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ABSTRACT

Free-space optical (FSO) communication has received an increasing attention in re-
cent years with its ability to achieve ultra-high data rates (at the order of multiple
gigabits per second) over unlicensed optical spectrum. A major degrading factor,
particularly in long links, is the atmospheric turbulence induced fading. Smartly
exploiting the fact that fading variance is distance-dependent in the FSO channel,
relay-assisted transmission takes advantage of the resulting shorter hops and yields
significant performance improvements. In this thesis, we make several contributions
to the performance analysis and design of relay-assisted FSO systems. In the first
part, we investigate how to determine optimal relay locations in serial and paral-
lel FSO relaying as to minimize the outage probability and quantify performance
improvements obtained through optimal relay placement. In the second part, we
investigate the combined use of serial and parallel relaying for FSO mesh networks.
We derive the outage probability expressions of FSO mesh networks and demonstrate
performance improvements with respect to both stand-alone serial and parallel relay-
ing schemes. We also present a diversity gain analysis and quantify the achievable
diversity orders in terms of the number of relays and turbulence channel parameters.
Finally, we investigate the use of all-optical relaying removing the need for optical-
electrical and electrical-optical conversions. Building on all-optical relay assumption,
we investigate the outage performance of a dual-hop FSO link taking into account

practical limitations such as amplifier noise and filtering effects.
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OZETCE

Kablosuz optik (KAO) iletigim, lisansiz optik spektrumda ultra-yiiksek veri hizina
ulagabilme (saniyede birkag gigabit mertebesinde) kabiliyetiyle, son yillarda giderek
daha fazla artan bir ilgi cekmektedir. Ancak, atmosferik tiirbiilansin sebep oldugu
sonimleme, ozelikle uzun linklerde, bu sistemlerin bagarimini 6nemli derecede etk-
ileyen olumsuz bir faktordiir. Sontimleme varyansinin, KAO kanalinda uzakhiga
bagl oldugu gerceginden yararlanarak ortaya atilan role yardimh iletim teknikleri
onemli bagarim iyilestirmeleri saglamaktadir. Bu tez caligmasinda, role yardiml
KAO sistemlerinin bagarim analizi ve tasarimi konularinda literatiire gesitli katkilar
saglanmigtir. Tezin ilk boliimiinde, seri ve paralel KAO role sistemlerinde servis
dig1 kalma olasiligini en kiigiikleyen optimal role konuglandirmasi belirlenmis ve opti-
mal role konuslandirmasi durumunda saglanan bagarim artigi nicemlenmigtir. Tezin
ikinci bolimde, KAO aglarinda seri ve paralel role sistemlerinin birlikte kullanimi
incelenmigtir. KAO aglar i¢in servis digi kalma olasilik ifadeleri ¢ikarilmig ve par-
alel ve seri rolelemenin tek baglarina olan kullanimlarina gore basarim artiglar: ortaya
konmustur. Ayrica gesitleme kazang analizi sunulmus ve elde edilebilir gegitleme dere-
cesi role sayisi ve tiirbiilans kanal parametreleri cinsinden formiillegtirilmistir. Son
olarak, optik-elektrik ve elektrik-optik cevirici ihtiyaci ortadan kaldiran tiim-optik
role kullanimi incelenmistir. Tiim-optik role varsayimi altinda, yiikselteg giirtiltiisi
ve filtreleme etkisi gibi pratik sinirlamalar da goz oniine alinarak, cift-atlamali bir

KAO linki i¢in servis digi kalma olasiligi ¢ikarimi yapilmigtir.



ACKNOWLEDGEMENTS

Foremost, I would like to express my utmost gratitude to my supervisor, Professor
Murat Uysal, for his excellent guidance, motivation and immense knowledge. This
thesis would have not been possible without his consistence support throughout the
course of my M.Sc. studies. I consider it an honor to work with him.

I would like to sincerely acknowledge the members of my dissertation committee,
Professors Ali Ozer Ercan and Ali Emre Pusane for taking the time to carefully read
my thesis.

I am indebted to all my friends especially Sepideh, Shahab, Hatef, Hamza, Ekrem
for their kindness and moral support during my study. Thanks for the friendship and
memories.

Last, but by no means least, I owe my deepest gratitude to my dear parents
for their endless love and sincere encouragement and inspiration throughout my life.

They have lifted me uphill this phase of life.

vi



TABLE OF CONTENTS

DEDICATION . . . . . . ... iii
ABSTRACT . . . . .. iv
OZETCE . . . . o o v
ACKNOWLEDGEMENTS . . . . .. .., vi
LIST OF TABLES . . . . ... ... ... ... ... .. .. ........ ix
LIST OF FIGURES . . . . . . . ... .. X
I INTRODUCTION . . ... .. ... 1
II ATMOSPHERIC TURBULENCE CHANNEL MODEL . . . .. 6

IIT OPTIMAL RELAY PLACEMENT AND DIVERSITY ANALYSIS
OF RELAY-ASSISTED FSO COMMUNICATION SYSTEMS . 8

3.1 System Model . . . . . . . ... . 8
3.2 Outage Probability for FSO Relaying Schemes . . . . . .. ... .. 9
3.3 Optimization of Relay Location . . . ... ... .. ... ... ... 11
3.3.1 Serial DF Relaying . . . ... .. .. ... ... ....... 11
3.3.2 Parallel DF Relaying . . . . ... ... ... ... ...... 12

3.4 Outage Performance Results . . . . . ... ... ... .. ...... 15
3.5 Diversity Gain Analysis . . . . . . ... ... oL 16
3.5.1 Serial Relaying . . . . . ... ... ... .. 18
3.5.2 Parallel Relaying . . . . ... ... .. ... ... ....... 20
3.5.3 Numerical Resultson RDO . . . . .. ... ... ... ... .. 23

IV MULTI-HOP PARALLEL FSO RELAYING . . . . . ... ... .. 26
4.1 System Model . . . . ... ... ... 26
4.2 Outage Probability Analysis . . . . . . ... ... ... ... .... 28
4.3 Diversity Gain Analysis . . . . . .. . ... L 31
4.4 Numerical Results . . . . . . .. .. ... oo 33

vil



V ALL-OPTICAL AMPLIFY-AND-FORWARD RELAYING SYSTEM

FOR ATMOSPHERIC CHANNELS . . . . . ... ... ... .... 42

5.1 System Model . . . . . . ... . 43

5.2 Outage Performance Analysis . . . . . .. ... ... ... ... ... 45
5.2.1 End-to-end SNR . . . . . ... ..o o 45

5.2.2  Outage Probability . . . . ... ... .. ... ... ... A7

5.3 Numerical Results . . . . ... ... . oo 48

VI CONCLUSIONS . . . . . s 51
APPENDIX A — PROOFS OF THEOREMS . . . .. ... ... .. 53
REFERENCES . . . . . . .. 55
VITA . 60

viil



1

LIST OF TABLES

Normalized optimal relay locations for parallel relaying

1X



= GCEE \V)

ot

10
11
12

13

14

15
16
17
18
19
20

LIST OF FIGURES

FSO serial relaying configuration. . . . . . ... ... ... ... ...

FSO parallel relaying configuration. . . . . . . . .. .. .. ... ...

Outage probability of serial FSO relaying scheme for different scenarios.

Outage probability of parallel FSO relaying scheme for different num-
ber of relays and scenarios. . . . . . . .. ...

RDO of serial FSO relaying scheme for different number of relays. . .

RDO of parallel FSO relaying scheme for a) two relays, and b) three
relays. . . .o

Multi-hop parallel FSO relaying network. . . . . . .. ... ... ...

Configurations under consideration a) Cl: three groups of relays, b)
C2: two groups of relays, and c¢) C3: single group of relays . . . . . .

a) Multi-hop and b) Parallel relaying benchmarking schemes for C1. .
a) Multi-hop and b) Parallel relaying benchmarking schemes for C2. .
Multi-hop relaying benchmarking scheme for C3.. . . . . . . . . . ..

Performance comparison of multi-hop parallel, serial and parallel re-
laying for C1. . . . . . . .. .

Performance comparison of multi-hop parallel, serial and parallel re-
laying for C2. . . . . . .. oL

Performance comparison of multi-hop parallel, serial and parallel re-
laying for C3. . . . . . . ..

Effect of different number of groups on the outage performance.

RDO values for C1, C2and C3. . . . . . . .. ... .. ... .....
Block diagram of an all-optical relay terminal. . . . . . . . . ... ..
Mathematical model for all-optical AF relaying. . . . . . .. ... ..
Outage probability of all-optical AF relaying. . . .. ... ... ...

Outage probability for CSI-assisted and semi-blind relaying with opti-
cal and electrical amplification. . . . . . ... ...

16

17
24

25
27

35
36
37
37

38

39

39
40
41
44
46
49



CHAPTER I

INTRODUCTION

Wireless optical communication (WOC) [1,2] refers to unguided optical transmission
via the use of either lasers or light emitting diodes (LEDs). WOC can be classified into
two main categories as indoor and outdoor systems. Indoor WOC is characterized
by short transmission range and free from major outdoor environmental degradations
such as rain, snow, building sway, and atmospheric turbulence. Outdoor WOC is
commonly referred to as free-space optical (FSO) communication and is categorized
as satellite-based and terrestrial-based links, the latter of which will be the focus of
this thesis.

Terrestrial FSO systems offer significant advantages such as higher bandwidth
capacity, an unregulated spectrum, and robustness to the electromagnetic interfer-
ence as well as transparency to the traffic types and protocols. These systems have
initially attracted attention as an efficient solution for the “last mile” problem to
bridge the gap between the end user and the fiber optic infrastructure already in
place. They are also appealing for a wide range of applications such as metropolitan
area network (MAN) extension, local area network (LAN)-to-LAN connectivity, fiber
back-up, backhaul for wireless cellular networks, disaster recovery, high definition TV
and medical image/video transmission, wireless video surveillance/monitoring, and
quantum key distribution among others.

