Problem 2’ nin (5.8.1) ile elde edilen niimerik sonuglar1 Tablo
5.47-5.53 te verildi.

Problem 1’ in t = 0.25 zamaninda v = 1, £ = 0.001 ve A’ nin farkli degerleri
icin elde edilen ntimerik sonuglari ile Ly ve L., hata normlar1 Tablo 5.47" de sunuldu.
Tablodan h degeri kiigiildiikce ntimerik ¢oziimlerin analitik ¢oziimlere yaklasgtigi, Lo
ve L., hata normlarinin kiiciildiigi gortilmektedir.

Tablo 5.48" de ise Problem 1" in ¢t = 0.25, v = 1 ve h = 0.05 i¢in k&’ nin farkh
degerlerinde elde edilen niimerik ve tam ¢oziimleri ile Ly ve L., hata normlar: verildi.
Tablodan, k£ zaman adimi kiigiildiikge ntimerik ¢oziimlerin analitik ¢oziime yaklastigi,
Ly ve Lo, hata normlarinin uyumlu oldugu gorildii.

Problem 17 in, t = 0.25 zamaninda, k£ = 0.01 i¢in farkli v ve M béliintii degerlerinde
elde edilen Ly ve Lo, hata normlarimin, Ref. [24]" de lineerlegtirilmis Crank-Nicolson
semasi kullanilarak elde edilen hata normlariyla kargilagtirilmas: Tablo 5.49’ da verildi.
Tablodan v = 1 ve M = 8 boliintii sayist igin, SFY8 yaklagimi kullanilarak elde edilen
hata normlarimin Ref. [24]” de verilenlerle uyumlu oldugu agikca goriilmektedir. Benzer
sekilde v = 1, M = 32 ve M = 48 i¢in elde edilen hata normlarminin Ref. [24] ile
verilenlerden daha iyi oldugu agiktir. v = 0.1 ve v = 0.05 olmak ftizere farkli M
boliintii sayilar1 i¢in de hata normlarimi karsilastirdigimizda elde edilen sonuclarin
Ref. [24] de verilenlerle uyum iginde oldugu goriilmektedir.

Tablo 5.50° de v = 1, £ = 0.01 ve M = 16 olmak tizere farklh ¢ zamaninda
Problem 17 in SFYS ile elde edilen niimerik ve tam sonuglar1 verildi. Tablodan ¢’ nin

farkli degerlerinde elde edilen niimerik ve tam sonuglarin birbirine ¢ok yakin oldugu
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goriildii. Yine ¢’ nin farkh degerleri icin elde edilen Ly ve Lo, hata normlarinin oldukga
kiiclik oldugu gortuldii.

Tablo 5.51" de v = 0.01, k£ = 0.0125 ve t = 0.125 zamaninda farkli M boliinti
sayilart i¢in Problem 2’ nin SFYS ile elde edilen ntimerik sonuglarin Ref. [24] ile
kargilagtirilmas: verildi. Tablodan M = 32 ve M = 48 i¢in elde edilen niimerik
sonuclar birbiriyle uyum ic¢indedir.

Tablo 5.52 ve Tablo 5.53’ te sirasiyla farkli h ve k degerlerinde Problem 2’ nin
elde edilen niimerik sonuglar1 sunuldu. Problem 2’ nin Tablo 5.52" de £ = 0.001, A’
nin ve v’ nin farkhi degerleri i¢in t = 0.25 zamaninda SFY8 ile elde edilen niimerik
¢oztimleri verildi. Problem 2’ nin Tablo 5.53’ te h = 0.1, v ve k’ min farklh degerleri

icin t = 0.05 zamaninda SFY8 ile elde edilen niimerik ¢oziimleri verildi.
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Tablo 5.47: Problem 1" in v = 1, kK = 0.001 ve A’ nin farkl degerleri i¢in ¢ = 0.25
zamaninda SFYS ile elde edilen niimerik ve tam sonuglar

