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ABSTRACT

The reliability of free-space optical (FSO) links is severely restricted by weather-

dependent atmospheric phenomena including absorption, scattering and turbulence.

An efficient solution is to build hybrid links where a radio frequency (RF) link is

incorporated in parallel to the FSO link. With respect to weather conditions, FSO

links are mostly degraded by fog and turbulence-induced fading (scintillation) whereas

RF links particularly suffer from rain scatter. Therefore, hybrid FSO/RF systems can

offer significant enhancements in the system reliability for all weather conditions by

means of the complementary nature of the underlying links.

In this thesis, we investigate the outage performance of point-to-point hybrid

FSO/RF systems as well as multi-hop hybrid FSO/RF systems with soft-switching.

Starting from the point-to-point system, we model the link selection required for

soft-switching between the FSO and RF channels in different weather conditions by

a finite-state Markov chain (FSMC) process. Then, based on the proposed model,

we derive a closed-form outage probability expression in terms of various system and

weather-dependent parameters. Thereupon, we extend the scope of our analysis to

multi-hop hybrid FSO/RF systems. We present the outage probability and diversity

gain analysis for multi-hop hybrid FSO/RF systems. Our results clearly demonstrate

the robust performance of the soft-switching hybrid FSO/RF systems deployed either

as the point-to-point or multi-hop configuration in dealing with different weather

conditions.
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ÖZETÇE

Açık uzay optik bağlantılarının (FSO) güvenirliliği absorpsiyon, dağılma ve türbülans

gibi atmosferik hava olayları tarafından oldukça kısıtlanmaktadır. Radyo frenkans

(RF) bağlantıları ile FSO linklerinin paralel kullanılarak, hibrit bağlantılar inşa edilm-

esi, bu sorun için verimli bir çözüm olarak ortaya çıkmaktadır. Hava şartları açısından,

FSO bağlantıları özellikle sis ve türbülans nedenli zayıflamadan (parıldama) etk-

ilenirken, RF bağlantıları çoğunlukla yağmurdan etkilenir. Bundan dolayı, hibrit

FSO/RF sistemleri bütün hava koşullarında oldukça etkin bir gelişim sunar.

Bu tez, noktadan-noktaya hibrit FSO/RF sistemlerinin kesinti performansının

yanı sıra, yumuşak anahtarlama ile çoklu atlama hibrit sistemlerinin incelenmesi

üzerine yazılmıştır. Noktadan-noktaya sisteminden başlanılarak, sonlu Markov Chain

(FSMC) işlemi kullanılmış ve yumuşak anahtarlama için, farklı hava koşulları altında,

FSO ve RF kanalları arasında gerekli olan bağlantı seçimleri modellenmiştir. Önerilen

modele bağlı kalınarak, çeşitli sistem ve hava koşullarına bağlı parametreler bazında,

kapalı-form kesinti olasılık terimi elde edilmiştir. Daha sonra, analizlerin kapsamı

çoklu atlama hibrit FSO/RF sistemleri olarak genişletilmiştir. Elde edilen sonuçlar

farklı hava şartlarında, yumuşak anahtarlama hibrit FSO/RF sistemlerinin noktadan-

noktaya ve çoklu atlama formatlarında etkili bir performans ortaya koyduğunu göster-

mektedir.
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CHAPTER I

INTRODUCTION

1.1 Contributions of the Thesis

The main contributions of this thesis can be summarized as follows:

• We analyze the outage probability of a point-to-point hybrid free-space optical/

radio frequency (FSO/RF) system with soft-switching. We first model the link

selection required for soft-switching between the FSO and RF channels by a

finite-state Markov chain (FSMC) process. Then, based on the proposed model,

we derive closed-form outage probability expressions for the hybrid FSO/RF

system in terms of various system and weather condition parameters.

• We extend the scope of our analysis to be applied to multi-hop relaying commu-

nication systems. For multi-hop hybrid FSO/RF systems, we first investigate

the optimum scenario in the sense that the end-to-end outage probability is

minimized. Then, based on the outage probability of the optimum scenario, we

find the diversity gain of multi-hop hybrid FSO/RF systems through asymptotic

analysis.

1.2 Thesis Organization

The remainder of this thesis is organized as follows:

In chapter 2, a detailed description of the point-to-point hybrid FSO/RF system

is presented. This includes functional block diagram of the hybrid FSO/RF system,

flowchart of the link selection algorithm with hard-switching and soft-switching ap-

proaches, signal models for FSO and RF subsystems, path loss and weather-dependent

attenuation models, statistical fading distribution models for FSO and RF channels

1



and statistics of the received SNR for FSO and RF subsystems.

In chapter 3, outage analysis of the point-to-point hybrid FSO/RF communication

system is presented. The analysis is based on the proposed FSMC model for soft-

switching between the FSO and RF subsystems, which is provided in this chapter.

This involves both outage probability and outage capacity results.

In chapter 4, the outage performance of multi-hop hybrid FSO/RF systems is

investigated. In this regard, first the detailed analysis for different multi-hop re-

laying scenarios is presented and the optimum scenario is deduced. Then, diversity

gain results for the multi-hop hybrid FSO/RF system through asymptotic analysis is

presented.

Finally, the thesis is concluded in chapter 5.
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CHAPTER II

THE POINT-TO-POINT HYBRID FSO/RF SYSTEM

In this chapter, a detailed description of the point-to-point hybrid FSO/RF system

is presented. In the following sections, first of all, the motivation for how hybrid

FSO/RF systems are created, is justified. Then, the functional block diagram of

the hybrid FSO/RF system is briefly explained. Subsequently, the flowchart of link

selection algorithm with hard-switching and soft-switching approaches is introduced.

Thereupon, the signal models for FSO and RF subsystems are individually discussed.

Free space path loss and weather-dependent attenuation models as well as statistical

fading distribution models for FSO and RF channels are provided. Finally, the statis-

tics of the received SNR for FSO and RF subsystems are derived. This chapter is the

basis for the remainder of the thesis since the models presented here are repeatedly

used throughout the thesis.

2.1 Background

Free-space optical (FSO) communication technology uses line-of-sight (LOS) prop-

agation of light beams through the atmosphere to realize high-speed optical data

communications [1]. The FSO technology combines fiber-bandwidth with the flex-

ibility of wireless [2]. Commercially available FSO systems support data rates of

multiple gigabits per second (Gbit/s). Accordingly, it has recently attracted con-

siderable attention as a viable candidate for different applications such as last-mile

network access connectivity, fiber optic back-up, cellular backhaul and high speed

video transmission, for distances of 4km or less [3].

Despite the major advantages of FSO systems, their reliability is severely restricted

by weather-dependent atmospheric phenomena including absorption, scattering and
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turbulence. Specifically, the size of fog droplets is typically distributed between 1 to

20 µm, and will effectively scatter all the wavelengths of 0.785, 0.85 and 1.55 µm.

In other words, atmospheric attenuations can vary from 0.2 dB/km in exceptionally

clear weather to 350 dB/km in very dense fog. This severe attenuation level due to

the visibility-limiting weather condition can potentially reduce the up-time or link

availability of FSO systems. To meet the five nines carrier-class availability (i.e.,

99.999%) requirement, FSO communication range is limited to a very short distance

of 140 m in dense fog conditions [4].

To resolve the reliability restriction problem, having a radio-frequency (RF) link

and FSO link in tandem works particularly well, since millimeter wave (MMW) trans-

missions in the RF link are more degraded by rain rather than fog. In fact, rain

droplets vary in size from 100 µm to 10 mm, which will effectively scatter MMWs

especially those with carrier frequencies of greater than 10 GHz. This gives rise to so-

called hybrid FSO/RF communication system. The only weather condition that may

affect the transmission of a hybrid FSO/RF system is the event when heavy rain and

thick fog coincide. However, these two conditions would not occur simultaneously,

because as the rain falls, its droplets would absorb the suspended fog water droplets,

thus diminishing the fog. Therefore, hybrid FSO/RF systems can offer significant

enhancements in the system reliability for all weather conditions by means of the

complementary nature of the underlying links.

2.2 System Model

2.2.1 Block Diagram of Hybrid FSO/RF System

The block diagram of the hybrid FSO/RF system is shown in Fig. 1. This system

consists of FSO and RF subsystems. Both transmitters are fed from the same infor-

mation source and they send the data over the channel with their respective rates.

In the outage decision block, the SNR levels of FSO and RF links are compared

4



with their specified values. Then, a system outage is decided in accordance with the

comparison result as will be explained in the next chapter.

FSO SNR

16-QAM 

Modulator
RF SNR

RF Channel

fc = 60 GHz

OWC Channel

  = 1550 nm

Outage 

Decision

Information 

Source

1 Gbit/s 

Transmitter

OOK 

Modulator

1 Gbit/s 

Transmitter

Figure 1. Block diagram of the soft-switching hybrid FSO/RF system. 

Figure 1: Block diagram of the soft-switching hybrid FSO/RF system.

2.2.2 Link Selection Algorithm

In hybrid FSO/RF systems, there are two principal approaches for channel selection

between the FSO and RF links. They are known as hard-switching and soft-switching.

Initial works on hybrid FSO/RF links deploy hard-switching approach by which the

RF link is used as a fail-over in the case of FSO link failures. A key drawback of

this approach is that at a certain time only one link is active providing the data

transmission. Once the RF channel is chosen, the capacity of the FSO channel is

totally wasted. On the other hand, in soft-switching approach, both links might be

active relying on their availabilities whereby data transmission is coordinated through

both links [5]. This fully exploits the capacity of both channels and maximizes the

average throughput for all weather conditions [6]. The soft-switching hybrid FSO/RF

systems can be practically implemented using adaptive modulation and coding [7], as

well as channel coding schemes such as convolutional coding [8], low density parity

check codes (LDPC) [9], turbo codes [10], hybrid channel codes [11], and Raptor

codes [5].

The logical flowchart of link selection algorithm based on soft-switching is illus-

trated in Fig. 2. This flowchart has been originally proposed in [6] as a bandwidth

efficient switch-over algorithm. As observed in Fig. 2, the signal level at the receive
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ends should be monitored according to certain thresholds. When the received signal

level of the FSO link falls below the threshold, the system performs a switch-over

from FSO to RF, similar to the hard-switching method. In this case, the data is sent

over the RF link whereas the test data is transmitted through the FSO link. The re-

ceived signal strength of the FSO link is continuously monitored and compared with

the threshold to detect its recovery. If so, the hybrid FSO/RF system will return

to its maximum throughput mode by activating both links. The same strategy is

applied in case of RF link failure by monitoring the received signal strength of the

RF link against the corresponding threshold. When both of the FSO and RF links

are down, the system sends test data on both channels in order to detect the recovery

for any of links. The switching threshold must be carefully adjusted to ensure that

the switching process is initiated and completed before the actual event of FSO or

RF link failure [12].
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Both FSO & RF 
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both links.

FSO available & 

RF not available.
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Figure 2: Flowchart of the link selection algorithm based on soft-switching [6].
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2.3 Signal and Channel Models

The FSO subsystem uses intensity modulation with direct-detection (IM/DD). The

received optical power is detected by a photodiode which produces a photocurrent in

proportion to the incident optical power. Afterward, the photocurrent is integrated

over one symbol interval and the constant bias by virtue of background radiation

is filtered out. We assume operation in high SNR so that the shot noise caused

by ambient light is dominant. As a result, Gaussian noise model can be used as a

convenient approximation for the Poisson photon counting process.

The received electrical signal is modeled as

r1 = ℜh1x1 + n1 (1)

where ℜ is the photodetector responsivity and n1 is the real-valued zero-mean white

Gaussian noise with variance of σ2
n1

= E[n2
1]. In (1), x1 ∈ {0, 2P1} is on-off keying

(OOK) symbol selected equally likely where P1 denotes the average transmit optical

power (per bit) and h1 denotes irradiance of the FSO channel which is factored as

h1 = hℓ1hf1 (2)

where hℓ1 and hf1 are path loss and turbulence-induced fading, respectively.