Despite the major advantages of FSO technology and variety of its application ar-
eas, its widespread use has been hampered by its rather disappointing link reliability
particularly in long ranges due to atmospheric turbulence-induced fading. Atmo-

spheric turbulence occurs as a result of the variations in the refractive index due to



inhomogeneties in temperature and pressure changes [3]. This results in rapid fluctua-
tions at the received signal, i.e., signal fading, severely impairing the link performance.
Although FSO links are built taking into account a certain dynamic margin, the prac-
tical limitations on power budgets do not allow very high margins leaving the link
vulnerable to deep fades. Powerful temporal and spatial diversity techniques need to
be deployed for FSO links particularly with transmission range of 1 km or longer.
As a form of temporal diversity, channel coding can be employed in FSO commu-
nications to combat fading [4-6]. However, optical links with their transmission rates
of order of gigabits exhibit high temporal correlation. For fixed-rate error-correction
codes, this requires large-size interleavers to achieve the promised coding gains. De-
ployment of rateless codes (e.g., punctured codes, fountain codes) whose rate can
be modified to accommodate a time-varying channel quality has been further inves-
tigated for FSO links [7,8]. Based on the temporal characteristics of turbulence-
induced fading, maximum likelihood sequence detection (MLSD) is proposed in [9] as
another solution for fading mitigation. MLSD requires complicated multidimensional
integrations and suffers from excessive computational complexity. Some sub-optimal
temporal-domain fading mitigation techniques are further explored in [9-11].
Spatial diversity techniques [12], i.e., deployment of multiple receive and/or re-
ceive apertures, provide an attractive approach for fading compensation with their
inherent redundancy. Besides their role as a fading-mitigation tool, multiple-aperture
designs significantly reduce the potential for temporary blockage of the laser beam
by obstructions (e.g., birds, cranes) and allow a greater total transmission power
(due to regulatory power constraints on individual lasers). Information theoretic
bounds for multiple-input multiple-output (MIMO) FSO links have been first stud-
ied in [13], where ergodic capacity and outage capacity are derived for intensity-
modulation/direct-detection (IM/DD) FSO links operating in log-normal modeled

atmospheric turbulence. Under the assumption of shot-noise-limited regime with



Poisson statistics, it is demonstrated in [13] that ergodic capacity scales as the num-
ber of transmit apertures times the number of receive apertures for high signal-to-
background noise ratio. Since then, MIMO FSO communication has been extensively
investigated in the literature [13-22] under the assumption of different turbulence
channel models (e.g., log-normal, gamma-gamma, negative exponential) and noise
regimes (e.g., Gaussian, Poisson, Webb).

Another method to exploit spatial diversity in FSO links is relay-assisted coop-
erative communication. Cooperative diversity has been originally introduced in the
context of wireless radio-frequency (RF) communication (see e.g., [23] and the ref-
erences therein) and depends on the notion of network nodes helping each other in
relaying information to realize spatial diversity advantages in a distributed manner.
The concept of cooperative communication has been applied to FSO communications
in [24-30]. While initial studies [24-27] have demonstrated the usefulness of relay-
assisted transmission as a method to broaden the coverage area, the study in [28]
highlighted its use as a fading-mitigation tool. In [28], Safari and Uysal have consid-
ered two relay-assisted schemes, namely serial relaying (i.e., multi-hop transmission)
and parallel relaying (i.e., cooperative diversity) and derived the outage performance
for each scheme assuming both amplify-and-forward (AF) and decode-and-forward
(DF) relaying. They have shown that relay-assisted FSO systems exploit the fact that
fading variance is distance-dependent in atmospheric turbulence channels and yield
significant performance improvements by taking advantage of the resulting shorter
hops.

Building upon the framework of [28], this thesis makes several contributions to
the performance analysis and design of relay-assisted FSO systems. The key contri-
butions, which have been either published or submitted by the author [31-35] during

the course of this research, are summarized as follows:

e For DF FSO relaying schemes, we formulate optimization problems based on



the minimization of end-to-end outage probability to determine optimal relay
locations. Our results demonstrate that for serial relaying the minimum outage
probability is achieved when the relay nodes are placed equidistant along the
direct line from the source to the destination. On the other hand, in parallel
relaying, the optimal relay locations turn out to be a function of the signal-to-

noise ratio (SNR), the number of relays, and end-to-end link distance.

e We present a diversity gain analysis for serial and parallel DF relaying schemes
and quantify their diversity advantages in terms of the number of relays and
channel parameters over log-normal turbulence channels. Our asymptotical
analysis reveals that diversity gains of (N 4 1)"/® and 26N are available,
respectively, for serial and parallel relaying configurations where N denotes the

number of relays.

e Since FSO is a line-of-sight technology, a practical FSO mesh network would be
likely to deploy a combination of serial and parallel relaying. In this part, we
extend the results of [28] to this general and more practical scenario and derive
the outage performance of a multi-hop parallel DF FSO network. Our outage
probability analysis demonstrates substantial performance improvements with
respect to both stand-alone serial and parallel relaying schemes. Then, based
on the outage performance of multi-hop parallel FSO network, we present a
diversity gain analysis and quantify the achievable diversity orders in terms of
the number of relays and turbulence channel parameters. Our analysis yields
that a diversity order of (K + 1)""/%(N /K) is achievable (with K denoting the

number of relaying groups) for a multi-hop parallel relaying scheme.

e The current literature on amplify-and-forward (AF) relaying in FSO systems
26, 28, 36, 37] builds on the assumption that relays employ optical-electrical

(OE) and electrical-to-optical (EO) convertors. The actual advantage of AF



relaying over the DF counterpart emerges if its implementation avoids the re-
quirement for high-speed (at the order of GHz) electronics and electro-optics.
This becomes possible with all-optical AF relaying where the signals are pro-
cessed in optical domain and the relay requires only low-speed electronic circuits
to control and adjust the gain of amplifiers [38]. Therefore, EO/OE domain
conversions are eliminated, allowing efficient implementation. In the last part,
we investigate the performance of a dual-hop FSO link with an all-optical AF
relay. We employ photon counting methodology and derive closed form expres-
sions for the end-to-end signal-to-noise ratio and the outage probability. In our
derivations, we consider either full or partial channel state information (CSI)
at the relay and take into account practical limitations such as amplifier noise
and filtering effects. Our results indicate significant performance improvements
over direct transmission and furthermore demonstrate that semi-blind relaying
(which depends only on statistical CSI) provides nearly identical performance

to its full-CSI counterpart.

The rest of the thesis is organized as follows: In Chapter 2, we briefly describe
the channel model under consideration. In Chapter 3, we investigate the optimal
relay placement problem for cooperative FSO systems with DF relaying and present
the optimized outage performance. Furthermore, we derive the achievable diversity
gains for serial and parallel relaying. In Chapter 4, we propose multi-hop parallel
FSO scheme and present the outage performance and diversity gains assuming DF
relaying. In Chapter 5, we investigate the performance of a dual-hop FSO optical

link with an all-optical AF relay. Finally, we conclude in Chapter 6.



CHAPTER 11

ATMOSPHERIC TURBULENCE CHANNEL MODEL

When a laser beam propagates through the atmosphere, the light field is attenuated
owing to absorption and scattering. It is well known that gaseous molecules of the
atmosphere along with bad weather conditions such as rain, snow, fog, etc. cause
absorption and scattering. The path loss of the optical link with length d is defined

as [39]
—ed ATx ARx
I(d)=e W, (1)

where Arx, Arx, A are respectively the transmitter aperture area, the receiver aper-
ture area, the wavelength, and o denotes the attenuation coefficient which is made
up of scattering and absorption components.

In addition to the path loss, the optical links may experience fading due to the
turbulent atmosphere. In this respect, the spatial and temporal variations of the air
thermal inhomogeneities lead to variations of the refractive index along the transmis-
sion path. These random refractive index variations (i.e., atmospheric turbulence)
can cause power losses at the receiver and eventually amplitude fluctuations (scintil-
lation) and phase variations (aberration) of an optical wave propagating through the
atmosphere [3].

In the classical Rytov method [39], the atmosphere turbulent medium is assumed
to consist of several thin slabs. Base on this assumption, each slab modulates the
optical field from the previous slab’s perturbation by some incremental amount of
exp (x; + j;) where x; and @; denote, respectively, the first-order log-amplitude and

phase of the field. Therefore, the received electric field can be written in terms of the



transmitted field, U, as

U =Uexp (x +j¢) = Us [ [ exp (xi + jigs) = U exp (ZxﬁjZ%) )

According to the central limit theorem the fading log-amplitude, x = >_ x;, and
phase, ¢ = > ;, have normal distributions. Consequently, the turbulence-induced

fading amplitude, |a| = exp(x), is a log-normal random variable with the probability

distribution function (pdf) given by

p(laf)

(inJa]) = 1) ) | )

1
= ————=exp | —
la| \/27m02 P ( 203
where p, and ai are respectively the mean and the variance of the random variable

X. Based on the Rytov theory and assuming spherical wave propagation through a

horizontal atmospheric path, the log-amplitude variance is given by [39]

o2(d) = min {0.124k7/5C2d""/° 0.5} , (4)

X

where k is the wave number and C? is the refractive index structure constant and
the minimum is taken to consider the case of saturated scintillation. The validity of
log-normal model under weak turbulence conditions has been confirmed by numerous
experiments [39].

In this thesis, we consider an aggregated channel model where both path loss
and turbulence-induced fading are taken into account. The channel coefficient of an
optical link is given by

A= lalPL(d), (5)

where L(d) = €(d)/{(ds p) denotes the normalized path loss with respect to the dis-
tance of the direct link between the source and the destination, i.e., dsp. In (5)
we normalize the fading amplitude such that E[|a|?] = 1 implying p, = —o2. This

ensures that the fading does not attenuate or amplify the average power [14].