Niimerik Coziim Tam Coziim
(x,y) h=0.1 h = 0.05 h =0.025
(0.0,0.0) 0.531209 0.531209 0.531209 0.531209
(0.0,0.5) 0.468791 0.468791 0.468791 0.468791
(0.0,1.0) 0.407333 0.407333 0.407333 0.407333
(0.1,0.0) 0.518741 0.518741 0.518741 0.518741
(0.1,0.2) 0.493750 0.493750 0.493750 0.493750
(0.2,0.2) 0.481258 0.481259 0.481259 0.481259
(0.2,0.5) 0.443985 0.443986 0.443986 0.443986
(0.3,0.1) 0.481258 0.481259 0.481259 0.481259
(0.3,0.5) 0.431678 0.431680 0.431680 0.431680
(0.3,0.6) 0.419456 0.419457 0.419458 0.419458
(0.4,0.5) 0.419456 0.419457 0.419458 0.419458
(0.5,0.6) 0.395319 0.395320 0.395321 0.395321
(0.6,0.3) 0.419456 0.419457 0.419458 0.419458
(0.7,0.4) 0.395319 0.395320 0.395321 0.395321
(0.8,0.7) 0.348644 0.348645 0.348645 0.348645
(0.9,0.2) 0.395320 0.395321 0.395321 0.395321
(1.0,1.0) 0.294215 0.294215 0.294215 0.294215
Loy 1.085 x 107° 5.56 x 107° 4.41 x 107
Lo 1.93 x 1076 51 x 1077 3.1x 1077
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Tablo 5.48: Problem 1" in v = 1, h = 0.05 ve farkhh k£ zaman adimlar: i¢in ¢t = 0.25
zamaninda SFYS ile elde edilen niimerik ve tam sonugclari

Niimerik Coziim Tam Coziim
(x,y) k=0.01 k = 0.005 k = 0.001
(0.0,0.0) 0.531209 0.531209 0.531209 0.531209
(0.0,0.5) 0.468791 0.468791 0.468791 0.468791
(0.0,1.0) 0.407333 0.407333 0.407333 0.407333
(0.1,0.0) 0.518741 0.518741 0.518741 0.518741
(0.1,0.2) 0.493750 0.493750 0.493750 0.493750
(0.2,0.2) 0.481259 0.481259 0.481259 0.481259
(0.2,0.5) 0.443986 0.443986 0.443986 0.443986
(0.3,0.1) 0.481259 0.481259 0.481259 0.481259
(0.3,0.5) 0.431680 0.431680 0.431680 0.431680
(0.3,0.6) 0.419457 0.419457 0.419457 0.419458
(0.4,0.5) 0.419457 0.419457 0.419457 0.419458
(0.5,0.6) 0.395320 0.395320 0.395320 0.395321
(0.6,0.3) 0.419457 0.419457 0.419457 0.419458
(0.7,0.4) 0.395320 0.395320 0.395320 0.395321
(0.8,0.7) 0.348645 0.348645 0.348645 0.348645
(0.9,0.2) 0.395321 0.395321 0.395321 0.395321
(1.0,1.0) 0.294215 0.294215 0.294215 0.294215
Lo 5.37 x 107° 6.01 x 107° 5.56 x 107°
Lo 4.9 %1077 5.5 x 1077 5.1 x 1077
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Tablo 5.49: Problem 1’ in £ = 0.01, ¢ = 0.25 ve v’ nin farkh degerleri i¢in SFY8 ile
elde edilen Ly ve Lo, degerlerinin Ref. [24] ile kargilagtirilmas:

v M Ly Ly[24] Lee Loo[24]
8 x 8 1.353 x 10> 5.311 x 10 3.04x 10° 1.189 x 10
1 32x32 2.32 x 1076 1.904 x 10~ 2.1 x 10~ 1.065 x 1075
48 x 48 6.09 x 1075 2.843 x 10~ 3.0x 107 1.060 x 10°°
8x8 517679 x 1073 5.811 x 102 2.46070 x 1073 1.751 x 1073
0.1 32x32 159251 x 1073 9.465 x 1073 2.1391 x 10~*  1.722 x 10~3
40 x 40 1.36372 x 10=%  1.224 x 1072 1.4665 x 1074 1.242 x 1073