The path loss factor in (2) aggregates the effect of both geometric loss and at-

mospheric attenuation. Geometric loss arises due to divergence of the optical beam

with respect to the line-of-sight (LOS) and increases with propagation distance. It

is a fixed loss for a given FSO link independent of weather conditions. Atmospheric

attenuation occurs as a result of scattering and absorption and it is commonly mod-

eled by the exponential Beers-Lambert law. For a point-to-point FSO link, assuming

perfect alignment exists between the transmitter and receiver and Gaussian beam

profiles, hℓ1 can be approximated as [13]

hℓ1 =

[
erf

(√
Ar

2(θL)2

)]2
e−α1L (3)

7



where erf (.) is the error function, Ar = πD2/4 is the area of the receive aperture

in m2 with D as the diameter in m, θ is the beam divergence angle in rad, L is the

link distance in km, and α1 is the weather-dependent extinction coefficient in km-1.

Alternatively, a more simplified model is available for the path-loss factor as [14]

hℓ1 =
Ar

(θL)2
e−α1L (4)

For clear or foggy weather, the specific attenuation (i.e., attenuation per unit length)

is given by Kim’s model as [15, Eq. 10]

α1,fog =
3.91

V

(
λ1

λ0

)−q

(5)

where V is the visibility range in km, λ1 is the optical wavelength in nm, λ0 = 550 nm

is the reference wavelength and the parameter q is a piecewise linear function of the

visibility range according to

q =



1.6,

1.3,

0.16V + 0.34,

V − 0.5,

0,

50 <V < ∞

6 <V < 50

1 <V < 6

0.5 <V < 1

0 <V < 0.5

(6)

Under rainy weather conditions, the extinction coefficient is given by [16]

α1,rain = 1.07R0.67 in dB/km (7)

with respect to the rainfall rate R in mm/h. Notice that different weather conditions

can be classified given the visibility range according to the International Visibility

Code weather conditions and precipitation [4]. They are specified in Table 6 of

Appendix A. The coefficient hf1 in (2) is a random variable identifying the turbulence-

induced fading whose models for different turbulence regimes are discussed in the

following.
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For weak turbulence regime, the fading coefficient has been conventionally mod-

eled by a Log-normal distribution. The probability density function (PDF) of hf1

under this model is given by [1]

fhf1
(hf1) =

1

2hf1

√
2πσ2

X

exp

[
−(lnhf1 − 2µX)

2

8σ2
X

]
, hf1 > 0 (8)

where µX and σ2
X are the mean and the variance of log-amplitude fluctuations, re-

spectively. For weak turbulence, σ2
X is related to scintillation index denoted as σ2

I

through σ2
X ≈ σ2

I/4 [1]. To ensure that the fading neither attenuates nor amplifies

the average optical power, the fading coefficient is normalized such that E[hf1] = 1

, implying µX = −σ2
X . The scintillation index defined as the normalized variance of

irradiance fluctuations at the receive aperture is expressed as [1]

σ2
I =

E[h2
f1]− E2[hf1]

E2[hf1]
(9)

where E(.) denotes the expectation operator. For the aperture-averaged spherical

wave, the scintillation index is given as [17, Eq. 41]

σ2
I = exp

[
0.49χ2

(1 + 0.18d2 + 0.56χ12/5)
7/6

+
0.51χ2

(
1 + 0.69χ12/5

)−5/6

1 + 0.90d2 + 0.62d2χ12/5

]
− 1 (10)

where d =
√
κD2/(4L) and χ2 = 0.4σ2

R. Here, σ2
R = 1.23κ7/6C2

nL
11/6 stands for the

Rytov variance where κ = 2π/λ1 is the wavenumber, λ1 is the optical wavelength

in m, and C2
n is the index of refraction structure parameter in m-2/3 and is altitude-

dependent. One may characterize the weak and strong turbulence regimes by verifying

the conditions σ2
R < 1 and σ2

R > 1, respectively. Several C2
n profile models are available

in the literature, but the most commonly used is the Hufnagle-Valley model described

by [17, Eq. 33]

C2
n(h) = 0.00594(v/27)2

(
10−5h

)10
exp (h/1000)

+ 2.7× 10−6 exp (−h/1500) + A exp (−h/100)

(11)

where h is the altitude in meters, v is the rms wind speed in meters per second

(m/sec), and A = C2
n(0) is the ground level value of C2

n in m-2/3. For terrestrial FSO
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links of up to few kilometers, C2
n turns out to be constant along the propagation path

and it is commonly adopted as a measure for the turbulence strength. In general, C2
n

varies from 10−17 m-2/3 to for weak turbulence to 10−13 m-2/3 for strong turbulence

with 10−15 m-2/3 often defined as a typical average value [18]. Notice that C2
n is

weather-dependent which means that the turbulence strength depends on weather

conditions too. The values of C2
n for a variety of weather conditions used in this

thesis are presented in Table 2.

For strong turbulence regime, the Gamma-Gamma distribution is more successful

to fit the experimental data. In fact, the Gamma-Gamma fading model is valid for

a wide range of turbulence conditions from weak to strong regimes [19]. Under this

model, the PDF of hf1 is given by [19]

fhf1
(hf1) =

2(αβ)(α+β)/2

Γ(α)Γ(β)
h
(α+β)/2−1
f1 Kα−β

(
2
√

αβhf1

)
, hf1 > 0 (12)

where Γ(z) =
∫∞
0

e−ttz−1dt is the Gamma function, andKv(·) is the vth order modified

Bessel function of the second kind [20, Eq. 8.407-1]. In (12), the positive parameters

α and β are linked to the scintillation index in (9) through σ2
I = 1/α+ 1/β + 1/(αβ).

Assuming spherical wave propagation, α and β can be directly linked to physical

parameters via [17, Eqs. 60, 61]

α =

[
exp

(
0.49χ2

(1 + 0.18d2 + 0.56χ12/5)
7/6

)
− 1

]−1

(13)

β =

[
exp

(
0.51χ2

(
1 + 0.69χ12/5

)−5/6

1 + 0.90d2 + 0.62d2χ12/5

)
− 1

]−1

(14)

2.3.1 RF Subsystem

The RF subsystem uses a line-of-sight (LOS) link and operates at the unlicensed

MMW band with a carrier frequency of 60 GHz. The choice of the 60 GHz carrier

frequency is most suitable to meet the requirement for a powerful RF link with data

rates comparable to the FSO counterpart [14]. In addition to the high-data rates
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that can be accomplished in this spectrum, energy propagation in the 60 GHz band

has unique characteristics that make possible many other benefits such as excellent

immunity to interference, high security, and frequency re-use [21]. Besides, the 60 GHz

links are carrier-class communication enabled, that is, they can be engineered to

deliver five nines of availability if desired [22].

The RF subsystem employs M -ary quadrature amplitude modulation (M -QAM).

The constellation size of the QAM modulation is typically chosen as non-binary (i.e.,

M > 2) for bandwidth efficient transmission. The equivalent complex baseband signal

at the output of the receiver can be written as

r2 = h2x2 + n2 (15)

where x2 is the QAM symbol with average power of E[|x2|2] = P2log2M , and n2 is

the noise term assumed to be complex zero-mean white Gaussian with variance of

σ2
n2

= E[|n2|2]. Notice that here P2 represents the transmit power per bit for the RF

subsystem. The RF noise variance is described with [8]

σ2
n2

= 10log10(B) +N0 +NF , in dB (16)

where B, N0 and Nf represent the RF bandwidth in MHz, the noise power spectral

density (PSD) in dB/MHz and the receiver noise figure, respectively. In (15), h2

denotes the RF link channel coefficient which can be factorized as [8]

h2 =
√
hℓ2hf2 (17)

where hℓ2 and hf2 denote path loss and fading coefficient, correspondingly. At the

60 GHz frequency, hℓ2 is modeled as [23]

hℓ2 = Gt +Gr − 20log10(4πL/λ2)− α2,oxyL− α2,rainL, in dB (18)

in which Gt and Gr stand for the transmit and receive antenna gains, respectively,

λ2 is the RF wavelength and, α2,oxy and α2,rain are the attenuation coefficients due to
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oxygen absorption and rain scattering, respectively. For α2,rain, a prediction model

recommended by ITU-R can be used which is given by [24]

α2,rain = aRb (19)

where R is the rainfall rate in mm/h and, the parameters a and b dependent upon

the frequency and microstructure of the rain droplets are given by

a =
kH + kV + (kH + kV ) cos

2φ cos 2τ

2
(20)

b =
kHαH + kV αV + (kHαH − kV αV ) cos

2φ cos 2τ

2a
(21)

in which φ is the path elevation angle and τ is the polarization tilt angle relative

to the horizontal path. The values of constants kH , kV , αH , αV up to frequency of

400 GHz are given in ITU-R.

The fading coefficient hf2 is modeled by Rician distribution whose PDF is provided

by [25, pp. 21]

fhf2
(hf2) =

2 (K + 1)hf2

Ω
exp

(
−(K + 1)

h2
f2

Ω
−K

)
I0

2

√
K(K + 1)

h2
f2

Ω

 , hf2 > 0

(22)

where K is the Rician factor, I0(.) denotes the zeroth order modified Bessel function

of the first kind, and Ω is the average fading power. From the energy conservation

theorem, it is assumed that Ω = E[h2
f2] = 1. The Rician factor is defined as the

ratio between the received power of the line-of-sight (LOS) component to that of

the specular (multi-path) components and depends on various link parameters such

as link distance or antenna height. We note that as K goes to infinity, the Rician

fading coefficient asymptotically approaches unity. Hence, the RF channel will follow

a simple additive white Gaussian noise (AWGN) model in this case.

2.3.2 SNR Statistics

Further developments of the analysis in this thesis requires to determine the SNR

statistics in terms of the PDF and cumulative distribution function (CDF). Here, the
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SNR statistics for both of the FSO and RF subsystems are presented.

Based on (1), the instantaneous electrical SNR of the FSO link is defined as [26]

γ1
∆
=

(E [ℜhℓ1hf1x1 |hf1 ])
2

σ2
n1

= γ̄1h
2
f1 (23)

where E[.|.] denotes the conditional expectation and γ̄1 is the average SNR of the

FSO link given by

γ̄1 =
ℜ2h2

ℓ1P
2
1

σ2
n1

(24)

After a simple transformation of the random variable hf1 using (23) in (8), for the

case of Log-normal fading, the PDF of γ1 is derived as

fγ1(γ1) =
1

4γ1
√

2πσ2
X

exp

[
−(ln (γ1/γ̄1) + 4σ2

X)
2

32σ2
X

]
, γ1 > 0 (25)

while its CDF can be expressed as

Fγ1(γth1) = Q

(
ln
√
γ̄1/γth1 − 2σ2

X

2σX

)
(26)

where Q(x) =
(
1
/√

2π
) ∫∞

x
e−t2/2dt is the Gaussian Q-function. For the case of

Gamma-Gamma fading, similarly, by applying the random variable transformation

of (23) in (12), the PDF of can be derived as

fγ1(γ1) =
1

γ1Γ(α)Γ(β)

(
αβ

√
γ1
γ̄1

)α+β
2

Kα−β

(
2

√
αβ

√
γ1
γ̄1

)
, γ1 > 0 (27)

and the CDF of γ1 can be found as

Fγ1(γth1) =
1

Γ(α)Γ(β)
G2,1

1,3

αβ√γth1
γ̄1

∣∣∣∣∣∣∣
1

α, β, 0

 (28)

where Gm,n
p,q [·] represents the Meijer’s G-function as defined in [20, Eq. 9.301]. A proof

for the derivation of (28) has been provided in Appendix B.