CHAPTER III

OPTIMAL RELAY PLACEMENT AND DIVERSITY
ANALYSIS OF RELAY-ASSISTED FSO
COMMUNICATION SYSTEMS

Relay-assisted FSO transmission exploits the fact that atmospheric turbulence fading
variance is distance dependent and yields significant performance gains by taking ad-
vantage of the resulting shorter hops [28]. In this chapter, building on the framework
of [28] we investigate how to determine optimal relay locations in serial and parallel
DF FSO relaying as to minimize the outage probability and quantify performance
improvements obtained through optimal relay placement. We further present a di-
versity gain analysis for serial and parallel FSO relaying schemes and quantify their

diversity advantages in terms of the number of relays and channel parameters.

3.1 System Model

We consider an intensity-modulation direct-detection (IM/DD) FSO system assuming
the deployment of binary pulse position modulation (BPPM). Under the assumption
of BPPM deployment, information is conveyed with the presence or absence of light
where the optical transmitter is "on” during one half of the BPPM bit interval (i.e.,
"signal slot”) and is "off” during the other half (i.e., "non-signal slot”). In serial
DF relaying (Fig. 1), the source node transmits a BPPM signal to a relay node.
The relay decodes the signal after direct detection, modulates it with BPPM, and
retransmits it to the next relay. This continues until the source’s data arrives at the
destination node. In parallel DF relaying (Fig. 2), the source node is equipped with

a multi-laser transmitter with each of the transmitter pointing out in the direction of
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Figure 1: FSO serial relaying configuration.

Figure 2: FSO parallel relaying configuration.

a corresponding relay node. It transmits the same signal to N relay nodes and each
relay decodes and retransmits the signal to the destination only if their received SNR

exceeds a given decoding threshold.

3.2 Qwutage Probability for FSO Relaying Schemes

Let Ry denote a targeted transmission rate and let vy = C~(Ry) be the correspond-
ing SNR threshold in terms of instantaneous channel capacity corresponding to a fad-
ing channel realization. The outage probability is given by P,.:(Ry) = Pr (v < y)
[40]. If SNR exceeds vy, no outage happens and the receiver can decode the signal
with arbitrarily low error probability.

In the following, we provide the outage probability expressions for serial and par-
allel DF relaying for the convenience of the reader (see [28] for details of derivation).
In serial DF relaying, an outage occurs when any of the intermediate single-input

single-output (SISO) links fails. Therefore, the outage probability of the end-to-end



link can be expressed as
N+1 N+1
Poyt = Pr (U {r < %h}> =1— [ 0 =Pr(v <), (6)
=1 =1
where 7; (1 <4 < N+1) denotes the SNR of the it" intermediate SISO link. Assuming
a signal-independent additive white Gaussian noise with zero mean and variance of
o2 = Ny/2, 7; is given by v, = R*I?P?A?/N,. Here, A; is the channel gain of
the i'" intermediate SISO link with length d;, Tp is the duration of the signal/non-
signal slots, R is responsitivity of the photodetector, and P is the average transmitted
optical power per transmit aperture which is related to the total transmit power by
P = P,/(N + 1) for serial DF relaying. Starting from (6), the end-to-end outage

probability of the serial DF relaying scheme can be obtained as [28]

where Py denotes power margin and is defined as Py = /P?R*T?/Noyin.

In parallel relaying, an outage occurs if none of the relay nodes decode the signal
successfully or multiple-input single-output (MISO) link between the correctfully-
decoding relays and the destination fails. The decoded set is defined as the set of
relays having successfully decoded the signal and consists of 2V possibilities. Let
W (i) denote the i*" possible set, and dyy(; denote the set of all distances between
the destination and the relays in the decoded set, i.e., djp € dw),Vj € W(i). The

corresponding outage probability is given by [28§]

9N 9N In (—L(d;’JN)PM) + 240y (ng)
Pout: § Pout*p([[ (Z)): E : | | 1_Q .

- - Wi 20y (ds,;)

=1 =1 [jeW(i) ’

I <L<d§]jv)PM) + 241y (ds;) In (PMQ“E)
’ 2N
H “ 20 (ds,;) “ O¢ (CZW(Z)) ’ (®)

10



where pe(dw ;) and U?(Jw(i)) are given by

pe(dwey) =In Y L(dip) — of(dw) /2, (9)
iEW (i)

og(dwey) =In [ 1+ Z (e =1/ Y L(dip) : (10)

W 1€W(7)
3.3 Optimization of Relay Location

In this part, we aim to optimize the end-to-end outage probability for serial and

parallel FSO relaying schemes with respect to relay(s) location(s).
3.3.1 Serial DF Relaying

The end-to-end outage probability for serial DF relaying is given by (7). We need to
minimize (7) with respect to the length of the intermediate SISO links (d;) in Fig. 1.

Let dy,ds, ... and dy.1 denote these lengths to be optimized and define the following

functions
N+1
h(dy,da, ... dye) = []®(f(d)), (11)
N+1
g(di,dy, ... .dye) = > di, (12)

where ® (z) = 1—Q(z) is the cumulative distribution function of the normal Gaussian
distribution [41], and f (d;) is given by

In (L (d;) Pv/( N +1)) 4+ 2pu, (dz)

fld)= 20 (d;)

(13)

It can be readily verified that the optimum place for each relay is on the direct
path from the source to the destination (see Section A.1, Theorem I). Now, the

optimization problem can be stated as

max h(d17d27"'7dN+1)

d1,d2,....dN 41

st. g(di,dy,...,dyy1) = dsp. (14)

11



Since f (d;) is a monotonically decreasing function, h (.) is found to be a concave
function with respect to optimization parameters. By applying Lagrange multiplier
method, we obtain N + 1 equations where the i'" equation (i = 1,2,..., N + 1) can

be expressed as

 (d)esp (—@) [T @ (s () = 24v2r (15)
7

with A denoting the Lagrange multiplier. Since A is a constant, all the N+1 equations
are equal to each other. Therefore, for the i'® and k' equations (1 < i,k < N + 1),

we can write

£ (de) exp (—@) O (f (de) = ' (dy) exp (—f ) ) O(f(d).  (16)

Noting that f' (d;) exp (—f (d;)?/ 2) /@ (f (d;)) is a monotonically decreasing function,
the solution of (16) is found as

Hence, the outage probability is minimized when the consecutive nodes are placed

equidistant along the path from the source to the destination.
3.3.2 Parallel DF Relaying

Let ds; and d; p, j = 1,2, ...N, respectively denote the distance of source-to-relay and
relay-to-destination links. The end-to-end outage probability for parallel DF relaying
is given by (8) which will be minimized with respect to ds ;, d; p, j = 1,2, ...N. It can
be shown that, for performance optimization in parallel relaying, all the relays should
be located along the direct path from the source to the destination (see Section A.2,

Theorem IT). However, a closed-form analytical solution for optimized locations is not

12



readily available. Defining the following functions

2(dsa,dsz2,...,dsN,d1.p,-..,dnD) (18)
2N

def -

=S 11 0-Quldsy))) ] @uldsy)| x Q (v(dw))
i=1 |jew() JEW ()

def L (ds;) Py

utds;) ™ (1n (T + 2 (ds,) ) /20 (ds,), (19)
_ def Parete _

U(dwu)):lﬂ( J;N )/Us (dw), (20)

we can state the optimization problem as

z (d&l,dsg, Ce >dS,N>d1,D7 Ce adN,D)

min
ds,j,dj p,j=1,2,..,

s.t. dSJ + dj,D = dS,D j = 1,2, ey N. (21)

This non-convex optimization problem can be solved by numerical methods. Here, we
use the genetic algorithm [42] which is an adaptive heuristic search algorithm premised
on the evolutionary ideas of natural selection and genetic. This algorithm creates a
population of solutions and applies genetic operators such as mutation and crossover
to evolve the solutions in order to find the best one. Genetic algorithms are frequently
used in the literature on wireless communication for system optimization [43,44].

Our numerical optimization through genetic algorithm shows that the optimum
solution of (21) occurs if all of the relays (that should be located along the direct path
from the source to the destination) are placed at exactly the same point. It should
be noted that, in practice, due to the size of FSO transceivers, relay terminals cannot
be obviously placed at the same physical location. However, as demonstrated later in
our simulation results (see Section 3.4), placement of relay terminals (separated from
each other by a distance more than the spatial coherence length) on the perpendicular
line crossing the optimum location results in near-optimum performance.

Table 1 provides the optimized distances from the source, i.e. relay locations, for

some given values of power margin (Py), link range (ds p), number of relays (NV),
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wavelengths ()), refractive index structure constant (C?) and atmospheric attenuation
(o). Tt is observed from our results that the optimum position slightly decreases by
increasing the wavelength while it slightly increases by increasing the refractive index
structure constant. It is also observed that the optimum position is somewhere close
to the source, and becomes closer as the number of relays increases or for the low
values of power margin.

Based on the numerical optimization results (see Table 1), a heuristic expression
can be further developed through an interpolation on logarithmic functions. This

expression for optimum relay location is given by
dop(Par, ds.p, N) = 0.5ds.p + Piln(w% +A), N>2 (22)
M
where 1, w, k and A are defined, respectively, as

n=dsp (7x10°dgp —0.14In (N) — 0.5)
w= —27x10""dsp+0.11n(N) +0.11,
k= —6.5x10"%gp+1.19,

A =4.5x10""dgp + 0.024N + 0.9.

Table 1: Normalized optimal relay locations for parallel relaying

A = 1550nm, o & 0.1 and C2 = 10~ '4m?/3. The unit of dg p is kilometers. N denotes the number
of relays. Since optimization has yielded the same location for all relays, only one numerical value is
provided regardless of the relay number.