8 x 8 2451864 x 1072 2.255 x 1072 2.171096 x 1072 1.016 x 1072
0.05 24 x24 1.015485 x 1072 2.044 x 102 2.72031 x 1073 6.011 x 1073
32 x32 800818 x 1073 2.735 x 1072 1.62708 x 1072  6.663 x 1073
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Tablo 5.50: Problem 1" in v =1, k = 0.01 ve M = 16 olmak tizere farkli ¢ zamaninda
SFYS ile elde edilen niimerik ve tam sonuglari

t=0.1 t=1
(z,y) Niimerik ~ Tam Niimerik ~ Tam
(1/8,1/8) 0.481259 0481250  0.502666 0.592667
(3/8,1/8) 0.450166 0.450166 0.562176 0.562177
(3/8,3/8) 0.419457 0.419458 0.531209 0.531209
(4/8,3/8) 0.404319 0.404319 0.515619 0.515620
(4/8,4/8) 0.389360 0.389361 0.499999  0.500000
(5/8,4/8) 0.374607 0.374608  0.484379 0.484380
(5/8,5/8) 0.360083 0.360084 0.468790 0.468791
(7/8,5/8) 0.331812 0.331812 0.437823 0.437823
(7/8,7/8) 0.304703 0.304703 0.407333 0.407333
(1/8,7/8) 0.389361 0.389361 0.500000  0.500000
Ly 5.94 % 107° 6.48 x 10°°
Lo 6.6 x 1077 7.5 x 1077
t=3 t=9
(z,y) Niimerik ~ Tam Niimerik ~ Tam
(1/8,1/8) 0.798187 0.798187 0.987568 0.987568
(3/8,1/8) 0.777300 0.777300 0.985936  0.985936
(3/8,3/8) 0.754915 0.754915 0.984094  0.984094
(4/8,3/8) 0.743168 0.743168 0.983085 0.983085
(4/8,4/8) 0.731059 0.731059 0.982014 0.982014
(5/8,4/8) 0.718594 0.718594 0.980876 0.980876
(5/8,5/8) 0.705785 0.705785 0.979668 0.979668
(7/8,5/8) 0.679179 0.679179 0.977023 0.977023
(7/8,7/8) 0.651355 0.651355 0.974043 0.974043
(1/8,7/8) 0.731059 0.731059  0.982014 0.982014
Ly 1.26 x 107° 1.71 x 10°°
L 2.0 x 1077 2.5 x 1077
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Tablo 5.51: Problem 2’ nin v = 0.01, £ = 0.0125 ve ¢t = 0.125 zamaninda farkh
M bélintii sayilar1 igin SFYS8 ile elde edilen niimerik sonuglarimin Ref. [24] ile
karsilagtirilmasi

M =32 M =48

(x,y) Niimerik Niimerik|[24] Niimerik Niimerik|[24]
(1/8,1/8) 0.392127 0.391154 0.389390 0.387991
(3/8,1/8) 0.907383 0.894478 0.901585 0.893949
(3/8,3/8) —0.381773 —0.380232 —0.381057 —0.379037
(4/8,3/8) —0.005868 —0.005224 —0.005872 —0.005715
(4/8,4/8) 0.000000 0.000000 0.000000 0.000000
(5/8,4/8) 0.397107 0.394053 0.396720 0.392413
(5/8,5/8) 0.381773 0.380232 0.381057 0.379037
(7/8,5/8) 0.903886 0.891940 0.896478 0.889148
(7/8,7/8)  —0.392127 0.391154  —0.389379 —0.387991
(1/8,7/8) 0.263969 0.262426 0.263803 0.261139

Tablo 5.52: Problem 2’ nin £ = 0.001, A’ nin ve v’ nin farkl degerleri i¢in ¢t = 0.25
zamaninda SFY8 ile elde edilen niimerik sonuclari

Niimerik Coziim

v (z,y) h=0.1 h = 0.05 h =0.025
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) 0.055650 0.051785 0.050819

1 (0.4,0.4) 0.070433 0.066309 0.065280
(0.7,0.7) —0.173929 —0.166190 —0.164242
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) 0.054535 0.050856 0.049934

0.5 (0.4,0.4) 0.073555 0.069648 0.068674
(0.7,0.7) —0.180726 —0.173275 —0.171402
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) —0.088290 —0.082643 —0.081341