On the other hand, based on (15), the instantaneous electrical SNR of the RF link

is defined as [7]

γ2
∆
=

E
[∣∣√hℓ2hf2x2

∣∣2 |hf2

]
σ2
n2

= γ̄2h
2
f2 (29)
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where γ̄2 represents the average SNR of the RF link which is obtained as

γ̄2 =
hℓ2P2log2M

σ2
n2

(30)

Notice that γ̄2 is the average SNR per QAM symbol. Instead, should we need the

average SNR per bit for the RF link, it is equal to γ̄2/log2M . Performing the random

variable transformation of (29) on (15), the PDF of γ2 can be derived as [25, pp. 420]

fγ2(γ2) =
K + 1

γ̄2
exp

(
− (K + 1)

γ2
γ̄2

−K

)
I0

(
2

√
K (K + 1)

γ2
γ̄2

)
, γ2 > 0 (31)

Moreover, the CDF of γ2 can be written in the form

Fγ2(γth2) = 1−Q1

(√
2K,

√
2 (K + 1)

γth2
γ̄2

)
(32)

in which Q1(x, y) =
∫∞
y

t exp[−(t2 + x2)/2]I0(xt)dt is the first-order Marcum Q-

function.

2.4 Numerical Results

2.4.1 Numerical Assumptions

The numerical assumptions presented here are globally adopted throughout the thesis

except otherwise declared. We assume the deployment of OOK and rectangular 16-

QAM modulation schemes for the FSO and RF subsystems, correspondingly. The

FSO transmitter operates at 1 Gbit/s while the RF one operates at 250 Msym/s

implying an effective data rate of 1 Gbit/s as can be seen in Fig.1. A target BER

of BERT = 10−9 is considered for the system reliability, which implies an equivalent

threshold SNR of about 16 dB for both the FSO and RF subsystems.

The values of relevant system parameters and the weather-dependent variables for

the FSO and RF subsystems are extracted from [4], [8], [13], [15], [24] and tabulated

in Tables 1 and 2, respectively. From Table 2, it is noteworthy that there is a high

degree of inverse correlation between the turbulence strength C2
n and attenuation level

in the FSO channel. For example, the value of C2
n in a clear weather is much higher
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comparing to that in adverse weather conditions. Conversely, strong turbulence is

highly unlikely to occur during a foggy high-loss event as can be seen in Table 2.

Table 1: Parameters of FSO and RF subsystems [8], [13].

FSO Subsystem 

Parameter Symbol Value 

Modulation   OOK 

Wavelength  1 1550 nm 

Responsivity R 0.5 A/W 

Noise variance 2

1n 
  10-14 A2 

Beam divergence angle ! 2 mrad 

Receiver aperture diameter D 20 cm 

RF Subsystem 

Modulation   16-QAM 

Carrier frequency fc 60 GHz 

Bandwidth B 250 MHz 

Transmitter antenna gain Gt 44 dBi 

Receiver antenna gain Gr 44 dBi 

Oxygen attenuation  2,oxy 15.1 dB/km 

Rician factor K 6 dB 

Noise PSD N0 -114 dB/MHz 

Receiver noise figure NF 5 dB 

14
10

 

1 2 

Table 2: Weather-dependent variables [4], [15], [24].

Weather Condition Rain Rate 
142

10
 

!
n
C

[m-2/3]
1"  [dB/km]

2" [dB/km]

1 Clear air   5.0 0.43 0 

2 Haze   1.7 3.34 0 

3 Light fog   0.3 16.67 0 

4 Moderate fog   0.2 35.38 0 

5 Heavy fog   0.1 113.20 0 

6 Light rain 2.5 mm/h 0.6 1.98 1.50 

7 Moderate rain 12.5 mm/h 0.5 5.84 5.69 

8 Heavy rain  25 mm/h 0.4 9.29 10.09 

,5th N th FOM
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2.4.2 Average SNRs of FSO and RF Subsystems

Here, we present our numerical results for average SNR analysis of the FSO and RF

links based on (24) and (30). For a fair comparison, average SNR curves are plotted

versus the total transmit power per bit Pt with equal transmit power allocations for

the FSO and RF subsystems so that P1 = P2 = Pt/2 . We assume a fixed total

transmit power of Pt = 20 mW and allow for the link distance to vary. Figs. 3 and 4

demonstrate average SNR/bit of the FSO and RF subsystems as a function of the

link distance in different foggy and rainy weather conditions, respectively.

As Fig. 3 represents, average SNR of the FSO link is rapidly dropping as the fog

thickness is increased. For moderate and heavy fog conditions, the FSO link distance

is limited to very short ranges while the RF link has still a qualified average SNR.

More specifically, in heavy fog conditions, the FSO link is not usable since its average

SNR is quickly dropped to zero for a link distance of less than 300 m.

On the other hand, as Fig. 4 shows, average SNR of the RF link is more reduced

more than that of the FSO link in rainy weather conditions. This is because of the

fact that the RF link has higher attenuation levels in rain with respect to the FSO

link. However, under heavy rain conditions, the average SNR for both links are almost

equal over the shown link range.
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Figure 3: Average SNR/bit of FSO γ̄1 (solid lines) and RF γ̄2/log2M (dashed lines)

subsystems as a function of link distance L in different foggy weather conditions.
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Figure 4: Average SNR/bit of FSO γ̄1 (solid lines) and RF γ̄2/log2M (dashed lines)

subsystems as a function of link distance L in different rainy weather conditions.
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CHAPTER III

OUTAGE ANALYSIS OF HYBRID FSO/RF SYSTEM

In this chapter, the outage probability of the point-to-point hybrid FSO/RF commu-

nication system with soft-switching is analyzed. In soft-switching approach, either

one of the links or both links can be active based on their availabilities in different

weather conditions. First, the link selection required for soft-switching between the

FSO and RF channels is modeled by a finite-state Markov chain (FSMC) process.

Then, based on the proposed model, closed-form outage probability expressions are

derived in terms of various system and weather condition parameters. Furthermore,

outage capacity of the hybrid FSO/RF system is analyzed using the FSMC model.

Numerical results are provided to present the outage performance under a variety of

weather conditions.

3.1 Background

In the current chapter, we present the link selection modeling and outage performance

analysis for the point-to-point hybrid FSO/RF system described in chapter 2. First,

we establish an important model based on FSMC process which is a foundation for

the remainder of this thesis for performance analysis purposes. In this regard, the

references [27] and [28] were brought to our attention. In [27], the authors have

considered hard-switching instead of soft-switching, and suggested to model the un-

derlying link selection process by an FSMC with three states. However, their primary

observation for an always-active RF link cannot be a realistic assumption and hence

the presented results are questionable. The authors in [28] have proposed an FSMC

model for a hybrid FSO/MMW RF channel from an upper-layer network perspective.

More specifically, they have mathematically analyzed the hybrid FSO/RF system as
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a queuing system with two inhomogeneous service rates. Though their model is an

adequate choice for packet flow analysis in a data communication network, it is not

a pertinent model for the physical layer performance evaluation of hybrid FSO/RF

systems.

There are some efforts in the literature to study the outage probability of hybrid

FSO/RF systems either theoretical [29], [30] or experimental [31]. However, there

does not exist any closed-form analytical outage probability expression for hybrid

FSO/RF systems in the literature to the best of our knowledge. Therefore, we utilize

our FSMC model to derive an outage probability expression for the hybrid FSO/RF

system under consideration. Subsequently, we derive the channel capacity with outage

(i.e., outage capacity) for the soft-switching hybrid FSO/RF system. Notice that the

average capacity results in [32] for hard-switching FSO/RF systems were built on the

model presented in [28] and thus they are not reliable.

3.2 Finite-State Markov Chain Modeling

In this section, we model the link selection required for soft-switching between the

FSO and RF channels in different weather conditions by an FSMC process. Let us

define γth1 and γth2 as the threshold SNRs required to satisfy certain levels of bit error

rate (BER) for the FSO and RF links, respectively. These thresholds can be found

using the following BER expressions corresponding to the FSO and RF subsystems

as [33], [25]

Pe,OOK = Q (
√
γ1) (33)

Pe,M−QAM = 4Pb (1− Pb) , Pb =

(
1− 1√

M

)
Q

(√
3γ2

M − 1

)
(34)

Evaluating (33) and (34) for γ1 = γth1 and γ2 = γth2, then solving them for γth1 and

γth2 yields

γth1 =
[
Q−1 (BERT )

]2
(35)
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γth2 =

(
M − 1

3

)Q−1

 1−
√
BERT

2
(
1− 1/

√
M
)
2

(36)

where Q−1(.) is the inverse Q-function and BERT accounts for the target BER.

In a soft-switching system, either link 1 (FSO) or link 2 (RF) or both links might

be active as long as the threshold condition, i.e., γi > γth i for i = 1, 2, is fulfilled.

These comparisons may divide the first quarter of the γ1γ2 plane into four disjoint

regions of operation where each of them corresponds to a distinct state for the hybrid

FSO/RF system as depicted in Fig. 5. Subsequently, using the state labels as shown

in Fig. 5, the state diagram of the link selection algorithm including a four-state

Markov chain model is illustrated in Fig. 6.

State 2 State 0

State 3 State 1

0  th2

 th1

 2

 1

Figure 5: Four disjoint regions in γ1γ2 plane based on threshold SNRs.

The status of the switch device at a given time sample n is a discrete random vari-

able denoted by Xn ∈ {0, 1, 2, 3}. We assume homogeneous transition probabilities

which means that the one-step transition probabilities are fixed and preserved over

time. The state transition probabilities are defined as

pij
∆
= Pr {Xn+1 = i|Xn = j} , for i, j ∈ {0, 1, 2, 3} and for every n. (37)
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State 1

Only FSO link 

is available.

State 3

Both

FSO/RF links 

are in outage.

State 2

Only RF link 

is available.

State 0

Both

FSO/RF links 

are available.

p00

p03

p30

p33

p01 p10

p12

p21

p32p23

p20

p02

p13

p31

p11 p22

Figure 6: State diagram of the proposed four-state Markov chain model for the
soft-switching hybrid FSO/RF system.

Since our model comprises only a single irreducible FSMC as depicted in Fig. 6,

there exists a stationary probability mass function (PMF) for it [34]. After the process

has been running for a long time (i.e., n → ∞) Markov chain settles into stationary

behavior and the n-step transition probability matrix approaches a constant matrix.

Therefore, in steady-state the columns of the state transition matrix denoted by P

are all equal to the same PMF. Defining the stationary probability of being at the ith

state as πi, we get

pi0 = pi1 = pi2 = pi3 = πi, for i = 0, 1, 2, 3 (38)

where pij
∆
= [P]ij. Combining (37) with (38), the state transition matrix is simplifie

P =



π0 π0 π0 π0

π1 π1 π1 π1

π2 π2 π2 π2

π3 π3 π3 π3


. (39)
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Keeping in mind that
∑3

i=0 πi = 1, the matrix given by (39) fulfills fundamental

property of a state transition probability matrix, that is,
∑3

i=0 pij = 1 for j = 0, 1, 2, 3.

Furthermore, it can be easily verified that Pπ = π where π = [π0 π1 π2 π3 ]T

and [·]T represents the transpose operation. In other words, the vector π is a right

eigenvector of P with a unit eigenvalue. The stationary probabilities can be directly

found using their definitions as

π0 = Pr {γ1 > γth1, γ2 > γth2} = (1− Fγ1(γth1))(1− Fγ2(γth2)) (40)

π1 = Pr {γ1 > γth1, γ2 < γth2} = (1− Fγ1(γth1))Fγ2(γth2) (41)

π2 = Pr {γ1 < γth1, γ2 > γth2} = Fγ1(γth1)(1− Fγ2(γth2)) (42)

π3 = Pr {γ1 < γth1, γ2 < γth2} = Fγ1(γth1)Fγ2(γth2) (43)

where Fγ1(·) and Fγ2(·) are given by (26) or (28), and (32) in chapter 2, respectively.

3.3 Outage Probability Analysis

The outage probability is a widely used information-theoretical criterion of wireless

systems to assess the performance over quasi-static fading channels [35]. It is defined

as the probability that the instantaneous BER exceeds a specified value or equivalently

the probability that the output SNR falls below a certain threshold. In this section, we

utilize our FSMC model for analyzing the outage probability of the hybrid FSO/RF

system.