N =2 N=3 N=1 N=5
Py |dsp = 3‘615‘1) =5|dsp = 3‘dS,D =5|dsp=3|dsp="5|dsp=3|dsp =5
[dB] Optimal Relay Locations

0 0.4037 | 0.3997 || 0.3575 | 0.3389 | 0.3191 | 0.3001 | 0.2812 | 0.2731
) 0.4334 | 0.4472 | 0.4012 | 0.4160 | 0.3778 | 0.3906 || 0.3582 | 0.3698
10 | 0.4466 | 0.4617 | 0.4239 | 0.4432 | 0.4104 | 0.4260 | 0.3945 | 0.4121
15 | 0.4660 | 0.4705 | 0.4489 | 0.4588 | 0.4393 | 0.4488 | 0.4360 | 0.4443
20 | 0.4781 | 0.4871 | 0.4705 | 0.4791 || 0.4686 | 0.4710 | 0.4635 | 0.4680
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3.4 Owutage Performance Results

In this section, we present the optimized outage performance for serial and parallel
relaying schemes under consideration. We consider an FSO system with A = 1550 nm
operating in clear weather conditions with a visibility of 10 km. The end-to-end link
range is dg p = 5 km, the atmospheric attenuation is 0.43 dB/km (i.e., o ~ 0.1), and

2/3_ The log-amplitude variance is

refractive index structure constant is C2 = 10~ "*m
therefore calculated as ai = (.38 below the saturation regime.
In Fig. 3, we present the outage performance for serial DF relaying assuming

N = 3 relays. Some arbitrary chosen relay locations along with optimized relay

locations are considered. Specifically, we have the following configurations
e Scenario 0 (Optimized): d; =dy =d3 =dy = dsp/4
e Scenario 1: dy =dy =dsp/8,dy = d3 =3dsp/8
e Scenario 2: dy =dy =d; =dgp/b,ds = 2dsp/5
e Scenario 3: dy =dy =d; =dgp/6,ds = dsp/2

It is observed from Fig. 3 that relay location optimization substantially improves the
performance. At an outage probability of 107%, we achieve performance improvements
of 7.2 dB, 8.2 dB and 13.4 dB respectively with respect to non-optimized scenarios
1, 2 and 3.

In Fig. 4, we present the optimized outage performance for parallel DF relaying
assuming N = 2, 3,4, 5 relays along with the equi-distant relay cases. The optimized
relay locations are already given in Table 1. To reflect the performance in practical
settings, we have also included the performance when the relay terminals are placed on
the perpendicular line crossing the optimum location and separated from each other
by a distance of 50 m. These two cases are labeled as “optimum” and “near-optimum”.

At a target outage probability of 107, we observe performance improvements of 1.5
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Figure 3: Outage probability of serial FSO relaying scheme for different scenarios.

dB, 1.7 dB, 2.8 dB, 4 dB respectively for N = 2, 3,4 and 5 with respect to equi-distant
located relays. Furthermore, it is observed that separation of the relay terminals
results in a negligible performance degradation, i.e., within the line of thickness of
outage probability plots. It is also demonstrated in Fig. 4 that the performance
improvements of parallel relaying are less than those observed in serial relaying. This
is as a result of the nature of parallel relaying in which there are only two hops that

can be optimized regardless of relay numbers.

3.5 Daiwversity Gain Analysis

Diversity order is conventionally defined as the negative asymptotic slope of the error

rate performance (e.g., bit error rate or outage probability) versus SNR on a log-log

16



-10

10

Qutage Probability

-15

10

Qutage Probability

N=2

s —t— Near-Optmum

—3¥— Non-Optimum Equi-distant)
—— Optimum

o 5 10 15 20
Py [B]
N=4
—3}— Non-Optmum [Equi-distant)
—e— Cptimum
—|— Mear-Optmum
0 5 10 15 20
Py [dB]

Outage Prabability

Outage Prabability

N=3

—3¥— Non-Cptimum (Equi-distant)
—S— Optmum
—|— Mear-Optmum

P8 e N S
10" i i
] 5 10 15 20
Py [EB]
N=5
10°
—3¥— Non-Optimum [Equi-distant)
¥ —e— Cptmum
ﬂ : —|— Near-Optmum
10° PR N O R
‘1D_1° __________________________________ i _____________
107 i i
1] 5 10 15 20
Py [B]

Figure 4: Outage probability of parallel FSO relaying scheme for different number
of relays and scenarios.
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scale [40]. As discussed in [45], the conventional definition of diversity order yields
infinity and does not provide a meaningful measure for diversity order over log-normal
fading channels. To overcome this problem, so-called “relative diversity order (RDO)”

has been introduced in [45] which is given as

0l P,/0In Py
RDO(PM) - 8111 Pout75150/8 111 PM7 (23)

where P, 5150 is the outage probability of direct (SISO) transmission. The asymp-

totic relative diversity order (ARDO) can be further defined as

ARDO = lim RDO(Py). (24)

Ppr—o0

3.5.1 Serial Relaying

Calculation of RDO: Inserting (7) in (23), the RDO of FSO serial relaying scheme

is obtained as

N+1
0ln (1 ~II (1 —Q <1n<L<di>PA;;ﬁll)>+2ux<di>)>) /01n Py

i=1

8111 (Q ((111 (PM) + 2/“LX (dS,D>> /20’X (dS,D))) /8111 PM

RDO (Py) = (25)

Expanding the product in the numerator and neglecting the higher order terms, (25)

can be well approximated as

N+1
Oln ( Z Q <ln(L(di)PAQI;j:f(;l))Jr2ﬂx(di))) /01n Py

RDO (Py) ~ =1 , 26
)= G100 (10 (Par) + 20 (ds0)) /20, (ds.0))) 0T By’ 0
which can be further rewritten as
N+1 .
Y- Pous (i) Field
RDO (Py) ~ =l (27)

o (Q((In(Par)+2px (ds.p)) /205 (ds, N+l N
ool 7, )

where P, (1) = Q ((In (Py) +¢(7))/(20y (d;)) ) and ¢ (i) = In (L (d;) /N +1) +
244, (d;). Note that Q function can be bounded as [41]

T

1
Vorl+ a2

exp(—2%/2) < Q(7) < exp(—2°/2). (28)

1
\V2Tx
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Applying these bounds, we obtain an (approximate) upper and lower bound on (27)

as
N+1
In(Ppr)+ 9(4) 20 (di) 5 .
J Zzzl ( 41‘\7/[3((@) + ln(PMX)+ w(i)> Pout—s(@)
RDO (Py) < — | )
P Z Pout—s
=1
RDO>

N+1 N ' N N
(In(Par)+(4)) In(Ppr)+4 (@) (In(Pr)+ $(2)) In(Pry)+(4) :
2 << ol@) 1>/< 20 () (1 @) )) + = i@ )Pout—s(l)

=1 X

b

N—+1
20 (D) In(Par)+24 (D) 5 .
(ln(PM))fFQ,U«z(D) + =2 D) ) ; Poui—s(7)
(30)
where

5 _ 20(d) f (n(Py)+ v()
Poy—s = ln(PM) T w@) p ( ) ) (31)

Emf:CMHH+¢@/G+Oﬂﬂn+#@f))wp(QMHn+¢@f>

20, (d;) 4oy (d;) 802 (d
(32)
p:< 20, (ds,p) ((In (Par) + 241, (ds,p))* — 402 (ds,p))
(In (Par) + 24z (ds,p) ) (402 (ds,p) + (In (Par) + 244 (ds,p))?)
hl (PM) + 2,U/;E (d5’7D)
402 (ds,p) >' (33)

Calculation of ARDO and maximum achievable ARDO: Taking the limits of

(29) and (30) and employing the squeeze theorem [46], ARDO is obtained as

N+1

2
i) B oo ()
ARPO= it = Ve 2@y Y
—00 )
T Eewen () MR
which simplifies as
ARDO = (dS,D/dmaa:)ll/ﬁ. (35)

As expected from the earlier optimization results, maximum ARDO is achieved when

the consecutive nodes are equi-distant along the direct link between the source and
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the destination. Replacing d,e. = ds,p/(N + 1) in (35), we have

ARDO,ay = (N + 1)"°. (36)
3.5.2 Parallel Relaying

Calculation of RDO: Inserting (8) in (23), the RDO of FSO parallel relaying scheme
is obtained as

ahl (221\5 Poutp(W(Z))> /aln PM

DO = (G (i (Par) & 20y (ds) 20, (dsp)) 0 Py )

The numerator of (37) can be rearranged as

2N 2N
OPout—p(W (i) -\ 91n Poyi—p (W (i)
2 owm 2 P (W) =503
I = v = v~ (38)
X Pou-5(W (1) % Pou-p(W (7))

Furthermore, we can calculate 0lnPpy:—, (W (i)) /01ln Py as

OnPoy, (W(i) 0 Y (1 P <1n(PM) + v(j))) (39)

8111 PM 8111 PM iEW () 20’X (dS,j)
In(Py) + v(y) In (Py) + 0(W (7))
In In ,
+j¢;(i) (Q ( 20y (ds;) >) i (Q < O¢ (dW(i)) )))

where v(j) = In(L (dsy) /2N) + 2py (ds;) and 9(W (i) = pe (dw)) — In(2N). By
combining (37), (38) and (39) and using the bounds on @ functions given by (28),

upper and lower bounds on RDO are obtained as

>~ Pour—p (W (4)) A(2)
RDO (Py) < &=

(40)

A

5 5(0) Py (W ()
RDO (Pyr) > = (41)

< 20, (ds.p) X In(Par)+ 22 (ds,p) ) 221\5 p . (W(Z))’
out—p
=1

In(Par)+ 2um<dS,D) 40?((07/5,13)
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(In(Pa) + 0()"\ _ (In(Par) + 0 (W(i))’
X exp ( Z <_ 802 (ds ;) ) N 207 (dw ) )

dlnT(j) In (Py) + v(y) 20y (ds,j)
=D TP +j€;(i) ( * : )