0.1 (0.4,0.4) —0.044116 —0.040884 —0.040129
(0.7,0.7) —0.047941 —0.049719 —0.050067
(1.0, 1.0) 0.000000 0.000000 0.000000
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Tablo 5.53: Problem 2" nin A = 0.1, v ve K’ nin farkli degerleri i¢in ¢ = 0.05 zamaninda
SFYS ile elde edilen niimerik sonuglar

Niimerik Coziim

v (x,y) k = 0.001 k = 0.0001 k = 0.00001
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) 0.018238 0.018216 0.018216

1 (0.4,0.4) 0.033396 0.033377 0.033377
(0.7,0.7) —0.123846 —0.123826 —0.123826
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) —0.082070 —0.082090 —0.082090

0.5 (0.4,0.4) —0.056228 —0.056242 —0.056242
(0.7,0.7) —0.016954 —0.016949 —0.016948
(1.0,1.0) 0.000000 0.000000 0.000000
(0.1,0.0) 0.587785 0.587785 0.587785
(0.1,0.5) —0.460187 —0.460186 —0.460186

0.1 (0.4,04) —0.306351 —0.306353 —0.306353
(0.7,0.7) 0.224268 0.224268 0.224268
(1.0,1.0) 0.000000 0.000000 0.000000
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6. SONUCLAR

Bu ¢aligmada 2-boyutlu Burgers denklemi iki farkl baglangi¢ ve sinir sartlar ile
gbz ontine alindi.

Ilk olarak klasik sonlu fark yontemi olarak bilinen Acik, Kapali, Crank-Nicolson
yontemleri yardimiyla coziilerek elde edilen sonuclar literatiirde daha once verilen
¢oziimler ve varsa tam c¢oziimler ile karsilastirilarak tablolar halinde sunuldu. Bu
kisimda sunulan 2-boyutlu Burgers denkleminin Crank-Nicolson sonlu fark yontemiyle
¢Oztimleri literatiirde daha énce Ref. [24] ¢aligmasinda da verilmigtir. Ayrica 2-boyutlu
Burgers denklemindeki lineer olmayan terimler yerine farkli yaklagimlar yazilarak
elde edilen sonlu fark yaklagimlar: kullanilarak model problemin niimerik sonuclari
bulundu. Elde edilen ntimerik sonuglarin mevcut tam ¢oziim ve onceki arastirmacilarin
verdigi ntimerik sonuclarla karsilagtirilmas: tablolarla sunuldu.

Model problemler i¢in kullanilan tiim yaklagimlarla elde edilen niimerik sonuglar
birbirine yakin oldugundan, sadece SFY2 ile elde edilen niimerik sonuclar grafiksel
olarak gosterilmistir. Bu tezde kullanilan tiim yaklagimlarla elde edilen L, ve L., hata
normlarinin karsilagtirilmas: Tablo 6.1 ve Tablo 6.2 de sunuldu.

Tablo 6.1 de v = 1, k = 0.001 ve h’ nin farkh degerleri i¢in ¢ = 0.25 zamaninda
Problem 17 in SFY yaklagimlari ile elde edilen L, ve L., hata normlar: kargilagtirmalar:
verildi. Tablodan SFY2’ nin diger yaklagimlara gore daha iyi sonuclar verdigi agiktir.

Tablo 6.2” de h = 0.05 ve farkhh £ zaman adimlar1 i¢in ¢ = 0.25 zamaninda

Problem 1’ in SFY yaklasimlar: ile elde edilen L, ve L. hata normlari verildi.
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Tablodan SFYS yaklagimi ile elde edilen Ly ve L., hata normlariin diger yaklagimlarla
elde edilen hata normlarima goére daha kiiciik oldugu ve bu yaklagimin one c¢iktig
anlasilmaktadir.