Let us denote C(γ) as the instantaneous channel capacity as a function of the

instantaneous electrical SNR γ. The outage probability at a transmission rate of R0

is defined as [35]

Pout(γth)
∆
= Pr {C(γ) < R0} = Pr {γ < γth} (44)

where the second equality comes from the fact that C(·) is monotonically increasing

with respect to γ and γth = C−1(R0) is the threshold SNR. If SNR exceeds γth, no

outage happens and the signal can be decoded with arbitrarily low BER.
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We notice that the stationary probabilities given by (40)–(43) imply three differ-

ent types of outage probability. Let us call π1 as ”RF outage” since it defines the

probability that only FSO link is available. Similarly, we call π2 as ”FSO outage”

because it returns the probability that only RF link is available. We are particularly

interested in π3 which corresponds to outage probability of the soft-switching hybrid

FSO/RF system, abbreviated to ”Hybrid outage”. The RF outage, FSO outage and

Hybrid outage probabilities are denoted by Pout,S1, Pout,S2 and Pout,Hyb, respectively.

They can be rewritten as

Pout,S1(P1, P2) = (1− Pout,FSO(P1))Pout,RF (P2), (45)

Pout,S2(P1, P2) = Pout,FSO(P1) (1− Pout,RF (P2)) , (46)

Pout,Hyb(P1, P2) = Pout,FSO(P1)Pout,RF (P2) (47)

where Pout,FSO(P1) and Pout,RF (P2) are the outage probabilities corresponding to the

individual FSO and RF subsystems as the function of their respective transmit powers

per bit (i.e., P1 and P2). From chapter 2, using (26), (27) and (32) with expanding

γ̄1 and γ̄2 in terms of the transmit powers as defined by (24) and (30), we obtain

Pout,FSO (P1) = Q

(
ln (hℓ1P1/Pth1)− 2σ2

X

2σX

)
(48)

for the case of Log-normal fading,

Pout,FSO (P1) =
1

Γ(α)Γ(β)
G2,1

1,3

αβPth1

hℓ1P1

∣∣∣∣∣∣∣
1

α, β, 0

 (49)

for the case of Gamma-Gamma fading, and

Pout,RF (P2) = 1−Q1

(
√
2K,

√
2 (K + 1)

Pth2

hℓ2P2

)
(50)

In (48)-(50), Pth1
∆
=
√
γth1σ2

n1/ℜ2 and Pth2
∆
= γth2σ

2
n2/log2M are defined as threshold

transmit powers (per bit) required to guarantee the target BERs for the FSO and
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RF subsystems, respectively. As a comparative figure of merit (FOM), we consider

the critical point at which the outage probability curves of the individual FSO and

RF subsystems intersect. The corresponding threshold transmit power is identified

by Pth,FOM and is equal to solution of the equation Pout,FSO(P1) = Pout,RF (P2) for

P1 = P2 = Pth,FOM/2 which can be calculated based on (48) or (49) with (50).

3.4 Outage Capacity Analysis

Channel capacity is the maximum achievable data rate that can be reliably com-

municated between the transmitter and the receiver [35]. In this section, we apply

our FSMC model to derive the outage capacity of the point-to-point hybrid FSO/RF

system presented in chapter 2. For quasi-static fading channels considered in this

thesis, we assume that the perfect knowledge of the instantaneous fading states (i.e.,

hf1 and hf2) are available at the FSO and RF receivers.

For the FSO subsystem, since we confine our attention to the practical case of

equiprobable binary OOK alphabets, capacity refers to the maximum rate using this

source distribution. The instantaneous capacity in bits/channel use of the FSO link

corresponding to γ1 is given by [13]

CFSO(γ1) =
∑
x1

PX(x1)

∞∫
−∞

fr1|x1(r1|x1)log2
fr1|x1(r1|x1)

fr1(r1)
dr1 (51)

where x1 ∈ {0, 2P1}, PX(x1 = 0) = PX(x1 = 2P1) = 0.5, fr1|x1(r1|x1) is a Gaussian

probability density function with the mean ℜhℓ1hf1x1 and the variance σ2
n1
, and

fr1(r1) =
∑

x1
PX(x1)fr1|x1(r1|x1).

On the other hand, the instantaneous capacity in bits/channel use of the RF link

corresponding to γ2 is given as [9]

CRF (γ2) = −log2
(
2πeσ2

n2

)
−

∞∫
−∞

1

M

∑
x2

fr2|x2(r2|x2)log2

(
1

M

∑
x2

fr2|x2(r2|x2)

)
dr2

(52)
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where fr2|x2(r2|x2) =
(
2πσ2

n2

)−1
exp

(
−∥r2 − x2∥2

/
2σ2

n2

)
in which ∥.∥ is the Euclidean

norm and, x2 ∈ Sx and Sx is the M -QAM symbol set.

The outage capacity is defined as the average rate of correctly received data over

many transmission bursts [35]. It can be expressed as Cout = (1− Pout(γth))C(γth)

since data is correctly received only on 1 − Pout(γth) portion of transmissions [35].

Here, Pout(γth) is defined in (44). Therefore, denoting the ith state of the FSMC

model in Fig. 6 by Si for i = 0, 1, 2, 3, the outage capacity of the soft-switching

hybrid FSO/RF system represented by Cout,Hyb can be expressed as

Cout,Hyb =
3∑

i=0

πiCHyb|Si
(53)

where πi, for i = 0, 1, 2, 3, are given by (40)-(43), and CHyb|Si
is the capacity of the

soft-switching hybrid FSO/RF system operating at the state. By inspection of the

state-diagram in Fig. 4, it can be observed that

CHyb|S0 = CFSO(γth1) + CRF (γth2) (54)

CHyb|S1 = CFSO(γth1) (55)

CHyb|S2 = CRF (γth2) (56)

CHyb|S3 = 0 (57)

Substituting (54)-(57) into (53), the outage capacity of the soft-switching hybrid

FSO/RF system is found as

Cout,Hyb(γth1, γth2) = (π0 + π1)CFSO(γth1) + (π0 + π2)CRF (γth2) (58)

Replacing (40)-(42) in (58), the outage capacity can be further simplified a

Cout,Hyb(γth1, γth2) = (1− Pout,FSO(γth1))CFSO(γth1) + (1− Pout,RF (γth2))CRF (γth2)

= Cout,FSO(γth1) + Cout,RF (γth2) in bits/channel use

(59)
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where Cout,FSO(γth1)
∆
= (1− Pout,FSO(γth1))CFSO(γth1) and Cout,RF (γth2)

∆
= CRF (γth2)

× (1− Pout,RF (γth2)) are defined as the outage capacities of the FSO and RF sub-

systems, correspondingly. The last result in (59) reveals that the outage capacity of

the soft-switching hybrid FSO/RF system is equal to the summation of the outage

capacities of the individual FSO and RF channels. This shows that the soft-switching

hybrid FSO/RF system can optimally achieve the capacity of the combined FSO and

RF channels in addition to providing the carrier grade reliability. The fact that has

already been conjectured in [36] but not been proved.

3.5 Performance Results and Discussions

In this section, we present our numerical results for outage analysis of the soft-

switching hybrid FSO/RF system based on (45)-(47). We consider an end-to-end

link distance of L = 1 km and allow the transmit power to vary. We assume Log-

normal fading for the FSO channel. We use the numerical assumptions for all other

parameters and weather-dependent variables as given by Tables 1 and 2 in chap-

ter 2. To make a fair comparison, outage performance curves are plotted versus the

total transmit power per bit Pt with equal power allocations for the FSO and RF

subsystems so that P1 = P2 = Pt/2.

The RF outage (i.e., only FSO link is available, Pout,S1), FSO outage (i.e., only RF

link is available, Pout,S2) and Hybrid outage (Pout,Hyb) probabilities for clear weather

condition are plotted in Fig. 7. It is observed that Pout,S1 increases with increase in

Pt and makes a peak at Pt = −4.2 dBm, then starts decreasing. Similarly, Pout,S2

makes a peak at Pt = −2.2 dBm. Note that Pout,S1 and Pout,S2 belong to State 1 and

State 2 probabilities based on (45) and (46) and are different from the stand-alone

(individual) outage probabilities of FSO and RF links (i.e., Pout,FSO and Pout,RF )

which are further included for comparison purposes. The distinguishing threshold

corresponds to the point of intersection between the RF outage and Hybrid outage
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curves with a threshold transmit power of Pth0 = −2.7 dBm. In Pt < Pth0 region, we

observe the probability that the only FSO link is available (RF outage) is lowest. In

comparison, the probability that the only RF link is available (FSO outage) stands

higher and, with probability very close to one, the RF link is available for Pt ≈ Pth0

as can be verified from Fig. 7. For Pt > Pth0 region, the best performance is attained

by the hybrid system. This, in turn, indicates that for low values of Pt the hybrid

FSO/RF system can still rely on the RF link to achieve the “five nines” carrier-class

availability (99.999%) [4], which requires an outage probability of at least 10−6 [31].

The corresponding transmit power threshold denoted by Pth,5N for the RF outage (i.e.,

only FSO link is available) and Hybrid outage probabilities are found as Pth,5N = −5.4

and Pth,5N = −0.3 dBm, respectively.

In the following, we focus only on the outage probability of the soft-switching

hybrid FSO/RF system (i.e., Hybrid outage). Fig. 8 exhibits the outage probability

in clear weather condition. In this figure, we verify our analytical result in (47) by

computer simulation of (43). It can be observed from Fig. 8 that the analytical result

perfectly matches with the simulation result.

Outage performance for different foggy weather conditions is demonstrated in

Fig. 9. The outage performance in the clear weather is also included as a benchmark.

Fig. 9 clearly demonstrates that the hybrid FSO/RF system performs better than

the individual FSO and RF links for all fog levels. Also, the more the fog thickness

is, the larger the FOM threshold becomes. For the case of light fog, interestingly,

the FOM threshold and the point where the desired outage probability level of 10−6

occurs for the hybrid FSO/RF system, coincide. The corresponding transmit power

threshold is obtained as Pth,FOM = Pth,5N = 14.0 dBm. It is also observed that under

heavy fog the FOM threshold is substantially higher than its preceding cases. In this

case, Pth,FOM > 100 dBm, which means that the FSO link is out of service. In such a

situation, the RF transmitter must have a transmit power of at least Pt = 39.6 dBm
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to provide the five nines link availability.

Fig. 10 demonstrates the outage probability of the soft-switching hybrid FSO/RF

system for rainy weather conditions. Similar to Fig. 9, the hybrid FSO/RF system

has a better outage performance with respect to stand-alone FSO and RF links for all

rain levels. In contrast to foggy weather, the FOM threshold values are remarkably

smaller for extreme weather conditions specifically for heavy rain rather than heavy

fog. Even in the case of heavy rain, as can be observed from Fig. 10, the FOM

threshold is as small as Pth,FOM = 6.4 dBm and with only a small transmit power of

Pt = 6.9 dBm the link reliability requirement of Pout = 10−6 is fully satisfied.

Our observations from these results are summarized in Table 3. In this table, the

FOM threshold values for the hybrid FSO/RF system in different weather conditions

are listed. Notice that the hybrid FSO/RF system can take the advantage of soft-

switching for maximizing the effective throughput if both the FSO and RF subsystems

are concurrently active. This happens when Pt is set sufficiently greater than Pth,FOM .

Therefore, the difference between Pth,FOM and Pth,5N (in dB) is an important factor

to evaluate the system reliability. By looking at the values listed in Table 3, we realize

that these two thresholds are approximately equal except for the case of heavy fog

conditions where the imbalance between is about 71.1 dB as the worst case.

Table 3: The values of Pth,5N and Pth,FOM for the hybrid FSO/RF system in different

weather conditions.