W) M 4o (ds;) In (Py) + v(j)
In (Py) + 0 (W(3)) o¢ (dw )
" ¢ (dw)) In(Py)+ ©(W(5))’ (44)
o AT () | n(Pa) + 5 (W (i)
)= 2 by o2 (dweo)
+< o¢ (dwo) (0 (Par) + 0 (W ()" = 0t (dwi)) ) )
(In (Par) + & (W (8))) (0 (Par) + & (W (0)))* + 02 (dwes)))
20 (dsy) (I (Par) + 0 (5))* = 4ot (dy)) In (Py) + v<j>)
+J¢; <ln Par) + 0() (0 (Par) + 0 () + 0t (dey)) | d02(dy) )

with I'(j) = (1 = @ ((In. (Par) + v(5))/20x (ds,;)))-

Calculation of ARDO: Noting that I'(j) — 1 if Py; — oo and using the squeeze
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theorem, ARDO is obtained by taking the limits of (40) and (41) which yields

(dSD)g 7()o¢ (dw) ( IT 20y (ds,j)) exp (—7(i)(In (Par))*/2 )

ARDO = lim JEWE
Ppr—o0 2N -~ ) 9
> ¢ (dw o) (,gg(_) 2, <ds,j>) exp (—7(i) (in (Par))*/2)
= j i
(46)
with
riy= Y <421d )+2} . (47)
sy Nk dsg)) - of (dw)
Therefore, we finally obtain
ARDO = 402 (dg p) minT(i). (48)

Calculation of maximum achievable ARDO: To find the maximum of the ARDO
of DF parallel relaying, we impose the assumption that all relays are located at the

same point (see Section 3.3.2). Hence (48) can be rewritten as

o, - N — Ng (W (7)) 1
ARDO = 407 (dsp) NaO) ( 402 (d) + of (Ns (W (i) ,d)) ’ (49)

where 0 (Ns (W (i) ,d) = In (1 4 (exp (402 (dgp — d)) — 1) /Ng (W(i))) and Ng (W (4))
is the number of relays having successfully decoded the signal in the it" possible de-
coding set, and can take values from 0 to N. If the fading variance O’i(d& p —d)is
sufficiently small, we can approximate o¢ (Ng (W (4)) , d) = 4073 (ds,p — d) /Ng (W (i)).

Thus, we can rewrite (49) as
ARDO = o2 (dg,p) min7 (Ng (W (i))) (50)

where
N — Ng(W(i))  Ng(W())
o (d) 02 (dsp —d)

For d < dgp/2, the minimum of 7 (Ng (W (7))) occurs for Ng (W (i)) = N while, for

T (Ns (W(3))) = (51)

d > ds p/2, it occurs for Ng (W (i)) = 0. As a result, (50) can be expressed as

ds 11/6
N< -2 ) ) d S dS,D/27

ARDO = ds.p 11/6
N(g2) d> dgp/2.

(52)
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From (52), it is clear that the maximum ARDO is achieved when d = dg p/2. There-

fore, the maximum ARDO is obtained as
ARDO,qp = 2'Y/SN. (53)

Comparing (36) and (53), we observe that parallel relaying takes advantage of distance-
dependency of fading log-normal variance to a lesser extent and is outperformed by
serial relaying as the number of relays increases. We also note that (36) and (53) be-

come equal to each other as serial and parallel relaying schemes coincide for N = 1.

3.5.3 Numerical Results on RDO

Fig. 5 depicts the RDO of a DF system with serial relaying for different number of
relays (i.e., N =1,2,3). We consider a log-normal turbulence channel with standard
deviations of o, (dsp) = 0.1 and 0, (dsp) = 0.3 along with the other assumptions
about system and channel conditions detailed in Section 3.4. Assuming Py, = 100
dB, we observe RDO values of 3.7, 7.9 and 13.5 respectively for N = 1,2 and 3.
These provide a good match to analytical ARDOs (i.e., P,y — o0) calculated as
(N + 1)11/6 = 3.6,7.5, and 12.7 respectively for N = 1, 2 and 3. We also observe
that RDOs for lower P,; values are higher than those for higher P),. This can be
explained by the success of serial relaying in reduction of path loss effects which are
more pronounced in lower transmit power regions.

Fig. 6 demonstrates the RDO of a DF system with parallel relaying for N = 2
and 3'. As clearly seen, particularly for small values of fading variance, substantial
improvement in RDO is achieved when the relays are located at the optimum position
instead of simply being located at the halfway point. At Py, = 100 dB, we observe
RDO values of 7.17, and 10.6 for N = 2 and 3. These values are very close to
analytical ARDOs (i.e. Py; — oo) which are obtained as 2!/ N = 7.12, and 10.7 for

N =2 and 3 confirming our analytical derivations.

Note that for N = 1, serial and parallel relaying schemes coincide.
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Figure 5: RDO of serial FSO relaying scheme for different number of relays.
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Figure 6: RDO of parallel FSO relaying scheme for a) two relays, and b) three relays.
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CHAPTER IV

MULTI-HOP PARALLEL FSO RELAYING

Since FSO is a line-of-sight technology, a practical FSO mesh network would be
likely to deploy a combination of serial and parallel relaying. In this part, we extend
the results of [28] to this general and more practical scenario and derive the outage
performance of a multi-hop parallel DF FSO network. Our outage probability analysis
demonstrates substantial performance improvements with respect to both stand-alone
serial and parallel relaying schemes. Furthermore, we present a diversity gain analysis
and quantify the achievable diversity order in terms of the number of relays and the

turbulence channel parameters.

4.1 System Model

We consider a multi-hop parallel FSO communication system illustrated in Fig. 7.
We assume that there is a source node which communicates with a destination node
via the total of N relays. Nearby relays are grouped together resulting in a number
of K groups. Let N;, i = 1,2,... K, denote the number of relay nodes in the *®
group. The source node is equipped with a multi-laser transmitter and each of the
transmitter points out in the direction of a corresponding relay node within the first
group. The number of the relays at the i"* group might be less than the number
of the relays at (i — 1)th group, i.e., N; < N;_1. Therefore, all the relays (except
those in the first group) and the destination are supposed to have a sufficiently large
aperture that allows the simultaneous detection of several optical fields transmitted
from different relay nodes of the previous group.

We assume the deployment of BPPM. Transmission takes place in K +1 phases. In

the first phase, the source transmits the same BPPM signal to Ny relay nodes (i.e., the
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Figure 7: Multi-hop parallel FSO relaying network.

first group of relays). In the next phase, each relay, after direct detection, modulates
it with BPPM and retransmits the signal to the next group and this continues until
the source’s data arrives at the destination node. We assume the deployment of so-
called "selective” DF relaying [47] in which a relay is engaged in forwarding only
if its received SNR exceeds a given decoding threshold. Otherwise, to avoid error
propagation, it remains silent.

In selective DF relaying, we refer the relay nodes which are engaged in forwarding
as active relays. The set of active relays at the 7" group is named as active relay
set and denoted by W;. Furthermore, we denote the successful relay set by D, i.e.,
the set of active relays in W, having successfully decoded the signal. Therefore, there
exists 2"l possible forms for the successful set at the i** phase, i =1,2,... K.

Let D¥ | denote the set of relays within the i*" successful set pointing out in the

direction of the k™ node (denoted by k;) within the i’ successful group. The received

HW;| denotes the cardinality of W; and therefore represents the number of the active relays in
the it group.
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signal at the k" relay is therefore given by

Ty RT, (P,Asy, + By) +n;

= || < [T B (543
’f‘gl RTbe + nzl
Ty RT, (Pa > Aok + Pb) + nil

ry, = o= ji—1€D¥F | s (54b)
"k RTyP, +n}.

where 77 and 1., respectively, denote the received signal and non-signal slots of the
BPPM pulse. In (54), P, is the background power incident on the photodetector, P,
denotes the average transmitted optical power per transmit aperture and is related to
the total transmitted power (P;) by P, = P,/k where k = N + N is the total number
of the transmit apertures in the relaying configuration. nj and nj in (54) denote the
additive noise terms respectively for the signal and the non-signal slots. We assume
that the intensity of the light incident on the photodetector is sufficiently high. In
this case, the shot noise caused by background radiation is dominant. Therefore,
a signal-independent additive white Gaussian noise with zero mean and variance
of 2 = 1ny/2 can accurately approximate the Poisson photon-counting detection

nKi

model [3].

4.2 QOwutage Probability Analysis

Recall that for the multi-hop parallel relaying scheme under consideration, the suc-
cessful relay set at the i’ phase, i = 1,2,... K, has 2Wil possibilities. Let U; (j)
denote the j* possible set for D;. Furthermore, let JUZ.(]')m denote the set of all dis-
tances between the n'* active node in the (i + l)th group and the successful relays in
the i'" active relay set pointing out in the direction of the corresponding relay node,
ie.,dpmn € cZUi(j),n, meU;(j), 1 <n < |Wil

In multi-hop parallel relaying, an outage occurs if either none of the active relay

nodes decodes the signal successfully or multiple-input single-output link in the last
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phase fails. The corresponding outage probability can be then given by

2N1

Pout = ) Poutphases (Us (1)) Pr (Uy (ir)) - (55)

i1=1

In (55), Pout phase, (Ui (41)) is the outage probability of the second phase during which
the successful relays involved in the event {D; = U (i1)} retransmit signal to the
corresponding relay nodes of the second group. In (55), Pr(U; (i1)) denotes the

probability of the event {D; = U; (i1)} and is given by

Prh ) = 21 (1), 0 € 02 00)) V() 0 £ 01 00) | (50)

= [ (- Pusiso(dsm)) [ Poutsiso(dsm).

m1 €U (i1) m1¢U1 (i1)
where Pyt s1s0 (dsm,) is the outage performance of the intermediate single-input
single-output link connecting the source and the m!" node. Its derivation can be
found in Eq. (21) of [28].