Sonug olarak UU, ve UU, lineer olmayan terimleri yerine bu tezde goz oniine
aliman farkli sonlu fark yaklasimlar1 2-boyutlu Burgers denklemine uygulanabildigi
gibi farkli alanlarda karsilagilan lineer olmayan yapiya sahip problemlere de kolayca

uygulanabilir.
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Tablo 6.1: v =1, k = 0.001 ve A’ min farkh degerleri i¢in ¢ = 0.25 zamaninda Problem
17 in SFY yaklagimlar ile elde edilen Ly ve L, hata normlar karsilagtirmalar (%’ da

k = 0.0001 alind)

L,
Y éntem h=0.1 h=0.05 h = 0.025
ASFY 1.316 x 107 % 592 x 1076 3.67 x 1076
KSFY 2.995 x 107° 5.579 x 107 1.9768 x 10~%
CNSFY 1.842 x 107° 3.341 x 1076 1.774 x 10~%
SFY1 8.86 x 1076 4.16 x 1076 5.1 x 1076
SFY?2 8.35 x 1076 2.15 x 1076 6.33 x 1076
SFY3 3.11 x 1076 1.022 x 107° 3.032 x 1075
SFY4 3.418 x 107° 7.964 x 107° 1.6496 x 104
SFY5 2.626 x 107° 5.404 x 1075 1.9748 x 104
SFY6 1.177 x 10~ 5.51 x 1076 6.75 x 1076
SFY7 1.619 x 10~ 1.608 x 10~° 2.658 x 1075
SFYS8 1.085 x 10~ 5.56 x 1076 4.41 x 1076
L
Y éntem h=0.1 h=0.05 h = 0.025
ASFY 2.36 x 1076« 5.3 x 1077 1.7x 1077
KSFY 5.36 x 1076 4.98 x 1076 8.84 x 1076
CNSFY 3.29 x 1076 2.99 x 1076 7.93 x 1076
SFY1 1.98 x 106 8.50 x 1077 6.9 x 1077
SEY?2 1.5 x 1076 2.9x 1077 4.8 x 1077
SFY3 5.6 x 1077 9.3 x 1077 1.43 x 1076
SFY4 6.1 x 1076 7.11 x 1076 7.36 x 1076
SFY5 4.69 x 1076 4.82 x 1076 8.79 x 1076
SFY6 2.57 x 1076 9.5 x 1077 9x 1077
SFY7 2.89 x 1076 1.37 x 1076 1.15 x 1076
SFYS 1.93 x 1076 5.1 x 1077 3.1 x 1077
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Tablo 6.2: h = 0.05 ve farkli k& zaman adimlar: igin ¢ = 0.25 zamaninda Problem 1’
in SFY yaklagimlar ile elde edilen Ly ve L., hata normlarimin kargilagtirilmas: (x” da
h = 0.1 alind1)

Ly

Y éntem k=0.01 k = 0.005 k =0.001

ASFY (¥) 1.136 x 107° 1.199 x 10~ 1.107 x 107°
KSFY 2.0819 x 1074 1.1374 x 10~* 5.579 x 1075
CNSFY 1.3421 x 1074 7.524 x 107° 3.341 x 1075
SFY1 (%) 2.09 x 1076 4.35 x 1076 8.86 x 1076
SFY?2 4.138 x 107 1.807 x 10~ 2.15 x 1076
SFY3 1.4930 x 10~* 7.218 x 107° 1.022 x 107°
SFY4 (%) 7.25 x 1076 3.86 x 1076 3.418 x 107°
SFY5 2.0643 x 104 1.1214 x 1074 5.404 x 107°
SFY6 (x) 5.49 x 1076 821 x 107  1.177 x 107°
SFY7 1.1496 x 10~* 5.973 x 107° 1.608 x 107
SFY8 5.37 x 1076 6.01 x 1076 5.56 x 1076

L

Y éntem k=0.01 k= 0.005 k =0.001

ASFY () 2.36 x 1076 2.15 x 1076 1.99 x 1076
KSFY 1.858 x 107 1.014 x 107 4.98 x 1076
CNSFY 1.201 x 107 6.72 x 1076 2.99 x 1076
SFY1 () 3.8 x 1077 7.7 % 1077 1.98 x 1076
SFY?2 3.91 x 10~ 1.76 x 1076 29x 1077
SFY3 1.343 x 107° 6.49 x 1076 9.3x107°
SFY4 (%) 1.3x 1076 6.9 x 1077 6.1 x 1076
SFY5 1.838 x 107 1x107° 4.82 x 1076
SFY6 (%) 9.8 x 1077 1.49 x 1077 2.57 x 1076
SFY7 1.036 x 107 5.36 x 1076 1.37 x 1076
SFY8 4.9 x 1077 55x 1077 5.1 x 1077
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