 
Clear 

weather 
Haze 

Light  

fog 

Moderate 

fog 

Heavy 

fog 

Light 

rain 

Moderate 

rain 

Heavy 

rain 

Pth,5N [dBm] -0.3 1.6 14.0 32.3 39.6 -0.3 3.5 6.9 

Pth,FOM [dBm]  -1.5 1.0 14.0 32.8 110.7 -0.8 3.0 6.4 

Pout for Pth,FOM 6.8×10-4 1.5×10-4 2.7×10-7 9.0×10-12 1.0×10-26 1.5×10-3 2.0×10-3 3.8×10-3 
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Figure 7: RF outage (i.e., Pout,S1), FSO outage (i.e., Pout,S2) and Hybrid outage (i.e.,

Pout,Hyb) probabilities under clear weather conditions.
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Figure 9: Outage probability of the soft-switching hybrid FSO/RF system under foggy

weather conditions.
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CHAPTER IV

MULTI-HOP HYBRID FSO/RF SYSTEMS

In this chapter, we intend to extend the scope of our analysis to be applied for multi-

hop communications under the assumption of decode-and-forward (DF) relaying pro-

tocol. First, several multi-hop hybrid FSO/RF relying scenarios are examined to

investigate the optimum multi-hop communication scenario for different weather con-

ditions in the sense of end-to-end outage performance. Thereafter, using the optimum

scheme which uses N intermediate hybrid FSO/RF links, we derive the diversity gain

of multi-hop hybrid FSO/RF communication system under consideration. For this

purpose, we make use of the generalized power series expansion for the outage proba-

bility expression and extract the transmit power exponent with asymptotic analysis.

As special cases, we further evaluate the derived diversity gain when D/L → 0 in the

FSO subsystem (i.e., FSO point receiver) or N → ∞ (i.e., the number of hops is very

large). Numerical results are provided to study the outage probability and diversity

gain of multi-hop hybrid FSO/RF systems.

4.1 Background

It has been found that multi-hop relaying transmission can bring performance im-

provements against the degrading effects of fading in FSO communication systems

[37]. This is achieved as a result of the ability of relay-assisted transmission with

shorter hops to exploit the distance-dependency of FSO fading parameters, cf. (10),

(13), (14) in chapter 2.

Multi-hop FSO systems has been extensively studied in the literature (e.g., see

[37] and references therein). In [38], multi-hop DF relaying over the atmospheric
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poison channel was investigated in terms of the outage probability. In [39], multi-

hop FSO communication systems with DF or amplify-and-forward (AF) relaying in

strong turbulence channels was analyzed for the end-to-end outage and average bit

error probability. In [40], various transmission protocols for relay selection in a dual-

hop parallel relaying FSO system with DF relays were studied.

On the other hand, the most severe atmospheric turbulence occurs during only

a clear weather condition and, in contrast, the turbulence strength is substantially

decreased in a foggy or rainy weather condition. This means that even multi-hop

transmission would not be able to improve the reliability of FSO systems especially in

foggy weather conditions where the extent of atmospheric attenuation is very high. To

overcome this restriction, hybrid FSO/RF links can be incorporated for intermediate

hops to enhance the end-to-end reliability of multi-hop communication systems.

The applicability of hybrid FSO/RF links for reliable multi-hop routing in hetero-

geneous wireless networks has been addressed in [41]. In [42], the per-node through-

put capacity of hybrid FSO/RF multi-hop networks has been studied. In [43], the

per-node throughput and end-to-end delay of ad-hoc hybrid FSO/RF multi-hop net-

works have been investigated. Network aspects of hybrid FSO/RF systems have been

further studied in the literature in the context of wireless mesh networks (WMNs),

e.g. [44–48]. To the best of our knowledge, there is no report in the literature regard-

ing the physical-layer study for end-to-end performance of multi-hop hybrid FSO/RF

communication systems. Here, we derive the outage probability and diversity gain

expressions and investigate the performance of multi-hop hybrid FSO/RF systems

through numerical demonstrations.
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4.2 Optimum Multi-Hop Relaying Scenario with Hybrid
FSO/RF Links

4.2.1 Considered Scenarios

An outstanding feature of FSO systems is that the fading parameters are distance-

dependent, cf. (10), (13), (14) in chapter 2. This allows multi-hop FSO transmission

benefit from performance improvements against the degrading effects of turbulence-

induced fading, which is a major difference comparing to wireless RF systems [37].

In contrast, RF systems are significantly more stable over adverse weather conditions

especially in dense fog. Therefore, we can deploy multi-hop relaying FSO systems to

combat the fading effects, while improving the end-to-end link reliability by means of

more reliable RF links. A question then arises; what is the optimal multi-hop relying

scenario in terms of the number of FSO and RF hops with a fixed service length, in

the sense that the outage probability is minimized.

To investigate the aforementioned question, with no loss of generality, we consider

a multi-hop transmission scheme comprising three relays in total which can provide at

most four hops for each FSO or RF subsystem. Fig. 11 depicts five multi-hop relaying

scenarios involving different combinations of FSO and RF links to be analyzed. As

a benchmark, the direct transmission from the source to the destination is included

as scenario 0 (i.e., reference scenario). We assume the decode-and-forward (DF)

relaying protocol for intermediate terminals to forward the signal from the source

to the destination over orthogonal time slots [49]. The signal received from the

immediate preceding terminal in the current time slot is just decoded and forwarded

to the following terminal in the next time slot [50]. Only adjacent terminals can

communication with each other while nonadjacent ones are not able to receive the

signal from each other. As a result, no multi-hop diversity combining scheme is

required at either the intermediate relays or the destination terminal. We further

assume the consecutive terminals are placed equidistant along the path from the
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source to the destination. For a fair comparison, we always fix the total transmit

power (per bit) of the multi-hop hybrid FSO/RF system at Pt and allocate it equally

first for intermediate hops and then for FSO and RF subsystems. At the next step, we

will present the analytical derivation of the outage probability expressions for these

scenarios.

S R1 R2 R3 D

FSO FSO FSO FSO

RF RF RF RF

S R1 R2 R3 DFSO FSO FSO FSO

S R1 R3RF R2
RF RF RF D

S R1 R2 R3RF RF RF DRF

FSO

L

L/4 L/4 L/4 L/4

Scenario 1.

Scenario 2.

Scenario 3.

Scenario 4.

Scenario 5.

S R1 R2 R3 DFSO FSO FSO FSO

RF RF

S D

FSOFSO

RF

Scenario 0.

FSO

RF

Figure 11: Five scenarios considered for the multi-hop hybrid FSO/RF system.

4.2.2 Outage Probability Analysis

In Fig. 11, scenario 0 represents a single-hop hybrid FSO/RF system lying on the

whole end-to-end distance from the source to the destination. For this reference

scenario we may recall the outage probability expression earlier found in (47) in
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chapter 3 as

Pout = Pout,FSO(L)Pout,RF (L) (60)

where Pout,FSO(L) and Pout,RF (L) are outage probabilities of the individual FSO and

RF links as a function of the end-to-end link distance. From (48)-(50) in chapter 3,

we have

Pout,FSO(L) = Q

(
ln (hℓ1(L)P1/Pth1)− 2σ2

X(L)

2σX(L)

)
(61)

for Log-normal fading channel,

Pout,FSO(L) =
1

Γ(α(L))Γ(β(L))
G2,1

1,3

α(L)β(L)Pth1

hℓ1(L)P1

∣∣∣∣∣∣∣
1

α(L), β(L), 0

 (62)

for Gamma-Gamma fading channel, and

Pout,RF (L) = 1−Q1

(
√
2K,

√
2 (K + 1)

Pth2

hℓ2(L)P2

)
(63)

In (62) and (63), to emphasize those parameters depending on the link distance we

represent them as hℓ1(L), σ
2
X(L), α(L), β(L), and hℓ2(L). Notice that for FSO channel

both of the path loss and fading are distance-dependent while for RF channel only

the path loss varies with distance as can be observed from (63).

In scenario 1, there is a hybrid FSO/RF link in between every two successive nodes

as can be seen from Fig. 11. In this scenario, an outage happens for the end-to-end

multi-hop system if any of the intermediate hybrid links is in outage. Hence, the

outage probability of scenario 1 can be obtained as

Pout = Pr

{
4∪

i=1

{
ith hybrid link is in outage

}}
(64)

The outage probability of scenario 1 in (64) can be rewritten as

Pout = 1− Pr

{
4∩

i=1

{
ith hybrid link is available

}}
= 1−

4∏
i=1

(1− Pout,Hyb,i) (65)

where Pout,Hyb,i is the outage probability of the ith hybrid link given by

Pout,Hyb,i = Pout,FSO (L/4)Pout,RF (L/4) for i = 1, 2, 3, 4 (66)
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and Pout,Hyb(·) is the outage probability for single-hop hybrid FSO/RF transmission

as a function of the link distance.

In scenario 2, FSO links take place in every hop while RF links are located in

every other FSO hop. This scenario can be treated as two hops of a single hybrid

FSO/RF link where each one consists of two FSO links and one RF link. There exist

two of such hybrid links including the one between the nodes S and R2, and the other

one from R2 to D as shown in Fig. 11. Consequently, for the end-to-end multi-hop

system an outage occurs when any of these halfway hybrid links fail. Therefore, the

outage probability for scenario 2 can be expressed as

Pout = Pr

{
2∪

i=1

{
ith hybrid link is in outage

}}
(67)

The outage probability of scenario 2 in (67) can be simplified as

Pout = 1− Pr

{
2∩

i=1

{
ith hybrid link is available

}}
= 1−

2∏
i=1

(1− Pout,Hyb,i) (68)

where Pout,Hyb,i is the outage probability of the ith hybrid link, which can be found as

Pout,Hyb,i =
[
1− (1− Pout,FSO (L/4))2

]
Pout,RF (L/2) for i = 1, 2 (69)

Scenario 3 can be viewed as a single hybrid link in which the FSO subsystem is

composed of four hops and the RF subsystem is arranged as a single communication

link connecting the source to the destination. As a result, the outage probability

expression of the end-to-end system for scenario 3 is derived as

Pout =
[
1− (1− Pout,FSO (L/4))4

]
Pout,RF (L) (70)

We note that the scenarios 4 and 5 resemble the scenarios 2 and 3, respectively. As

Fig. 11 clearly illustrates, in these two groups, one scenario may result the other one

only by interchanging the roles of FSO and RF subsystems. Therefore, the outage

probability expressions for scenarios 4 and 5 are obtained through an exchange of

Pout,FSO by Pout,rF in (68) and (70), respectively. To summarize the outage probability
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analysis presented here, the final derived expressions for all of the considered scenarios

are listed in Table 4. The required transmit power allocations for hybrid FSO/RF

terminals are also included in this table.

Table 4: The outage probability expressions of the considered scenarios along with

transmit power allocations for hybrid FSO/RF terminals.

Scenario Outage Probability Expression 
Transmit Power 

Allocations
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4.2.3 Performance Results

Here, we present our numerical results for outage analysis of different multi-hop hy-

brid FSO/RF scenarios represented in Fig. 11 based on the derived expressions as

given in Table 4. We consider an end-to-end link distance of L = 2 km, which yields

a length of 500 m for the shortest hop based on the considered scenarios as shown in

Fig. 11. For the FSO channel, we assume Log-normal fading. We use the numerical

assumptions for all other parameters and weather-dependent variables as given by

Table 1 and 2. Outage performance curves are plotted versus to the transmit power

per bit Pt with uniform power allocations for intermediate FSO and RF terminals as

declared by Table 4. With regard to transmit power allocations reported in Table 4,

note that the weighted summation of P1 and P2 by the corresponding number of

FSO and RF terminals, is equal to Pt for every scenario. Figs. 12-19 demonstrate

37



the outage probability of multi-hop hybrid FSO/RF scenarios under different weather

conditions. For every figure, the outage performance of scenario 0 is included as a

benchmark. We observe that the outage performance of the end-to-end system is

significantly improved in light of the multi-hop transmission with respect to the ref-

erence scenario as shown by Figs. 12-19. In the following, we discuss the performance

results separately for different weather conditions.