Let Py nrso (CZUj_l(ij_l)mj) denote the outage performance of the MISO link
between the successtul relays in the U;_; (i;_1) successful relay set and the mzh node.
Its closed form expression is given by Eq. (29) of [28]. The outage probability of the
J™ phase (j = 2,3,..., K) corresponding to the event {D;_; = U;_; (i;_1)} can be
then expressed as

Q‘W'|

Pout,phase] ( 7j—1 Zg 1 Z Poutphasej_,.l ( ))PI‘ (U ( j)) (57)

i; =1

with

Pr(U; (i) = [ (1= Poursrzso (v, 16, pm;)) [ Powarrso (do, si,-yom,)-
m; €U; (i5) m;¢U;(i5)

(58)
Therefore, we can rewrite (55) as

2|Wa| ol Wik|

Py = Z Pr(Uy (i2)) Y Pr(Us (i) -+ > Pr(Uk (ix)) Poutasrso (duyix).n) -

i1=1 i9=1 ig=1

(59)
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Let us define the following functions

def o (I (L (dij) Pu/k ) + 20, (diy)
H(di;) = Q ( 20, (i) ) 5

G Q (m (PM/U': 25 e (J)> . (61)

tte (d) and o¢ (d) in (60) and (61) can be respectively found in (9) and (10). Inserting

(60)

the equations (56) and (58) in (59), the outage probability for multi-hop parallel

scheme is obtained as

2N
Pout - Z Pout—l (Ul (21)) (62>

11=1
21N1

=> I G-Hdsm)) [ H(dsm)
11=1m;€Uj(i1) m1¢U1(i1)
2|Wa|

X Z H (1 -G (dUl(il)mw)) H G (dUl(il)mm) T
i2=1 moeUs(i2) ma¢U2(i2)
2|WJ'|

XZ H (1_G 1(%17”3 H GdUﬂ”ﬂlmJ)'”
;=1 m;eU;(i;) m; ¢U; (i5)
ol Wik| - B _

X Z H (1 -G (dUK—l(iK—l)va)) H G (dUK—l(iK—l)»mK)G (dUK(iK%D) :
ik=1 mgcUgk(ix) mi¢UKk (ix)

Special cases: The derived expression for the multi-hop parallel relaying includes the
earlier derived results in [28] as special cases. First, assume N = K which corresponds

to the case of serial (multi-hop) transmission. Under this assumption, (62) reduces

to

Pout—SeTial =H (dS,ml) + (1 - H (dS,m1>> H (dml,m2> + ...

+ (1 - H (dSm"u)) (1 - H (dthnz)) X X (1 —H (de—QymK—l)) H (de—th) .
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This can be further rewritten as

Pout—Serial =1~ (1 —H (dS,m1>> + (1 - H (dS,ml)) H (dm17m2) + ..
+ (1= H (dgym,)) (1 = H (dmyms)) X oo X (1= H (dinge_ymyc)) H (dinse.0)
=1- (1 —-H (dsyml)) H (de7D> | (1 —-H (dmiymi-&-l))? (64)

which coincides with (24) of [28].
Now, assumeK = 1 which corresponds to the case of parallel relaying. Under this

assumption, (62) reduces to

2N
Pout—Paraitel = Z H (1 - H (dgm,)) H H (dsm,) | G (dv,(iy),p), (65)
i1=1 | mi€U1(i1) m1¢U1 (i1)

which coincides with (32) of [28].
4.3 Diversity Gain Analysis
The RDO of multi-hop parallel relaying scheme under consideration is obtained as

n (2211 Pout—l (Ul (11))> /81H PM
— (66)

RDO(Pu) = - (@Q (In (Pag) + 241y) /205 ) /O1In Py’

The numerator of (66) can be rearranged as

2N1

OPout—1(U1(i1))
F= . (67)

>~ Pouwr—1 (Ur (i)

i1=1

Let us define Py, j = 2,3,..., K as

2|3
Pout—j= Z H 1(ij71)7mj)) H G Uj-1(ij-1) )
15=1 m;eU;(iy) m; ¢U;(i5)
2lWk|
X Z H (1 -G (dUK—l(iK—l)va)) H G (dUK—l(iK—l)va)G (dUK(iK):D) :
ik=1 mgeUk(ix) mi ¢Uk (ix)

(68)
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Differentiation with respect to In Py, yields

2|Wﬂ'|
OP 'Zl POUt_j (811]/6 In PM + (811& Pout_jﬂ/@ In PM ))
out—j 1=
N 69

Oln PM 2|Wj| , ( )
Z Poutfj
ij=1

where vy , v; j =2,3,..., K — 1 and vk are respectively defined as

vi= Y In(l—H(dsgm))+ > In(H(dsm)) (70)

m1€U1 (i1) m1¢U (i1)
U5 = Z In (1 -G (d_Ujfl(ijfl)vmj) ) + Z In (G (JUjfl(ij—l)vmj)) (71)
m;€U;(i5) m;¢U; (i5)
UK = Z In (1 -G (JUK—l(iK—l)va)) +In (G (CZUK(iK)vD) )
my €Uk (ix)
+ Z In (G (CZUKfl(inl):mK)) (72)
my¢Uk (ik)

Employing the bounds on Q) function which is given by (28) and the squeeze theorem,
ARDO can be obtained by taking the limit of (66) as

1
ARDO = 402 (d ! 402 (ds,m,)
RDO = 407 ( S,D>£1(1i?) > (4a§ (ds,ml))

m1¢U1(41)
+ min Z <;)+---+mm Z ( L )
Us(i2) s U (i) ag (dUI(il),mQ) U; (45) my 205 (i) 02 (de,l(ijfl),mj)
1 1

_ + _

Uk (ix) i ¢UR (i) O'? (dUKfl(inl)ymK) O'g (dUK(iK),D)

For a sanity check, we consider some special cases in the following. Let us hypothet-
ically assume that each of the groups consists the same number of relays which can

detect only one signal!, and each group is equidistant along the path from the source

IThis is a special case of the original assumption where we consider that all the relays (except
those in the first group) have a sufficiently large aperture allowing the simultaneous detection of
several signals.
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to the destination!. Under these assumptions, we can rewrite (73) as

a2 min N/K — Uy (i)
ARDO = 40){ (dS,D) U (i)] (40’% (d&D/(K ¥+ 1))
. ( Ui (@) = U2 ()] | : <|Uj1 (25-0)] = [U; ()]

-+ min
Uz(iz)| \ 402 (ds,p/(K + 1)) UGl \ 402 (ds,p/(K +1))

: [Uk—1(ix—1)| — |Uxk (ix)| 1
Tkt ( 102 (dsp /(K + 1)) o2 (Ux (i) ds.0/ (K + 1))))) -

where |U; (i;)] stands for the cardinality of U; (i;) and therefore is the number of relays
in the i¥" possible set for the j successful relay set (i.e., Dj) and of (|Ux (ix )|, ds.p/(K + 1))

is given by

02 (|Uk (ix)| . ds,p/ (K +1)) = In (1+ (exp (402 (ds,p/(K +1))) — 1) / |Uk (ix)]) -
(75)

If the fading variance o2 (ds,p/(K + 1)) is sufficiently small, we can approximate
0¢ (|Uk (ix)] . ds.p/ (K + 1)) ~ o7 (ds,p/ (K + 1)) / [U (ix)| (76)

Thus, we finally obtain
N
ARDO = (K + 1)“/6?. (77)

If K = N, we have
ARDO = (N + 1)"'"/8, (78)

which is the case of serial relaying given by (36). On the other hand, if we set K = 1,
we have

ARDO = 21/°N, (79)
which is the case of parallel relaying given by (53).

4.4 Numerical Results

In this section, we present numerical results for the derived outage performance ex-

pressions. We consider the same assumptions about system and channel conditions

!This assumption requires that all of the relays in each group are located at the same location.
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detailed in Section 3.4. In the following, we assume a total of N = 6 relays and

present the outage performance for a number of different configurations:

e Configuration 1 (C1): In this configuration, we have three groups of relays

(i.e., K = 3) and each of them consists 2 relays (i.e., Ny = Ny = 2)

e Configuration 2 (C2): In this configuration, we have two groups of relays

(i.e., K = 2) and each of them consists 3 relays (i.e., Ny = Ny = 3)

e Configuration 3 (C3): In this configuration, we have a single group of 6
relays located at the vertical line of the midway point between the source and

the destination.

These configurations based on the mix use of parallel and multi-hop relaying are
illustrated in Fig. 8. As benchmarks, we also consider some configurations in which
only the use of either parallel or multi-hop relaying is allowed for the same number
of relays. Specifically, Fig. 9.a. and 9.b. respectively illustrate the multi-hop and
parallel relaying schemes for K = 3 and N; = Ny = 2. These will be used as
benchmarks for C1. Similarly, Fig. 10.a. and 10.b. respectively illustrate the multi-
hop and parallel relaying schemes which will be used as benchmarks for C2. Fig. 11
illustrates the benchmarking multi-hop scheme for C3.

Figs. 12 and 13 present the outage performance of C1 and C2 with the aforemen-
tioned benchmarks. As clearly seen from these figures, the combined use of parallel
and multi-hop relaying substantially improves the performance with respect to stand-
alone uses of multi-hop and parallel relaying. Particularly, for an outage probability
of 1079, we observe performance improvements of 6.8 dB and 9.8 dB for K = 2 and
3 with respect to stand-alone parallel relaying. On the other hand, with respect to
stand-alone serial relaying, performance gains of 3.8 dB and 9.2 dB are respectively

observed for K = 2 and 3. It should be noted that these performance gains are a

34



()

Figure 8: Configurations under consideration a) C1: three groups of relays, b) C2:
two groups of relays, and c¢) C3: single group of relays
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Figure 9: a) Multi-hop and b) Parallel relaying benchmarking schemes for CI.
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Figure 11: Multi-hop relaying benchmarking scheme for C3.
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Figure 12: Performance comparison of multi-hop parallel, serial and parallel relaying
for C1.

result of the nature of multi-hop parallel relaying which smartly exploits the distance-
dependency of the log-amplitude variance more than the stand-alone versions.