Fig. 12 illustrates the outage probability of multi-hop hybrid FSO/RF scenarios

under clear weather condition. We see that all the outage probability plots have

a water-fall curvature. It is observed from Fig. 12 that the overall performance of

the end-to-end system is improved for all of the considered multi-hop scenarios with

respect to the reference scenario (i.e., scenario 0). However, the extent of the im-

provement is not identical for different scenarios. In this regard, we may divide up

different scenarios into two main categories based on the “breaking point” of their

water-fall curves. The breaking point is the point where the water-falling outage

curve starts to sharply drop as clearly demonstrated by Fig. 12. Accordingly, the dis-

criminating threshold is set on a transmit power of Pt = 0 dBm. The scenarios 1, 2

and 3 have almost the same breaking point in their water-fall curves which is located

in the region Pt < 0 dBm. The corresponding transmit power is Pt = −3.1 dBm.

The outage performances of these three scenarios are very close to each other for

Pt > −3.1 dBm, while they hold different levels for Pt < −3.1 dBm. Notice that all

of these three scenarios contain four FSO hops, with different numbers of RF hops.

For Pt < −3.1 dBm, from the highest to the lowest outage probability level, they

can be ranked as scenario 3, scenario 2 and scenario 1, respectively. Hence, the more

the number of RF hops is, the better the outage performance gets. On the other

hand, the breaking points of the scenarios 4 and 5 is occurred for Pt > 0 dBm region.

While the outage performances of these two scenarios fit together for Pt < 0 dBm,

they reveal different results for Pt > 0 dBm as can be seen from Fig. 12. We note
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that both of the scenarios 4 and 5 deploy a constant number of RF hops (i.e., four

RF hops), whereas they differ in the number of FSO hops. The outage performance

of the scenario 4 with dual-hop FSO transmission is better than the scenario 5 with

a single-hop FSO transmission. With reference to the five nines availability [4], [31]

(i.e., Pout = 10−6) target, the scenarios 4 and 5 bring 8.27 dB and 2.31 dB improve-

ment, respectively, in the required transmit power with respect to scenario 0. As a

result, the scenario 4 saves about 5.96 dB of transmit power comparing to scenario 5.

Meanwhile, the best performance is globally attained by scenario 1 among all of the

considered scenarios as can be verified from Fig. 12.

Figs. 13-16 present the outage performance results of multi-hop hybrid FSO/RF

scenarios under foggy weather conditions ranging from haze to heavy fog. Let us

investigate the carrier class availability (i.e., the five nines availability, 0.99999%) for

which an outage probability of Pout = 10−6 is required. Under light fog conditions, as

can be observed from Fig. 14, the scenarios 1, 2 and 3 provide on average 31.85 dB

improvement in terms of Pt with respect to scenario 0. The corresponding values

for the scenarios 4 and 5 are obtained as 20.40 dB and 1.24 dB. In other words,

the scenarios 4 and 5 require 11.85 dB and 30.61 dB more transmit power than

the scenarios 1 to 3 to reach at Pout = 10−6. In heavy fog conditions, as clearly

demonstrated by Fig. 16, the scenarios 1, 4 and 5 overlap each other and for the

target performance of Pout = 10−6 they give rise to an improvement of 22.81 dB in the

required transmit power with respect to scenario 0. In contrast, using the scenarios

2 and 3 the corresponding improvements are obtained as 15.20 dB and 7.39 dB,

respectively. Therefore, the scenarios 2 and 3 need about 7.61 dB and 15.42 dB extra

transmit power, correspondingly, to achieve the target outage performance.

Figs. 17-19 present the outage performance results of multi-hop hybrid FSO/RF

scenarios under rainy weather conditions ranging from light to heavy rain. Similar
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to the case of clear weather condition, the performance results for rainy weather con-

ditions can be studied within two distinct groups, namely, the scenarios 1, 2 and 3

as the first group and, the scenarios 4 and 5 as the second one. Again the target

performance of Pout = 10−6 is considered for comparison purposes. For light rain

conditions, the first group provides an average performance improvement of 11.39 dB

in terms of the required transmit power with respect to the reference scenario. In

comparison, under the same weather conditions, the scenarios 4 and 5 imply 7.01 dB

and 0.96 dB improvements, respectively, for the required transmit power with refer-

ence to scenario 0. This means, the scenarios 1 to 3 economize on the transmit power

by 4.38 dB and 10.43 dB over that required for the scenarios 5 and 6, correspondingly.

For moderate and heavy rain conditions, the first group can enhance the end-to-end

performance of the system concerning the required transmit power by 17.98 dB and

21.92 dB, respectively, when compared to the reference scenario. With the scenarios

4 and 5, the corresponding values are obtained as 10.72 dB and 1.09 dB for moderate

rain and, 14.00 dB and 1.15 dB for heavy rain conditions.

Table 5 summarizes our numerical results for outage analysis of multi-hop hy-

brid FSO/RF systems deployed with the considered scenarios in different weather

conditions. In this table, the values of the required transmit power to guarantee

the target outage performance of Pout = 10−6, are tabulated. Table 5 reveals the

superiority of the scenario 1 in comparison with all other scenarios under different

weather conditions. Therefore, in conclusion, the scenario 1 is the optimum scenario

for the deployment of multi-hop hybrid FSO/RF systems in the sense that the end-

to-end system reliability can be effectively improved. However, this favorable result

is achieved at the cost of using maximum number of FSO and RF terminals over the

link distance from the source to the destination as seen from Fig. 11.
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Figure 12: Outage probability of the multi-hop hybrid FSO/RF system with five scenarios

under clear weather condition.
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Figure 13: Outage probability of the multi-hop hybrid FSO/RF system with five scenarios

under haze conditions.
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Figure 14: Outage probability of the multi-hop hybrid FSO/RF system with five scenarios

under light fog conditions.
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Figure 15: Outage probability of the multi-hop hybrid FSO/RF system with five scenarios

under moderate fog conditions.
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Figure 16: Outage probability of the multi-hop hybrid FSO/RF system with five scenarios

under heavy fog conditions.
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Figure 17: Outage probability of the multi-hop hybrid FSO/RF system with five scenarios

under light rain conditions.
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Figure 18: Outage probability of the multi-hop hybrid FSO/RF system with five scenarios

under moderate rain conditions.
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Figure 19: Outage probability of the multi-hop hybrid FSO/RF system with five scenarios

under heavy rain conditions.
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Table 5: The required Pt [dBm] to achieve the target outage performance of Pout = 10−6

for multi-hop hybrid FSO/RF scenarios under different weather conditions.

Clear Haze 
Light

fog

Moderate

fog

Heavy

fog 

Light

rain

Moderate

rain

Heavy

rain

Scenario 0 10.72 13.80 37.29 60.74 60.91 9.62 17.10 23.74 

Scenario 1 -2.03 -0.96 5.39 14.67 38.10 -1.83 0.07 1.77 

Scenario 2 -1.85 -0.85 5.43 14.71 45.71 -1.76 0.14 1.84 

Scenario 3 -1.73 -0.77 5.49 14.77 53.52 -1.73 0.16 1.85 

Scenario 4 2.45 4.44 16.89 35.20 38.10 2.61 6.38 9.74 

Scenario 5 8.41 12.25 36.05 38.06 38.10 8.66 16.01 22.59 

4.2.4 Outage Probability of the Optimum Scenario

In the previous subsection, we discussed different scenarios for the deployment of

multi-hop hybrid FSO/RF systems. At the end, we concluded that the optimum

scenario is the one which deploys a hybrid FSO/RF link for every intermediate hop

(i.e., scenario 1) to maximize the end-to-end reliability of the system. Hereinafter,

we focus only on the optimum scenario in order to further develop the diversity gain

analysis for multi-hop hybrid FSO/RF systems that will be presented in section 4.4.

To this end, first we need to bring the outage probability expressions and appropriate

approximations for it. These are presented in the current subsection and the next

section.

In general, we consider the deployment of N relays for multi-hop transmission over

the end-to-end link distance of L. The outage probability of the multi-hop hybrid

FSO/RF system can be written using (65) as

Pout = 1−
N+1∏
i=1

(1− Pout,Hyb,i) (71)

where Pout,Hyb,i represents the outage probability of the ith single-hop hybrid FSO/RF

link for i = 1, 2, . . . , N + 1. Using (60), Pout,Hyb,i can be given as

Pout,Hyb,i = Pout,FSO(ℓi)Pout,RF (ℓi) (72)
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where ℓi is the distance of the ith hybrid link and we have
∑N+1

i=1 ℓi = L. To make

a fair comparison with the direct transmission scheme, we allocate the total avail-

able transmit power Pt uniformly among N + 1 hybrid FSO/RF terminals so that

P1 = P2 = Pt / 2(N + 1). Here, the division by a factor of 2 arises from equal

power allocations for FSO and RF subsystems in every hybrid FSO/RF terminal. In

(72), Pout,FSO(ℓi) is given by (61) for Log-normal fading or (62) for Gamma-Gamma

fading and, Pout,RF (ℓi) is given by (63).

An upper bound for the outage probability of the multi-hop FSO/RF system is

found by expanding the product in (71) and neglecting the higher order terms as

Pout ≤
N+1∑
i=1

Pout,Hyb,i (73)

The upper bound in (73) works very well for a wide range of the total transmit power

and gets asymptotically tighter for higher values of Pt. This upper bound will be

used subsequently in section 4.4 to do the diversity gain analysis.

4.3 Generalized Power Series Approximations

In this section, we introduce the generalized power series representations for outage

probability expressions which is most suitable to derive the diversity gain of the

multi-hop hybrid FSO/RF system. In this section, we first work on the point-to-

point system whose outage probability is provided by (60). The extension of this

analysis to the case of multi-hop systems is presented in the subsequent section. The

expression in (60) includes outage probabilities of the FSO and RF subsystems, which

are discussed separately in the following.

4.3.1 Outage Probability of FSO Subsystem

For the FSO subsystem, assuming Gamma-Gamma fading channel the corresponding

outage probability is given by (62) which involves the evaluation of the Meijer’s G-

function. Here, we derive a power series expansion for the expression in (62).
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Recall from (27) in chapter 2 that the PDF of the instantaneous SNR for the FSO

link γ1 is expressed in terms of the modified Bessel function of the second kind Kv(·).

We base our analysis on the generalized power series representation of the modified

Bessel function [20, Eqs. 8.445, 8.485], [51, Eq. 6]

Kv(x) =
π

2 sin(πv)

(
∞∑
j=0

1

Γ(j − v + 1)j!

(x
2

)2j−v

−
∞∑
j=0

1

Γ(j + v + 1)j!

(x
2

)2j+v
)
(74)

which is valid for v /∈ Z and |x| < ∞. Replacing (74) in (27), the PDF of γ1 > 0 can

be rewritten as

fγ1(γ1) =
1

2γ̄1

∞∑
j=0

(
aj(α, β)

(
γ1
γ̄1

) j+β
2

−1

+ aj(β, α)

(
γ1
γ̄1

) j+α
2

−1
)
, (α− β) /∈ Z (75)

where

aj(α, β)
∆
=

π(αβ)j+β

sin [π (α− β)] Γ (α) Γ (β) Γ (j − α + β + 1) j!
(76)

A power series representation for the outage probability of the FSO subsystem can

be found by integrating (75) from 0 to γth1. As a result, we get

Pout,FSO(Pt) =
∞∑
j=0

(
aj (α, β)

j + β

(
hℓ1P1

Pth1

)−j−β

+
aj (β, α)

j + α

(
hℓ1P1

Pth1

)−j−α
)

(77)

for P1 = Pt / 2. Since (77) is an infinite series, the question of convergence arises.

For this purpose, we may apply the ratio test to calculate the convergence radius R1

of the first subseries in (77) as

R1 = lim
j→∞

∣∣∣∣ aj(α, β)

aj+1(α, β)

j + 1 + β

j + β

(
hℓ1P1

Pth1

)∣∣∣∣
= lim

j→∞

(j − α + β + 1) (j + 1) (j + 1 + β)

αβ (j + β)

(
hℓ1P1

Pth1

)
→ ∞

(78)

Similarly, we obtain for the convergence radius R2 of the second subseries in (77)

R2 → ∞. Therefore, (77) absolutely converges for all Pt < ∞.

In practice, some finite value J has to be used for the upper limit of the sum in

(77) and we denote the resulting outage probability approximation by Pout,FSO(Pt, J).
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As shown in Appendix C, the approximation error defined as ε1(J)
∆
= |Pout,FSO(Pt)−

Pout,FSO(Pt, J)| is bounded by

ε1 (J) <
πξmaxx

J+1
0 ex0

|sin [π (α− β)]|Γ (α) Γ (β) (J + 1)!
(79)

where

ξmax
∆
= max

j>J

∣∣∣∣∣ xβ
0

(j + β) Γ (j − β + α+ 1)
− xα

0

(j + α) Γ (j − α + β + 1)

∣∣∣∣∣ (80)

with x0 = αβPth1/hℓ1P . The upper bound in (79) illustrates that the approximation

error can be made arbitrarily small by increasing J and/or Pt. Thus, since the

coefficients of the series in (79) only involve ordinary functions and Γ(·), the truncated

version of (79) can be used for fast performance evaluation of the FSO subsystem with

Gamma-Gamma fading.

4.3.2 Outage Probability of RF Subsystem

For the RF subsystem with Rician fading, the corresponding outage probability is

given by (63) in terms of the first-order Marcum Q-function Q1(·, ·). Here, we present

the derivation of a power series expansion for the expression in (63).

We make use of a power series expansion for the first-order Marcum Q-function

that is [52, Eqs. 2.3, 2.5]

Q1

(√
2x,
√
2y
)
= 1−

∞∑
n=0

(−1)ne−a Ln(x)

Γ (v + n+ 1)
yn+v (81)

which holds for all a > 0 and b ≥ 0. In (81), Ln is the Laguerre polynomial of degree

n, defined explicitly as [20, Eq. 8.970-1, -2]

Ln(x) =
n∑

m=0

n

m

(−x)m

m!
(82)

Combining (81) with (63), a power series representation for the outage probability

of the RF subsystem can be obtained as

Pout,RF (Pt) =
∞∑
n=0

(−1)ne−K Ln(K)

(n+ 1)!

(
1

(K + 1)

hℓ2P2

Pth2

)−n−1

(83)
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for P2 = Pt / 2. The absolute convergence of the infinite series in (83) can be shown

by using the following inequalities∣∣∣∣∣
∞∑
n=0

(−1)ne−K Ln(K)

(n+ 1)!

(
1

(K + 1)

hℓ2P2

Pth2

)−n−1
∣∣∣∣∣

≤ e−K

∞∑
n=0

1

(n+ 1)!

(
1

(K + 1)

hℓ2P2

Pth2

)−n−1

|Ln(K)|

≤ exp

(
(K + 1)Pth2

hℓ2P2

− K

2

) (84)

which contains the known inequality of |Ln(x)| ≤ ex/2 for Laguerre polynomials [52].

Thus, (83) absolutely converges for all Pt < ∞.

For analytical calculations, some finite number of terms J+1 is enough for efficient

computation of the sum in (83) and we denote the approximated outage probability

by Pout,RF (Pt, J). It is proved in Appendix C that the corresponding approximation

error defined as ε2 (J)
∆
= |Pout,RF (Pt)− Pout,RF (Pt, J)| can be bounded by

ε2 (J) <
yJ+2
0 ey0−K/2

(J + 2)!
(85)

where y0
∆
= (K + 1)Pth2/hℓ2P2. Using the upper bound in (85), the approximation

error can be made arbitrarily small by increasing J and/or Pt. Therefore, since the

coefficients of the series in (85) only perform ordinary operations and functions, the

truncated form of (85) can be utilized for quick performance assessments of the RF

subsystem with Ricain fading.

4.3.3 Asymptotic Analysis

Here, we deduce a key result from our generalized power series approximations that

plays an important role in deriving the diversity gain of multi-hop hybrid FSO/RF

systems. This requires asymptotic analysis of the outage probability results. Specif-

ically, we need to find asymptotical expressions for outage probabilities of the FSO

and RF subsystems as the transmit power Pt → ∞. From (77), it is observed that

for large values of Pt the higher order terms have negligible contribution in the sum
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and, as a result, the first term (i.e., for j = 0) is dominant. Thus, (77) asymptotically

approaches to

Pout,FSO (Pt) ≈
a0 (max{α, β},min{α, β})

min{α, β}

(
hℓ1P1

Pth1

)−min{α,β}

(86)

Similarly, as Pt → ∞, the first term of the sum in (83) (i.e., for n = 0) become

dominant. Therefore, (83) asymptotically approaches to

Pout,RF (Pt) ≈ e−K

(
hℓ2P2

(K + 1)Pth2

)−1

(87)

for P1 = P2 = Pt / 2.

4.4 Diversity Gain Analysis

In the wireless communication literature for either FSO or RF systems, it is customary

to characterize fading channels in terms of their diversity gain [51], [35]. The diversity

gain is conventionally defined as the slope of the error or outage performance curve

on a log-log scale in the asymptotic regime for SNR → ∞ [49]. Particularly, in our

case, the diversity gain Gd can be defined as

Gd
∆
= − lim

Pt→∞

logPout (Pt)

logPt

(88)

In this section, we present the diversity gain analysis for multi-hop hybrid FSO/RF

systems based on (88). In the following, we begin with the single-hop hybrid FSO/RF

system and, subsequently, we go over the multi-hop case.

4.4.1 Single-Hop FSO/RF System

For the multi-hop hybrid FSO/RF system under consideration, the asymptotic outage

probability expression Pout,Hyb,i of the i
th hybrid FSO/RF link, for i = 1, 2, . . . , N+1,

is obtained by replacing (86) and (87) in (72) as

Pout,Hyb,i (Pt) ≈ s (ℓi)P
−min{α(ℓi),β(ℓi)}−1
t (89)
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where

s (ℓi)
∆
=

a0 (max {α (ℓi) , β (ℓi)} ,min {α (ℓi) , β (ℓi)})
min {α (ℓi) , β (ℓi)}

×
(
2 (N + 1)Pth1

hℓ1 (ℓi)

)min{α(ℓi),β(ℓi)}(2 (N + 1) (K + 1)Pth2

eKhℓ2 (ℓi)

) (90)

Inserting (89) in (88), the corresponding diversity gain Gd,Hyb,i is found as

Gd,Hyb,i = min {α (ℓi) , β (ℓi)}+ 1 = Gd,FSO,i +Gd,RF,i (91)

where Gd,FSO,i = min {α (ℓi) , β (ℓi)} and Gd,RF,i = 1 are obtained as diversity gains

of the ith FSO and RF links, respectively.

4.4.2 Multi-Hop FSO/RF System

The asymptotic outage probability Pout of the multi-hop hybrid FSO/RF system can

be found by substituting (89) into the upper bound in (73), which gives

Pout (Pt) ≈
N+1∑
i=1

s (ℓi)P
−min{α(ℓi),β(ℓi)}−1
t (92)

Assuming the consecutive terminals are placed equidistant along the path from the

source to the destination, we have ℓi = L/(N + 1) for i = 1, 2, . . . , N + 1. Conse-

quently, (92) is further simplified as

Pout (Pt) ≈ (N + 1)P
−min{α(L/(N+1)),β(L/(N+1))}−1
t (93)

Inserting (93) in (88), the diversity gain Gd of the multi-hop hybrid FSO/RF system

is derived as

Gd = Gd,FSO +Gd,RF (94)

where Gd,FSO and Gd,RF are diversity gains of the FSO and RF subsystems, which

are given by

Gd,FSO = min {α (L/(N + 1)) , β (L/(N + 1))} (95)

Gd,RF = 1 (96)

51



The expressions in (95) and (96) clarify that diversity gain of the multi-hop system

comes from the FSO subsystem since the diversity gain of the RF counterpart is

always constant independent of the link distance. Notice that the parameters α(·)

and β(·) are monotonically decreasing with increasing the link distance. Thus, for

a fixed end-to-end service length L the diversity gain increases with increase in the

number of deployed relays N .

4.4.3 Special Case of FSO Point-Receiver

Here, we consider a special case for the diversity gain of the FSO subsystem in (95)

when the receiver aperture diameter of the FSO subsystems is negligible comparing

to the link distance for every hop, i.e., as (N + 1)D/L → 0. In such a case, it is

observed from (13) and (14) that the Gamma-Gamma fading parameters α and β for

a sufficiently large number of relays (i.e., N ≫ 1) can be approximated as

α (L/(N + 1)) ≈ (N + 1)11/6

0.49χ2 (L)
(97)

β (L/(N + 1)) ≈ (N + 1)11/6

0.51χ2 (L)
(98)

where χ2 (L) = 0.5C2
nk

7/6L11/6 is the Rytov variance for spherical wave propagation

as defined earlier in chapter 2. Combining (97) and (98) with (95), we deduce

Gd,FSO ≈ 2(N + 1)11/6

χ2 (L)
(99)

The approximation in (99) shows that when N ≫ 1 the diversity gain of the FSO

subsystem scales proportional with (N + 1)11/6. At the same time for N ≫ 1, the

scintillation index in (10) reduces to

σ2
I ≈ χ2 (L)

(N + 1)11/6
= χ2 (L/(N + 1)) (100)

Interestingly, when we use (100) for [52, Eq. 34], the result is equal to (N + 1)11/6

which has been found in [52, Eq. 36] as the relative diversity order ARDO
∆
=

χ2 (L)/χ2 (L/(N + 1)) for multi-hop FSO systems in Log-normal fading channels.
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4.4.4 Numerical Results

In this section, we present our numerical results for asymptotic and diversity gain

analyses of multi-hop hybrid FSO/RF systems. We assume point receiver for FSO

subsystem, which implies the aperture diameter of D ≈ 0. All other parameters of

the FSO and RF subsystems and weather-dependent variables are set by Tables 1

and 2. Outage performance results are plotted versus the total transmit power Pt.

Figs. 20 and 21 demonstrate the outage probability of a single-hop FSO link in

clear weather and haze conditions, respectively. For these figures, we assume a point-

to-point link distance of 2 km. Outage probability results are plotted based on (61)

for Log-normal fading (LN), (77) for approximated Gamma-Gamma fading (ΓΓ) and

(86) for asymptotic Gamma-Gamma fading. Simulation results based on the exact

computation of (44) are also provided for comparison purposes. From Figs. 20-21, it is

observed that the approximated outage probability with a truncation limit of J = 20

perfectly follows the simulation result under both clear weather and haze conditions.

It is also observed that there is a significant difference between the plots for Log-

normal fading with respect to Gamma-Gamma fading especially in clear weather

condition. In fact, the most severe turbulence strength occurs during a clear weather

for which the Rytov variance σ2
R > 1 and, therefore, the Log-normal fading model

is no more valid. As Figs. Figs. 20-21 clearly illustrate, the asymptotic outage

probability results well approach to the actual curves as Pt increases for both shown

weather conditions. These observations reveal our robust approximation of the outage

probability for Gamma-Gamma fading channels.

Figs. 22 and 23 illustrate the outage probability of a single-hop hybrid FSO/RF

system in clear weather and haze conditions, respectively. For these figures, all pa-

rameters settings are the same as done for Figs. 20-21. The performances of individual

FSO and RF links are shown to compare with the hybrid FSO/RF system under con-

sideration. As a benchmark, simulation results are also included based on the exact
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computation of (44) for individual FSO link and (43) for hybrid FSO/RF system.