In Fig. 14, the outage performance of C3 along with the benchmark is illustrated.
We note that for K = 1 the performance of parallel and multi-hop parallel relaying
coincide as expected. For a target outage probability of 107, this configuration

achieves a performance improvement of 8.3 dB with respect to the stand-alone version.

In Fig. 15, we compare the performance of C1, C2 and C3 and investigate the
effect of the number of groups for a fixed number of relays. We observe from 15 that
increasing the number of groups results in performance improvement. For a target
outage probability of 107%, the performance gains for K = 3 are 7.5 dB and 2.9 dB
with respect to K = 1 and 2. This is as a result of increasing hops exploiting the

distance-dependency of the log-amplitude variance to a greater extent.
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Figure 13: Performance comparison of multi-hop parallel, serial and parallel relaying

for C2.
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Figure 14: Performance comparison of multi-hop parallel, serial and parallel relaying
for C3.
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Figure 15: Effect of different number of groups on the outage performance.

Finally, Fig. 16 depicts the RDO values of C1, C2 and C3 under consideration.
For Py; — 100 dB, we observe RDO values of 24, 22.2 and 19.7 respectively for C1,
C2 and C3. These perfectly match to the ARDOs in (73) and are in good agreement
with the simplified ARDOs in (77) calculated as (K + 1)'Y°N/K = 25.4, 22.5 and
21.4.
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Figure 16: RDO values for C1, C2 and C3.
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CHAPTER V

ALL-OPTICAL AMPLIFY-AND-FORWARD RELAYING
SYSTEM FOR ATMOSPHERIC CHANNELS

The current literature on AF relaying in FSO systems [26, 28, 36, 37] builds on the
assumption that relays employ optical-electrical and electrical-to-optical convertors.
The actual advantage of AF relaying over the DF counterpart emerges if its imple-
mentation avoids the requirement for high-speed (at the order of GHz) electronics
and electro-optics. This becomes possible with all-optical AF relaying where the sig-
nals are processed in optical domain and such relays require only low-speed electronic
circuits to control and adjust the gain of amplifiers [38]. Therefore, EO/OE domain
conversions are eliminated, allowing efficient implementation.

All-optical AF relaying has been considered in recent papers [48,49]. In particu-
lar, Kazemlou et al. [48] have assumed either fixed-gain optical amplifiers or optical
regenerator, and presented bit error rate (BER) performance through Monte Carlo
simulations. Their work does not take into account the effect of amplified spontaneous
emission noise (ASE) noise. On the other hand, in [49] Bayaki et al. have considered
all-optical relays employing erbium-doped fiber amplifiers (EDFAs) and presented an
outage probability analysis for a dual-hop system. However, in their paper, they have
not considered the effect of the optical degree-of-freedom (DoF).

In this chapter, we consider an FSO system with all-optical AF relaying and in-
vestigate its outage performance taking into account the effects of ASE and DoF.
ASE is the main source of noise in doped fiber amplifiers (DFAs) and will inevitably
affect the performance of a relay. For example, noise figure in an ideal DFA is 3 dB,

while practical amplifiers can have noise figure as large as 6-8 dB [50]. On the other
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hand, DoF quantifies the ratio of optical filter bandwidth to the electrical bandwidth
and can be on the order of 1000 unless narrowband optical filtering is employed [51].
For the sake of presentation, we restrict our performance analysis in this letter to
a single-relay scenario (i.e., dual hop), but extension to multiple hops is straightfor-
ward. We derive closed form expressions for the outage probability assuming either
full channel state information (CSI) or only statistical CSI. We present numerical
results to compare the performance of so-called full-CSI and semi-blind relays and

demonstrate the effect of DoF on the outage performance.

5.1 System Model

We consider a dual-hop IM/DD FSO transmission system with binary pulse position
modulation (BPPM). The source terminal modulates and transmits the intensity-
modulated signal. At the relay terminal (see Fig. 17), the received signals are op-
tically filtered and amplified. In practice, erbium doped fiber amplifiers (EDFAs)
are typically employed for signal amplification. By cascading a series of EDFAs, the
relay can sweep its gain over a wide range. Both pre- and post-filtering are utilized to
minimize the effects of background noise and ASE of optical amplifier(s). In full-CSI
relaying case, instantaneous CSI of the source-to-relay link is assumed to be available
at the relay and is used for the calculation of the amplification gain before retrans-
mission of the received signal. On the other hand, in semi-blind relaying case, only
statistical CSI (i.e., knowledge of the average fading power) is available; therefore a
fixed coefficient is used in the amplification process. The optical signal is then re-
directed to the destination terminal. EDFAs are used at the destination to overcome
the limitations of electrical noise at high data rates mainly dominated by the thermal
noise. Under the assumption of a high gain EDFA (~ 30 dB) at the destination, we
consider a shot-noise limited system in which the effect of thermal noise can be ne-

glected and only shot noise caused by background radiation is dominant. Therefore,
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Figure 17: Block diagram of an all-optical relay terminal.

the noise at the destination is modeled by additive noise.

Let us assume that source terminal transmits photons with rate s(¢) (with an
average of mq) which obeys a Poisson distribution. The photon rate at the relay can
be expressed as [52]

rr(t) = aqs(t) + ni(t), (80)

where a; and n, denote the atmospheric fading and background noise for the source-
to-relay (S — R) channel. The relay transmits the photons to the destination with
an average of my. The photon count due to background radiation is modeled by
a negative binomial distribution (also known as Bose-Einstein) with an average of
mpg [50,51,53]. The averages m;, ms and mpg are related to the physical characteristics
of the transmitter and the channel such as wavelength, transmit power, modulation
rate, and the atmospheric conditions. Their exact calculations can be found in [51].

The total photon rate at the destination is given by
rp(t) = Gasays(t) + Gagna (t) + aenase(t) + na(t), (81)

where as and ny denote the atmospheric fading and the background noise of the

relay-to-destination (R — D) channel and G is the gain of the all-optical AF relay.
Recall that a log-normal distribution for the statistics of the atmospheric tur-

bulence is assumed, therefore we have a; = (;exp (2y;), i=1,2, where ; is the loss

factor and y; is Gaussian distributed with mean p,, = —aii. Note that the link loss
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(B; < d?) and the turbulence fading (o, o< d''/!?) also depend on the link length.
The ASE is modeled by an additive noise (similar to the background noise) with a
count of magp = ng (G — 1) and M degree-of-freedom [51]. The value of M depends
on both spatial and temporal filtering at the relay terminal. Assuming only one
spatial mode, we have M = 2B,/B, where B, and B, denote the equivalent optical
and electrical bandwidths of optical filters. The factor ng, denotes the spontaneous
emission factor of the amplifier and can be approximately taken equal to unity for

most practical purposes.

5.2 OQOwutage Performance Analysis

Recall that at a target transmission rate of Ry, the outage probability can be expressed
as Py = Pr(yr < y4,) where 7y, is the minimum acceptable end-to-end SNR above
which the quality of service, i.e. the desired transmission rate, is satisfied. Therefore,
in practice, it should be chosen based on the type of application or service, e.g.
voice communication, real-time video streaming, gaming etc. In the following, we
first obtain the end-to-end SNR, and then use it for the derivation of the outage

probability.
5.2.1 End-to-end SNR

The photon count statistics (denoted by k) at the destination obeys Laguerre distri-

bution! [54]. The probability of k counts is given by
pcount<k) :Lag (ka a, ba M)

where a and b denote the average photon counts for, respectively, the desired signal

and the total background noise. In (82), L} (z)is the generalized Laguerre polynomial

'Note that the receiver analyses here is developed from photoelectron-count statistics which is
entirely equivalent to the Poisson process approach when the product of the signal pulse duration
and photodetector’s electrical bandwidth is much more than unity.
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Figure 18: Mathematical model for all-optical AF relaying.

of degree k and defined as [55]

k |
y (=)’ (k + M)!
W@ =2 agm i

In our case, we have a = Gajasm; and b = mpr + Gasmp + asmagsg based on
(81). In practical situations, the average photon counts due to the background noise
is much smaller than the average photons received at the relay (or destination), i.e.,
{mgr << aym;, masgli = 1,2} where @; = E (a;) denotes the statistical average of
the atmospheric fading. Hence, we have b = asmagg.