Approximated outage probability results are demonstrated based on the calculation

of (77) within a truncation by for FSO link. Asymptotic outage performance results

of the hybrid FSO/RF system are evaluated using (89). From Figs. 22-23, first of

all it can be observed that the approximated outage probability results for hybrid

FSO/RF system are in excellent agreement with the simulation results. It is also ob-

served that the asymptotic outage performance of the hybrid FSO/RF system closely

follows the actual curve for both clear weather and haze conditions. The observa-

tions from Figs. 22-23 verify our robust approximation and asymptotic analyses for

single-hop hybrid FSO/RF system.

To present the diversity gain results, we plot the “diversity ratio” defined as the

ratio −logPout/logPt based on (88) with respect to the total transmit power Pt.

Figs. 24 and 25 demonstrate the diversity ratio of the multi-hop hybrid FSO/RF

system under clear weather condition with N = 1 and N = 2 number of relays,

respectively. For these figures, an end-to-end link distance of L = 5 km is consid-

ered. The performance of multi-hop FSO and multi-hop RF systems with the same

configuration as the multi-hop hybrid FSO/RF system are shown for comparison pur-

poses. From Figs. 24-25, it is overall observed that the diversity ratios significantly

increase with increasing the number of the deployed relays along the communication

path between the source and the destination. Another observation can be made for

the higher diversity ratios of the multi-hop hybrid FSO/RF system with reference to

the multi-hop FSO or RF systems in every figure. For the case of N = 1 (i.e., dual-

hop transmission), the diversity ratios converge to 2.87, 1.83 and 1.13 for multi-hop

hybrid FSO/RF, multi-hop FSO and multi-hop RF systems, correspondingly, which

match to the derived diversity gains of Gd = 2.63, Gd,FSO = 1.63 and Gd,RF = 1, cf.

(94)-(96). For N = 2, we have asymptotic diversity ratios of 4.00, 2.82 and 1.26 in the

high Pt regime matching to Gd = 3.50, Gd,FSO = 2.50 and Gd,RF = 1 , respectively.
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Fig. 26 demonstrates the diversity ratio of a dual-hop hybrid FSO/RF system

(i.e., N = 1) under haze condition. Similar to Figs. 24-25, the diversity ratio of the

multi-hop hybrid FSO/RF system is improved with respect to the multi-hop FSO or

RF systems. In Fig. 26, the diversity ratios of the multi-hop hybrid FSO/RF, multi-

hop FSO and multi-hop RF systems converge to 4.41, 3.36 and 1.13, respectively,

which are consistent with the diversity gain results of Gd = 4.20, Gd,FSO = 3.20 and

Gd,RF = 1.

-10 0 10 20 30 40 50 60 70 80
10

-12

10
-10

10
-8

10
-6

10
-4

10
-2

10
0

P
t
 [dBm]

O
u
ta

g
e
 P

ro
b
a
b
ili

ty

LN, Analytical

LN, Simulation

  , Approx. J=20

  , Asymptotic

  , Simulation

Figure 20: Outage probability of single-hop FSO link under clear weather condition.
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Figure 21: Outage probability of single-hop FSO link under haze condition.
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Figure 22: Outage probability of single-hop hybrid FSO/RF system under clear weather

condition.

56



-10 0 10 20 30 40 50 60 70 80
10

-12

10
-10

10
-8

10
-6

10
-4

10
-2

10
0

P
t
 [dBm]

O
u
ta

g
e
 P

ro
b
a
b
ili

ty

Individual FSO, Approx. J=20

Individual RF, Analytical

Hybrid FSO/RF, Approx. J=20

Hybrid FSO/RF, Asymptotic

Hybrid FSO/RF, Simulation

Figure 23: Outage probability of single-hop hybrid FSO/RF system under haze condition.
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Figure 24: Diversity ratio of multi-hop hybrid FSO/RF system for N = 1 under clear

weather condition.
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Figure 25: Diversity ratio of multi-hop hybrid FSO/RF system for N = 2 under clear

weather condition.

0 10 20 30 40 50 60 70 80 90 100
0

1

2

3

4

5

6

7

8

9

10

P
t
 [dB]

D
iv

e
rs

it
y
 R

a
ti
o

Multi-hop FSO

Multi-hop RF

Multi-hop FSO/RF

Figure 26: Diversity ratio of multi-hop hybrid FSO/RF system for N = 1 under haze

condition.
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CHAPTER V

CONCLUSIONS

5.1 Main Results of the Thesis

The main results achieved in this thesis are listed as follows:

• An FSMC model was proposed for soft-switching hybrid FSO/RF systems.

• Closed-form outage probability expressions were derived. It was proved that

the outage probability of the soft-switching hybrid FSO/RF system is equal to

the product of the outage probabilities for individual FSO and RF links. Using

the derived expressions, performance improvements of hybrid FSO/RF systems

with respect to stand-alone FSO and RF links in different weather conditions

were shown.

• Outage capacity of the hybrid FSO/RF system was derived based on the FSMC

model. It was shown that the outage capacity of the soft-switching hybrid

FSO/RF system is equal to the summation of the outage capacities of the

individual FSO and RF channels.

• For multi-hop hybrid FSO/RF communication systems with DF relaying pro-

tocol, the optimum (i.e., the most reliable) scenario to forward the signal from

the source to the destination, was found. The optimum scenario was found

as the one which deploys a hybrid FSO/RF link for every intermediate hop to

maximize the end-to-end reliability of the system.

• Robust approximation formula for the outage probability of multi-hop hybrid

FSO/RF systems was derived through generalized power series expansions of

the outage probabilities for single-hop FSO and RF links.

• Diversity gain of the multi-hop hybrid FSO/RF system was derived. It was
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shown that the resulting diversity gain is equal to the summation of diversity

gains individually offered by each FSO and RF subsystem. Furthermore, it was

found that the diversity gain of the multi-hop hybrid FSO/RF system comes

from the FSO subsystem since the diversity gain of the RF counterpart is always

constant (i.e., unity) independent of the link distance.

• As a special case, the ADRO of the multi-hop hybrid FSO system in log-normal

fading channels was deduced from the presented diversity gain analysis for

Gamma-Gamma fading channels.

5.2 Future Directions

In this section, we address a number of research proposals based on the contents of

this dissertation.

Outage Capacity of Soft-switching Hybrid FSO/RF Systems with Channel

Coding

The fundamental outage capacity bound for hybrid FSO/RF systems were found in

chapter 3 of this thesis. From information theory, the derived bound can be achieved

using a strong channel coding scheme. Understanding the relationship between the

derived capacity bound and the achieved capacity bound using some channel coding

scheme in a realistic scenario where we have a “hybrid receiver”, can be an interesting

topic for future work. This involves a deep theoretical research as well as practical

implementations. The comprehensive hybrid FSO/RF channel and link selection

models presented in this thesis are useful for this purpose.

Optimal Relay Placement for Multi-Hop Hybrid FSO/RF Systems

In chapter 4 of this thesis, we concluded the optimum scenario for multi-hop transmis-

sions through hybrid FSO/RF links. While we considered the optimum scenario with

equidistant hops, a question may arise, is this the best that we can do for maximizing

the end-to-end reliability of the system? In a response to this question, a research
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topic can be defined as another future work accordingly. Specifically, the potential

research involves the investigation of various possible configurations to realize multi-

hop hybrid FSO/RF systems. The required mathematical analysis may engage some

nonlinear optimization method to find the solution.
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APPENDIX A

STANDARD VISIBILITY RANGES FOR DIFFERENT

WEATHER CONDITIONS

The visibility ranges for different weather conditions, specified in International Visi-

bility Code weather conditions and precipitation [4], are listed in Table 6.

Table 6: Defined visibility ranges for different weather conditions.

Weather Condition Precipitation [mm/h] Visibility 

Dense Fog 
 0 m 

 50 m 

Thick Fog  200 m 

Moderate Fog 

S
n
o
w

 500 m 

Light Fog Cloudburst 100 770 m 

Thin Fog 
 1 km 

Heavy rain 25 1.9 km 

Haze
 2 km 

Moderate rain 12.5 2.8 km 

Light Haze 
 4 km 

Light rain 2.5 5.9 km 

Clear
 10 km 

Drizzle 0.25 18.1 km 

Very Clear 

 20 km 

 23 km 

 50 km 
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APPENDIX B

OUTAGE PROBABILITY OF FSO SUBSYSTEM IN

GAMMA-GAMMA FADING

In this appendix, we present the derivation of the outage probability for FSO subsys-

tem in Gamma-Gamma fading as given in (28). To this end, we need to find the CDF

of γ1 with Gamma-Gamma distribution by integrating its PDF in (26). Let us write

the modified Bessel function Kv(x) in terms of the Meijer’s G-function as [54, Eq. 14]

Kv(x) =
1

2
G2,1

1,3

x2

4

∣∣∣∣∣∣∣
−

v
2
,−v

2

 (101)

the CDF of γ1 can be derived by integrating (26) from zero to infinity with the help

of [54, Eq. 26] and [20, Eq. 9.31-5] as

Fγ1(γth1) =
1

Γ(α)Γ(β)
G2,1

1,3

αβ√γth1
γ̄1

∣∣∣∣∣∣∣
1

α, β, 0

 (102)

Finally, by expanding the average SNR γ̄1 in terms of the transmit power P1 as in

(24), the outage probability of the FSO subsystem in Gamma-Gamma fading is found

as

Pout,FSO (P1) =
1

Γ(α)Γ(β)
G2,1

1,3

αβPth1

hℓ1P1

∣∣∣∣∣∣∣
1

α, β, 0

 (103)

Notice that the Meijer G-function [20, Eq. 9.301] is a standard built-in function in

most of the well-known mathematical software packages such as Mathematica and

Maple.
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APPENDIX C

TRUNCATION ERROR ANALYSIS

In this appendix, we develop analytical upper bounds for truncation errors of the

approximated outage probability expressions corresponding to FSO and RF subsys-

tems.

The approximation error ε1 (J)
∆
= |Pout,FSO (Pt)− Pout,FSO (Pt, J)| can be ex-

pressed as

ε1 (J) =
π

|sin [π (α− β)]|Γ (α) Γ (β)

∣∣∣∣∣
∞∑

j=J+1

ξj
xj
0

j!

∣∣∣∣∣ (104)

where ξj
∆
= uj(α, β) − uj(β, α), uj(α, β)

∆
= x0

β/(j + β)Γ(j − β + α + 1), and x0
∆
=

αβPth1/hℓ1P1. After some algebraic manipulations from calculus, ε1(J) in (104) can

be bounded by

ε1 (J) <
πξmax

|sin [π (α− β)]|Γ (α) Γ (β)

∣∣∣∣∣
∞∑

j=J+1

xj
0

j!

∣∣∣∣∣
<

πξmaxx
J+1
0 ex0

|sin [π (α− β)]|Γ (α) Γ (β) (J + 1)!

(105)

where ξmax is defined as ξmax
∆
= maxj>J |ξj|. It can be shown that there is a j0 ≥ J

such that ξj monotonically decreases for j > j0. Therefore, the quantity ξmax can be

easily computed. Note that for sufficiently large J , j0 = J holds.

On the other hand, the approximation error ε2 (J)
∆
= |Pout,RF (Pt)− Pout,RF (Pt, J)|

can be written as

ε2 (J) = e−K

∣∣∣∣∣
∞∑

n=J+1

ζj
yn+1
0

(n+ 1)!

∣∣∣∣∣ (106)

where ζj
∆
= (−1)nLn(K), and y0

∆
= (K + 1)Pth2/hℓ2P2. From (106), we observe that
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ε2(J) can be bounded as

ε2 (J) < e−Kζmax

∣∣∣∣∣
∞∑

n=J+1

yn+1
0

(n+ 1)!

∣∣∣∣∣ < yJ+2
0 ey0−K/2

(J + 2)!
(107)

where we have used the definition ζmax
∆
= maxj>J |ζj|, which can be simply calcu-

lated based on the known inequality |Ln(x)| ≤ ex/2 [52] for Laguerre polynomials as

ζmax = eK/2.

We found that in practice J ≥ 20 is sufficient for typical values of α, β and K.
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