The end-to-end SNR of the system under consideration is given by vz = a*/0?
where o2 is the variance of the photon counts at the receiver and can be expressed
as 02 = a+ Mb(1 +b) + 2ab for Laguerre distribution. In full-CSI relaying, the relay
has the full knowledge of the instantaneous S — R channel condition and sets the
amplifier gain to G = my/(aymy +mpg) = mo/a;m; . In semi-blind relaying, the
gain of the amplifier is fixed to G = mo/E (aymy +mpg) = mo/miE (o). These
choices of the amplifier gain aims to invert the fading effect of the source-to-relay
channel while limiting the output power of the relay if the fading amplitude of the

first hop, ay , is low [56]. Replacing G in v, we have

_ 297 + MAT? 4+ 451, CSl-assisted
P)/Tl - ~—2 ~ ~—1 1 ~—1 <83)
MAT? 4+ 197 95+ 297!, semi-blind

where 4; = m;a;, 7 = 1,2 denotes the conditional SNR of link i.
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5.2.2 Outage Probability

The instantaneous SNR for the ith link is given by 4; = Vaug.i €xp (2x;) where 7440, =
m;f;. It obeys a log-normal distribution with pdf which is denoted by p(7;). The

outage probability can be then expressed as

Pour = Pr (vr < ) /Pr Yr < Yen| Y1) p(F1)d . (84)
0

For full-CSI relaying, this yields

" "o\ —1]| A N N
/ Pr (vn' — 250" — MAT?) %) p(h1)dn
0
" "o\ —1]| A N ~
+ / Pr ( < (v — 297 = MAT?) %)p(%)dw
,y*
—1-0Q (05111 (V" /Vavg,1) — Ml)
01
7 051 o) — L
+ / (1 —Q( H(VTH’CZ/ Tovg2) = I 2>)p(%)dvl, (85)
,y*

where Y71 osr = Yot — 291 — MA; 2 . In (85), the lower limit on the integral * is

the first positive (non-zero) solution of ;' — 24, — M4, = 0 for 7, and given by

=i 1),

For semi-blind relaying, we have

v —a 1
Pout = O/ Pr (% > (ml ~ 2211_711 — M%_Q) &1) p(3n)dn
D
o (o.mn 0 ) — ul)
01
N 7 <1 i (0.5111 (’YTH,Sz(ajzz/’Yavgz) — M2))p(%)d%’ (86)
D
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where Y5, gp5p i given by

1 Y 20— MA?
YrH-SBR = — 1 .
MM

5.3 Numerical Results

In this section, we present outage performance results. We assume that the relay is
placed at equal distance from both source and destination, and the links are balanced
(i.e., 41 = A2). We consider an FSO system with the optical wavelength of 1550 nm
operating in clear weather conditions with a visibility of 10 km. This leads to an
attenuation factor of 0.1 per km. We assume a refractive index structure constant of
10~m?/3 for the overall channel (i.e., direct link between the source and destination)
and fading variance ai = 0.3. In our simulations, the SNR threshold is set as v, = 15
dB.

Fig. 19 illustrates the outage probability given by (85) and (86) for full-CSI
and semi-blind all-optical AF relaying. As a benchmark, the performance of direct
transmission is also provided. We also illustrate the performance for different values
of DoF, i.e., M = 1,10,100 and 1000. Note that M = 1 is the ideal case where the
effect of the DoF is not taken into account, while practical values of M range from 100
to 1000 [51]. For the ideal case (i.e., M = 1), at a target outage probability of 107,
relay-assisted transmission with full-CSI relay results in a performance gain of 14.7 dB
in comparison to the direct transmission. This improvement comes from the fact that
fading variance is distance-dependent in FSO channel and relay-assisted transmission
takes advantage of the resulting shorter hops. The improvement reduces to 14.4
dB, 13.2 dB and 10.3 dB for M = 10,100, 1000 respectively. Noting that practical
values of M are in the range of 100 to 1000, a significant performance gain over
direct transmission is still maintained. We further observe that for small values of
M, systems with full-CSI relay outperform those with semi-blind relay. Specifically,

for M =1 (i.e., ideal case), the performance gap at P,,, = 107¢ is 3.4 dB. For more
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Figure 19: Outage probability of all-optical AF relaying.

practical values, this gap decreases and semi-blind relaying yields nearly the same
performance as its full-CSI counterpart. For example, for M = 1000, the performance
difference between semi-blind and full-CSI is merely 0.4 dB.

In Fig. 20, we present a comparison between all-optical AF relaying with M =
1000 and conventional AF relaying with OE/EO conversions. The outage probability
of conventional AF relaying system can be obtained by applying the main results
of [57-59] to lognormal atmospheric channels and is omitted here due to space con-
straints. Under the assumption of CSl-assisted relay, conventional relaying outper-
forms the all-optical counterpart. For semi-blind relay deployment, the performance
of all-optical relaying is slightly worse than the conventional counterpart for low to
medium SNR region and becomes nearly identical for high SNRs. It should be em-
phasized here that these results have been obtained for a relatively large value of DoF
(i.e., M = 1000). The performance of all-optical relaying can be further improved by

decreasing the value of M which is possible, in practice, by a better filter design. Our
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Figure 20: Outage probability for CSl-assisted and semi-blind relaying with optical
and electrical amplification.

comparison demonstrates that semi-blind all-optical relaying presents a favourable

trade-off between complexity and performance, and can be used as a low-complexity

solution.
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CHAPTER VI

CONCLUSIONS

Despite the major advantages of FSO technology and variety of its application areas,
its widespread use has been hampered by its rather disappointing link reliability
particularly in long ranges due to atmospheric turbulence-induced fading. Relay-
assisted systems have been recently introduced in the literature as an effective method
to extend coverage and mitigate the effects of fading in FSO links. This thesis has
addressed several issues in the performance analysis and optimization of relay-assisted
FSO communication

In Chapter 3, we have considered relay-assisted FSO links with DF relays and in-
vestigated the optimal relay placement problem for serial and parallel relaying along
with a diversity gain analysis over log-normal turbulence channels. For serial relaying,
we have demonstrated that the outage probability is minimized when the consecutive
nodes are placed equidistant along the path from the source to the destination. For
parallel relaying, we have found out that all of the relays should be located at the
same place (along the direct link between the source and the destination) closer to
the source and the exact location of this place depends on the system and channel
parameters. As for diversity gain analysis, since the conventional definition of diver-
sity order yields infinity and does not provide a meaningful measure over log-normal
turbulence fading channels, we have adopted so-called relative diversity order (RDO)
and quantified it in terms of the number of relays and channel parameters. Through
an asymptotical analysis, we have demonstrated that diversity gains of (N + 1)11/ 0
and 2''/6 N are achievable (where N denotes the total number of relays) respectively

for serial and parallel relaying.
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In Chapter 4, we have investigated the combined use of serial (multi-hop) and
parallel relaying for FSO mesh networks. In our set-up, the source node communicates
with a destination node via the total of Nrelays. The nearby relays are grouped
together resulting in a number of K groups. Under the assumption of DF relaying,
we have derived outage probability expressions for the multi-hop parallel relaying
scheme and quantified the diversity gain order. Our analysis yields that a diversity
order of (K 4 1)"/%(N/K) is achievable for the multi-hop parallel relaying scheme
under consideration.

In Chapter 5, we have focused our attention on all-optical relaying. Unlike the
earlier relaying schemes, the signals are processed in optical domain and therefore
avoid the requirement of OE and EO conversions. We have considered a dual-hop
IM/DD FSO system with all-optical AF relaying. Based on photon counting ap-
proach, we have derived outage performance expressions over log-normal atmospheric
fading channels for full-CSI and semi-blind relays. Our results have demonstrated
significant performance gains over direct transmission even for high DoF values. We
have also observed that, for the practical range of DoF values, semi-blind relaying
provides a comparable performance to its full-CSI counterpart. Further comparisons
between conventional and all-optical relaying demonstrate that the latter presents a
favorable trade-off between complexity and performance and can be used as a low-

complexity solution.
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APPENDIX A

PROOFS OF THEOREMS

A.1 Proof of Theorem I

7 In serial relaying, optimum place for each relay is on the direct path from the source
to the destination.”

Proof by contradiction: Seeking a contradiction, assume that in the optimum config-
uration there exists at least one relay which is not on the path along the source to
the destination. Let the ¥ relay be that relay. Further let d’; and d’;,; denote the

projections of d; and d;; on the direct path. Therefore, we have
h (dl, ey d’L) dl+17 ey dK+1) Z h (dl, e ,d,i7 dll_l’_l, ... 7dK+1) 9 (88)

where h (.) has been earlier defined in (11). Using (11) in (88), we obtain

K+1
(@ (f(d) @ (f (diyr)) =@ (f ()@ (f(di1) x ][] @(f(d) =0 (89)
e
Note that d'; < d;, d';11 < d;y1 and f (d) is a monotonically decreasing function. Fur-
ther considering the properties of ) function, it is obvious that® (f (d;)) @ (f (d;+1)) <
O (f(dy)P(f(dis1)). Thus, (89) must be negative. This contradicts our original

claim that in optimum configuration there is at least one relay not located in the

direct line and concludes the proof.

A.2 Proof of Theorem II

" In parallel relaying, optimal relays are located along the direct path from the source
to the destination.”
Proof by contradiction: The proof proceeds in a similar fashion to the proof of The-

orem I. Again assume that in the optimal scheme there exists at least one relay not

93



located on the direct path. Let us assume that the i relay (with source-to-relay and
relay-to-destination distances of dg; and d; p) is not on the direct path. Let d’g; and

d'; p denote the projections of dg; andd; p on the direct path. Therefore, we have

Z<dS,17 - -;dS,i C.e 7di,D Ce 7dK,D> S Z(dSJ, C.e ,dl&i Ce 7d/i,D e 7dK,D)7 (90)

where z (.) has been earlier defined by (18). Eq. (18) can be rewritten as

() = Z Py(5) [@ (u(ds,)) Q (v(dw)) + (1 = Q (u(ds,))) Q (v(dw), dip))] -
"~ (91)
Inserting (91) in (90), we obtain
[Ql - QJ Qu +(1— Q1) Qu — (1 - Q1> Qu <0, (92)

where we have defined @1 = Q (u(ds;)), Qu = @ (U(Jw(i))), Ql = Q(u(d's;)),

Qu =Q (v(dw ), di,p)) and Qu=Q (v(dw),d'p)). (92) can be rearranged as

[Ql—Ql} Qm + (1—Q1— (QI_Q1>> X (QM+QM—QM> - <1—Q1> Qum < 0.
(93)

By expanding the second term, (93) yields
(Ql - Ql) <QM - QM) +(1— Q1) (QM - QM) <0. (94)

Noting d's; < ds; , d'; p < d; p along with the fact that u (d) and v (d) are mono-
tonically decreasing functions, we find out that @, and Q,; are respectively larger
than Ql and QM. Furthermore, it can be shown that U(dw(i), dip) > U(Jw(i)). There-
fore, Qpr is larger than Qy;. Thus, (94) turns out to be positive which contradicts

our original hypothesis.
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